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TAMAGAWA FACTORS FOR SYMMETRIC SQUARES OF
TATE CURVES

NEIL DUMMIGAN

ABSTRACT. We consider the I-part of the Bloch-Kato conjecture for L(Sym?(E), 2),
where E is an elliptic curve with multiplicative reduction at . Determining the
l-part of the Tamagawa factor at [ allows us to deduce a partial result and obtain
some numerical evidence.

1. Introduction

Let E/Q be an elliptic curve of conductor N. Consider first the case that N
is square-free, i.e. that E is semi-stable. For each prime number p { N let «,

and (3, be the eigenvalues of a geometric Frobenius element Frob,, acting on an
l-adic Tate module T}(E), for any prime [ # p. If p | N let 3, = 0 and

+1 if F has split multiplicative reduction at p;
(8 =
P —1 if F has non-split multiplicative reduction at p.

The L-function attached to FE is described by the following Euler product for
R(s) > 3/2:
1
L(E,s) = .
E == a—7mr

Thanks to the modularity of E [Wi],[TW], it is known that L(E, s) is entire and
satisfies a functional equation relating its values at s and 2 — s.

The symmetric square L-function attached to E is described by the following
Euler product for R(s) > 2.

) B 1 1
e (B).) =11 g = U= a—amra s

It is known [Sh1] that it is entire and satisfies the functional equation
(1) A(Sym?(E), s) = A(Sym?(E),3 — s),
where

A(s) := N*(21)~*I(s)n~%/?T(s/2) L(Sym?(E), s).
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The gamma factors in the functional equation force L(Sym?(E), s) to vanish at
all integer points s < 0. These points at which there are trivial zeros, together
with the integer points s > 3 with which they are paired by the functional
equation, are said to be non-critical. The remaining integer points s = 1 and
s = 2 (which are, of course, paired by the functional equation) are the critical
points.

In the case where N is not square-free, the Euler factors in L(Sym?(E), s)
at primes p such that p? | N are a bit more tricky to make explicit. See [CS]
and [Wa]. The proof of the modularity of E was completed in [BCDT]. For the
proof in general of the functional equation for L(Sym?(E), s) see [GJ] or [CS].

In general, the factor N™* in the functional equation is replaced by N ™%, where
N may differ from N at primes p such that p? | N.

The special value L(Sym?(E),2) may be evaluated using the Rankin-Selberg
method, see (2.5) of [Sh2]. Flach [F11] was the first to compare this with the
conjectural Bloch-Kato formula [BK] and to obtain some evidence for this special
case of their conjecture [F12], which is closely related to a key result in the famous
work of Taylor and Wiles [Wi],[TW]. Building on [Wi],[TW], Diamond, Flach
and Guo [DFG1],[DFG2] have now proved a general result on the Bloch-Kato
conjecture (at s = 1) for the adjoint L-function of a newform of weight k& > 2.
In the case that the newform has trivial character, this is equivalent to the
symmetric square L-function (at s = k). Applying their result to L(Sym?(E), 2)
proves the [-part of the Bloch-Kato conjecture for primes [ > 5 where E has
good reduction and the representation of Gal(Q/Q) on E[l] is irreducible. (It
also proves it for [ = 3 if £ has good reduction at 3 and the representation of
Gal(Q/Q(v/=3)) on E[3] is absolutely irreducible.)

The purpose of this paper is to deduce a partial result (when E[l] is irreducible,
Proposition 8.2) and to obtain some numerical evidence (when E[l] is reducible)
concerning the l-part of the Bloch-Kato conjecture for L(Sym?(E), 2), where [ >
5 is a prime of multiplicative reduction. The key step is to determine the [-part of
the Tamagawa factor ¢; occurring in the conjectural formula for L(Sym?*(E), 2).
Using the functional equation and results of Fontaine and Perrin-Riou [P1],[P2]
we reduce the problem to that of determining the I-part of the Tamagawa factor
¢;(—1) occurring in the conjectural formula for L(Sym?(E), 1). Our main result
(Theorem 5.1) is that this is simply |ord;(j(E))|;*. Thus in the case of split
multiplicative reduction it is exactly the same as the I-part of the factor ¢} in
the original Birch and Swinnerton-Dyer conjecture for F.

