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ON GALOIS REPRESENTATIONS VIA
SIEGEL MODULAR FORMS OF GENUS TWO

MICHAEL DETTWEILER t, ULF KUHN, anp STEFAN REITER

ABSTRACT. We study 4-dimensional Galois representations attached to Siegel
modular forms. In some cases we determine the images of the absolute Galois
group. This yields Galois realizations over Q for projective symplectic groups.

1. Introduction

It is well known that to classical modular forms there are attached two-
dimensional [-adic representations of the absolute Galois group Gg := Gal(Q/Q),
see Deligne [6]. Ribet [15] has studied the images of Gg and proved that they are
almost always “as big as possible”. In particular, by considering modular forms
of weight 24, he showed that the groups PSI(2,1?) occur as Galois groups over
Q@ if [ # 47 and 144169 is a quadratic non-residue modulo /. Reverter and Vila
[14] subsequently realized many other groups PGI(2,1?™~ 1) and PSI(2,1?>™) as
Galois groups over Q by considering modular forms of higher weights.

Results of Weissauer [24] associate four-dimensional Galois representations to
Siegel modular forms of genus two (more generally, to any irreducible cuspidal
automorphic representation of GSp(4, A), A being the ring of adeles of Q, whose
component at infinity belongs to the holomorphic discrete series, see Theorem 4).
We study the Galois representations attached to the unique (up to normalization
and Galois conjugation) Siegel modular eigenform Y of weight 28 on the full
Siegel modular group Sp(4,7Z) which is a cusp form and does not lie in the Maass
Spezialschar. The first Fourier coefficients of T were determined by Skoruppa
[18], [19].

The case of weight 28 is the smallest one where non-Maass, non-Eisenstein
eigenforms exist whose Fourier coefficients do not lie completely in Q (see
[18]) — so there is the chance of finding new Galois groups (see Remark 14
for details).

We use the following method to determine the image of Gg : We consider
the image modulo A, where A is a prime of some number field. Then we use
the explicitly given characteristic polynomials of the images of the Frobenius
elements, combining the results of Weissauer and Skoruppa, to find semisimple

Received January 2, 2001.

The first and the third author want to thank the Deutsche Forschungsgemeinschaft for
financial support.

577



578 M. DETTWEILER, U. KUHN, AND S. REITER

elements in the image which do not fit simultaneously into any smaller subgroup
than Sp(4,1™).

We show that infinitely many of the groups PSp(4,1?) and PG Sp(4, l/g) (es-
pecially PSp(4,19%) and PGSp(4,53%)) occur as Galois groups over Q, see Thm
13 1) and ii). The corresponding Galois extensions are unramified outside ! and
', resp.. An argument similar to a result of Serre-Ribet, see Lemma 2, then
implies that the corresponding A-adic inverse images also occur as Galois groups
over Q.

We thank Professor Weissauer for providing us with his preprints and for valu-
able discussions. Further we thank J. Hartmann, J. Kliners, Professor Kramer
and Professor Matzat for helpful comments.

2. Lifting modular representations and reducing [-adic
representations

In this section we collect some general results about [-adic representations
which will be useful later.

Notation 1. We denote by K an algebraic closure of a field K. By P we denote
the set of primes of N. If p € P, we denote by Frob,, a Frobenius element of the
absolute Galois group Gg = Gal(Q/Q), see Serre [16]. If E is a number field
and A is a place of E, we denote by F) the completion of E¥ with respect to A.
If K is a local field then we denote by Ok (resp. mg, ki) its ring of integers
(resp. the maximal ideal of Ok, its residue field).

Lemma 2. Let K be a finite extension of Q;, I > 5. Suppose that G is a closed
subgroup of GSp(n,Ok) whose image “mod 1”7 contains Sp(n, Ok /lOk). Then
G contains the group Sp(n,Ok).

