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DIVERGENCE POINTS OF

DEFORMED EMPIRICAL MEASURES

L. Olsen

Abstract. We introduce and develope a unifying multifractal framework based
on deformations of empirical measures. This framework (1) unifies and extends
many results in multifractal analysis of local characteristics of dynamical systems
and “fractal” measures and (2) provides a systematic basis for the detailed study
of divergence points.

1. Introduction and Statement of Results

1.1. Multifractal analysis.
In the study of geometric properties of dynamical systems or “fractal” mea-

sures one is often interested in the asymptotic behaviour of various local quan-
tities associated with the underlying dynamical or geometric structure, e.g. the
ergodic average of a continuous function, the local entropy or the local Lyapunov
exponent. These quantities provide a description of various aspects of dynam-
ical systems, e.g. chaoticity, sensitive dependence, etc., and provide important
information about the underlying dynamical and/or geometric structure.

Multifractal spectra. This idea leads to the notion of multifractal spectra.
Let X be a metric space and and let Y be a set. Let ϕ : M → Y be a function
defined on a subset M of X. We now define the multifractal spectrum of ϕ by

(1.1)
f(t) = dim

{
x ∈ M

∣∣∣ ϕ(x) = t
}

, t ∈ Y ,

F (t) = Dim
{

x ∈ M
∣∣∣ ϕ(x) = t

}
, t ∈ Y ,

where dim and Dim denote the Hausdorff dimension and the packing dimension,
respectively. The multifractal spectra of various local characteristics ϕ have
recently been investigated, see for example [BSa, BSS, CM, FFW, Mo, Ols1,
Ols2, Ols3, OW1, PW, PoW, TV1, TV2, W] and the references therein.
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Divergence points. Local characteristics of dynamical systems or “fractal”
measures are typically defined in terms of limit processes, i.e. typically the local
characteristics ϕ : M → R has the form

ϕ(x) = lim
n

ϕn(x)

for a sequence of functions ϕn : X → R. For example, if X = Σ is a subshift of
finite type and S : Σ → Σ is the shift map, then the ergodic average of a con-
tinuous function f : Σ → R at the point ω ∈ Σ is defined by the following limit
limn

1
n

∑n−1
k=0 f(Skω). However, the limits involved do not necessarily exist at

all points. Points for which the limits do not exist are called divergence points.
The set of divergence points have until very recently been considered of little
interest in dynamical systems and geometric measure theory. Indeed, accord-
ing to folklore, these sets carried no essential information about the underlying
structure. However, recent work [BSa, BSc, BSS, CX, FF, FFW, Ols2, Ols3,
OW1, OW2, PW] has changed this point of view: typically the set of divergence
points is extremely big, namely, it has full Hausdorff dimension, i.e.

dim
{

x ∈ X
∣∣∣ the limit lim

n
ϕn(x) does not exists

}
= dimX .

We introduce and develop a multifractal framework based on deformations
of empirical measures. This framework unifies and extends many results in
multifractal analysis of local characteristics of dynamical systems and “fractal”
measures, and provides a systematic basis for the detailed study of divergence
points. In particular, we emphasize the following novelties in this work:

• By considering particular deformations, we obtain essentially all multi-
fractal spectra that have been studied, cf. Section 1.2.

• We do not limit ourselves to the study of the set divergence points,
but provide a detailed study of the behaviour of individual divergence
points. If A(ϕn(x) ) denotes the set of accumulation points of the se-
quence (ϕn(x))n, then we compute the dimension of the set{

x ∈ X
∣∣∣ T ⊆ A( ϕn(x) ) ⊆ S

}
for T, S ⊆ X. This significantly generalizes the classes of sets that have
been studied previously and has numerous applications, cf. Section 2

1.2. Deformations of empirical measures.
Let (V,E) be a finite directed graph where V denotes the set of vertices and

E denotes the set of edges. If e ∈ E, we denote the initial vertex of e by i(e) and
we denote the terminal vertex of e by t(e). For each vertex i ∈ V, let Σi denote
the set of all infinite paths in (V,E) starting at i and let Σ denote the set of all
infinite paths in (V,E), i.e.