The proof relies on the theories of ordinary and semi-stable p-adic representa-
tions of Gal(Q,/Q,) and Fontaine’s filtered (¢, N)-modules [Fo2],[P1], and espe-
cially on Breuil’s integral refinements [Brl],[Br2]. I thank the referee for helpful
comments concerning both the exposition and the substance of an earlier version
of this paper, in particular for pointing out the necessity of Proposition 6.1 and
giving hints towards the proof.
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2. Some definitions

E/Q is an elliptic curve of conductor N. Let | be a prime number, let 7] =
lim E[i"] be the l-adic Tate module of E, and V) = T} ® Q;. Let A} = V//T] =
U, E[i"]. The absolute Galois group Gal(Q/Q) acts continuously on all of
these modules, in a natural way. As Galois modules, V;' ~ HL(E,Q;)(1) (a Tate
twist).

Let Vi = Sym*(V/), T} = Sym*(T}) and A; = V/T} = U, A[l"], where
All"] := Sym*(E[l"]). As Galois modules, V; ~ Sym?*(HL(E,Q;))(2). Let
A=A,

Following [BK] (Section 3), for p # [ (including p = c0) let

H}(va ‘/l) = ker(Hl(Dpa W) - Hl(Ipv ‘/l))

D, is a decomposition subgroup at a prime above p, I, is the inertia subgroup,
and the cohomology is for continuous cocycles and coboundaries. For p =1 let

H(Q, V) = ker(H' (D1, V) = H'(Dy, Vi ® Berys))

(see Section 1 of [BK] for a definition of Fontaine’s ring Be,ys). Let H} (Q,V}) be

the subspace of elements of H'(Q,V;) whose local restrictions lie in H} (Qp, V1)
for all primes p. There is a natural exact sequence

0 T; Vi z Ay 0-

Let H}(Qp, A1) = mH}(Qp, Vi). Define the [-Selmer group H(Q, A;) to be the
subgroup of elements of H!(Q, A;) whose local restrictions lie in H} 7 (Qp, 4;) for
all primes p. Note that the condition at p = oo is superfluous unless [ = 2.
Define the Shafarevich-Tate group

ol QAl
f 9
=0 e

Note that, since s = 2 is a non-central critical point for L(SmeE ,S), it is con-
jectured that H } (Q, V) is trivial, so the [-Selmer group should be identified with
the l-part of the Shafarevich-Tate group. Likewise one can define a Shafarevich-
Tate group III (—1) corresponding to the point s = 1, using the V;(—1) and
Ty(-1).

3. The Bloch-Kato conjecture

Let w be a Néron differential on F, coming from a global minimal Weierstrass

model, and let
Q.= / wAW.
E(C)
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The Bloch-Kato conjecture for L(Sym?(E), s) at s = 2 amounts to the following
(see (9) in [FI1]):

L(Sym2(E),2) _ 7L
(2) miQ - #HO(Q,A)#H(Q, A(-1)) pgo v

Here the ¢, are certain rational “Tamagawa factors”, almost all of which are
equal to 1. If p is a finite prime and [ # p then the l-part of ¢, is by definition
#H(Qp, T)|Pp(p~?)i = #H(Qyp, A)|Pp(p—2)]1- The p-part of ¢, depends on
the choice of a Z,-lattice in Sym?® H} (E/Q,). (Strictly speaking, it only depends
on the choice of a basis for the top exterior power of Sym®H}, (E/Q,)/F2.) To
get the ¢, appearing in (2), with Q as described above, we follow Flach. Let w be
a Néron differential, as above. Let ) be an element of Hj (E/Q) whose image in
HIz(E/Q)/F' ~ H'(E,Op) is Serre dual to w. There are various choices for 7,
but together with w they all span the same Z-lattice L'. Let L = Sym®L’. Given
the choice of L, the exact definition of the p-parts of the ¢, will be described in
the next section.

