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A NOTE ON ARTIN MOTIVES

Mark Kisin and Sigrid Wortmann

Abstract. We define a category of (pure) motives analogous to the category of
absolute Hodge cycles and show that in this category every motive with trivial
Hodge filtration is isomorphic to an Artin motive. We discuss relations with
conjectures of Deligne, and of Fontaine-Mazur.

Introduction

In [FM] Fontaine and Mazur made the following conjecture.

Conjecture (Unramified Fontaine-Mazur Conjecture). Let K be a number field,
p a rational prime, and S a finite set of primes of K not containing any primes
above p. Let GK,S be the Galois group of the maximal extension of K unramified
outside S. Then any continuous representation of GK,S on a finite dimensional
Qp-vector space V factors through a finite quotient.

In the same paper, Fontaine and Mazur also made other conjectures predicting
when a p-adic representation of the absolute Galois group GK of K should
“come from geometry” in the sense of arising as a subquotient in the p-adic
étale cohomology of some algebraic variety defined over K. They remark that
these conjectures together with the Tate conjectures on algebraic cycles imply
the conjecture above.

The main purpose of this note is to point out that if one assumes that the
representation of GK,S on V in the above conjecture is “motivic”, then the action
of GK,S does indeed factor through a finite quotient. Here “motivic” means that
as well as the representation V, we have a collection of auxiliary data, which looks
like the set of realisations of a motive, with V being the p-adic étale realisation.
This fits nicely with the following conjecture, which Fontaine has informed us
was behind the discussion in [FM]

Conjecture. A motive of Hodge type (0, 0) is an Artin motive.

This conjecture may in turn be viewed as a refinement of the Mumford-Tate
conjecture for motives of type (0, 0).

The proof of our finiteness result is not particularly difficult, but one nice
feature is that it uses some of the more subtle properties of motives: compatible
systems of Galois representations, comparison theorems between p-adic étale and
crystalline cohomology, and the Weil conjecture.
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To formalise the situation, we begin in §1 by introducing for any collection
of realisations, a suitable category of motives. The construction is entirely anal-
ogous to Deligne’s construction of absolute Hodge cycle motives, which corre-
sponds to taking the 	-adic, de Rham, and Betti realisations. On the other hand,
in our situation we will be more interested in taking the 	-adic, de Rham, and
crystalline realisations. In particular, built into the theory is the fact that such
motives admit a comparison theorem between 	-adic and crystalline cohomology
(in characteristic 	) for sufficiently large 	.

The above formalism has the advantage that it gives a supply of motives to
which our basic finiteness result, proved in §2, applies. However it is also useful
for making more refined statements about what can and cannot be proved, and in
particular for describing how close one can come to proving the above conjecture
on motives of type (0, 0) in various categories of motives.

In §3 we introduce motives with coefficients. A conjecture of Deligne says that
a motive over Q of rank 1, with coefficients in a finite extension E/Q should be
of the form E(ε)(n), where ε is a finite E-valued character of Q. This conjecture
can be regarded as a special case of the conjecture on motives of type (0, 0). We
briefly relate it to our previous results.

Finally we return to the remark of Fontaine and Mazur, that their conjec-
tures together with the Tate conjectures imply the unramified Fontaine-Mazur
conjecture. We give a proof of this remark assuming in addition that the action
of GK,S on the p-adic étale cohomology of a smooth projective variety over K is
semi-simple. This last assumption is known as the Grothendieck-Serre conjec-
ture! Several people had expressed to us an interest in seeing such a proof.

One slightly subtle point here is that not any subquotient in the p-adic étale
cohomology of a smooth projective variety is motivic. For example, if E is an
elliptic curve with complex multiplication by a field K, and p is a prime which
splits in K, then the p-adic étale cohomology of E is a sum of two characters,
which are not motivic. The existence of non-motivic subquotients is the reason
one has to assume a condition on the action of inertia at every prime over p in
the unramified Fontaine-Mazur conjecture. For motivic representations, if there
is one prime over p where the inertia acts through a finite quotient, then the
existence of the Hodge filtration forces the same condition as the other primes
over p.

1. The category of C-motives

Let K/Q be an algebraic number field. We fix an algebraic closure K̄ and
denote by GK = Gal(K̄/K) the absolute Galois group. In the following we want
to define a modification of the absolute Hodge cycles introduced by Deligne (see
[De] and [DMOS, II,§ 6]).

1.1. Definition of C-cycles. If X is a smooth projective variety over K one
has the following cohomology theories at hand (r ≥ 0).
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COH-1. For each embedding σ : K ↪→ C the singular cohomology Hr
σ(X) =

Hr(σX(C), Q), which is a Q-vector space with a Q-Hodge structure of
weight r.

