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A SATURATED STATIONARY SUBSET OF P.x"

MASAHIRO SHIOYA

ABSTRACT. Somewhere saturation of the club filter on Pkt is shown consistent
relative to a k1-supercompact cardinal k.

1. Introduction

Let k > w be a regular cardinal and A > k a cardinal. In [15] Solovay
established that a stationary subset of k splits into x stationary sets. Solovay’s
theorem led Menas [13] to conjecture that a stationary subset S of P\ splits
into A<" stationary sets. Menas’ conjecture holds in the constructible universe
L (see [12]). In fact L satisfies {7 \ in the sense of [5] (see [10]), which implies
the conjecture via {, 1(S). On the other hand the case A = k™ of the conjecture
implies (k7)<% = kT, hence is independent of ZFC, since some stationary subset
of Per™ has size k1 (see [4]).

The last observation suggests that A< in the conjecture should be replaced
by the smallest size of SNC' for C a club subset of P, A. Two results support the
revised conjecture: First an unbounded subset X of P, A splits into min{| X NC :
C C P\ is cobounded} unbounded sets (see [1]). Second P, splits into A%
stationary sets (see [14]). By [3] and [11], A\ is the best lower bound of the size
of club sets in terms of cardinal arithmetic.

In [6] Gitik constructed a model in which even the revised conjecture fails, as-
suming a xT3-supercompact cardinal & exists. Indeed some stationary subset of
P..kT cannot split into kT stationary sets in his model. It was basically a modifi-
cation of the Jech-Woodin model [8], in which the club filter on « is somewhere
kT-saturated. Unfortunately Gitik’s proof involved a difficult construction of
the intermediate model. Incorporating a variation of the Jech—Shelah forcing [7]
for shooting a club subset of P.xT, we resolve the difficulty as well as reduce
the assumption:

Theorem. Assume k is kT -supercompact and GCH. Then some poset with the
kT -cc forces that k is Mahlo and the club filter on P.xt is somewhere k-
saturated.
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2. Preliminaries

Our reference book is [9]. See [2] for the basics of iterated forcing. We
understand that a limit ordinal is even. We call a set x of ordinals o-closed if
supa € z for a € [z]¥. An infinite set of ordinals has the o-closure, i.e. the
smallest o-closed superset, of the same size.

Throughout the paper k denotes a regular uncountable cardinal. Let S, be
the set {z € Pyr™ : x is o-closed A z Nk is a limit ordinal Aotz = (z Nk)T}.
By an argument of [3], S, agrees with the set {x € P.rT : cf(zNkK) > wAotz =
(x N k)*} on some club set.

For a poset P let G,(P) be the following game: Players I and II play con-
ditions of P at odd and even stages respectively, where the move at stage 0 is
trivial, and produce a descending sequence as long as they can. II wins iff the
resulting sequence has length at least k. We call P weakly r-closed if II has a
winning strategy in G, (P). A weakly x-closed poset is k-Baire, preserves the
stationarity of subsets of k, and has an M-generic filter if M has at most &
maximal antichains. Assume (P, : a < 7) is a forcing iteration with Easton
support, K < v, P, has the k-cc and P, forces that P,41/ Ga is weakly k-closed
for k < a < 7, where Ga is the P,-name for the generic filter. Then P, forces
that P, /G, is weakly s-closed.

3. Shooting club subsets of P,.xT

This section is devoted to our variation of the Jech—Shelah forcing [7].

Let x be an inaccessible cardinal. Order R={p:d x (dNk) - d:d € Pyr*
is o-closed A dNk € Kk AVa € d(p“{a} x (dNk) =dN(aUk))} by reverse
inclusion. For a condition p: d x (dNk) — d, set d(p) =d and C(p) ={x C d:
Va € z(p“{a} x (xNk) =xN(aUk))}. For d € P.r™ o-closed with d Nk € k,
d = d(p) for some p € R iff otd < (dNk)T. For X C S, let R(X) be the
suborder {p € R: S, NC(p) C X} of R.

Lemma 1. {q € R(X): 2z Cd(q)} is dense for z € P.r™.

Proof. We can assume z is o-closed. Let p € R(X). Take a cardinal § < &
greater than sup(z N k), |z| and d(p) N k. We have p C ¢ € R such that d(q) =
(04+1)UzUd(p) and ¢(c,0) = ¢ for a € d(q) —d(p). We show S, NC(q) C C(p),
which implies ¢ € R(X).