Proof. This is analogous to the proof of Thm. 2.1 of Ribet [15]. The argument
of Serre (as given in [15], p. 250) applies, if we can show that the Lie algebra
sp(n,q) “mod X’ of Sp(n,q) is generated by nilpotent elements of degree two
(here A denotes an extension of [ to K such that kg =F,):

By the Cartan decomposition, see [3], we have

Sp(na Q) =td Z Lo
a€e)
where t is the Lie algebra of a maximally split torus 7', 2 denotes the root system
and t, is the root space of o (“mod \”). Any element of r,, a € €2, is nilpotent
of degree two. Thus it suffices to prove the claim for the elements of t, which
are of the form diag(D, —D), where D € Mat,, /2(q) is a diagonal matrix. These
elements can be written as

D 0 D D D -D
(0 5)=n( % %) )
where the summands on the right hand side lie in sp(n,q) and are nilpotent of
degree two. O
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Lemma 3. Let K be a finite extension of Q; and p : Gg — Gl(n, K) be a con-
tinuous representation which is unramified outside a finite set S C P of primes.
Let K C K be the field which is generated over Q; by the coefficients of the
characteristic polynomials of all p(Frob,), p € P\ S. Let further

7:OK—>]€I~(§F[

denote the reduction modulo mg. Set Fy = kg C k. Then there exists a repre-
sentation

p:Gg — Gl(n,F,),

such that p factors through it and

det(1 — X - p(Frob,)) = det(1 — X - p(Frob,)).

Proof. By compactness, we can assume that the image of p is contained in
Gl(n,0%). Let p : Gg — Gl(n,F,;) be the composition of p with the reduc-
tion modulo m . Let p,, be the semisimplification of p in the sense of Serre
[16], I-10. The character tr(p,,) decomposes over F; into the sum of irreducible
characters x1 + ... + x,. The operation of the standard Frobenius F' : z — z9,
permutes the x1,..., X, (it follows from the Brauer-Nesbitt theorem, see Curtis
and Reiner [5], Thm 30.16, that 5., and p’, have the same composition series
because the characteristic polynomials of the Frobenius elements 5, (Frob,,) re-
main unchanged). Now the theorem of Lang-Steinberg (see Carter [3], p. 32)
implies that p,, is equivalent to a representation p : Gg — Gl(n,F,). O

3. Galois representations attached to Siegel modular forms

The following theorem will be essential for our considerations:

Theorem 4. (Weissauer [24]) Suppose that 11 is a unitary cuspidal irreducible
automorphic representation of GSp(4,A) (A denotes the ring of adeles of Q)
such that Mo belongs to the holomorphic discrete series of weight (k1,ke). Set
w:= k1 + ko — 3. Let S denote the set of ramified places of the representation I1.
Then there exists a number field E such that for primes p ¢ S the local L-factor

Qp(p%) = Ly(IL,, s — %), L,(X)™! € B[X],

of the degree 4 spinor L-series (suitably normalized) has coefficients in E, and
such that for any prime number | and any extension \ of [ to E there exists a
four dimensional semisimple Galois representation

PIL N - GQ — Gl(4,E,\),
which is unramified outside S U {l} and for p ¢ S U{l} the following holds

w
L,(IT,, s — 5) = det(1 — pn’/\(Frobp)p_s)_l.
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First we want to reformulate the above theorem according to our situation:

Let f be a classical Siegel modular form of even weight £ on the full Siegel
modular group Sp(4,Z) which is a cusp form and a simultaneous eigenform for
all Hecke operators T'(n), n € N (in the notation of Andrianov [1]).

One has a decomposition

GSp(4,A) = GSp(4,Q)GSp(4,R)* [] K
p<oo
where GSp(4, R)* denotes the subgroup of elements of GSp(4,R) having positive
determinant and K, := GSp(4,Z,), see, e.g., Weissauer [23]. One defines an
automorphic form ¢ = ¢ on GSp(4, A) via

det(goo (i - Idp))*

¢(9) = d(Vgooko) = f(goo(i-1d2)) - det(C -i-Idy + D)+’

where
_ (A B +
Joo = ( C D > S GSp(4,]R)

acts via linear fractional transformations, v € GSp(4,Q) and ko € [],_, Kp.

Then ¢ gives rise to a cuspidal irreducible automorphic representation I = II¢
of GSp(4, A) whose ramification set is empty, see Asgari and Schmidt [2]. More-
over, Il is in the holomorphic discrete series of weight (k,k) (see
[2], (8] or [25]).

We will denote the corresponding Galois representations (given by the above
theorem) by ps x.