COH-2. The hypercohomology Hr
DR(X) = Hr(X, Ω•

X) of the differential com-
plex Ω•

X . This is a K-vector space together with a K-linear decreasing
filtration (F i)i∈Z.

COH-3. For each prime number 	 the 	-adic cohomology Hr
� (X) = Hr

ét(X ×K

K̄, Q�), which is a Q�-vector space with a continuous GK-action. Out-
side a finite set S of finite primes this action is unramified and for v /∈ S
let Φv ∈ Dv be a lifting of the geometric Frobenius fv ∈ Dv/Iv. (As
usual Dv denotes a decomposition subgroup of GK and Iv its inertia
subgroup.) Φv acts on Hr

� (X) and the Weil conjectures tell us that
the eigenvalues of the characteristic polynomial of this action are al-
gebraic numbers whose absolute values (under any archimedean norm)
are equal to q

r/2
v , where qv = pm is the cardinality of the residue field

κ(v) of v.

COH-4. After enlarging S we can assume that it contains all places of bad
reduction of X and all primes ramified in K/Q. For any v /∈ S the
crystalline cohomology Hr

cris,v(X) = Hr
cris(X ⊗Ov κ(v)) ⊗Ov Kv is a

Kv-vector space equipped with a σv-semi-linear automorphism ϕv, the
crystalline Frobenius. (Here σv = FrobKv .) Its mth power ϕm

v , the
relative Frobenius, acts linearly.

These cohomology theories are related as follows.
COMP-1. Firstly, the de Rham isomorphism gives for every σ : K ↪→ C :

compDR,σ : Hr
σ(X) ⊗ C

∼−→ Hr
DR(X) ⊗K,σ C.

This isomorphism is compatible with the Hodge-filtration on both
sides.

COMP-2. Next we have for every 	 and for every σ : K ↪→ C and σ̄ : K̄ ↪→ C

with σ̄|K = σ an isomorphism

comp�,σ̄ : Hr
σ(X) ⊗Q Q�

∼−→ Hr
ét(σ̄(X ×K K̄), Q�) 
 Hr

� (X)

These isomorphisms satisfy τ ◦ comp�,σ̄ = comp�,σ̄τ , i.e. they are
compatible with the GK-action of Hr

� .

COMP-3. For all v /∈ S, we have the canonical isomorphism

compcris,v,DR : Hr
DR(X) ⊗K Kv

∼−→ Hr
cris,v(X).

We will consider the right hand side with the induced filtration.
COMP-4. Finally let v /∈ S with residue characteristic p. There is a Bcris-linear,

Dv-equivariant isomorphism, respecting filtrations and Frobenius ac-
tions.

compcris,v,p : Hr
p(X) ⊗Qp Bcris

∼−→ Hr
cris,v(X) ⊗Kv Bcris.
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(∗char) If 	 is a prime not dividing v one has the action of Φv on Hr
� (X)

and the action of ϕm
v on Hr

cris,v(X). The characteristic polynomials
of these actions have Q-coefficients and we have [KM, Thm 1]

P r
�,v(T ) = det(1 − TΦv;Hr

� (X)) = det(1 − Tϕm
v ;Hr

cris,v(X)) = P r
cris,v(T ).

We can summarise this in the following diagram

(σ) ��
compDR,(σ)

������������
��

comp(�),(σ̄)

���
�
�
�
�
� DR��

comp(cris,v),DR

���
�
�
�
�
�

(	) ��
comp(cris,v),(p)

����������� (cris, v).

We will use the abbreviations Hr
α(M) and compα,α′ for the objects appearing in

this diagram.

Remark. The above diagram leads to a conjectural relation between complex
and p-adic periods. We learnt from Fontaine that it is a special case of a more
elaborate and precise conjecture he has made (unpublished).

We fix embeddings K ↪→ C and K ↪→ Cp and omit them for ease of notation,
in particular we write HB(X) for the singular cohomology defined via these
embeddings, and we denote by v the induced valuation on K. We consider in
the following only varieties X with good reduction at v.

For a K-algebra A we denote by HB ⊗ A and HDR ⊗ A the functors X →
HB(X)⊗Q A and X → HDR(X)⊗K A. The torsor Isom(HB , HDR) assigns to an
affine K-scheme Spec A the set of isomorphisms Isom(HB ⊗ A, HDR ⊗ A). This
torsor is representable by a scheme Spec R, with R an inductive limit of finite
type K-algebras.

