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A SATURATED STATIONARY SUBSET OF Pκκ+

Masahiro Shioya

Abstract. Somewhere saturation of the club filter on Pκκ+ is shown consistent
relative to a κ+-supercompact cardinal κ.

1. Introduction

Let κ > ω be a regular cardinal and λ > κ a cardinal. In [15] Solovay
established that a stationary subset of κ splits into κ stationary sets. Solovay’s
theorem led Menas [13] to conjecture that a stationary subset S of Pκλ splits
into λ<κ stationary sets. Menas’ conjecture holds in the constructible universe
L (see [12]). In fact L satisfies ♦∗

κ,λ in the sense of [5] (see [10]), which implies
the conjecture via ♦κ,λ(S). On the other hand the case λ = κ+ of the conjecture
implies (κ+)<κ = κ+, hence is independent of ZFC, since some stationary subset
of Pκκ+ has size κ+ (see [4]).

The last observation suggests that λ<κ in the conjecture should be replaced
by the smallest size of S∩C for C a club subset of Pκλ. Two results support the
revised conjecture: First an unbounded subset X of Pκλ splits into min{|X∩C| :
C ⊂ Pκλ is cobounded} unbounded sets (see [1]). Second Pκλ splits into λω

stationary sets (see [14]). By [3] and [11], λω is the best lower bound of the size
of club sets in terms of cardinal arithmetic.

In [6] Gitik constructed a model in which even the revised conjecture fails, as-
suming a κ+3-supercompact cardinal κ exists. Indeed some stationary subset of
Pκκ+ cannot split into κ+ stationary sets in his model. It was basically a modifi-
cation of the Jech–Woodin model [8], in which the club filter on κ is somewhere
κ+-saturated. Unfortunately Gitik’s proof involved a difficult construction of
the intermediate model. Incorporating a variation of the Jech–Shelah forcing [7]
for shooting a club subset of Pκκ+, we resolve the difficulty as well as reduce
the assumption:

Theorem. Assume κ is κ+-supercompact and GCH. Then some poset with the
κ+-cc forces that κ is Mahlo and the club filter on Pκκ+ is somewhere κ+-
saturated.
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2. Preliminaries

Our reference book is [9]. See [2] for the basics of iterated forcing. We
understand that a limit ordinal is even. We call a set x of ordinals σ-closed if
sup a ∈ x for a ∈ [x]ω. An infinite set of ordinals has the σ-closure, i.e. the
smallest σ-closed superset, of the same size.

Throughout the paper κ denotes a regular uncountable cardinal. Let Sκ be
the set {x ∈ Pκκ+ : x is σ-closed ∧ x ∩ κ is a limit ordinal ∧ ot x = (x ∩ κ)+}.
By an argument of [3], Sκ agrees with the set {x ∈ Pκκ+ : cf(x∩κ) > ω∧otx =
(x ∩ κ)+} on some club set.

For a poset P let Gκ(P ) be the following game: Players I and II play con-
ditions of P at odd and even stages respectively, where the move at stage 0 is
trivial, and produce a descending sequence as long as they can. II wins iff the
resulting sequence has length at least κ. We call P weakly κ-closed if II has a
winning strategy in Gκ(P ). A weakly κ-closed poset is κ-Baire, preserves the
stationarity of subsets of κ, and has an M -generic filter if M has at most κ
maximal antichains. Assume 〈Pα : α ≤ γ〉 is a forcing iteration with Easton
support, κ < γ, Pκ has the κ-cc and Pα forces that Pα+1/Ġα is weakly κ-closed
for κ ≤ α < γ, where Ġα is the Pα-name for the generic filter. Then Pκ forces
that Pγ/Ġκ is weakly κ-closed.