Σi = {e1e2e3 . . . | ek ∈ E , i(e1) = i , t(ek) = i(ek+1)} ,

Σ = {e1e2e3 . . . | ek ∈ E , t(ek) = i(ek+1)} .
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Also, let S : Σ → Σ denote the shift, S(e1e2e3 . . . ) = e2e3e3 . . . . We denote the
family of probability measures on Σ by P(Σ). For a positive integer n, the n’th
empirical measure Ln : Σ → P(Σ) is defined by

Lnω =
1
n

n−1∑
k=0

δSkω ,

where δx denotes the Dirac measure at x. We now consider continuous defor-
mations of Ln, i.e. pairs (X, Ξ) where X is a metric space and Ξ : P(Σ) → X is
continuous with respect to the weak topology. We think of the composite

Ξ ◦ Ln : Σ Ln−→ P(Σ) Ξ−→ X

as a continuous deformation of the empirical measure Ln. For a sequence (xn)n

in a metric space X, we let A(xn) denote the set of accumulation points of the
sequence (xn)n, i.e.

A(xn) = {x ∈ X | there exists a subsequence (xnk
)k such that xnk

→ x } .

For a deformation (X, Ξ) and T, S ⊆ X, we define the multifractal decomposition
set ∆i(T, S) by

∆i(T, S) = {ω ∈ Σi |T ⊆ A(ΞLnω) ⊆ S} ,

and we define the multifractal spectra fi(T, S) and Fi(T, S) by

(1.2)
fi(T, S) = dimπi∆i(T, S) ,

Fi(T, S) = Dimπi∆i(T, S) ,

where πi : Σi → R
d denotes the projection map in (1.8). If T = ∅ and S = {t}

is a singleton, then the spectra fi(T, S) = fi(∅, {t}) and Fi(T, S) = Fi(∅, {t})
equal the classical multifractal spectra (1.1),

fi(∅, {t}) = dimπi{ω ∈ Σi | lim
n

ΞLnω = t} ,

Fi(∅, {t}) = Dimπi{ω ∈ Σi | lim
n

ΞLnω = t} ,

and provide information about the points ω for which the limit limn ΞLnω exists
and equals t; however, if T is non-empty and S is not a singleton, then fi(T, S)
and Fi(T, S) provide detailed information about the distribution of individual
divergence points. Section 1.3 contains a variational principle for fi(T, S) and
Fi(T, S). However, first we note that the notion of a deformation unifies most of
the spectra that have been studied. Indeed, by choosing suitable deformations
we obtain:

• The mixed spectrum of ergodic averages of arbitrary families of continu-
ous functions. Let (fj)j∈I be a (possible uncountable) family of contin-
uous functions fj : Σ → R and assume that the family of maps (P(Σ) →
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R : µ →
∫

fj dµ)j∈I is totally bounded. Define Ξ : P(Σ) → �∞(I) by
Ξ : µ →

(∫
fj dµ

)
j∈I

. In this case we obtain for T, S ⊆ �∞(I),

(1.3) ∆i(T, S) =

{
ω ∈ Σi

∣∣∣∣∣ T ⊆ A

( (
1
n

n−1∑
k=0

fj(Skω)

)
j∈I

)
⊆ S

}
;

• Relative multifractal spectra, cf. Section 2.2;
• Mixed multifractal spectra, cf. Section 2.1 and Section 2.3.

In the examples below, (Ki)i∈V and (µi)i∈V denote the self-conformal sets and
self-conformal measures associated with a graph directed self-conformal iterated
function system with probabilities (V, E, (Vi)i∈V, (Xi)i∈V, (Se)e∈E, (pe)e∈E );
details will be given in Section 1.3.