It has a C-valued point coming from COMP-1. It seems reasonable to con-
jecture that the resulting map R → C is injective. In fact such a claim is related
to the Hodge conjecture. On the other hand, we have a Bcris-valued point given
by

HB(X) ⊗Bcris 
 Hp(X) ⊗Qp Bcris 
 Hcris,v(X) ⊗Kv Bcris 
 HDR(X) ⊗K Bcris

and the resulting map R → Bcris.

Thus, conjecturally, we have a correspondence between complex and p-adic
periods extending the well known correspondence 2πi → t
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Definition 1.1. Let C ⊂ {(σ), (	), DR, (cris, v)}. The group Cr
C of C-cycles of

codimension r is defined by

Cr
C(X) = {x = (xα)α∈C ∈

∏

α∈C
H2r

α (X)(r) | compα,α′(xα′) = xα}/∼S ,

satisfying the following properties:
(i) xσ is a Hodge cycle, i.e. is of type (0, 0) if (σ) ∈ C;
(ii) xDR ∈ F 0(H2r

DR(X)(r)) if DR ∈ C;
(iii) g(x�) = x� if (	) ∈ C for all g ∈ GK .

(iv) ϕv(xv) = xv if (cris, v) ∈ C;
and the equivalence relation ∼S is trivial if (cris, v) /∈ C and is defined by (xα) ∼S

(yα) if and only if xα = yα for α ∈ {(σ), (	), DR} ∩ C, and there exists a finite
set of finite primes S such that xcris,v and ycris,v are defined and coincide for all
v /∈ S.

Remark. The conditions (i)-(iv) are necessarily fulfilled if C is big enough. For
example if {(	), (σ)} ⊂ C then property (iii) is forced by COMP-2.

Example. For each of the cohomology theories above one has cycle class maps

clrα : Zr(X)/∼rat → H2r
α (X)(r)

(see [DMOS, pp20-21] for the definition if α ∈ {(σ), (	), DR}, and [GM, I] for
α = (cris, v) where v is a place of K where X has good reduction).

The equivalence class of (clrα(Z))α∈C defines a C-cycle. To see this we have to
check the condition compα,α′(clrα′(Z)) = clrα(Z) for Z a codimension r cycle on
X. For {α, α′} of the form {DR, σ} or {	, σ} this follows from [DMOS, I, 2.1(a)].
For {α, α′} of the form {(cris, v), DR}, with v a place of good reduction of X, this
is proved in [GM, Appendix B.3.1]. Finally for {α, α′} of the form {(cris, v), p}
with v a place of good reduction of X of characteristic p, this follows from the
construction of clr(cris,v) in [GM] using Chern classes, and the compatibility of
comp(cris,v),p with Chern classes [Fa, Lemma 5.1].

1.2. The category of C-motives. The construction is done as in [DMOS,
II,§ 6]. The major difference is that we may not have a Q-linear fibre functor, if
we do not have a Betti-realisation. We briefly repeat the steps. Let VK be the
category of smooth projective varieties over K. The category CVC

K is the additive
category with objects h(X) for each object X of VK and morphisms given via
C-correspondences: HomCVC

K
(h(X), h(Y )) = Cn

C (X × Y ), if X is connected of
dimension n and by additivity, via h(X�Y ) = h(X)⊕h(Y ), in general. A tensor
product CVC

K is defined via h(X)⊗h(Y ) = h(X×Y ) together with the usual com-
mutativity and associativity constraints. The identity is h(Spec(K)). Adjoining
the images of projectors one obtains the pseudo-abelian envelope ṀC,+

K of CVC
K .

In particular the gradings of the cohomology theories H∗
α(X) = ⊕Hr

α(X) induce
gradings h(X) = ⊕hr(X). Formal inversion of the Lefschetz-motive L = h2(P1)
gives ṀC

K and after a suitable modification of the sign in the definition of the
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⊗-product, we end up with the desired category MC
K . If C = {(σ), (	), DR}

C-motives are just motives for absolute Hodge cycles.

Remarks.
(a) It is clear from the construction that C-motives satisfy the comparison

isomorphisms COMP-1 - COMP-4 whenever they are defined, but one has
to impose the condition (∗char) on the characteristic polynomials if it is
required.

(b) For any choice of C every object M of MC
K is a direct sum of direct factors

of hn(X)(r) for some X ∈ VK and r, n ∈ Z, n ≥ 0, i.e. the summands of
M may be represented as triple (h(X), p, r), where X, r are as above and
p ∈ CC(X × X) is a projector. In particular, the 	−adic and crystalline
realisations satisfy the Weil conjecture on eigenvalues of Frobenii, i.e. they
have complex absolute value q

−wt(M)/2
v , where qv = #κ(v) and wt(M) =

n − 2r.