Fix z € S, NC(q). Then = C d(p): Otherwise we would have a € x — d(p).
Then ¢(«,0) = 0 by the choice of q. Hence 6 € x Nk C d(q) Nk = + 1, since
ac€x,0€xbyze S and z € C(q). Thus x Nk is not a limit ordinal, which
contradicts x € Sy, as desired. Hence z € C(p) by x € C(q) and p C g. O

Lemma 2. R(X) has the kT -cc.

Proof. Let A C R(X) have size k7. We have B C A of size k' such that
{d(p) : p € B} forms a A-system with root d € P.x* and d(p) Nk =6 € k for
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p € B. Then p“d x § C supd < k* for p € B. Take p # q from B which agree
on d x 9. We claim p || g.

We have pU g C r € R such that d(r) = (0 +J + 1) Ud(p) U d(q) and
r(a,0) =+ 0 for a € d(r) — (d(p) Ud(q)). We show S, NC(r) C C(p)UC(q),
which implies r € R(X).

Fix z € S, N C(r). Then x C d(p) Ud(q) by the proof of Lemma 1. Hence
xNd(p) or xNd(qg) is unbounded in x. We can assume the former by symmetry.
Then x C d(p): Fix v € . Take v < o € z Nd(p). Then v = r(a, ) for
some # € Nk by z € C(r). Hence v = p(a,3) € d(p), since a € d(p),
Bexnk C (dp)Ud(q) Nk =d(p) Nk and p C r, as desired. Thus z € C(p)
by x € C(r) and p C r. O

Lemma 3. R(X) is weakly k-closed.

Proof. We give a strategy 7 for II in the game G, (R), which works uniformly
for G, (R(X)). Let (p¢ : ¢ < &) be a partial run of G.(R) according to 7 with
0 <& <k even. Set 7((p¢ : ¢ < §)) = p as follows:

When & = ¢ + 1, take po C p € R as in the proof of Lemma 1 so that
|d(p¢)| < |d(p) N&|. Then p € R(X) if p. € R(X) by the proof of Lemma 1.

I£ € is limit, then | Uy ¢ d(pc)] = Uy e [d(pc)| = Ue ¢ dlpc) (1, since [d(pc)],
d(pe) Nk < |d(pe)[* < d(pe+1) N k| < d(pet1)l, d(per1) Nk for ¢ < & odd.

When cf§ = w, let d be the o-closure of (J._ . d(p¢) and 6 = |d|. Then
6 = [Uecedpe)l = Ugcedpe) N k. Hence dNk =6+ 1 by cfd = w. We
have U<<£p< C p € R such that d(p) = (0 +d+1)Ud and p(a,0) = 6 + 0
for a € d(p) — Us¢ d(pc). We show S, N C(p) C U, Clpe), which implies
p € R(X) if {pc: ¢ <&} C R(X).

Fix z € S, N C(p). Then x C [J. d(p¢) by the proof of Lemma 1. Hence
Nk <otz = |z] < |Uecedpo)l = Upcedpe) Nk by @ € S, Thus we
have ¢ < § such that x Nk C d(p¢) Nk and = N d(p¢) is unbounded in z, since
 C Ueced(pe), and cf§ = w < cfotx by z € S,. Hence z C d(p¢) and
x € C(p¢) by the proof of Lemma 2.

When cf ¢ > w, UC<£ d(p¢) is o-closed. Set p = U<<£p4 € R. We show
Sk NC(p) C Usce C(pc), which implies p € R(X) if {p; : ( <&} C R(X).

Fixz € 5,NC(p). Thenz C d(p) = U ¢ d(pc). Hence 2Nk < Uy d(pc) Nk
as in the last case. Thus 2 Nk C d(p¢,) Nk for some (o < €. We have ¢ < £ such
that zNd(p¢) is unbounded in z: Otherwise we would have increasing sequences
{¢, :n <w} C §and {a, : n < w} C x such that sup(z Nd(pc,)) < an €
d(p¢,,.)- Then ¢ = sup, ., ¢ < § by ¢f§ > w. Since o, € 2 Nd(pe, ) C
zNd(pe) for n < w, and z Nd(p¢) is o-closed by z € S, and pc € R, o =
SUP, o, On € = N d(pc). Since sup(z Nd(pe,)) < a < o € z for n < w,
ad U,c,dpe,) Set 0 = U, ., d(pc,) Nk € k. Then p¢(a,0) = 6 + J by the
choice of p.. Hence 0 + 0 = p(a,0) € x Nk by pc C p and ,0 € z € C(p),
which contradicts Nk C d(p¢,) Nk C 9§, as desired. Thus z Nk C d(p¢) Nk and
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x Nd(p¢) is unbounded in z for some ¢ < £. Hence z C d(p¢) and z € C(p¢) by
the proof of Lemma 2. O

