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ELLIPTIC SELBERG INTEGRALS AND CONFORMAL
BLOCKS

G. FELDER, L. STEVENS, AND A. VARCHENKO

ABSTRACT. We present an elliptic version of Selberg’s integral formula.

1. Introduction
The Selberg integral is the integral
/ Htall—t T @ —t)>de. .. adt,,
Ap j=1 0<j<k<p

where A, = {t € R?|0 < ¢, < --- < t; < 1}. The Selberg integral is a
generalization of the beta function. It can be calculated explicitly,

H L(1+v+j9)(a+ jv)T(B + jv)
p' FA+y)Ca+p+@+j—1)0)

The Selberg integral has many applications, see [Al, A2, As, D, DF1, DF2, M, S].
In this paper, we present elliptic versions of the Selberg integral.

7

2. Conformal Blocks on the Torus

Let 7 € C be such that Im7 > 0. Let x and p be non-negative integers
satisfying k > 2p+2. The KZB-heat equation is the partial differential equation

2,
(1) 27rmg (\7) = 8)\2()\ )+ plp+1)p' (A 7)u(\, 7).

Here, the prime denotes the derivative with respect to the first argument, and p
is defined in terms of the first Jacobi theta function,

91(\,7) = 2¢% sin (7)) [[(1 = @) (1 = ¢Ze ") (1 - ¢7),
j=1

P = T

Holomorphic solutions of the KZB-heat equation with the

where ¢ = €>™7,

properties,
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(i) u(AN+2,7) = u(A,f),
(ii) w(X + 27, 7) = e~ 2mROFT) (N, 7),
(i) u(=A,7) = (= )p“ u(A,7),

are called conformal blocks (or elliptic hypergeometric functions) associated with
the family of elliptic curves C/Z + 7Z with the marked point z = 0 and the
irreducible sls representation of dimension 2p + 1. It is known that the space of
conformal blocks has dimension x — 2p — 1.

3. Integral Representations of Conformal Blocks

Introduce special functions

V(N —t,7)97(0,7)
D1\, 1) (L, 1)

Consider the theta functions

Hmn()\, 7_) — Z 62771'5(]'—‘,—%)274-27”'1@(]'-1—%))\’ ne Z/QEZ
JEZ

ox(t,T) =

They form a basis of the space of theta functions of level k. They satisfy the
equations

O N+ 1,7) = (—=1)"0pen(\,7), OenA+7,7) = ™FOF3)g, (N, 7)

and have the modular properties

Bm(N 7+ 1) = €550, (A7),

2k—1
oon(32) = et B 0

where |arg(—i7)| < 7/2. Let 0 ,, denote the symmetrization of 6, ,, with respect
to A, Gi,n()\, T) =0k n(A,T) + 0 n(—A, 7).
Define u,, ,, by

un,n()\,T) = up,mn(AvT) = Jp,mn()‘vT) + (= )P+1Jp7,{ n(=A7),

where

Tpn (A7) = /HEtm%p I Bt ten)? x

Ap j=1 1<j<k<p

p
H (t;, T)m | A+ = Zt],T dty .. .dt, .
j=1 ] 1
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The branch of the logarithm is chosen in such a way that arg (E(t,7)) — 0 as
t — 07, and the integral is understood as the analytic continuation from the
region where all of the exponents in the integrand have positive real parts.

Theorem 3.1. [FV1] For all n, the integrals w, (X, 7) are solutions of the
KZB-heat equation having the properties (i)-(iv).
Theorem 3.2. [FSV2] We have
() Upn = Uk nt2n and Uy, = —€ Up,—n-
(b) The set {uyn(A\,7)|n =p+1,...,6 —p— 1} is a basis for the space of
conformal blocks. The integrals u,. n are identically zero for all other values
of n in the interval from 0 to k.

2mipn/ K

4. Transformations acting on the space of conformal blocks

Introduce four transformations A, B, T, and S defined by
Au(\,7) =u(A+1,7), Bu(\71)= e“i”()‘+%)u()\ +7,7),

Tu(A\, 1) =u(A,T+1), Sul\T)= e_WingT_E_T u <_7 __) 7

where we fix arg T € (0, 7).