(c) Though one expects the category to be a neutral semi-simple Tannakian
category this can only be shown in special cases. Suppose that C contains
(σ) and the Q-linear fibre functor Hσ is faithful (this last condition can
only fail if C ⊂ {σ, (cris, v)}). By [Ja, Lemma 2] the semi-simplicity of
the category follows from the semi-simplicity of the finite-dimensional Q-
algebra End(h(X)) for every object X of VK . As in the case of absolute
Hodge cycles this follows by [Kl, Cor. 3.12] because the analogues of the
standard conjectures hold for C-cycles.

(d) In all cases there are defined on MC
K additive Kα-linear ⊗-functors tak-

ing values in VecKα
, where Kα = Q, K, Q�, or Kv respectively. If one

can pass between any two realisations in C by a sequence of comparison
isomorphisms, then these are faithful, and hence are fibre functors.

Definition 1.2. The full subcategory of M{(�),(cris,v),DR}
K whose objects satisfy

(∗char) is denoted with MK .

For later use we denote the forgetful functor Ψ : MK → M{(�),(cris,v)}
K .

Example. Because cycle class maps are compatible with push forward, pull
back and intersections (see [GM] for the case of crystalline cohomology) one has
a canonical functor from the category of Grothendieck motives to the category
MC

K .
The objects in the essential image of this functor satisfy (∗char). To see this

note that a Grothendieck motive is essentially a triple (hi(X), p, r) where X is
a smooth algebraic variety, p is a projector, and r ∈ Z is a twist. If v is a place
of K we have to show that the characteristic polynomial of the correspondence
Φv ◦ p on the 	-adic realisations Hi

�(X) is independent of the choice of 	 not
divisible by v, and similarly for the crystalline realisations. Now p is a Z-linear
sum of algebraic correspondences c, so it is enough to show the independence for
Φv ◦ c. The fixed point formula (which is a formal consequence of the properties
of the cycle class map mentioned above) proves that the alternating product of
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the characteristic polynomials on the Hi
�(X) and Hi

(cris,v)(X) is independent of
the cohomology theory, and the independence of the characteristic polynomial
in each degree i then follows by looking at weights (for the Hi

(cris,v)(X) these
exist by [KM]).

Thus, this functor has image in MK . Conjecturally all motives in MK should
arise in this way.

1.3. The subcategory M◦
K of Artin motives. The definition of this sub-

category follows that of [DMOS, II,6.17]. Let CVC◦
K be the subcategory of CVC

K

formed by the h(X) with X a zero-dimensional variety over K. We define the
category of Artin motives MC,◦

K to be the smallest pseudo-abelian subcategory
of MC

K containing CVC◦
K and analogously for M◦

K ⊂ MK .
If we make the same construction inside the category of Grothendieck motives,

we get a category which is equivalent to the category RepQ(GK) of discrete Q-
representations of the group GK . Thus, the example above gives, in particular, a
functor RepQ(GK) → MC,◦

K . This functor need not be fully faithful (see remark
(c) of Lemma 2.4). If it is not fully faithful, it will typically also fail to be
essentially surjective, since one may have extra projectors appearing in the right
hand side.

We are now ready to state our main result

Theorem 1.3. Suppose that M is an object of MK such that gr•F HDR(M) =
gr0

F HDR(M). Then Ψ(M) is isomorphic to an Artin motive in M{(�),(cris,v)}
K .

A motive satisfying the hypothesis is said to be of type (0, 0).
The proof of Theorem 1.3 will be given in the next section. In particular,

the theorem implies that the GK-action on the 	-adic realisations of M is finite,
whence the connection with the Fontaine-Mazur conjecture. Conversely, most
of the proof of the theorem consists of showing this finiteness.

2. Finiteness of ρ�(GK)

The main point in the proof of the theorem will be to show that the image
of ρ�(GK) is finite for all 	. Obviously it is enough to do this for a fixed 	. We
begin with the following more general result.

Lemma 2.1. Let V be a finite dimensional Qp-vector space with a continuous,
solvable GK-action, which is unramified outside finitely many places. Suppose
that for every prime v of K lying over p, the inertia at v acts through a finite
quotient. Then GK acts on V through a finite quotient.

Proof. If ρ(GK) ⊂ Aut(V ) is solvable then the Zariski closure ρ(GK) ⊂ Aut(V )
is solvable as well. Let {0} = H0 ⊂ H1 · · · ⊂ Hk = ρ(GK) be the derived series,
i.e. Hi−1 = (Hi, Hi) for all 1 ≤ i ≤ k. Then Hi−1 ⊂ Hi is closed for each i [Bo,
I.2.4]. We proceed by induction on the length k = k(ρ).