• The multifractal spectrum of µi. Define Ξ : P(Σ) → R by Ξ : µ →∑
e∈E µ[e] log pe∫

Φ dµ
, where Φ : Σ → R is the derivative defined in (1.9), and

[e] is the cylinder generated by e. In this case we obtain for T, S ⊆ R,

(1.4) ∆i(T, S) =

{
ω ∈ Σi

∣∣∣∣∣ T ⊆ A

(
log µiKω|n

log diamKω|n

)
⊆ S

}
,

where Kω|n = Se1 ◦ · · · ◦ Sen
(Kt(en)) for ω = e1e2 . . . ∈ Σi;

• The spectrum of local entropies of µi. Define Ξ : P(Σ) → R by Ξ : µ →∑
e∈E µ[e] log pe, where [e] is the cylinder generated by e. In this case

we obtain for T, S ⊆ R,

(1.5) ∆i(T, S) =

{
ω ∈ Σi

∣∣∣∣∣ T ⊆ A

(
log µiKω|n

n

)
⊆ S

}
,

where Kω|n = Se1 ◦ · · · ◦ Sen(Kt(en)) for ω = e1e2 . . . ∈ Σi;
• The spectrum of local Lyapunov exponents. Define Ξ : P(Σ) → R by

Ξ : µ →
∫

Φ dµ, where Φ : Σ → R is the derivative defined in (1.9). In
this case we obtain for T, S ⊆ R,

(1.6) ∆i(T, S) =
{

ω ∈ Σi

∣∣∣∣∣ T ⊆ A

(
log supx |(DSω|n)(x)|

n

)
⊆ S

}
,

where Sω|n = Se1 ◦ · · · ◦ Sen for ω = e1e2 . . . ∈ Σi. (Here (DSω|n)(x)
denotes the derivative of Sω|n at x.)

1.3. Statements of results.
We first introduce the setting, viz. self-conformal sets and self-conformal mea-

sures. Let Ei denote the set of edges whose initial vertex equals i and let Eij

denote the set of edges whose initial vertex equals i and whose terminal vertex
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equals j. A graph directed conformal iterated function system with probabilities
is a list

(1.7)
(

V, E, (Vi)i∈V, (Xi)i∈V, (Se)e∈E, (pe)e∈E

)
where

(1) Vi is an open, connected subset of R
d.

(2) Xi ⊆ Vi is a compact set with X◦−
i = Xi.

(3) Se : Vj → Vi is a contractive C1+γ diffeomorphism with 0 < γ < 1 such
that Se

(
Xj

)
⊆ Xi for all i, j ∈ V and all e ∈ Eij .

(4) The Conformality Condition: (DSe)(x) is a contractive similarity map.
(Here (DSe)(x) denotes the derivative of Se at x.)

(5) (pe)e∈Ei
is a probability vector for each i ∈ V.

It follows from [Hu] that there exists a unique list (Ki)i∈V of non-empty compact
sets Ki ⊆ Xi such that

Ki =
⋃

e∈Ei

Se
(
Kt(e)

)
,

and a unique list (µi)i∈V of probability measures with suppµi = Ki such that

µi =
∑
e∈Ei

pe µt(e) ◦ S−1
e .

The sets (Ki)i∈V and the measures (µi)i∈V are called the self-conformal sets and
the self-conformal measures associated with the list (1.7), respectively. We will
also assume that the so-called Strong Open Set condition (SOSC) is satisfied.

(6) The Strong Open Set Condition: There exists a list (Ui)i∈V of open non-
empty and bounded sets Ui ⊆ Xi with Se

(
Uj

)
⊆ Ui for all i, j ∈ V and

all e ∈ Eij such that Se1

(
Ut(e1)

)
∩ Se2

(
Ut(e2)

)
= ∅ and Ui ∩ Ki 
= ∅

for all i ∈ V and all e1, e2 ∈ Ei with e1 
= e2.
For each vertex i ∈ V we define the projection πi : Σi → Ki by

(1.8) {πiω} =
⋂
n

Se1 ◦ · · · ◦ Sen

(
Kt(en)

)
for ω = e1e2e3 . . . ∈ Σi. Finally define Φ : Σ → R by

(1.9) Φω = log
∣∣ (

DSe1

)(
πt(e1)(Sω)

) ∣∣
for ω = e1e2e3 . . . ∈ Σ. The map Φ represents the local change of scale as one
goes from πt(e1)(Sω) to πi(e1)

(ω). Let PS(Σ) denote the family of shift invariant
probability measures on Σ, and let ES(Σ) denote the family of ergodic shift
invariant probability measures on Σ. Finally, h(µ) denotes the entropy of the
measure µ.