Proposition 4.1. Ifu(\, 1) is a solution of the KZB-heat equation, then Au(\, ),
Bu(\, 1), Tu(\, 1), and Su(\,7) are solutions too. Moreover, the transforma-
tions A, B, T and S preserve the properties (i)-(iv).

The proofs that T" and S preserve the space of conformal blocks are given in
[EK]. The proofs that A and B also preserve this space are straightforward and
follow from the equations

D A+1,7) =01 (A7), (A +7,7) = —e TP (A, 7).

Lemma 4.2. Restricted to the space of conformal blocks, the transformations
A, B, T, and S satisfy the relations

A*=1, B?*=1, S*=(-1)Pie ™ I, (ST)® = (~1)Pie "
TA=AT, SAS™'=B, AB=(-1)"BA, TB =i"BAT,
where I denotes the identity transformation. O
Lemma 4.3. We have
Aty (N 7) = (1) e (M 7))y Bt (A7) = =™ %y on (N, 7).

-p(pt1) sp(pt1)
? K ? K

I,

O

Let (tm,n) and (S, ,) be the matrices of the transformations 7" and S, re-

spectively, with respect to the basis {u,; (A, 7)|p+1 <n < k—p— 1}, namely,
Tt = S oo bnntiemy St = Yooty Smuntim. In Theorem 4.4, we

give formulas for the matrices of T" and S in terms of Macdonald polynomials of
type Aj.
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The Macdonald polynomials [Ma] of type A; are z-even polynomials in terms
of €™, where m € Z. They depend on two parameters k and n, where k and n
are non-negative integers. They are defined by the conditions:

1. P,(lk)(ac) = " + ¢ "+ lower order terms, except for Po(k)(:r) =1,

2. <P7Sf), Pék)> = 0 for m # n, where
1 k—1
_1 _ 26+ (1 _ 26-)
(f,9) 2Comst Term fgjli[o (1 € > (1 € )

Theorem 4.4. [FSV2] Let e = e™/5 Forp+1<m,n<k—p—1, we have
'IL2
tm,n = €2 Omn,

_mi p
C et =B ey (T (et — ) | PEED, (m),
j=1

= ———¢€

sm n —
’ V2K
where 8y = 1 for m =n and 0 otherwise.
5. Integral identities

To formulate our main result, we need functions 7, ¢1, ¢, and ¢3. The

Dedekind 7-function is the function n(7) = ¢'/?* [[;Z,(1—¢’). We have
910, 7) = 270> (7).
Consider the functions [W]

7)? T 1
¢1(7) = n(ggn)(%) =q ]1_[1 (1 + ¢’ 2) ;
butr) = 28 = ”ﬁ (1-074),
oa(r) = v3 12T _ g ﬁ(l +q).
n(r) e
We have
®1 <—%> = ¢1(7), 2 (—%> = ¢3(7), ¢3 <—1> = ¢2(7),

pr(T+1) = e Figy(r), ¢o(r+1)=e"

Let
Crn =
pptl) _ pBp=1) _iptl n+l 2p 1\ & ook
Cpﬂi’n:(Qﬂ-) " € 2 € 2 Bp s Ty T H <1_e : >'
K KoK/)
J:

Here, B, (o, 3,7) is the Selberg integral.
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Theorem 5.1. We have ten series of identities,

(2) Uzpt2,p+1 (A, T) = Coprapr191 (A, T)PT
_3(p+1)
(3) Uopy 3,11 (N T) = Copipr1n(T) ™ 2005 95N, 7)010(N, T),
_ 3(p+1)
(4) Unpy3pr2( N T) = Copiapran(T) ™ 2005 95N 7011 (N, T),
(5)

_ 2(p+1) o At
u2p+4,p+2()‘>7_) =2 i C2p+4,p4+2 (¢3(7-)77(7-) 1) R Q9]10—‘_1()" 7)03,1(/\77)7