If k = 1, ρ(GK) is abelian and hence ρ(GK) is abelian. Let H be the kernel
of the GK-action on V, and let KH ⊂ K̄ be the corresponding subfield. We have
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to show that KH/K is a finite extension. By class field theory, it is enough to
show that for any prime w of K, the action of a decomposition group Dw at w
takes the inertia onto a finite image. For primes over p we already have this. So
let w be a prime not lying over p.

Let L ⊂ V be a GK-stable Zp-lattice. The map GL(L) → GL(L/pL) given
by reduction modulo p has finite image, and its kernel is a pro-p-group. Thus it
suffices to show that the maximal pro-p-quotient, Zp(1), of the inertia Iw ⊂ Dw

acts on L through a finite quotient. In fact, since the image of Dw in GL(L) is
abelian, the image of this quotient in GL(L) has order at most the number of
p-power roots of unity in Kw.

Now let k > 1. By the induction hypothesis it is enough to show that the
quotient Hk/Hk−1 is finite. Indeed, assuming this, we have that Hk−1 ⊂ Hk is
closed of finite index and hence open. Therefore the preimage ρ−1(Hk−1) ⊂ GK

is open and corresponds to a number field K ′. Since ρ(GK′) ⊂ Hk−1, we must
have k(ρ|GK′ ) ≤ k − 1. Moreover, ρ|GK′ satisfies the assumptions on the image
of the inertia subgroups at primes lying over p. It follows, by induction, that
ρ|GK′ has finite image, whence so does ρ itself.

To show the finiteness of Hk/Hk−1 consider the Tannakian category of GK-
representations generated by V. The Tannakian formalism gives the existence of
a GK-representation ρW : GK → Aut(W ) which factorises through ρ such that
ρW (GK) = Hk/Hk−1. This representation is an abelian representation satisfying
the finiteness conditions at the inertia subgroups over p. Therefore the case k = 1
shows that ρW has finite image, which must be equal to ρW (GK).

Now we consider the p-adic étale realisation Hp(M) of M for some rational
prime p.

Lemma 2.2. Suppose that M is as in Theorem 1.3, and p a rational prime.
For almost every prime v of K, the eigenvalues of Φv acting on Hp(M) are
algebraic integers, whose absolute values under any embedding into C are bounded
independently of v. (In fact their absolute value is 1.)

Proof. Firstly, let us remark that the condition on the de Rham filtration of M
and the comparison isomorphisms imply that all Hodge-Tate weights of Hp(M)
have to be 0. Now Sen’s result [Se, cor. of thm. 11] implies that for all v | p the
inertia groups Iv act through a finite quotient.

We may assume that M is simple, and hence pure of some fixed weight.
Here, we are thinking of weights in terms of the eigenvalues of Frobenii, and
this makes sense, since the Weil conjecture holds for M. Then det(M), is also
pure, and it must be pure of weight 0, for example by Lemma 2.1. Thus, we
have wt(M) = (dimM)−1wt(detM) = 0. Now the second claim and the fact
that the eigenvalues are algebraic numbers follows immediately from the Weil
conjectures for M.

It remains to check that they are algebraic integers. This is certainly true for
the cohomology of algebraic varieties. Now M has to be a direct summand of
some hn(X)(r) of weight 0, i.e. n = 2r, for some smooth projective variety X.
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Since twisting multiplies the eigenvalues by q−r, the eigenvalues remain v′-adic
units for primes v′ of Q̄ not lying above the rational prime dividing v. Thus it
is enough to check that the eigenvalues are v′-adic units at the other primes v′

of Q̄. Moreover, since the characteristic polynomial of Φv acting on Hp(M) has
Q-coefficients, it is enough to prove this for any such v′.

By the condition (∗char) for M the eigenvalues of interest are equal to those
of ϕm

v on Hcris,v(M), where m is defined via #κ(v) = qm
v . Since Hcris,v(M)

is a direct summand of H2r
cris,v(X)(r) (compatible with Frobenius actions and

filtrations !), it has the structure of a weakly admissible module in the sense of
[Fo]. Since all Hodge-Tate weights of M are 0, the Hodge polygon of this module
is a line of slope 0. For weakly admissible modules, the Newton polygon lies on
or above the Hodge polygon and has the same endpoints, so convexity implies
that the Newton polygon is also a line of slope 0.

Proposition 2.3. Let M be as in the theorem. The action of GK on Hp(M)
factors through a finite quotient.