We can now state the main results. The first result, Theorem 1.1, gives an
upper and a lower bound for the multifractal spectrum fi(∅, C) for an arbitrary
continuous deformation (X, Ξ).
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Theorem 1.1. The multifractal spectrum fi(∅, C). Let X be a metric
space and let Ξ : P(Σ) → X be a continuous map. If C ⊆ X is closed, then

sup
x∈C

sup
µ∈ES(Σ)
Ξµ=x

− h(µ)∫
Φ dµ

≤ fi(∅, C) ≤ sup
x∈C

sup
µ∈PS(Σ)

Ξµ=x

− h(µ)∫
Φ dµ

.

The second main result, Theorem 1.2, provides a variational principle for the
general multifractal spectrum fi(T, S). If X is a vector space and d is a metric
in X, then we will say that d is linearly compatible if

(1) For all x1, x2, y1, y2 ∈ X we have d(x1+x2, y1+y2) ≤ d(x1, y1)+d(x2, y2).
(2) For all x, y ∈ X and all λ ∈ R we have d(λx, λy) ≤ |λ|d(x, y).

Observe that if d is induced by a norm, then d is linearly compatible. Let
C(X) = {C ⊆ X | C is closed and convex} and equip C(X) with the Hausdorff
metric. Finally, for a subset T of X, we denote the closed convex hull of T by
co(T ). We can now state Theorem 1.2 and Theorem 1.3.

Theorem 1.2. The multifractal spectra fi(T, S) and Fi(T, S). Let X be
a vector space with a linearly compatible metric and let Ξ : P(Σ) → X be a
continuous affine map. Fix T, S ⊆ Ξ(P(Σ)).

(1) If T = ∅ and S is closed and convex, then

fi(T, S) = Fi(T, S) = sup
x∈S

sup
µ∈PS(Σ)

Ξµ=x

− h(µ)∫
Φ dµ

.

(2) If T 
= ∅ and T is contained in a connected component of S, then

sup
T⊆Q⊆S

Q is a continuum

inf
x∈Q

sup
µ∈PS(Σ)

Ξµ=x

− h(µ)∫
Φ dµ

≤ fi(T, S) ≤ inf
x∈T

sup
µ∈PS(Σ)

Ξµ=x

− h(µ)∫
Φ dµ

.

(3) If T 
= ∅ and co(T ) is contained in a connected component of S, then

fi(T, S) = inf
x∈T

sup
µ∈PS(Σ)

Ξµ=x

− h(µ)∫
Φ dµ

.

The variational principle in (3) is, in general, not true for the packing
dimension spectrum Fi(T, S), cf. the example below.

(4) If T 
= ∅ and T is not contained in a connected component of S, then

{ω ∈ Σi |T ⊆ A(ΞLnω) ⊆ S} = ∅ .
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Example showing that the variational principle in Theorem 1.2.(3)
is, in general, not true for the packing spectrum Fi(T, S). Let N be a
positive integer with N ≥ 2. For x ∈ [0, 1], let x =

∑∞
n=1

εn(x)
Nn denote the

unique non-terminating N -adic expansion of x. Also, for x ∈ [0, 1] and a digit
i ∈ {0, 1, . . . , N − 1}, write Πi(x;n) = | {1≤k≤n | εk(x)=i} |

n , i.e. Πi(x; n) denotes
the frequency of the digit i among the first n digits in the N -adic expansion of x,
and let Π(x;n) =

(
Πi(x;n)

)
i=0,1,... ,N−1

. Consider the case where the underlying
graph (V,E) has only one vertex, % say, and N edges labelled by 0, 1, . . . , N − 1.
We define the sets V� and X� in (1.7) by V� = R and X� = [0, 1], and we
define the maps Si : [0, 1] → [0, 1] by Si(x) = x+i

N . Finally, we consider the
deformation Ξ : P(Σ) → R

N given by Ξ(µ) = (µ([i]))i=0,1,... ,N−1 where [i]
denotes the cylinder generated by i. For this choice of Ξ we have

π�(∆�(T, S)) =
{

x ∈ [0, 1]
∣∣∣ T ⊆ A

(
Π(x;n)

)
⊆ S

}
.