Let A, denote the eigenvalue of T'(n) and let

Ly(s) :=C(25s — 2k + 4) Zn—”

be the spinor L-function. Then L; has an Euler product of the form
s)=Tl@™)",
pelP

where @), is the following polynomial:

(1) Qp(X)=1- XX + (A2 = N2 — 21 X% — ) p?F3x3 4 pth=6 x4

= (1= (\p/2+ /dp) X +p* 73X (1 — (V)2 — \V/dp) X +p*F3X?),
with d, = —3/4),> + A2 + p?*~4 + 2p?* =3 see [18], p. 387.
As a corollary to Theorem 4 we get:

Proposition 5. Let f be a Siegel modular form of even weight k on the full
Siegel modular group Sp(4,7Z) which is a cusp form and a simultaneous eigenform
for all Hecke operators T'(n),n € N. Let E be the number field generated over
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Q by all the eigenvalues A\, f|T(n) = A\ f. For any prime number | and any
extension A of l to E there exists a continuous Galois representation

pix s Gg — GlI(4,Ey)

such that the following holds: The representation py is unramified outside 1
and

det(Idy — X - pya(Frobp)) = @p(X), (p#1).

If ps.a is absolutely irreducible, then the representation py x is defined over E.

Proof. All the statements except the last follow from the above discussion. The
last statement can be found in Weissauer [24], App. D (alternatively one could
use a result of Carayol [4]). O

Remark 6. (i) If IT; has multiplicity one (that means f is uniquely determined
by its weight and its Hecke eigenvalues), the image of ps  is contained in a
general symplectic group. See [24], Thm. IV.

ii) In the above proposition, it suffices to adjoin a Hecke eigenvalue of one
element T'(p) (to obtain the field E) if the characteristic polynomial of T'(p) on
the space spanned by the Galois translates of f is irreducible over Q. This follows
from the existence of a basis of the space of Siegel modular forms of genus two
of fixed weight whose elements have Fourier coefficients in Q (given by Igusa’s
theorem [9]).

4. Computation of Hecke eigenvalues

As in Skoruppa [18], [19], let

T = T28 = Z a(n,r,m) L en2mIT | pre2miz | me2miT T e H, z € C

rn,mezZ
r2 —4mn <0
n,m >0

be the Hecke eigenform of weight 28 which is orthogonal to the space of Klingen-
Eisenstein series and the Maass-Spezialschar (an “interesting” formin the nota-
tion of Skoruppa [18]).

The Fourier coefficients depend only on the binary quadratic form nX? +
rXY +mY?, see Andrianov [1]. Skoruppa [19] computed the Fourier coefficients
of T up to discriminant (of the corresponding quadratic form) —100. Using
this, one can compute the values Ao, Ag, A3, Ag and A5, Ao5, which determine the
polynomials Q2, Q3, Q5 of the previous section (Formula (1)).

As T is a Hecke eigenform we have the following identities, compare to [18],
pp. 386-387:
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Apa(1,1,1) = alp,p,p) + 21+ (§))a(1,1,1)

Malp,p,p) = a(p? p?p?) +p*3a(1,1,1) + p*2a(1,p,p?)+
P23 moa p a1+ v+ 22, p(1+ 2v),p?)

2
Ap2a(l,1,1) = agpzap27p2)+p2k_4((§)+(%))a(lgal,lH ,
j ZV mod p:p|l4+v+v? a(1+y+y ’p(1+2y)7p ) .

Moreover, since a(1,3,9) = a(7,15,9) = a(1,1,7), a(1,5,25) = a(21,45,25) =
a(1,1,19) and a(3,15,25) = a(7,25,25) = a(13,35,25) = a(3,3,7) we get

_ a(2,2,2) _ a(4,44)
Az = 3(1,1,1)7 Ay = 3(1,1,1)7
_a(3,3,3) — _ 2s3a(3,3,3)=3:3%2q(1,1,7) 2k_3
Az = 3(1,1,1) + 3 2)’ Ag = =24 a(1,1,1) - -3 )?
_ a(5,5,5) _ Xs5a(5,5,5)—3-5F "2 (3,3, 7)—3.5" "2 q(1,1,19)
A5 = a(T11)” Aos = =2 a(1,1,1)
_5(2]@*3) .

The following Fourier coefficients of T of can be found in [19]. Here o denotes
some root of the polynomial 23 — z2 — 2940862 — 59412960 :

a(1,1,1) = 12171273932394959959617937200a% —
3002035657179872135332112844312—
70266648287313346458671196175512

a(2,2,2) = 16779845734705316103241389527875997500% —
414092621616401798555119241378212012691ac—
34880020443365867172742066190931257658045 /2

a(3,3,3) = 40528677650362308810917276328829759765008x2 —
9993582071950239096074929506242070406773384a—
387701121613685136327008010073629284610690936

a(4,4,4) = 235161576926603374184625090654858223519273152a2 —
579706071006382116023755444497396605326510925760c—
2600292663047595132144160876702679248518781706064

a(5,5,5) = 783947280339064617827650309423139537849602016000% —
19381896022485847701310751066183248396173872804800cx—
623881080184953876774684605318302039569534324591600

a(1,1,7) = —52284558237596655158824348611551189871168a2+
12898733485281936189063574256312016862462752a+
148124054844534130486331188574142123721611552

a(3,3,7) = —122883293666405915050651348613749843292165656800% +
2985012596172125045826302405366210464924189513560cc—
100353753844574955659177552284091544322106595000840

a(1,1,19) = —12288329366640617801983929133125597308410762800a:%+
2985012596172134938094666101146896613153666927000cc—
100353753844571476278158160325640019107500992436200