Proof. By Lemma 2.2, for any prime v of K outside some finite set, the eigenval-
ues of Φv acting on Hp(M) are algebraic integers, and they have absolute values
bounded independently of v. Since the characteristic polynomial of Φv acting on
Hp(M) has Q-coefficients and fixed degree, these eigenvalues take only finitely
many values as v varies. Now consider the function on GK which takes an ele-
ment g ∈ GK to the characteristic polynomial of its action on Hp(M). This is
a locally constant function. Indeed any g can be approximated by a sequence
of Frobenius elements. By the above, such a sequence contains an infinite sub-
sequence all of whose members have the same characteristic polynomial, which
must then be equal to that of g.

It follows that after replacing K by a finite extension, we may assume that
the action of GK on Hp(M) is unipotent. In particular, this means that GK acts
through a solvable quotient. As was remarked above, the inertia subgroups of GK

act through a finite quotient for all v | p, we may conclude using Lemma 2.1.

Proof of Theorem 1.3. If K ′/K is a finite Galois extension, then the image of
Spec(K ′) in MC◦

K decomposes into a direct sum corresponding to the decompo-
sition of the regular representation of Gal(K ′/K) over the field Q.

We have shown that the action of GK on the compatible system of represen-
tations (H�(M))� factors through a finite quotient Gal(K ′/K), where K ′ is a
finite extension of K. The compatibility condition also insures that K ′ can be
chosen independently of 	. For example, for each 	, the minimal such field K ′ is
determined by the condition that GK′ is the maximal normal open subgroup of
GK such that for almost all places v of K, such that Φv ∈ GK′ , the characteristic
polynomial of Φv on H�(M) is a power of T − 1.

The 	-adic realisation of Spec(K ′) is the regular representation of Gal(K ′/K).
The action of Gal(K ′/K) on the H�(M) corresponds to a character of this group,
and because the representation theory of Gal(K ′/K) is semi-simple, Ψ(M) is a
direct summand in the image in M{�,(cris,v)} of (Spec(K ′))s for some integer
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s. Indeed, for the 	-adic realisations this is immediate, and the crystalline re-
alisations can be recovered from the 	-adic ones, by taking Dv invariants in
COMP-4.

Remarks.
(a) We do not know how to prove that in the situation of Theorem 1.3, M is

actually an Artin motive in MK . The problem is that one does not have a
characterisation of the image of HDR(M) ⊂ Hcris,v(M). This seems to be
a reasonable conjecture, however, which, when K = Q, can be viewed as
a generalisation of Deligne’s conjecture on rank 1-motives for the category
MK (see conjecture 3.2 below). In fact, we will easily check that Deligne’s
conjecture actually holds in this context.

(b) Sometimes, one can improve Theorem 1.3 a little bit, and show that at least
Ψ(M) is the image of a Grothendieck motive. This amounts to asking
whether the character of GK corresponding to M corresponds to a Q-
representation. A partial answer is given by the following

Lemma 2.4. Let G be a finite group, and V an irreducible Q̄-representation
of G. Suppose that

(i) The traces of V lie in Q.
(ii) For every prime 	 of Q, V is defined over Q�.

Then V is defined over Q.

Proof. Suppose that V is defined over a subfield K of Q̄, which is finite and
Galois over Q (i.e there exists a K-representation VK with V = VK ⊗K Q̄). For
every embedding s of K into Q̄, we denote by V s, the representation obtained
(from VK) by extension of scalars. Set S′ equal to the direct sum of the V s.
Then S′ descends to a Q-representation S. The condition (i) ensures that the
V s are all isomorphic. This shows that if W ⊂ Q[G] is an irreducible factor such
that W ⊗Q Q̄ contains V, then W ⊗Q Q̄ is actually a direct sum of copies of V.

Set D = EndQ[G](W ). Since W is irreducible this is a division algebra. Since
the character of W is an integer multiple of that of V, (ii) implies

D ⊗ Q� = EndQl[G](W ⊗ Q�)
∼−→ Mr(Ql)

Thus D splits at every finite prime, whence it must be split. This implies that
D = Q. In other words, W ⊗Q Q̄ is irreducible, so that W = V.

Remarks.
(a) Below we will introduce motives with coefficients. It is then almost a

tautology that in the situation of Theorem 1.3 Ψ(M) ⊗Q E is the image
of a Grothendieck motive with E-coefficients for some finite extension E
of Q.

(b) The above lemma gives a rather elegant criterion for an irreducible rep-
resentation to be defined over Q. There is a more general criterion which
works for any representation: If V is a Q̄-representation of G whose traces
are contained in a number field K, and which is defined over Kv for every
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place v of K, (including the infinite ones) then V is defined over K. We
leave the proof as an exercise in the theory of the Brauer group.