Lemma 3.1.
1. ¢coo s at worst a power of 2.
2. For any prime p of good reduction, c, is at worst a power of p, and ifp > 5
it is trivial.
3. If p is a prime of multiplicative reduction and d, := —ord,(j(E)) then, up
to a power of p,

cp = #E(Qp)[dp]-

This is due to Flach, and follows from a corrected version of Lemma 1 in [F11].
The main goal of this paper is to determine the p-part of ¢, when p is a prime
of multiplicative reduction.

4. The Bloch-Kato exponential map

For the definitions of Fontaine’s rings Bqr and Bc,ys one may consult Chapter
1 of [BK], for example. Alternatively see [Fol], where there is also the definition
of Bg;. All these rings come equipped with actions of Gal(@;D /Q,), and By has
operators ¢ (Frobenius) and N (monodromy) satisfying N¢ = p¢N, such that
Berys = BY=09. Let V be a finite-dimensional Qp-vector space with a continuous
action of Gal(Q,/Q,). Let H'(Q,, V) be defined with respect to continuous
cocycles and coboundaries. Bloch and Kato (Chapter 3 of [BK]) define subspaces

H:(Qp, V) C Hp(Qp, V) € Hy(Qp, V) € HY(Qy, V),
as follows (we already defined H }(Q,p, V') in the previous section

)
HYQ,,V) = Ker(H*(Q,,V) — H'(Q,, B2Zl @ V));
)

crys ;
Hi(Qp, V) =Ker(H(Q,,V) = H (Qp, Berys ® V)
H}(Qp, V) =Ker(H'(Q,,V) = H'(Qp, Bar ® V).

I
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Let Dgr(V) = (Bar ® V)%(@/%) Tt has a natural filtration Dggr(V) D
Dar(V)? D Dgr(V)! D ... arising from the filtration of Bqr by powers of
its maximal ideal BJ,. V is said to be a deRham representation of Gal(Q,/Q)
if the Q,-vector spaces V and Dggr(V) have the same dimension. Similarly
one may define crystalline and semi-stable representations using Be,ys and By
respectively. By Proposition 1.17 of [BK] there is an exact sequence

(3) 0 @p E Bcrys S B;—R L’ Bcrys D BdR — 0

where a(z) = (z,z) and B(z,y) = (x — ¢(z),x — y). Tensoring with V and
taking Gal(Q,/Q,)-invariants leads to a map

exp : Dar(V)/Dar(V)°? — HX(Q,, V).

Now for V' we substitute V,, from §2, with p a prime of multiplicative reduction.
It follows from Proposition 6.5 below that det(1 — ¢u : Depys(V,)) = 1 — p~2u
(= P,(p~2u)), which does not vanish at u = 1. Further, V), being ‘ordinary’
(see the end of §5 below) is semi-stable (by the proposition in 3.1 of [P1]) hence
deRham. It then follows from Theorem 4.1(ii) of [BK] that in this case exp is
an isomorphism, and that H;(Qp,V,) = H}(Qp, V).

Define D to be the 3-dimensional Q,-vector space Sym*H}, (E/Q,) with its
Hodge filtration

D=D">D'> D?*> D? = {0}.

A comparison theorem naturally identifies Dgr(V,) with D, with the filtration
shifted by 2 (see the comment following Corollary 6.4 below), so that we get an
isomorphism of 2-dimensional Q,-vector spaces

(4) exp: D/D? — H}(Qp,Vp).