3. Shooting club subsets of Pκκ+

This section is devoted to our variation of the Jech–Shelah forcing [7].
Let κ be an inaccessible cardinal. Order R = {p : d× (d∩ κ) → d : d ∈ Pκκ+

is σ-closed ∧ d ∩ κ ∈ κ ∧ ∀α ∈ d(p“{α} × (d ∩ κ) = d ∩ (α ∪ κ))} by reverse
inclusion. For a condition p : d × (d ∩ κ) → d, set d(p) = d and C(p) = {x ⊂ d :
∀α ∈ x(p“{α} × (x ∩ κ) = x ∩ (α ∪ κ))}. For d ∈ Pκκ+ σ-closed with d ∩ κ ∈ κ,
d = d(p) for some p ∈ R iff ot d ≤ (d ∩ κ)+. For X ⊂ Sκ let R(X) be the
suborder {p ∈ R : Sκ ∩ C(p) ⊂ X} of R.

Lemma 1. {q ∈ R(X) : z ⊂ d(q)} is dense for z ∈ Pκκ+.

Proof. We can assume z is σ-closed. Let p ∈ R(X). Take a cardinal δ < κ
greater than sup(z ∩ κ), |z| and d(p) ∩ κ. We have p ⊂ q ∈ R such that d(q) =
(δ +1)∪z∪d(p) and q(α, 0) = δ for α ∈ d(q)−d(p). We show Sκ ∩C(q) ⊂ C(p),
which implies q ∈ R(X).

Fix x ∈ Sκ ∩ C(q). Then x ⊂ d(p): Otherwise we would have α ∈ x − d(p).
Then q(α, 0) = δ by the choice of q. Hence δ ∈ x ∩ κ ⊂ d(q) ∩ κ = δ + 1, since
α ∈ x, 0 ∈ x by x ∈ Sκ, and x ∈ C(q). Thus x ∩ κ is not a limit ordinal, which
contradicts x ∈ Sκ, as desired. Hence x ∈ C(p) by x ∈ C(q) and p ⊂ q.

Lemma 2. R(X) has the κ+-cc.

Proof. Let A ⊂ R(X) have size κ+. We have B ⊂ A of size κ+ such that
{d(p) : p ∈ B} forms a ∆-system with root d ∈ Pκκ+ and d(p) ∩ κ = δ ∈ κ for
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p ∈ B. Then p“d × δ ⊂ sup d < κ+ for p ∈ B. Take p �= q from B which agree
on d × δ. We claim p ‖ q.

We have p ∪ q ⊂ r ∈ R such that d(r) = (δ + δ + 1) ∪ d(p) ∪ d(q) and
r(α, 0) = δ + δ for α ∈ d(r) − (d(p) ∪ d(q)). We show Sκ ∩ C(r) ⊂ C(p) ∪ C(q),
which implies r ∈ R(X).

Fix x ∈ Sκ ∩ C(r). Then x ⊂ d(p) ∪ d(q) by the proof of Lemma 1. Hence
x∩ d(p) or x∩ d(q) is unbounded in x. We can assume the former by symmetry.
Then x ⊂ d(p): Fix γ ∈ x. Take γ < α ∈ x ∩ d(p). Then γ = r(α, β) for
some β ∈ x ∩ κ by x ∈ C(r). Hence γ = p(α, β) ∈ d(p), since α ∈ d(p),
β ∈ x ∩ κ ⊂ (d(p) ∪ d(q)) ∩ κ = d(p) ∩ κ and p ⊂ r, as desired. Thus x ∈ C(p)
by x ∈ C(r) and p ⊂ r.

Lemma 3. R(X) is weakly κ-closed.

Proof. We give a strategy τ for II in the game Gκ(R), which works uniformly
for Gκ(R(X)). Let 〈pζ : ζ < ξ〉 be a partial run of Gκ(R) according to τ with
0 < ξ < κ even. Set τ(〈pζ : ζ < ξ〉) = p as follows:

When ξ = ζ + 1, take pζ ⊂ p ∈ R as in the proof of Lemma 1 so that
|d(pζ)| < |d(p) ∩ κ|. Then p ∈ R(X) if pζ ∈ R(X) by the proof of Lemma 1.

If ξ is limit, then |⋃ζ<ξ d(pζ)| =
⋃

ζ<ξ |d(pζ)| =
⋃

ζ<ξ d(pζ)∩ κ, since |d(pζ)|,
d(pζ) ∩ κ < |d(pζ)|+ ≤ |d(pζ+1) ∩ κ| ≤ |d(pζ+1)|, d(pζ+1) ∩ κ for ζ < ξ odd.