(c) If one leaves out the infinite places, this result fails in general - even when
K = Q (without assuming irreducibility). We are grateful to Ofer Gab-
ber for providing a counter example. He also pointed out that the above
result (b) holds more generally for representations of finite dimensional,
semi-simple K-algebras.

3. Remarks on some conjectures

3.1. Motives with coefficients. We briefly recall the definition of motives
with coefficients in some number field E. As remarked in [De] the construction
is valid for any additive pseudo-abelian category in which the morphisms are
Q-vector spaces. In the definition of motives sketched in 1.2 one takes the
homomorphisms to be HomCVC

K,E
(h(X)E , h(Y )E) = HomCVC

K
(h(X), h(Y ))⊗Q E

and proceeds as before (language B in [De]). Equivalently one may define a
motive over K with coefficients in E to be a motive M over K equipped with an
E-module structure E → End(M) (language A of [De]). In particular a motive
M gives rise to a motive with coefficients ME via the “language B”.

The rank rkE(M) of a motive M is defined to be dimE(Hσ(M)) if one
has a Betti-realisation. More generally one takes the rank to be rkE(M) =
dimEα(Hα(M)). This is only well defined if C is big enough.

For E as above we define MK,E to be the full sub-category of the category
of motives in MK with coefficients in E, consisting of objects which satisfy the
following condition:
(∗char,E) The characteristic polynomials of Φv on all the 	-adic (regarded as

E⊗Q Q�-modules) and crystalline realisations have E-coefficients and
one has

P r
E,�(T ) = detE(1 − TΦv;Hr

� (X)) = detE(1 − Tϕm
v ;Hr

cris,v(X)) = P r
E,cris,v(T ).

This condition does not seem to be guaranteed by (∗char).
The reader should note that although one of the main points of motives with

coefficients is that one then has a slew of new realisations (for example λ-adic
realisations for λ a prime of E,) we will consider only the realisations defined
previously for motives without coefficients. In “language A” this means we
consider the usual realisations of the motive M, which are equipped with an E-
action by functoriality. If M is a motive without coefficients then passing from
M to ME has the effect of applying ⊗QE on the level of realisations.

3.2. A conjecture of Deligne. In [De] the following conjecture was stated.
It can be regarded as a special case of the conjecture that motives of (0, 0) are
Artin motives.

Conjecture. Every motive over Q with coefficients in some finite extension
E/Q which is of rank 1, is of the form E(ε)(n) for some character ε of GQ

which takes values in the roots of unity of E and some n ∈ Z.
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Theorem 3.1. Deligne’s conjecture is true for motives in the category MQ,E

Proof. First, after twisting by an integer, we may assume that the HDR, which
is a 1-dimensional E-vector space, has the trivial filtration (this is where we
use the fact that K = Q.). Theorem 1.3 implies that the action of GQ on the
	-adic realisations factors through a finite quotient. Since M has rank 1 (∗char,E)
implies that these representations correspond to a finite character ε : GQ → E∗.
To see that M is isomorphic to the motive E(ε) corresponding to ε we simply
choose any E-linear isomorphism HDR(M) ∼−→ HDR(E(ε)). These then induce
isomorphisms on the 	-adic and crystalline realisations via COMP-3 and COMP-
4. These isomorphisms are automatically compatible with the Frobenius actions,
since the latter are just multiplications by (the same) elements of E.

3.3. The unramified Fontaine-Mazur conjecture. Our finiteness result in
§2 is related to the following conjecture made in [FM].

Conjecture (Conjecture 5a). Let S be a finite set of primes. If p is distinct
from all of the residual characteristics of S, then any p-adic representation of
GK,S factors through a finite quotient group of GK,S .

Another conjecture made in the above mentioned paper is the following one.

Conjecture (Conjecture 1). An irreducible p-adic representation is geometric
(i.e. it is unramified outside a finite set of places of K and its restriction to
the decomposition groups Dv for v | p is potentially semi-stable) if and only if it
comes from algebraic geometry (i.e. if it is isomorphic to a subquotient of the
p-adic cohomology of a smooth projective variety.)

Using our result we can show the next proposition.

Proposition 3.2. Assume that the following assumptions hold

(i) Conjecture 1 is true;
(ii) the Tate conjecture on algebraic cycles holds, i.e. H2j

ét (X̄, Q�)(j)GK is
generated by the images of algebraic cycles of codimension j;

(iii) the action of GK on H�(X) is semi-simple for every smooth projective
variety X/K. (Grothendieck-Serre conjecture)

Then Conjecture 5a) holds.