;p(p+1)
(6) ugprapri (A7) + ()P B gy 1y pys (A, T) =

4(p+1)
Coprapit (S2(T)n(T) 1) P ITTHN, 7)(02,0(N, 7) — 22(N, 7)),

i p(p+1)
(7)) spyaprt (A7) + (—1)Pe™ 2057 gy g 5 (A, 7) =

4(p+1)
Coprapt1 (01(r)n(T) 1) FFT TN 1) (020N, 7) + B22(N, 7)),
7mp(p+1)
(8) u2p+6,p+1()\77) + (_1)p+162 2p+6 u2p+6,p+5()‘77_) =
3(p+1)

_ 6(p+1)
272056 Cop 6yt (P3(T)n(T)) 276 79?“()\,7)(94,0()\77) — 044N\, 7)),

-p(p+2)
(9)  uspropra(AT) + (—1)Pe™ 2 uny 6,1 a (A, T) =

_ 6(p+1) s s
Capropra (D2(T)n() ™ 20 TN T) (051N 7) + 05,5\, 7)),

i 2pt2)
(10) u2p+6,p+2()\7 T) + (_1)p+162 2p+6 u2p+6,p+4()‘7 T) =

—8(ptd) p+1 s s
Copt6,p+2 (P1(T)n(T)) 28 97 (A, 7)(041 (A, 7) — 0] (A, 7)),

. p(p+2)
(11)  ugprspr2(A,7) + (—1)“1627”]325*8 U2p+8,p+6(A, T) =
—8(p+1)

Coprs.pr2n(7) 25 O T) (051 (A7) — 03 5 (A, 7))

The integrals in Theorem 5.1 are appropriately called the elliptic Selberg
integrals. The identity (2) appears in [FSV1] and in [FV1] for p = 1.

6. Differential equations

In Lemmas 6.1-6.3, let ’ denote the derivative with respect to A, let “denote
the derivative with respect to 7, and let

K—2p—2

U()VT) 219117+1()"7-) Z CJ(T) 272;0727]‘()‘?7_)-

=0
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Lemma 6.1. The function v(\, T) is a solution of the KZB-heat equation if and
only if the differential equation

K K—2p—2 d 9 K—2p—2
s 1 s
(12) Pt 1 Z (Ecj) h—op—2; = (2p+2— ’@)79_ Z il _op_2,;

1

Jj=0 Jj=0
K—2p—2 1 K—2p—2
s 1 s /
-2 E , il _op_oj+ 0. E Cj (9;@—2;)—2,3‘)
j:() 1 j:O

holds.

The proof of Lemma 6.1 uses the identities

(13)  2mi(2p + 2)(19?“)(& )= (' (A7) +plp+ D)o/ (N TR, ),
(14) 2mikdl (A7) = (05 )" (A, 7).

Proof of Lemma 6.1. Applying the differential operator 2wikd/07 to v(\, ) gives

K—2p—2 K—2p—2 d
. : +1
2mik [(p + 1)1 9} E Ciln—op_2; + U7 E (%%‘) R—2p—2.j
=0 =0

K—2p—2
p+1 s
+ 9] g cjﬁﬁ_zp_lj].
Jj=0

Applying the differential operator 8%/9A\2? + p(p + 1)p’(\, 7) to v(A, T) gives

K—2p—2 K—2p—2

(19;17+1)// Z Cj92—2p—2,j +2(p+ 1)19/11911) Z Cjwfe—zp—z,j)/
=0 =0
K—2p—2 K—2p—2

+Q9€+1 Z Cj(GZ—zp—Q,j)N+P(P+ 1),0/1911hLl Z il _op_o ;-

=0 §=0
Applying (13) and (14), we obtain the result. O

Lemma 6.2. If v(\,7) is a solution of the KZB-heat equation, then the func-
tions ¢;(7) satisfy the differential equation