Let H be the R(X)-name for the generic filter. Then R(X) forces that |J H :
kt x K — kT satisfies (JH)“{a} x k = a Uk for @ < k* and generates the
club set {z € Port :Va € z((JH)“{a} x (zNk) =z N (aUk))} disjoint from
S — X.

By induction on v, we build a suborder @, of the product of  copies of R
with < k-support and take a (),-name X'y for a subset of Sy so that @, = {p:
b— R:bePyAYBeb(plBlrq, p(B) € R(X3))}. If neccessary, we understand
that p € Q, maps § ¢ dom(p) to 0.

Lemma 4. Q. has the kT -cc.

Proof. Let A C Q-+ have size k*. We have B C A of size k*, b € P,y and
{ds : B € b} C Pur™ such that {Uscgom(p {68} % d(p(B)) : p € B} forms a
A-system with root |J;, {8} xdg and d(p(8)) Nk =dsz Nk € £ for p € B and
B € b as in the proof of Lemma 2. Take p # ¢ from B so that p(8) and ¢(3)
agree on dg X (dg N k) for B € b. We claim p || q.

We have r : dom(p) U dom(q) — R such that r(3) extends p(3) and ¢(3) as
in the proof of Lemma 2 if 8 € b, and is p(8) U ¢(B) otherwise. Then 7|5 € Qg
extends p|3 and ¢|g3 by induction on 8 < 7. O

Lemma 5. Q. is weakly k-closed.

Proof. We give a strategy 7, for II in the game G.(Q~). Let (pc : ¢ < &)
be a partial run of G.(Q.) according to 7, with { < s even. We have p :
U¢<gdom(pe) — R such that p(8) = 7({pc(B) : ¢ < &)). Then we can set
T ({pc : ¢ < &) = p, since p|f € Qp extends p¢|F for ¢ < & by induction on
B <. O

We can identify a Q,-name X for a subset of S,, with a subset “X” of S, x Qy
such that {p € Q, : (z,p) € “X”} is an antichain for x € S,. Set supp(X) =
U{dom(p) : 3z € S.((x,p) € “X”)}. Let s C v and supp(X3) C sN g for § € s.
Then Qs = {p € Q, : dom(p) C s} is a complete suborder of ()., hence has
the xT-cc. In fact p|s is a reduction of p € @, to Q. The winning strategy 7
witnesses that Q) is weakly k-closed.

Finally assume further 22° = k*t+. Then Q,++ = U, <x++ @ has size i,
since {Q, : v < kTT} C H(k*"). Hence we can arrange the construction so
that a Q,++-name for a subset of S, agrees with Xw for k™ many ~’s.

4. The main forcing
In this section the Jech—-Woodin model [8] is modified for our

Proof of Theorem. Let U be a normal ultrafilter on P.x* and jy : V — M =
Ult(V, U) the induced embedding. We have S* C S,; in U such that otz < yNk
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for x C y both in S* by the partition property of U and S, € U. We perform
a forcing iteration P = (P, : a < k) with Easton support so that P11 is
Py % Qu++ if a < k is Mahlo, and P, * {0} otherwise. For o < k inaccessible, P,
has size a by P“a C V,,, hence forces 2¢ = o™ by GCH. Thus for o < x Mahlo,
P, has the a-cc and forces that « is inaccessible and 22° = at+. Hence for
«a < k Mahlo, P, forces that « is inaccessible. Thus P, forces that s is Mahlo,
since {a < k : « is Mahlo} is stationary and P, has the x-cc.

Let G C P, be V-generic and work in V[G]. By the first paragraph, « is
Mahlo and 22" = k**. Since P|k = juy(P)|s, P. = ju(P). € M. MIG] is
closed under the x™-sequences, since M is closed under the x™-sequences and
P, has the s-cc in V. Hence & is inaccessible and 22" = x** in M[G]. Set
Q = (ju(Q)x++)c € M[G]. Then we have Q-names {X, : v < x+*} for subsets
of S, with which Q is built in M[G]. We can regard Q and {X, : v < xt+}
as built in V[G], since M|[G] is closed under the x*-sequences. We show Q
forces that jy lifts to j : V[G] — M[j(G)] and M[j(G)] is closed under the
kT -sequences.