Letting ∆ denote the simplex of probability vectors in R
N , it therefore follows

from Theorem 1.2.(3) that (see [Ols6] or [OW1] for details)

dim
{

x ∈ [0, 1]
∣∣∣ A

(
Π(x;n)

)
= ∆

}
= dimπ�(∆�(∆,∆))

= inf
(p0,p1,... ,pN−1)∈∆

sup
µ∈PS(Σ)
µ([i])=pi

h(µ)
log N

= 0 .

However, it follows from [Ols8] that the set {x ∈ [0, 1] |A( Π(x;n) ) = ∆} is
residual, whence

Dim
{

x ∈ [0, 1]
∣∣∣ A

(
Π(x;n)

)
= ∆

}
= 1 .

This shows that the variational principle in Theorem 1.2.(3) is, in general, not
true for the packing spectrum.

Theorem 1.3. Upper semi-continuity of the multifractal spectrum
fi(∅, C). Let X be a vector space with a linearly compatible metric and let Ξ :
P(Σ) → X be a continuous affine map. Then the multifractal spectrum

C(X) → R : C → fi(∅, C)

is upper semi-continuous.

Theorem 1.1, Theorem 1.2.(1) and Theorem 1.3 are proved in [Ols2], and
Theorem 1.2.(2) and Theorem 1.2.(3) are proved in [Ols3, OW2]. The proofs
are based on techniques from large deviation theory and ergodic theory.

The variational principle in Theorem 1.2.(2) has many diverse and important
applications, and the reader is referred to [Ols3, Ols5, Ols9, OW1, OW2] for
a full list. Here we will just mention one of the most important and striking
applications. For a large class of deformations (X, Ξ) (including the deformations
in (1.3), (1.4), (1.5) and (1.6)) Theorem 1.2.(3) implies that the set of divergence
points, {ω ∈ Σi | the limit limn ΞLnω does not exist}, has full dimension.
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Theorem 1.4. The dichotomy theorem for divergence points. Let X
be a vector space with a linearly compatible metric and let Ξ : P(Σ) → X be
a continuous affine map. Assume that the function x → supµ∈PS(Σ)

Ξµ=x

− h(µ)∫
Φ dµ

is

continuous at the point where it attains its supremum.

(1) If Ξ(P(Σ)) is a singleton, then

{ω ∈ Σi | the limit lim
n

ΞLnω does not exist} = ∅ .

(2) If Ξ(P(Σ)) is not a singleton, then

dimπi{ω ∈ Σi | the limit lim
n

ΞLnω does not exist} = dimKi .

This results has previously only been obtained for local dimensions, ergodic
averages, local entropies and local Luapunov exponents. However, Theorem 1.4
shows that the result are true for a far more general class of local characteris-
tics, viz. all local characteristics defined in terms of deformations of empirical
measures.

2. Applications

2.1. An application: ergodic spectra.
As an application of our main results, we will now state a variational princi-

ple for a very general type of mixed multifractal spectrum of ergodic averages.
Mixed multifractal spectra combine different local characteristics which depend
simultaneously on various different aspects of the underlying dynamical system;
in this case the simultaneous behaviour of the functions belonging to some (pos-
sible uncountable) family (fj)j∈I of functions. The result follows immediately
by applying Theorem 1.2 and Theorem 1.4 to the deformation µ → (

∫
fj dµ)j∈I .

Theorem 2.1. The mixed multifractal spectrum of ergodic averages
of arbitrary families of continuous functions. Let (fj)j∈I be a (possible
uncountable) family of continuous functions fj : Σ → R, and assume that the
family of maps (P(Σ) → R : µ →

∫
fj dµ)j∈I is totally bounded. Fix T, S ⊆

�∞(I).

(1) If T = ∅ and S is closed and convex, then

dimπi

{
ω ∈ Σi

∣∣∣∣∣ T ⊆ A

( (
1
n

n−1∑
k=0

fj(Skω)

)
j∈I

)
⊆ S

}

= sup
x∈S

sup
µ∈PS(Σ)∫

fj dµ=x for all j∈I

− h(µ)∫
Φ dµ

.
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(2) If T 
= ∅ and co(T ) is contained in a connected component of S, then

dimπi

{
ω ∈ Σi

∣∣∣∣∣ T ⊆ A

( (
1
n

n−1∑
k=0

fj(Skω)

)
j∈I

)
⊆ S

}

= inf
x∈T

sup
µ∈PS(Σ)∫

fj dµ=x for all j∈I

− h(µ)∫
Φ dµ

.