K K—2p—2 d
Pl > (ECJ(T)> Or—2p—2,4(0,7) =

=0
d K—2p—2
2w (F0000) D ehnya,0.0
=0
K—2p—2

d

+2(k —2p —3) Z Cj(T)EGK—Qp—Q,j (0, 7).
=0



ELLIPTIC SELBERG INTEGRALS AND CONFORMAL BLOCKS 677

Proof. For any fixed A, equation (12) gives a differential equation for the func-
tions ¢;(7). We take the limit of that equation as A\ — 0. In the ratio 9, /01,
both the numerator and denominator tend to zero, so the limit of this term as
A — 0 is equal to the limit of the ratio of the derivatives of the numerator and
the denominator. The limit of the ratio (Z;;gp_2 ¢j (05 _2p—2;)")/V1 is calcu-
lated in the same way, since each 6 _,,_, ; is a symmetric function and therefore

(05 _2p—2,)(0,7) = 0. Then the result follows from (14) . O

Lemma 6.3. If v(\,7) is a solution of the KZB-heat equation, then the func-
tions c;(T) satisfy the differential equation

K K—2p—2 d
p+1 Z (ECJ(TO Or—2p—2,k—2p—2-j(0,7) =
J=0
K—2p—2
d
(2p + 2 - /i) <E lrl 19/1 (O, T)) Z Cj (T)9N72p*271€72p72—j (0, T)
j=0

K—2p—2
+2(k—2p—3)

Jj=0

Proof. We take the limit of (12) as A — 7. This limit is calculated in terms of
the limit A — 0 using the formulas

d
¢;(7) EOR—QP—Q,H—Zp—Z—j 0,7).

9 —2mIAN—TLT .
012 ) |emrgr = € 2T (21 (A7) — 610, 7))

—8 O N+ 7,2)|=r = e~ 2miA—TIT (—77@'91()\, )+ 01\, T) — él(A, 7')) ,
0z
0

3 0em (5 T)e=rir = €

5 TTIRATTINS (—mikd? (A7) + (6 )'(A, 7)),

K,k—m K,k—m

0 s
Egmm()‘ + 7, z)‘ZZT -

eI (10208 i (AT) = (O ) A7) + 02 (A7)
It is straightforward to calculate the limit of the left hand side. Using the above

formulas, the limit as A — 7 of the right hand side is equal to the limit as A — 0
of the expression

s K—2p—2
mi(2p+2—rk)(A+3) oo\ 71 ns
e 2 <2p +2 H)ﬁ Cj K—2p—2,k—2p—2—j
1 =0
K—2p—2 ) K—2p—2
-9 Aés + l& (95 )/
CjVk—2p—2 k—2p—2—j i 0, Cj\Vk—2p—2 k—2p—2—5) |-
j=0 j=0

This limit is calculated using L’Hopital’s rule. O
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7. Identities for theta functions

In the next section, we give the proofs of the integral identities in Theorem
5.1. We will use the following results.

Lemma 7.1. We have 05 ;(\) = 91 (A +1/2).

Lemma 7.1 is proved by comparing the Fourier series expansions of the func-
tions.

Corollary 7.2. We have 2021(0) = n(7)¢3(7)?.

Lemma 7.3. Let

~ 041(0) — 043(0) ~ 041(0) + 04,3(0) ~ 040(0) —04,4(0)
fl(T) - 77(7_) ) f2(7—) - 77(7_) 3 f3(7—) - \/577(7_) .
Then f1(1) = ¢1(7) ", fa(7) = ¢2(7) 71, f3(T) = p3(7) "

The proof of Lemma 7.3 is based on the following result.

Lemma 7.4. [W] Suppose g1(7), g2(7), and g3(7) are holomorphic functions
on the upper half plane C satisfying the following conditions.