Let H C @ be V[G]-generic and work in V[G|[H]|. Since jy(P.) has size
ju (k) and the jy(k)-cc, and jy(P)utr1 = Px * ju(Q)u++ has the xT-cc in M,
Jju(Ps)/(G % H) has size at most jy(x) and the jy(k)-cc in M[G][H]. Since
Ju (k) > |ju(P)k+1| is inaccessible in M, jy (k) remains inaccessible in M[G][H].
Hence M[G][H] has at most |jy (k)| = 7T maximal antichains of jy (Py)/(G *
H). M[G][H] is closed under the x*-sequences, since M is closed under the -
sequences and jy (P).+1 has the kT-cc in V. Hence jy(P.)/(G * H) is weakly
kT T-closed, since it is the case in M[G|[H]. Thus we have K C jy(P,)/(G* H)
which is M[G][H]-generic. Since jy“G C G * H x K, jy lifts to j : V|G] —
M[j(Q)] = M[G][H]|K]. M[j(G)] is closed under the x*-sequences, since the
rt-sequences of ordinals are in M[G][H] C M[j(G)].

Work in V[G]. Since @ has size £T1 and the k*-cc, @Q forces that in M[j(G)],
§(Q) has size j(x**) and the j(x%)-cc. Hence we can let @ force that (A, : y <
k1) lists the maximal antichains of j(Q) in M [j(G)] with £™* many repetitions,
since Q forces |(j(kTT)IENMUG = |j((k1T)%)| = |j(kTT)| = kTT. Let H be
the Q-name for the generic filter and @ force that H7 = {p(y) : p € H} for
v < wt*. Then Q forces |Jj“H, : jékt x k — j“&* € j(R), since Q forces
UH, :wt xr —wt, (UH,) Yo} xx =aUk for a < kt, j“H, = {j“p(y) : p €
H} and M[j(G)] is closed under the x*-sequences. Recall 7,++ is the winning
strategy for II in the game G, (Q).

We build s C £+ and Q-names {¢¢ : € < k1 } inductively so that supp(X,) C
sN~yif v € s, and Q forces that in M[j(G)], (¢ : £ < 27) is a partial run of the
game j(G(Qsny)) according to j(T.++), doyt+1 € J(Qsn(y+1)) extends some con-
dition of A, if A, is a maximal antichain of j(Qsn,), and g, +1(j (7)) = U7 “H,
if v € s. Assume we have s Ny and {g¢ : £ < 27} with v < k1T,

We can let @ force ¢oy = j(7e++)((Ge : £ < 2v)), since @ forces that in

Mj(GQ)], (ge : € < 2v) is a partial run of j(G.(Qsn~)). Let v € s iff supp(X,) C



498 MASAHIRO SHIOYA

s N~ and Q forces that X, C S* and in M[j(G)], o, forces j“s* € j(X,).
We have a @-name ¢ such that @ forces ¢ € j(Qsny) extends ¢o-, and some
condition of Av if A7 is a maximal antichain of j(Qsn~). Let @ force that ¢o+1
is qU{((), Uj“Hv)} if v € s, and ¢ otherwise. In the former case, we show
Q forces that in M[j(G)], gay forces |Jj“H, € j(R)(j(X,)), which implies Q
forces goy11 € J(Qsn(v+1))-

Let H C @ be V[G]-generic and work in V[G][H]. Then |Jj“H, = U{j(p(v)) :
p € H} € j(R). In V[G], Qsny forces X, C S*, since supp(X,) C s N~

and @ forces X, C S*. Hence it suffices to show in M[j(G)], (¢2)n forces

J(8%) N JCUGH) C §(Xy), since j(Quy) forces j(X,) C j(57). Fix
z € j(S*)Nj(C)Uj“Hy). Then z C j“s* by Jj“Hy : j“,T x kK — jrT. If
z = jst, then in M[j(G)], (do)m forces z = jén* € j(X,) by v € s, as desired.
If 2 C j“kT, then ot z < (j“<T) N j(k) = K, since z € j(S*), and j“kT € j(S*)
by S* € U. Hence z = j“z = j(z) for some z € P.k*. Take p € H with
z € j(5*)Nj(C)(i(p(v))). Then z € S*NC(p(y)) by z = j(z). Hence in V|G,
ply € Q- forces x € X, since p|y forces p(y) € R(X,). Thus in V]G], p|(sN~y) €
Qsn forces z € XV, since supp(X,Y) C sNy. Ifr € HNQsny, then (¢oy)a < j(r),
since dom(j(r)) = j*dom(r) and (dax) n(i(5)) < (dape)r (F(A) = Uj*Hp <
J(r(8)) = J(r)(j(B) for § € dom(r). Hence in MIj(G)], (da)ar < 3(pl(s N7))
forces z = j(x) € j(X,), since p|(sNy) € HN Qsny, as desired.