Table 4.1: Fourier coeflicients of 128
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Remark 7. The polynomial
F(z) := 2% + 13768166422 + 47943746872934402 + 4100431555335920025600

is the characteristic polynomial of the Hecke operator T'(2) on the space spanned
by the Galois translates of T. This space is exactly the complement of the space
spanned by the Klingen-Eisenstein series and the Maass Spezialschar, see [18].
Thus the automorphic representation Ily has multiplicity one.

5. Some results on GSp(4,q)

Consider 31, 82,n € Fq, such that n¢ = n and such that the following equality
holds:

{/61777/61_176277762_1} = {ﬁlqanﬁl_qaﬁ2qan62_q}-

The following table lists (up to conjugation) the tori in GI(4,q) which are max-
imal with respect to the condition that their elements have a set of eigenvalues

S(t) = {Br, B ", Bay By '}

torus order eigenvalues
To (¢—1)° {Br,nBr ", B2ymBy '}, BE = B;
Ty | (g+1)*(q—1) | {8, 6", B2,nB5 '}, B =ns;
Ty | (¢=1Da+1) | {Br,nB" BomBy '}, B = By 05 =By
Ts | (¢ = Da—1) | {85108 0"}, B =5
Ty | (P+1)(g—1) [ {61, 87,08 01"}, BT =nB"

Table 5.1
Note that these tori are (up to conjugation in GI(4,q)) maximal tori in
GSp(4,q) and COT (q), resp.. Thus if S(t) # —S(t), we get S(t°) =n~'S(t), o
denoting the inverse-transpose map. If S(t) = —S(t), we get S(t°) = n~1S(¢)
or S(t°) = —n~1S(¢).

Remark 8. The numbers r; of irreducible factors (over Fy) of the character-
istic polynomial of a regular element of T;, ¢ = 0,1,...,4, are 4, 2, 3, 2, 1,
respectively. Hence we can uniquely associate to a regular element ¢ (which
has a set of eigenvalues S(t) as above) a torus 7T, except in the case t ~

diag(8, —nB~1,nB~", —B), BT = —np~".

For psx : Gg — GI(4,E)) as in Prop. 5, let G := im(py,). Then, let G be
the Zariski closure of G in Gl(4,F>\), ?O be the identity component of G and
G":=G"NG. Let

prx:Go — Gl(4,q), Fq = kg,,
be as in Lemma 3, G be the image of p7 and G = pAf,A(p]zi(go)).

From the list of Taylor [20], bottom of page 298, we deduce that G° is con-
tained in one of the groups listed below:



584 M. DETTWEILER, U. KUHN, AND S. REITER

overgroups of G° tori |§/§O|
COf(q) =Gl(2,9) 0 Gla(q) = {X ®Y | X,Y € Gl(2,9)} To,T1,Ts | <2
COy () 2 GlU(2,¢°) = {X ® XFa | X € GU(2,¢*)} Ty, Ty <2
GSp(4,q)

Gl(2,q) = {diag(X, X) | X € Gl(2,9)} T, T, <2
Gl(2,q) = {diag(Y, X,det(X)Y ") | Y € GU1(q), X € GU(2,9)} | T1, T2 <2
Gl(2,q) x Gl1(q) = {diag(X,nX7) | X € GI(2,q),n € Fq} To, T3 <2
GUz2(q) x Gli(q) = {diag(X,nX7) | X € GUz2(q),n € Fq} T1, T3 <2
{(X,Y) | X,Y € Gl(2,q),det(X) = det(Y)} To, Ty, Ts | <2
{(X,XFa) | X € Gl(2,¢?),det(X) € Fy} T3, Ty <2
Tii=0,...,4 <8

Table 5.2

Remark 9. Let s € Ngj(a,q)(H) \ H, where H # GSp(4, q) is one of the groups
of the above list. Then s has a pair of eigenvalues (1, —31).