(3) If T 
= ∅ and T is not contained in a connected component of S, then{
ω ∈ Σi

∣∣∣∣∣ T ⊆ A

( (
1
n

n−1∑
k=0

fj(Skω)

)
j∈I

)
⊆ S

}
= ∅ .

(4) If {(
∫

fj dµ)j∈I |µ ∈ P(Σ)} is a singleton, then{
ω ∈ Σi

∣∣∣∣∣ the limit lim
n

(
1
n

n−1∑
k=0

fj(Skω)

)
j∈I

does not exist

}
= ∅ .

If {(
∫

fj dµ)j∈I |µ ∈ P(Σ)} is not a singleton, then

dimπi

{
ω ∈ Σi

∣∣∣∣∣ the limit lim
n

(
1
n

n−1∑
k=0

fj(Skω)

)
j∈I

does not exist

}
= dimKi .

A few special cases of Theorem 2.1 have recently been investigated. The
special case of Theorem 2.1.(1) for which T = ∅, S equals a singleton and
the family (fj)j∈I is finite has recently been obtained by various authors [BSa,
BSc, BSS, FF, FFW, Oli]. In fact, Fan, Feng & Wu [FFW] and Olivier [Oli]
considered the case in which the family (fj)j∈I consisted of only one function.
Also, Theorem 2.1.(4) has been obtained recently by Barreira & Schmeling [BSc]
and Fan, Feng & Wu [FFW] for finite families (fj)j∈I of continuous functions.
We emphasize that the papers [BSa, BSc, BSS, FF, FFW, Oli] study the case
for which T = ∅ and the set S equals a singleton, and therefore do not contain
information about the distribution of individual divergence points.

2.2. An application: relative (or conditional) multifractal spectra.
In many examples of interest the deformation map Ξ : P(Σ) → X is the

quotient between two affine maps, cf. example (1.4). This leads to an abstract
notion of relative (or conditional) multifractal spectra. Let X be an algebra
equipped with a metric and let Ξ1,Ξ2 : P(Σ) → X be continuous maps with
Ξ2(µ) 
= 0 for all µ ∈ P(Σ). We define the multifractal spectrum of Ξ1 relative
to (or conditioned by) Ξ2 by

dimπi

{
ω ∈ Σi

∣∣∣∣∣ A

(
Ξ1Lnω

Ξ2Lnω

)
⊆ C

}

for C ⊆ X.
Of course, it follows immediately from Theorem 1.1 that the following lower

and upper bounds for the relative spectrum hold.
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Theorem 2.2. Abstract relative multifractal spectra. Let X be an algebra
equipped with a metric and let Ξ1,Ξ2 : P(Σ) → X be continuous maps with
Ξ2(µ) 
= 0 for all µ ∈ P(Σ). Then

sup
µ∈ES(Σ)
Ξ1µ
Ξ1µ∈C

− h(µ)∫
Φ dµ

≤ dimπi

{
ω ∈ Σi

∣∣∣∣∣ A

(
Ξ1Lnω

Ξ2Lnω

)
⊆ C

}
≤ sup

µ∈PS(Σ)
Ξ1µ
Ξ1µ∈C

− h(µ)∫
Φ dµ

for all closed subsets C of X.

Several examples of relative multifractal spectra have been considered in the
literature. Lévy Véhel & Vojak [LVV] and Moran [Mo] have investigated relative
multifractal spectra of local dimensions of self-similar measures, and Barreira &
Saussol [BSa] have studied relative multifractal spectra of ergodic averages.