On the left hand side we have an integral structure M/M?, where M := L® Z,
(L as in the previous section) and M = M N D*. We may assign measure 1 to
its image in H} (Qp, Vp). Thus we obtain a measure p of H}(Qp, Tp,). (Multiply
the size of its torsion subgroup by the measure of its image in H} (Qp,Vp).) The
p-part of ¢, is defined to be u(H}(Qp, T Pp(p~2) ],

Using instead V,(—1), P,(p~'u) and the isomorphism
(5) exp: D/D' — H(Qy, V,(-1)),

of 1-dimensional Q,-vector spaces, we may likewise define the p-part of ¢,(—1), a
Tamagawa factor appearing in the Bloch-Kato conjecture at s = 1. Even though
s = 1 is left of the central point of the functional equation, the conjecture makes
sense in this instance. Apart from [FP], see [Fo3] for the Fontaine-Perrin-Riou
generalisation of the conjecture to arbitrary integer points, especially §11 for the
relation with the original conjecture of [BK].
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5. An isomorphism of finite parts

Define D’ to be the 2-dimensional Q,-vector space H} (E/Q,) with its Hodge
filtration
D' =D"> D" 5 D% ={0}.
Let M' := L' ® Z,,, with L as in §3, and M'" =M ND". Dqr(V,) is naturally
identified with D’, with the filtration shifted by 1 (see the comment following

Corollary 6.4 below), so that we get an isomorphism of 1-dimensional QQ,-vector
spaces

(6) exp : D’/D’1 — H}(Qp,Vp’).

(Note that V] is ordinary and det(1 — ¢u : Derys(Vy)) = 1 —p~'u.) This is used,
as above, to define the p-part of a Tamagawa factor c;.

Theorem 5.1. Assume that p > 5 and that E has split multiplicative reduction

at p. There is an injection T} — T,(—1) of Gal(Q,/Qyp)-modules which induces
a commutative diagram

H} (Qp, T;z,>) - H} (Qp, Tp(—1))

| l

H{(Qp, V) —— H}(Qp, Vp(-1))

expT expT

p/p*t —L-  p/p

All the horizontal maps are isomorphisms, and f identifies M’/M’1 with M/M*.
Hence the p-part of c,(—1) is equal to the p-part of c,, namely ]ordp(j(E))\Ijl.
Even when the multiplicative reduction at p is non-split, the p-part of c,(—1) is
equal to |ord,(j(E))|, "

The proof of this theorem will occupy this section and the next.
For the proof of the following proposition, due to Tate, see [Si] (Chapter V,
Lemma 5.1, Lemma 5.2 and Theorem 5.3).

Proposition 5.2. Let E be an elliptic curve defined over Q,, with ord,(j) =:
—d, < 0. There is a unique q € Q, such that j(E) = é + 744 4+ 196884q + .. ..
There is an isomorphism of groups:

E@,) ~Q,/¢"
The actions of Gal(@p/(@p) are the same in the case of split multiplicative reduc-

tion and differ only by an unramified quadratic character in the case of non-split
multiplicative reduction.

It suffices to prove the above theorem in the case of split multiplicative reduc-
tion. In the non-split case, we may replace £/Q, by an unramified quadratic
twist with (the same j-invariant and) split multiplicative reduction. Twisting
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by this quadratic character leaves invariant the symmetric squares V), and T,
and changes M by at worst a p-unit.

Proposition 5.3. Assume that p > 3 and that E has split multiplicative reduc-
tion at p. The Tate parametrisation provides a natural injection T, — T,,(—1) of

Gal(Q,/Qy)-modules. The top two horizontal arrows of the diagram in Theorem
5.1 are isomorphisms.

Proof. The above proposition gives us an exact sequence of Gal(@p /Qp)-modules:

(7) 0 —— Qy(1) ‘/p/ Qp 0,
We get an exact sequence
(8) 0 V;! VZD(—l) R Qp(—l) — 0.