Proof. First, let s? € COff(q) and s ¢ C’Of(q). Then s ~ diag(B31, 52,102 ",
—B1), Bhi=ne Fq,B2 € Fg2 (see [13]). In any other case Ngy4,q)(H) is an
imprimitive group, where s permutes 2 or 4 blocks. Hence s? is not a regular
element and the claim follows. O

Proposition 10. Let | be an odd prime such that the residue field Fy = kg, s
not a prime field and let G = im(py x). Further assume that Fy is generated over
F; by the reduced coefficients of the characteristic polynomials of the Frobenius
elements. If G contains elements tg,ts, resp. ty,ts, resp. to,ts, where t; is
contained up to conjugation in the mazimal torus T; (T; as in Table 5.1) and
the element t? is regular, then Sp(4,q) < G.

Proof. We exclude all the possible overgroups H # GSp(4,q) of G° (H as in
Table 5.2) by considering the maximal tori contained in H, together with Remark
9.

To treat the group GSp(4,q) note that the above list contains all maximal
subgroups of GSp(4, ¢) with the possible exception GSp(4,qo), ¢ = qj, r a prime,
and maximal subgroups of type S (in the notation of Kleidman and Liebeck [10]).

The maximal subgroups of type S are excluded by noting that the condition
that ¢ is not a prime implies, that one has no maximal subgroups of type S,
compare to Mitchell [12].

To exclude the case GSp(4, qp) note that we can assume by Formula (1) and
Proposition 5 that G is contained in the group Fj2 - Sp(4, qo). This implies that
the compositum of F;2 and Fy, is F,. So we can assume that [F, : F, ] = 2.
Now observe that in this case a regular element contained in Ts, resp. Ty, is not
contained in the group F= - Sp(4, qo). O
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Proposition 11. Let G be as above. Suppose Sp(4,q) < G. Then G/Z(G) =
PSp(4,q) if m is even and G/Z(G) = PGSp(4,q) if m is odd.

Proof. By assumption we get G/Z(G) = PSp(4,q) or G/Z(G) = PGSp(4,q).
Let t, = psa(Froby). Since G = (t, | p € P) < GSp(4,q), we find by Prop. 5
that 7 = p?*=3¢,. Thus if m is even we get (¢ — 1) > (I — 1)2. Hence G <
Z(Gl(4,4))Sp(4,q). Now let m be odd. Then p?*~3 is a non square in F, if p is
a non square in [F;. Assume () =1 for all p € P. Then (}) =1for 1 <n <1

odd. Hence (%) = —1for 1 < n < [ even. Since (7) = 1 we have 4 > [, hence

[ = 3. On the other hand we have (2) = —1, a contradiction. O

6. The resulting Galois realizations

Definition 12. A profinite group G occurs as Galois group over Q if there exists
a continuous homomorphism of Gg onto G.

Let f be a Siegel modular form of weight k as in Section 3, and let F, A\, and
prx s Gg — GI(4,Ey)
be as in Prop. 5. If II; has multiplicity one, the groups
A = {g € GSp(4,0p,) | det(g) € (Z;)*"°

are natural candidates for the images of py x by Formula (1) and Remark 6.

In the following, let T = Y28 be the Hecke eigenform of Section 4. Then
E = Q(«), where « is a root of 3 — 2% — 294086x — 59412960 (using Remark 6
ii) and the irreducibility of F'(x) over Q, where F'(x) is as in Remark 7).

Theorem 13. i) For infinitely many primes numbers | (especially | = 53) there
exists an extension \ of | to E of inertia degree 3 (i.e. kg, ~ Fs) such that

pra(Go) = AL
In particular, the factor groups PGSp(4,0g,) and PGSp(4,13) of A3® occur as
Galois groups over Q. The corresponding Galois extensions of Q are unramified
outside .

it) For infinitely many primes numbers l' (especially ' = 19) there exists an
extension X' of I" to E of inertia degree 2 such that

pr(Go) = AV

In particular, the factor groups PSp(4,0g,,) and PSp(4,l’2) of A3 occur as
Galois groups over Q. The corresponding Galois extensions of Q are unramified
outside l'.

Proof. (i) Let first [ = 53. Since 53 does not divide the discriminant of E (=
5-13-73693-1418741) it follows that 53 is unramified. Let A be an extension of
53 to E. Then, since F'(x) modulo A is irreducible we have kg, ~ Fx3s.