When cf ξ = ω, let d be the σ-closure of
⋃

ζ<ξ d(pζ) and δ = |d|. Then
δ = |⋃ζ<ξ d(pζ)| =

⋃
ζ<ξ d(pζ) ∩ κ. Hence d ∩ κ = δ + 1 by cf δ = ω. We

have
⋃

ζ<ξ pζ ⊂ p ∈ R such that d(p) = (δ + δ + 1) ∪ d and p(α, 0) = δ + δ

for α ∈ d(p) − ⋃
ζ<ξ d(pζ). We show Sκ ∩ C(p) ⊂ ⋃

ζ<ξ C(pζ), which implies
p ∈ R(X) if {pζ : ζ < ξ} ⊂ R(X).

Fix x ∈ Sκ ∩ C(p). Then x ⊂ ⋃
ζ<ξ d(pζ) by the proof of Lemma 1. Hence

x ∩ κ < otx = |x| ≤ |⋃ζ<ξ d(pζ)| =
⋃

ζ<ξ d(pζ) ∩ κ by x ∈ Sκ. Thus we
have ζ < ξ such that x ∩ κ ⊂ d(pζ) ∩ κ and x ∩ d(pζ) is unbounded in x, since
x ⊂ ⋃

ζ<ξ d(pζ), and cf ξ = ω < cf ot x by x ∈ Sκ. Hence x ⊂ d(pζ) and
x ∈ C(pζ) by the proof of Lemma 2.

When cf ξ > ω,
⋃

ζ<ξ d(pζ) is σ-closed. Set p =
⋃

ζ<ξ pζ ∈ R. We show
Sκ ∩ C(p) ⊂ ⋃

ζ<ξ C(pζ), which implies p ∈ R(X) if {pζ : ζ < ξ} ⊂ R(X).
Fix x ∈ Sκ∩C(p). Then x ⊂ d(p) =

⋃
ζ<ξ d(pζ). Hence x∩κ <

⋃
ζ<ξ d(pζ)∩κ

as in the last case. Thus x∩κ ⊂ d(pζ0)∩κ for some ζ0 < ξ. We have ζ < ξ such
that x∩d(pζ) is unbounded in x: Otherwise we would have increasing sequences
{ζn : n < ω} ⊂ ξ and {αn : n < ω} ⊂ x such that sup(x ∩ d(pζn)) < αn ∈
d(pζn+1). Then ζ = supn<ω ζn < ξ by cf ξ > ω. Since αn ∈ x ∩ d(pζn+1) ⊂
x ∩ d(pζ) for n < ω, and x ∩ d(pζ) is σ-closed by x ∈ Sκ and pζ ∈ R, α =
supn<ω αn ∈ x ∩ d(pζ). Since sup(x ∩ d(pζn)) < αn < α ∈ x for n < ω,
α �∈ ⋃

n<ω d(pζn
). Set δ =

⋃
n<ω d(pζn

) ∩ κ ∈ κ. Then pζ(α, 0) = δ + δ by the
choice of pζ . Hence δ + δ = p(α, 0) ∈ x ∩ κ by pζ ⊂ p and α, 0 ∈ x ∈ C(p),
which contradicts x∩κ ⊂ d(pζ0)∩κ ⊂ δ, as desired. Thus x∩κ ⊂ d(pζ)∩κ and
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x ∩ d(pζ) is unbounded in x for some ζ < ξ. Hence x ⊂ d(pζ) and x ∈ C(pζ) by
the proof of Lemma 2.

Let Ḣ be the R(X)-name for the generic filter. Then R(X) forces that
⋃

Ḣ :
κ+ × κ → κ+ satisfies (

⋃
Ḣ)“{α} × κ = α ∪ κ for α < κ+ and generates the

club set {x ∈ Pκκ+ : ∀α ∈ x((
⋃

Ḣ)“{α} × (x ∩ κ) = x ∩ (α ∪ κ))} disjoint from
Sκ − X.