Work in V[G]. Let Q force K = {q € j(Q,) : 3¢ < x*+ (¢ < ¢)}. By the
kt-cc of Qg, Q forces that in M[j(G)], j(Qs) has the j(kT)-cc. Hence Q forces
that a maximal antichain of j(Q,) in M[j(G)] agrees with some A, which is
a maximal antichain of j(Qsn,). Thus Q forces that K is M[j(G)]-generic. Q
forces j“(H NQs) C K, since Q forces that Goy < j(r)if r € HnN Qsny for
v < kTt. Hence Q forces that j lifts to j* : V[G]|[H N Q] — M[j(G)][K].

Now let Hy C Q5 be V[G]-generic and work in V[G][H,]. Since Q) is weakly
k-closed in V[G], k remains Mahlo. By the last paragraph, Q/Hj forces that j

lifts to j* : V[G][Hs] — M[j(G)][K]. By the k*-cc of Q and Qs in V[G], Q/H,
has the x*-cc. Let F be the filter {X C Per™ : lkg/m, j*“st € j*(X)}. We
have a complete embedding X — ||j*“x™ € j*(X)|| from F* into the completion
of Q/Hs. Hence F is kt-saturated. Finally we claim F' is generated by S* over
the club filter.

First {z € Pyrt : fé2<¥ Cz} € Ffor f: (kT)<¥ — kT, and S* € F. Next
fix X € F. We show S* — X is nonstationary. Take a @Qs-name X € V[G] with
Xpg, =S*NX € F and work in V[G]. We can assume @ forces that X C S*

and in M[j(G)][K], j“kT € j(X)g. Hence Q forces that in M[j(G)] some ¢¢

forces j“sT € j(X). The kt-cc of Q gives £ < kT such that @ forces that in

M[j(@Q)], g¢ forces j“kT € j(X). By the kt-cc of Qs, supp(X) C sN G for some
B < k1. Hence we have v < k™1 such that X agrees with X, supp(X) C sN~y

and @ forces that in M[j(G)], g2y forces j“<* € j(X). Thus v € s. Now in
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VIGI[Hs], U{p(7) : p € Hs} : 67 x Kk — k™ generates a club set disjoint from
S* — (X)), =5 — Xpg, = 5* — X, as desired. O

5. Remarks

In the final model V[G][Hy|, F'T is x-Baire, since it is completely embeddable
into a x-Baire poset. For F a kT-saturated normal filter on P.x" in general,
S, € F if It is w;-Baire.

Finally we extend Solovay’s theorem as in [6] by an elementary proof:

Proposition. A stationary subset of Py splits into k stationary sets.

Proof. Let S C PiA be stationary. We can assume x Nk € k for x € S. Then
T={yeS:3g:y~ —>ySn{rCy:otx <otyAg“z<¥ C x} =0)} is
stationary: Fix f: A<% — \. Take y € S closed under f so that oty is as small
as possible. Then f|y<“ witnesses y € T, as desired. For y € T take a witness
Gy Y=Y —y. Set zo ={y < A:{y € T: gy(a) =~} is stationary} for a € A<“.
Then S splits into stationary sets {y € T : gy(a) = v} for v € z,. We claim
|2a| > K for some a € A<¥.

Suppose to the contrary z, € P\ for a € A<%. Take Ca,y C PrA club
and disjoint from {y € T : g,(a) = v} for a € A<“ and v € A — z,. Then
C={zePAr:Vacar=¥(z, CxAVy€Ex—z4x €Cqy))}isclub. Take z C y
from T'N C so that otz < oty. We have a € 2<% with g,(a) ¢ x, since z C y
are in 7" and otz < oty. Then v = g,(a) & zq4, since z, C by z € C and
a€x<¥ Henceye€ C,, byyecC,acy<®andy €y, which contradicts y € T
and gy (a) =7, as desired. O
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