P1. The functions g1, g2, and g3 can be written in the forms

o o o
_a 7 _a i g a ;
a(T)=q %) a;q?, g(r)=q B> (~1)a;q7, g3(r) =q% Y b;¢,
=0 =0 =0

where a is an integer, aj,b; € C, and ag = 1.
P2. The functions g1, g2, and g3 have the modular properties

91<—%>:=9NT% 92<—%>==9d7% 93<—%>:=9ﬁ7)

Then g;(T) = ¢i(7)?, fori=1,2,3.
Proof of Lemma 7.3. We have

04,1(0)=>" gAU+e)* = ¢Ts Zq%(sjﬂzj)’

jET JEL
015(0) =Y "R = qis Y g (D),
j€z €T
.2 N2
04.0(0) = Zq4j = Zq(2j) 7
jEZ jez
. 2 - 2
04.4(0) = Zq4(1+%) — Zq(23+1) )
JET jEL

Hence, the functions
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are holomorphic functions on C with the property P1 for a = —1 and g; = fi.
Let y(q) = 2272, c¢j¢’ be defined by the condition 1+ y(q) = ¢~*/?45(7). Then
fori=1,2,3,
i)
fi(T) = =fi +y +..
(7) 150 ()1 = y(a) +y(g)® )
are holomorphic functions on C, with the property P1 for a = —1 and g; = f;.

One checks that f1, fo and f3 have the property P2 using the modular properties
of 04,,(0) and n(7). O

Lemma 7.5. We have 061(0) — 05,5(0) = n(7).

Lemma 7.5 is proved by comparing the infinite series expansions of the functions.

8. The proof of Theorem 5.1

Proof of (2). For k = 2p + 2, the space of conformal blocks is one-dimensional.
The right hand side of (2) is a solution of (1) with the properties (i)-(iv) [FV1].
According to Theorem 3.1, the left hand side also has these properties. Thus the
two functions are proportional. The coefficient of proportionality is calculated
by comparing the leading terms of 1975+1 and u, p4+1 in the limit as 7 — 400. The
leading term of 9T is (—i)PT1gPHD/8(emiA _ o=miMp+L Lot dt = dt, ... dL,.
The leading term of u p41 is

P . , __2p__q , ) _2
€7r7,tj _ e—ﬂ"btj 2p+2 eﬂ”b(tj—tk) _ e_ﬂl(tj—tk) 2p+2
A 2

p jo1 2me 1<j<h<p 2me2
p 7rz()\ ti) _ fTri()\ft-) 2
H i) J qigﬁm eﬂz(p+1)()\+ srs = 1 t))
eﬂ'z)\ _ 6—71'1)\
P omi(A+t)) —mi(A+t;) 2
il —e J (p+1)
P+1 H i TiA q*r+2) eﬂ-z(p—i_l)( Moz 2p+2 E it )> dt.
e e

The above expression is equal to

bS]

wi p(P+1) o 2p? ptl i _ ; — i
(27‘(’6 z ) iz P ﬂz(2p+2+p)q = (67”)\ 7rz)\ E : 7r1,(2l+1)>\ e 7rz(2l—l—l))\)7
where
P +2 1 2
I = fl th,.. H Wztj(zz;ﬁ—&-§)(1 o 627722‘/3-)—2}7%—1 «
Ap Jj=1

H (€2mtj _ €2mtk)2p+2 dt,

1<ji<k<p
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for some function f;, symmetric in the variables ¢1,...,t,. Comparing the coef-

mi(p+1)A

ficients of e in the leading terms, we find that

. mi  P(p+1) _ i 1
Uk,p+1 = L (27Te 2 ) 2ptz TPp m(gp+2+p)Ip1911)+ )

To complete the proof, it remains to compute I,,. It is not difficult to show that

foltr, o stp) =I5 e7™. Let z; = €*™%. Let A, be the image of A, under

the map ¢; — x;. We have
2p 2
2 +2 ) _2
I, = (2mi)~ / H v 1 —xj;) 22 H (x; — zp) 2 da.
Ap oy 1<j<k<p

Applying the Stokes theorem, we deform the contour Ap to get

S|

J+p+1
(2mi) pH 2mi —1) x

j=1

/ H 5 1—x]) e L H (xj—:ck)ﬁdx.