By induction on γ, we build a suborder Qγ of the product of γ copies of R

with < κ-support and take a Qγ-name Ẋγ for a subset of Sκ so that Qγ = {p :
b → R : b ∈ Pκγ∧∀β ∈ b(p|β �Qβ

p(β) ∈ R(Ẋβ))}. If neccessary, we understand
that p ∈ Qγ maps β �∈ dom(p) to ∅.
Lemma 4. Qγ has the κ+-cc.

Proof. Let A ⊂ Qγ have size κ+. We have B ⊂ A of size κ+, b ∈ Pκγ and
{dβ : β ∈ b} ⊂ Pκκ+ such that {⋃β∈dom(p){β} × d(p(β)) : p ∈ B} forms a
∆-system with root

⋃
β∈b{β} ×dβ and d(p(β)) ∩ κ = dβ ∩ κ ∈ κ for p ∈ B and

β ∈ b as in the proof of Lemma 2. Take p �= q from B so that p(β) and q(β)
agree on dβ × (dβ ∩ κ) for β ∈ b. We claim p ‖ q.

We have r : dom(p) ∪ dom(q) → R such that r(β) extends p(β) and q(β) as
in the proof of Lemma 2 if β ∈ b, and is p(β) ∪ q(β) otherwise. Then r|β ∈ Qβ

extends p|β and q|β by induction on β ≤ γ.

Lemma 5. Qγ is weakly κ-closed.

Proof. We give a strategy τγ for II in the game Gκ(Qγ). Let 〈pζ : ζ < ξ〉
be a partial run of Gκ(Qγ) according to τγ with ξ < κ even. We have p :⋃

ζ<ξ dom(pζ) → R such that p(β) = τ(〈pζ(β) : ζ < ξ〉). Then we can set
τγ(〈pζ : ζ < ξ〉) = p, since p|β ∈ Qβ extends pζ |β for ζ < ξ by induction on
β ≤ γ.

We can identify a Qγ-name Ẋ for a subset of Sκ with a subset “Ẋ” of Sκ×Qγ

such that {p ∈ Qγ : (x, p) ∈ “Ẋ”} is an antichain for x ∈ Sκ. Set supp(Ẋ) =
⋃{dom(p) : ∃x ∈ Sκ((x, p) ∈ “Ẋ”)}. Let s ⊂ γ and supp(Ẋβ) ⊂ s∩ β for β ∈ s.
Then Qs = {p ∈ Qγ : dom(p) ⊂ s} is a complete suborder of Qγ , hence has
the κ+-cc. In fact p|s is a reduction of p ∈ Qγ to Qs. The winning strategy τγ

witnesses that Qs is weakly κ-closed.
Finally assume further 22κ

= κ++. Then Qκ++ =
⋃

γ<κ++ Qγ has size κ++,
since {Qγ : γ < κ++} ⊂ H(κ++). Hence we can arrange the construction so
that a Qκ++-name for a subset of Sκ agrees with Ẋγ for κ++ many γ’s.

4. The main forcing

In this section the Jech–Woodin model [8] is modified for our

Proof of Theorem. Let U be a normal ultrafilter on Pκκ+ and jU : V → M =
Ult(V, U) the induced embedding. We have S∗ ⊂ Sκ in U such that otx < y∩κ
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for x � y both in S∗ by the partition property of U and Sκ ∈ U . We perform
a forcing iteration P = 〈Pα : α ≤ κ〉 with Easton support so that Pα+1 is
Pα ∗ Q̇α++ if α < κ is Mahlo, and Pα ∗{∅} otherwise. For α ≤ κ inaccessible, Pα

has size α by P“α ⊂ Vα, hence forces 2α = α+ by GCH. Thus for α ≤ κ Mahlo,
Pα has the α-cc and forces that α is inaccessible and 22α

= α++. Hence for
α < κ Mahlo, Pκ forces that α is inaccessible. Thus Pκ forces that κ is Mahlo,
since {α < κ : α is Mahlo} is stationary and Pκ has the κ-cc.