Let t, denote the image of a Frobenius element Frob, under the image of
pr,x, where py ) is as in Lemma 3. By Lemma 3 we get that ¢, is contained
in GI(4,53%). (By the definition of the polynomials @Q,, F also coincides with
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the number field which is generated over Q by the coefficients of the character-
istic polynomials of the Frobenii.) Using the results of Section 4 together with
Formula (1) of Section 3 one sees that

Qa2(7) = 4(2® + (45a% + 19 + 33)x + 2822 + 47 + 39)

(2% + (48a? + 8a + 46)x + 1702 + 15a) mod A
Q3(x) = 9(x + 3902 + 15 + 27)(x + 1602 + 28 + 9)
(x + 502 + 5o+ 28)(x + 4602 + 18a + 39) mod A
1+ 25(27a2 + 5la + 52)z + 25(47a2 + 24 + 26) 2%+
25(2902 + 43 + 48)2% + 252 mod ) .

Qs(z)

From the list of polynomials @2, @3, Qs mod A, together with Proposition 5
and Lemma 3, we deduce that to € T,t3 € To,t5 € Ty and t3,t2 are regular
elements. Thus by Proposition 10 the group H := (t5,t3,15) contains the group
Sp(4,53%); in particular, H is absolutely irreducible. Using the list of the possible
overgroups in Section 5 (or by multiplicity one, see Remarks 6 i) and 7) we find
that H is contained in the group GSp(4,533).

Since H is absolutely irreducible, it follows by definition that py  is abso-
lutely irreducible. It follows from the construction of py » that also py ) is
absolutely irreducible. Thus the representation py y is defined over E (see Prop.
5). Since H/Z(H) contains PSp(4,13) it follows Im(py ) = A38, using Lemma
2 and det(Frob,) = p**~6. The groups PGSp(4,0g,) and PGSp(4,13) are fac-
tor groups of A?\S by Prop. 11 and the corresponding Galois extensions are
unramified outside [ by Prop. 5.

We use Cebotarev’s density theorem in order to show that analogous state-
ments hold for infinitely many primes [ : Let E’ be the Galois closure of E

and
Q= 1] - I @ <Qu.

1=2,3,5 oceGal(E’:Q)

Looking at the case [ = 53 one sees (by applying Cebotarev’s density theorem to
Q) that there are infinitely many primes [ of inertia degree 3 in F such that the
polynomials Q;, i = 2,3,5, decompose modulo [ as in the 53 case above. Then
continue as in the 53 case.

ii) Let first I’ = 19 : We have
F(z) = (z + 18)(2* + 8z +17) mod I'.

Let X" be the extension of I’ to E of inertia degree 2 and let o € kp,, = Fyg2 be
a root of 2 + 7z + 14. Then

Qa2(x) = 1+5(17a+ 14)z + 5(6 + 13a)2? + 5(18a + 7)2® + 52*  mod N
Q3(x) = 17(z2 + (a+8)z + 3)(z2 + (16 +4)x +3) mod N
Qs(z)= 16(x+9a+12)(z + 1)(x + 5)(x + 14a+ 16) mod N

Thus ty € Ty, t3 € T1,t5 € Tp. The claim on I’ = 19 as well as the claim on the
infinitely many other I"’s follow now analogously as in i). O
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Remark 14. i) The Galois representations attached to Hecke eigenforms in the
Maass Spezialschar are related to two dimensional Galois representations; in
particular, they are always reducible, see [24], Thm. II. The Fourier coefficients
of the non-Maass, non-Eisenstein, Hecke eigenforms of smaller weights lie com-
pletely in Q (see [18]) and thus cannot yield anything new from the inverse
Galois theoretic viewpoint (see Malle and Matzat [11], Serre [17] and Vélklein
[22] for an introduction to the inverse Galois problem), since it is well known
that the groups PGSp(2n,l) occur as Galois groups over Q (e.g. use [11], Thm.
1.8.6, together with [13], Satz 6.1, 7.1, as in [11], Ex. 1.8.2.).

ii) One can realize symplectic groups PSp(n,l™),l odd, for a fixed m € N
(regularly) as Galois groups over Q if n > "™ (see [7], extending results of
Thompson and Vélklein [21]). It is in general very hard to realize symplectic
groups regularly as Galois groups over Q if n lies below this bound and m > 1,
because the Hurwitz spaces which parametrize the corresponding families of
covers tend to have “few” rational points. This is partly because these Hurwitz
spaces are often varieties of general type, partly because of the action of the
absolute Galois group on the conjugacy classes via the cyclotomic character (see
[11] and [22] for this).
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