Ap j=1 1<j<k<p
Observe that

21;122 (1 — ka1 ¥ (]
(1 —a;)" 2 (zj — xg) PP dz

PJ 1 1<j<k<p
is the Selberg integral B,((p + 2)/(2p + 2),—2p/(2p + 2),1/(2p + 2)). This
completes the proof. O

Proof of (8) and (4). Let k = 2p+ 3. Then any solution of (1) with the proper-
ties (i)-(iv) has the form

v(A\,T) = 19’1’+1(>\, T)(co(T)01,0(N, T) + c1(7)01 1 (A, T)).

Let A be the transformation introduced in section 4. By Proposition 4.1,
Av(\,7) = (=1)PFLOPTH O ) (co(T)01.0(N, T) — c1(1)01.1(N, 7)) is also a solu-
tion. Hence, for j = 0 or 1, the function v;(\,7) = ¢;(7)9 T (N, 7)01 (N, 7)
gives a solution too. Moreover, Av; = (—1)P*1*Jy;. By Theorem 3.2, the in-
tegrals u, py1 and wu, pyo span the space of conformal blocks. By Lemma 4.3,
Aty pi1 = (—1)P M uy pi1 and Auy pro = (—1)Puy pi2. So for j = 0 or 1, the
integral w, p414; is proportional to v;. By Lemma 6.2, ¢;(7) must satisfy the
differential equation

K d d
ol (EC]‘(T)> 01,;(0,7) = — (E 11179’1(0,7')) ¢;(1)01,;(0,7).
The function ¢;(7) = ((27r)_119’1(0,7'))_(1)—~_1)/"i = n(r)73@+D/% is a solution
of this equation for j = 0 and j = 1. The coefficients of proportionality are

computed in the limit as 7 — ioo, cf. the proof of (2). This completes the
proof. O
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Proof of (5), (6), and (7). Let kK = 2p + 4. Let
v\ T) = A8 (A ), 0 < G < 2.

Any solution of (1) with the properties (i)-(iv) has the form v(\,7) =
Z?:o ¢j(T)vj(A, 7). Let A be the transformation in section 4. By Proposi-

tion 4.1, Av = Z?ZO(—l)pﬂ“cjvj is also a solution. Hence the function c;v;
gives a solution too. Moreover, it is an eigenvector of A with eigenvalue (—1)P.
By Theorem 3.2, the space of conformal blocks is three-dimensional with span-
ning set {uy,|p+1 < n < p+ 3} According to Lemma 4.3, the eigenspace
of A corresponding to the eigenvalue (—1)? is one-dimensional and is spanned
by wy p+2. It follows that w, ,12 is proportional to civ;. By Lemma 6.2, ¢1(7)
must satisfy the differential equation

pi 1 <%01(T)> 02.1(0,7) =

d d
-2 <E 1nz9’1(0,7-)> c1(1)02,1(0,7) + 201(T)592,1(0,T)-

The function ¢1(7) = (47621 (0, 7)9} (O,T)*l)z(pﬂ)/ﬂ is a solution of the above

equation. By Corollary 7.2, ¢1(7) = (¢3(7)n(7)*1)4(p+1)/n. The coefficient of
proportionality is computed in the limit 7 — ioo, cf. the proof of (2). This
proves (5). To prove (6), we apply the transformation S to both sides of (5). To
prove (7), we apply the transformation 7" to both sides of (6). This completes
the proof. O

Proof of (8), (9), and (10). Let k = 2p + 6. Let
vi (N, 1) =9 )05 (N T), 0< j < 4

Any solution of (1) with the properties (i)-(iv) has the form v(A, 7) =
ijg ¢j(T)vj(A, 7). Let A and B be the transformations in section 4. By Propo-

sition 4.1, Av = Z?ZO(—l)pH“cjvj is also a solution. Hence the function
Covo + Cov2 + c4v4 gives a solution too. Moreover, B(covg + cova + c4v4) =
(—=1)P*(cqv0 + cova + couy) is also a solution. So there exists a solution of the
form ¢(7)(vo — v4). It is an eigenvector of A with eigenvalue (—1)PT! and an
eigenvector of B with eigenvalue (—1)P. We show that the subspace of confor-
mal blocks with this property is one-dimensional. By Theorem 3.2, the space of
conformal blocks is five-dimensional with spanning set {u, ,, |p+1 <n < p+5}.
By Lemma 4.3, the eigenspace of A corresponding to the eigenvalue (—1)P+!
is three-dimensional and is spanned by . pt1, Uk p+3, and u, p+5. By Lemma
4.3, the transformation B preserves the subspace (uy pi1, Uk p+3, Uk pt+5). The
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matrix of B restricted to this subspace is