Let G ⊂ Pκ be V -generic and work in V [G]. By the first paragraph, κ is
Mahlo and 22κ

= κ++. Since P |κ = jU (P )|κ, Pκ = jU (P )κ ∈ M . M [G] is
closed under the κ+-sequences, since M is closed under the κ+-sequences and
Pκ has the κ-cc in V . Hence κ is inaccessible and 22κ

= κ++ in M [G]. Set
Q = (jU (Q̇)κ++)G ∈ M [G]. Then we have Q-names {Ẋγ : γ < κ++} for subsets
of Sκ with which Q is built in M [G]. We can regard Q and {Ẋγ : γ < κ++}
as built in V [G], since M [G] is closed under the κ+-sequences. We show Q
forces that jU lifts to j : V [G] → M [j(G)] and M [j(G)] is closed under the
κ+-sequences.

Let H ⊂ Q be V [G]-generic and work in V [G][H]. Since jU (Pκ) has size
jU (κ) and the jU (κ)-cc, and jU (P )κ+1 = Pκ ∗ jU (Q̇)κ++ has the κ+-cc in M ,
jU (Pκ)/(G ∗ H) has size at most jU (κ) and the jU (κ)-cc in M [G][H]. Since
jU (κ) > |jU (P )κ+1| is inaccessible in M , jU (κ) remains inaccessible in M [G][H].
Hence M [G][H] has at most |jU (κ)| = κ++ maximal antichains of jU (Pκ)/(G ∗
H). M [G][H] is closed under the κ+-sequences, since M is closed under the κ+-
sequences and jU (P )κ+1 has the κ+-cc in V . Hence jU (Pκ)/(G ∗ H) is weakly
κ++-closed, since it is the case in M [G][H]. Thus we have K ⊂ jU (Pκ)/(G ∗H)
which is M [G][H]-generic. Since jU“G ⊂ G ∗ H ∗ K, jU lifts to j : V [G] →
M [j(G)] = M [G][H][K]. M [j(G)] is closed under the κ+-sequences, since the
κ+-sequences of ordinals are in M [G][H] ⊂ M [j(G)].

Work in V [G]. Since Q has size κ++ and the κ+-cc, Q forces that in M [j(G)],
j(Q) has size j(κ++) and the j(κ+)-cc. Hence we can let Q force that 〈Ȧγ : γ <
κ++〉 lists the maximal antichains of j(Q) in M [j(G)] with κ++ many repetitions,
since Q forces |(j(κ++)j(κ))M [j(G)]| = |j((κ++)κ)| = |j(κ++)| = κ++. Let Ḣ be
the Q-name for the generic filter and Q force that Ḣγ = {p(γ) : p ∈ Ḣ} for
γ < κ++. Then Q forces

⋃
j“Ḣγ : j“κ+ × κ → j“κ+ ∈ j(R), since Q forces

⋃
Ḣγ : κ+ ×κ → κ+, (

⋃
Ḣγ)“{α}×κ = α∪κ for α < κ+, j“Ḣγ = {j“p(γ) : p ∈

Ḣ} and M [j(G)] is closed under the κ+-sequences. Recall τκ++ is the winning
strategy for II in the game Gκ(Q).

We build s ⊂ κ++ and Q-names {q̇ξ : ξ < κ++} inductively so that supp(Ẋγ) ⊂
s∩ γ if γ ∈ s, and Q forces that in M [j(G)], 〈q̇ξ : ξ ≤ 2γ〉 is a partial run of the
game j(Gκ(Qs∩γ)) according to j(τκ++), q̇2γ+1 ∈ j(Qs∩(γ+1)) extends some con-
dition of Ȧγ if Ȧγ is a maximal antichain of j(Qs∩γ), and q̇2γ+1(j(γ)) =

⋃
j“Ḣγ

if γ ∈ s. Assume we have s ∩ γ and {q̇ξ : ξ < 2γ} with γ < κ++.
We can let Q force q̇2γ = j(τκ++)(〈q̇ξ : ξ < 2γ〉), since Q forces that in