Remark. In [FM] an even stronger statement - without proof - is made, namely
that conjecture 1 together with the Tate conjecture implies conjecture 5a). We
were, however, not able to give a proof without the additional assumption of the
Grothendieck-Serre conjecture.

Proof. It suffices to show the statement for semi-simple representations. Indeed
if we know that semi-simple representations have finite image, we apply this
to the semi-simplification and after a finite extension we may assume that the
Galois action on Hp(M) is unipotent. An argument as in the proof of Proposition
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2.3 gives the statement. (So it is not necessary to assume the Grothendieck-Serre
conjecture here.)

Let Np be a semi-simple geometric p-adic representation of GK,S . Conjec-
ture 1 of [FM] gives that any irreducible geometric representation comes from
algebraic geometry. This means we have a smooth projective variety X such
that Np is a subquotient of Hn

ét(X ×K K̄, Qp)(r) = Hp(M), i.e. of the p-adic
realisation of the (Grothendieck-)motive M = hn(X)(r). As the Grothendieck-
Serre conjecture predicts that the action of GK is semi-simple, we can assume
that our representation is a direct summand of Hp(M). In other words, we have
an idempotent e in EndGK

(Hp(M)) such that eHp(M) = Np.
Now - making use of the Tate-conjecture, comp. [Ta, § 3] - we have the

surjectivity of the map EndMGroth
K

(M) ⊗ Qp → EndGK
(Hp(M)). If we had e ∈

EndMGroth
K

(M) then we could conclude that the GK,S-action on Np was finite
by using Theorem 1.3. (The condition on the grading being assured by Sen’s
theorem.) A priori we do not know this, but it suffices to show the lemma
below.

Lemma 3.3. There is a direct summand N ′ of M such that Np ⊂ N ′
p = Hp(N ′),

and the inertia groups Iv for v | p act on N ′
p through finite quotients.

Proof. We start with the following two observations
(i) For any finite extension E/Q we may replace M by ME . (Here we leave

Np ⊂ Hp(M) ⊂ Hp(ME) unchanged.)
(ii) If M = M1 ⊕ M2 it is enough to show the statement for M1 or M2, with

Np replaced by its projections to (M1)p and (M2)p respectively.
The Tate conjectures imply that End(M) is a semi-simple Q-algebra. Let E/Q

be an extension such that all idempotents of End(M)⊗Q̄ (resp. EndGK
(Np)⊗Q̄)

are already contained in End(M)⊗E (resp. EndGK
(Np)⊗E). This extension is

finite because End(M) is finite-dimensional. Let Mi,E be a direct summand of
ME such that EndE(Mi,E) does not contain nontrivial idempotents. Using the
two observations above, it is enough to prove the lemma with Mi,E in place of
M. (This means in particular, that we replace Np by its projection to (Mi,E)p.)
We claim that we can take N ′ = Mi,E . Our assumptions on E imply that
EndE(Mi,E) ∼−→ E. Thus, we have

EndGK ,E(N ′
p) 
 E ⊗ Qp 
 ⊕p|pEp.

As Np ⊂ Np ⊗ E ⊂ N ′
p there is an idempotent ep ∈ E ⊗ Qp (corresponding to

the projection to Ep above) such that epN
′
p ⊂ ep(Np ⊗Q E).

Fix a prime v | p of K. Using the comparison isomorphisms (for N ′) we
compute

ep(HDR(N ′) ⊗K Kv) ∼−→ epHcris,v(N ′)
∼−→ ep(N ′

p ⊗ Bcris)Dv

⊂ ep(Np ⊗ E ⊗ Bcris)Dv
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The representation Np is unramified at v and this implies that the filtration on
the ep(E ⊗Q Kv)-module on the left hand side is concentrated in degree 0. Note
that we have

ep(E ⊗Q Kv) ∼−→ ep(E ⊗Q Qp) ⊗Qp Kv
∼−→ Ep ⊗Qp Kv.

On the other hand

⊕v|pEp ⊗Qp
Kv = Ep ⊗Qp

(⊕v|pKv)

= Ep ⊗Qp
(Qp ⊗Q K)

= Ep ⊗Q K

= Ep ⊗E (E ⊗Q K).

Thus we find that

⊕v|pep(HDR(N ′) ⊗K Kv) ∼−→ ⊕v|p(Ep ⊗Qp Kv) ⊗E⊗QK HDR(N ′)
∼−→ Ep ⊗E HDR(N ′),

so the filtration on the term on the right is concentrated in degree 0. and hence
this is also true for HDR(N ′) itself. Now Sen’s theorem [Se] implies that for
v | p, Iv acts on N ′

p through a finite quotient.
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