Let f, g : Σ → R be continuous with g(ω) 
= 0 for all ω ∈ Σ. The multifractal
spectrum of the ergodic averages of f relative to g is defined by

dimπi

{
ω ∈ Σi

∣∣∣∣∣ A

( ∑n−1
k=0 f(Skω)∑n−1
k=0 g(Skω)

)
⊆ C

}

for C ⊆ R. By letting X = R and defining Ξ1 : P(Σ) → R and Ξ2 : P(Σ) → R

by Ξ1µ =
∫

f dµ and Ξ2µ =
∫

g dµ we immediately obtain the following result
from Theorem 2.2.

Theorem 2.3. Let f, g : Σ → R be continuous with g(ω) 
= 0 for all ω ∈ Σ. If
C ⊆ R is closed, then

sup
µ∈ES(Σ)∫

f dµ∫
g dµ

∈C

− h(µ)∫
Φ dµ

≤ dimπi

{
ω ∈ Σi

∣∣∣∣∣ A

( ∑n−1
k=0 f(Skω)∑n−1
k=0 g(Skω)

)
⊆ C

}

≤ sup
µ∈PS(Σ)∫

f dµ∫
g dµ

∈C

− h(µ)∫
Φ dµ

.

We believe that equality holds in Theorem 2.3. If f and g satisfy a Hölder
type condition and C is singleton, then Barreira & Saussol [BSa] have shown
that equality holds in Theorem 2.3.

2.3. An application: mixed multifractal spectra.
Mixed multifractal spectra combine different local characteristics which de-

pend simultaneously on various different aspects of the underlying dynamical
system. This leads to an abstract notion of mixed multifractal spectra. Let
(Xj ,Ξj)j∈I be (a possible uncountable) family of deformations. We define the
mixed multifractal spectrum of the family (Xj ,Ξj)j∈I by

dimπi

{
ω ∈ Σi

∣∣∣ T ⊆ A
(

(ΞjLnω)j∈I

)
⊆ S

}
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for T, S ⊆ XjXj . The mixed multifractal spectrum of the family (Xj , Ξj)j∈I

combine information provided by the different deformations (Xj ,Ξj) and study
how these depend on each other. The following variational principle for an
abstract mixed multifractal spectrum follows immediately from Theorem 1.2–
Theorem 1.4.

Theorem 2.4. Abstract mixed multifractal spectra. Let (Xj , Ξj)j∈I be
(a possible uncountable) family of deformations and assume that Xj is a normed
vector space and that Ξj : P(Σ) → Xj is affine and continuous. Define the vector
space [XjXj ]∞ by [XjXj ]∞ = {(xj)j ∈ Xj Xj | supj ‖xj‖ < ∞}, and equip
[XjXj ]∞ with the norm ‖(xj)j‖ = supj ‖xj‖. Assume that supµ∈P(Σ),j ‖Ξjµ‖ <

∞ and that the map P(Σ) → [Xj Xj ]∞ : µ → (Ξjµ)j is continuous. Fix
T, S ⊆ [XjXj ]∞.

(1) If T = ∅ and If S is closed and convex, then

dimπi

{
ω ∈ Σi

∣∣∣ T ⊆ A
(

(ΞjLnω)j∈I

)
⊆ S

}
= sup

x∈S
sup

µ∈PS(Σ)
Ξjµ=x for all j∈I

− h(µ)∫
Φ dµ

.

(2) If T 
= ∅ and co(T ) is contained in a connected component of S, then

dimπi

{
ω ∈ Σi

∣∣∣ T ⊆ A
(

(ΞjLnω)j∈I

)
⊆ S

}
= inf

x∈T
sup

µ∈PS(Σ)
Ξjµ=x for all j∈I

− h(µ)∫
Φ dµ

(3) If T 
= ∅ and T is not contained in a connected component of S, then{
ω ∈ Σi

∣∣∣ T ⊆ A
(

(ΞjLnω)j∈I

)
⊆ S

}
= ∅ .

(4) Assume that each map x → supµ∈PS(Σ)
Ξjµ=x

h(µ)∫
Φ dµ

is continuous at the point

where it attains its maximum. If {(Ξjµ)j∈I |µ ∈ P(Σ)} is a singleton,
then{

ω ∈ Σi

∣∣∣ the limit lim
n

(ΞjLnω)j∈I does not exist
}

= ∅ .