M [j(G)], 〈q̇ξ : ξ < 2γ〉 is a partial run of j(Gκ(Qs∩γ)). Let γ ∈ s iff supp(Ẋγ) ⊂
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s ∩ γ and Q forces that Ẋγ ⊂ S∗ and in M [j(G)], q̇2γ forces j“κ+ ∈ j(Ẋγ).
We have a Q-name q̇ such that Q forces q̇ ∈ j(Qs∩γ) extends q̇2γ , and some
condition of Ȧγ if Ȧγ is a maximal antichain of j(Qs∩γ). Let Q force that q̇2γ+1

is q̇ ∪ {(j(γ),
⋃

j“Ḣγ)} if γ ∈ s, and q̇ otherwise. In the former case, we show
Q forces that in M [j(G)], q̇2γ forces

⋃
j“Ḣγ ∈ j(R)(j(Ẋγ)), which implies Q

forces q̇2γ+1 ∈ j(Qs∩(γ+1)).

Let H ⊂ Q be V [G]-generic and work in V [G][H]. Then
⋃

j“Hγ =
⋃{j(p(γ)) :

p ∈ H} ∈ j(R). In V [G], Qs∩γ forces Ẋγ ⊂ S∗, since supp(Ẋγ) ⊂ s ∩ γ

and Q forces Ẋγ ⊂ S∗. Hence it suffices to show in M [j(G)], (q̇2γ)H forces
j(S∗) ∩ j(C)(

⋃
j“Hγ) ⊂ j(Ẋγ), since j(Qs∩γ) forces j(Ẋγ) ⊂ j(S∗). Fix

z ∈ j(S∗) ∩ j(C)(
⋃

j“Hγ). Then z ⊂ j“κ+ by
⋃

j“Hγ : j“κ+ × κ → j“κ+. If
z = j“κ+, then in M [j(G)], (q̇2γ)H forces z = j“κ+ ∈ j(Ẋγ) by γ ∈ s, as desired.
If z � j“κ+, then ot z < (j“κ+) ∩ j(κ) = κ, since z ∈ j(S∗), and j“κ+ ∈ j(S∗)
by S∗ ∈ U . Hence z = j“x = j(x) for some x ∈ Pκκ+. Take p ∈ H with
z ∈ j(S∗) ∩ j(C)(j(p(γ))). Then x ∈ S∗ ∩ C(p(γ)) by z = j(x). Hence in V [G],
p|γ ∈ Qγ forces x ∈ Ẋγ , since p|γ forces p(γ) ∈ R(Ẋγ). Thus in V [G], p|(s∩γ) ∈
Qs∩γ forces x ∈ Ẋγ , since supp(Ẋγ) ⊂ s∩γ. If r ∈ H∩Qs∩γ , then (q̇2γ)H ≤ j(r),
since dom(j(r)) = j“ dom(r) and (q̇2γ)H(j(β)) ≤ (q̇2β+1)H(j(β)) =

⋃
j“Hβ ≤

j(r(β)) = j(r)(j(β)) for β ∈ dom(r). Hence in M [j(G)], (q̇2γ)H ≤ j(p|(s ∩ γ))
forces z = j(x) ∈ j(Ẋγ), since p|(s ∩ γ) ∈ H ∩ Qs∩γ , as desired.

Work in V [G]. Let Q force K̇ = {q ∈ j(Qs) : ∃ξ < κ++(q̇ξ ≤ q)}. By the
κ+-cc of Qs, Q forces that in M [j(G)], j(Qs) has the j(κ+)-cc. Hence Q forces
that a maximal antichain of j(Qs) in M [j(G)] agrees with some Ȧγ which is
a maximal antichain of j(Qs∩γ). Thus Q forces that K̇ is M [j(G)]-generic. Q

forces j“(Ḣ ∩ Qs) ⊂ K̇, since Q forces that q̇2γ ≤ j(r) if r ∈ Ḣ ∩ Qs∩γ for
γ < κ++. Hence Q forces that j lifts to j∗ : V [G][Ḣ ∩ Qs] → M [j(G)][K̇].