0 O _627rip(17+5>
0 (—1)p+t 0
_ Qﬂ.iP(P’jl) O O

Thus the restriction of B to (uy pt1, Uk p+3, Uk p+5) has eigenvalues (—1)P and
(—1)P*1 of multiplicities 1 and 2, respectively. The eigenspace corresponding to
the eigenvalue (—1)P is spanned by the vector u, ,1+(—1)PTle2miPP+D/ry o
It follows that this vector is proportional to ¢(7)(vg — v4). By Lemma 6.2, ¢(7)
must satisfy the differential equation

pj_ 1 <%C(7—)> (04,0(0, 7') — 9474(07 7')) —

d d
—4 <E In ¥ (0, 7')> e(1)(04,0(0, 7’)—9474(0,T))+6C(T)E(0470(0, 7)—04.4(0,7)).
: _ 2 3,9/ —2\2(p+1)/k .
The function ¢(7) = ((27)%(04,0(0,7) — 04,4(0,7))39,(0,7)2) is a solu-
tion of the above equation. By Lemma 7.3, we have

o(r) = PV (g (7Y (7)) 0P HD/5,

The coefficient of proportionality is computed as in the proof of (2). This proves
(8). To prove (9) and (10), apply the transformations S and T'S, respectively,
to both sides of (8). This completes the proof. O

Proof of (11). Let £ = 2p + 8. Let v;(\,7) = 19’17+1()\,7')0§7j()\,7'), 0<j<6.
Any solution of (1) with the properties (i)-(iv) has the form

6
v(A 1) =) (v, 7).

=0

Let A and B be as in section 4. By Proposition 4.1, Av = Z?ZO(—l)pH“cjvj
is also a solution. Hence the function cyvi + c3vs + c5vs gives a solution too.
The function B(civ1 + c3vs + cs5v5) = (—=1)P(csv1 + c3v3 + civs) also gives a
solution. So there is a solution of the form ¢(7)(v1 — v5) which is an eigenvector
of A and B with eigenvalue (—1)? under both transformations. We show that
the subspace of conformal blocks with this property is one-dimensional. By
Theorem 3.2, the space of conformal blocks is seven-dimensional with spanning
set {ukn|p+1<n<p+7}. By Lemma 4.3, the three-dimensional eigenspace
of A corresponding to the eigenvalue (—1)P is spanned by wuy pt2, Uk pta, and
U pt6. The matrix of B restricted to (uy pt2, Uk pta, Uk p+6) 1S

0 0 —627”; p(p+6)
0 (—1)ptt 0
_omi p(p:-Z) 0 0
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Thus, B has eigenvalues (—1)? and (—1)PT! of multiplicities 1 and 2, respectively.
The eigenspace corresponding to the eigenvalue (—1)P is spanned by the vector
Uy prot+(—1)PHLe2mp(p+2)/ry, .\ So this vector is proportional to ¢(7)(vi —vs).
By Lemma 6.2, ¢(7) must be a solution of the differential equation

K d
pr1 <EC(7')> (06,1(0,7) —055(0,7)) =
—6 (% In 19/1(0,7')) c(7)(06,1(0,7)—065(0, T))+1OC(T)%(0671(077')*96,5(0,7)).

The function c(r) = ((27)3(05.1(0,7) — 05.5(0,7))%9,(0,7)=2) > /" is a solu-
tion of the preceding equation. By Lemma 7.5, ¢(7) = (n(r))~3®*+1)/%  The
coefficient of proportionality is computed as in the proof of (2). Notice that the
solution in (11) is invariant with respect to the action of the modular group. [
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