If {(Ξjµ)j∈I |µ ∈ P(Σ)} is not a singleton, then

dimπi

{
ω ∈ Σi

∣∣∣ the limit lim
n

(ΞjLnω)j∈I does not exist
}

= dimKi .

Applying Theorem 2.4 to the deformations (Xj ,Ξj)j∈I where Xj = R and
Ξj : P(Σ) → R is defined by Ξjµ =

∫
fj dµ gives the mixed multifractal spectrum

of ergodic averages in Theorem 2.1. By considering other deformations we obtain
variational principles for other mixed multifractal spectra. For example, by
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applying Theorem 2.4 to the deformations in (1.5) and (1.6), we obtain the
following variational principle for the mixed multifractal spectrum for the local
entropy and the local Lyapunov exponent. If C ⊆ R

2 is closed and convex, then

dimπi

{
ω ∈ Σi

∣∣∣∣∣ A

(
1
n

log µiKω|n ,
1
n

log sup
x

|(DSω|n)(x)|
)

⊆ C

}

= sup
x∈C

sup
µ∈PS(Σ)(∑

e∈E µ[e] log pe,
∫

Φ dµ
)
=x

− h(µ)∫
Φ dµ

.

(2.1)

The special case of (2.1) for which the set C is a singleton, i.e. C = {α, β}
for α, β ∈ R, has been obtained by Barreira, Saussol & Schmeling [BSS] in a
somewhat more general setting.

2.4. An application: number theory.
The techniques developed in [Ols2, Ols3, Ols4, Ols5, OW1, OW2] can also be

used to study the Hausdorff dimension of several new classes of sets of numbers
defined in terms of the asymptotic behaviour of the frequencies of digits in their
N -adic expansion. In particular, we emphasize that we obtain the Hausdorff
dimension for a new and very large class of sets of numbers x for which the
limiting frequencies of digits do not exist. In addition to computing the Hausdorff
dimension of several new classes of sets of numbers, our techniques can also be
used to obtain simple proofs of (substantial generalizations of) known results
on the Hausdorff dimension of sets of normal and non-normal numbers. For
example, in [Ols6, OW1, OW2] we obtain generalizations of results by Cajar
[Ca] on the Hausdorff dimension of sets of numbers with prescribed strings of
digits and of the results by Drobot & Turner [DB] on the Hausdorff dimension
of sets of numbers with prescribed sums of digits. In fact, the detailed theory
of multifractal divergence points developed in [Ols2, Ols3, OW1] is essential for
addressing these problems. The reader is referred to [Ols5, Ols6, Ols7, Ols8] for
details and further applications.

References

[BSa] L. Barreira, B. Saussol, Variational principles and mixed multifractal spectra, Trans.
Amer. Math. Soc. 353 (2001), 3919–3944.

[BSc] L. Barreira, J. Schmeling, Sets of “non-typical” points have full topological entropy
and full Hausdorff dimension, Israel J. Math. 116 (2000), 29–70.

[BSS] L. Barreira, B. Saussol, J. Schmeling,, Higher-dimensional multifractal analysis, to
appear in J. Math. Pures Appl.

[Ca] H. Cajar, Billingsley dimension in probability spaces, Lecture Notes in Mathematics,
892. Springer-Verlag, Berlin-New York, 1981.

[CM] R. Cawley, R. D. Mauldin, Multifractal decomposition of Moran fractals, Adv. Math.
92 (1992), 196–236.

[CX] E. Chen, J. Xiong, The pointwise dimension of self-similar measures, Chinese Sci.
Bull. 44 (1999), 2136–2140.



DIVERGENCE POINTS OF DEFORMED EMPIRICAL MEASURES 713

[DT] V. Drobot, J. Turner, Hausdorff dimension and Perron-Frobenius theory, Illinois J.
Math. 33 (1989), 1–9.

[FF] A.-H. Fan, D.-J. Feng, On the distribution of long-term time averages on symbolic
space, J. Statist. Phys. 99 (2000), 813–856.

[FFW] A.-H. Fan, D.-J. Feng, J. Wu, Recurrence, dimension and entropy, J. London Math.
Soc. (2) 64 (2001), 229–244.

[Hu] J. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30 (1981), 713–
747.
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