Now let Hs ⊂ Qs be V [G]-generic and work in V [G][Hs]. Since Qs is weakly
κ-closed in V [G], κ remains Mahlo. By the last paragraph, Q/Hs forces that j

lifts to j∗ : V [G][Hs] → M [j(G)][K̇]. By the κ+-cc of Q and Qs in V [G], Q/Hs

has the κ+-cc. Let F be the filter {X ⊂ Pκκ+ : �Q/Hs
j∗“κ+ ∈ j∗(X)}. We

have a complete embedding X �→ ‖j∗“κ+ ∈ j∗(X)‖ from F+ into the completion
of Q/Hs. Hence F is κ+-saturated. Finally we claim F is generated by S∗ over
the club filter.

First {x ∈ Pκκ+ : f“x<ω ⊂ x} ∈ F for f : (κ+)<ω → κ+, and S∗ ∈ F . Next
fix X ∈ F . We show S∗ − X is nonstationary. Take a Qs-name Ẋ ∈ V [G] with
ẊHs = S∗ ∩ X ∈ F and work in V [G]. We can assume Q forces that Ẋ ⊂ S∗

and in M [j(G)][K̇], j“κ+ ∈ j(Ẋ)K̇ . Hence Q forces that in M [j(G)] some q̇ξ

forces j“κ+ ∈ j(Ẋ). The κ+-cc of Q gives ξ < κ++ such that Q forces that in
M [j(G)], q̇ξ forces j“κ+ ∈ j(Ẋ). By the κ+-cc of Qs, supp(Ẋ) ⊂ s∩ β for some
β < κ++. Hence we have γ < κ++ such that Ẋ agrees with Ẋγ , supp(Ẋ) ⊂ s∩γ

and Q forces that in M [j(G)], q̇2γ forces j“κ+ ∈ j(Ẋ). Thus γ ∈ s. Now in
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V [G][Hs],
⋃{p(γ) : p ∈ Hs} : κ+ × κ → κ+ generates a club set disjoint from

S∗ − (Ẋγ)Hs = S∗ − ẊHs = S∗ − X, as desired.

5. Remarks

In the final model V [G][Hs], F+ is κ-Baire, since it is completely embeddable
into a κ-Baire poset. For F a κ+-saturated normal filter on Pκκ+ in general,
Sκ ∈ F if F+ is ω1-Baire.

Finally we extend Solovay’s theorem as in [6] by an elementary proof:

Proposition. A stationary subset of Pκλ splits into κ stationary sets.

Proof. Let S ⊂ Pκλ be stationary. We can assume x ∩ κ ∈ κ for x ∈ S. Then
T = {y ∈ S : ∃g : y<ω → y(S ∩ {x ⊂ y : otx < ot y ∧ g“x<ω ⊂ x} = ∅)} is
stationary: Fix f : λ<ω → λ. Take y ∈ S closed under f so that ot y is as small
as possible. Then f |y<ω witnesses y ∈ T , as desired. For y ∈ T take a witness
gy : y<ω → y. Set za = {γ < λ : {y ∈ T : gy(a) = γ} is stationary} for a ∈ λ<ω.
Then S splits into stationary sets {y ∈ T : gy(a) = γ} for γ ∈ za. We claim
|za| ≥ κ for some a ∈ λ<ω.

Suppose to the contrary za ∈ Pκλ for a ∈ λ<ω. Take Ca,γ ⊂ Pκλ club
and disjoint from {y ∈ T : gy(a) = γ} for a ∈ λ<ω and γ ∈ λ − za. Then
C = {x ∈ Pκλ : ∀a ∈ x<ω(za ⊂ x ∧ ∀γ ∈ x − za(x ∈ Ca,γ))} is club. Take x ⊂ y
from T ∩ C so that otx < ot y. We have a ∈ x<ω with gy(a) �∈ x, since x ⊂ y
are in T and otx < ot y. Then γ = gy(a) �∈ za, since za ⊂ x by x ∈ C and
a ∈ x<ω. Hence y ∈ Ca,γ by y ∈ C, a ∈ y<ω and γ ∈ y, which contradicts y ∈ T
and gy(a) = γ, as desired.
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