Since H°(Qyp, Q,(—1)) is trivial we then get an injective map from H'(Qp, V)
to H'(Qp, V,(—1)) which, as is clear from the definition, maps H}(Qp, V,) to
H} (Qp, Vp(—1)). Since these are both 1-dimensional Q,-vector spaces, we have
an isomorphism from H }(Qp, V,) to H }(Qp, Vp(—1)). Likewise using the exact
sequence

0 i Ty(—1) —— Zy(—1) — 0,

(which includes the injection of Gal(Q,/Qj,)-modules referred to in Theorem
5.1) we obtain an injection from H} (Qp, T}) to H} (Qp,Tp(—1)), which I claim
is an isomorphism. It is easy to see (bearing in mind that H}(Qp,vp’) ~
H(Qp, Vp(—1))) that the inverse image of H(Qp,T,(—1)) in H'(Qy,T}) is
H}(Qp, Ty). Hence if our claim were false there would exist a non-zero element of
H} (Qp,Zyp(—1)) (coming from something in H ;(Q,, T,(—1)) which is not in the
image of H'(Q,,T})). But by the table in Example 3.9 of [BK], H}(Q,, Q,(—1))
is trivial, therefore H}(QP,ZP(—l)) is in the image of H(Q,, (Q,/Z,)(-1)),
which is trivial since p > 3. O

A p-adic representation V of Gal(Q,/Q,) is said to be ordinary if there is
a decreasing, exhaustive and separated filtration (Fil'V);cz by subspaces of V,
stable under Gal(Q,/Q,), such that on the quotient Fil'V/Fil'™'V the inertia
subgroup I, acts by x*, where x is the cyclotomic character. The exact sequences
(7) and (8) arising from the Tate parametrisation show that V, and V), are
ordinary.

6. A strongly divisible (¢, N)-filtered module

A (¢, N)-filtered module (over Q,) is a Q,-vector space D (temporarily sus-
pend the notation of §4) with a decreasing, exhaustive, separated filtration by
subspaces D' (i € Z), a linear isomorphism ¢ and an endomorphism N satisfying
N¢ = ppN. Among all (¢, N)-filtered modules, some are said to be weakly ad-
missible, and among these, some are said to be ordinary. For definitions see (for
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example) 1.2 of [P1]. Our restriction to modules over Q, is not really necessary,
but they are all we need.

From a p-adic representation V of Gal(Q,/Q,) one obtains a (¢, N)-filtered
module

DZ,(V) := Homg, (V, Be;)©(@/ Q).
Conversely, from a (¢, N)-filtered module D one obtains a p-adic representation
Vit (D) = Homg, ¢ v Fi (D, Bst),

i.e. the set of morphisms from D to By in the category of (¢, N )-filtered modules.

It has been proved by Colmez and Fontaine [CF] that these functors set up
an anti-equivalence between the category of semi-stable p-adic representations
of Gal(Q,/Q,) and the category of finite-dimensional, weakly admissible (¢, N)-
filtered modules over Q,,. It had earlier been proved by Perrin-Riou (the theorem
in 1.5 of [P1]) that they set up an anti-equivalence between the category of finite-
dimensional, ordinary p-adic representations of Gal(Q,/Q,) and the category of
finite-dimensional, ordinary (¢, N)-filtered modules over Q,,.

Let S be the p-adic completion of the divided-power algebra Z, (u), as in 2.1.1
of [Brl]. Breuil (see 4.2 of [Br3]) associates to any “strongly divisible” module
M in S ®z, D (where D is a (¢, N)-filtered module) a Z,[Gal(Q, /Qj)]-module
T2 (M) = Homg 4 vy pir—1 (M, Ag;). The ring A is defined in 3.1.1 of [Br1] (or
2.4 of [Br3]).

Let £/7Z, be a minimal proper, regular model for £ and let &,,/(Z/p"Z) be its
reduction modulo p™. For each n > 1 we may use the homomorphism of S/p™S
to Z/p™Z which sends u to p, to consider &, as a log-scheme over S/p™S, where
&, has the canonical log-structure associated to the special fibre and S/p™S is
endowed with the log-structure (1 — u). (See [K2] or Section 2 of [HK] for more
on log-structures.) Then, following Breuil, we may consider the S-module

H(€/Zp) = lim Hy (€4/(S/p" ).

crys

Here we are using log-crystalline cohomology for the structure sheaf. Let f, :
S — Zy, be the homomorphism which maps u to p.

Proposition 6.1. There is a natural isomorphism between HY,(E/Zy,) ®s.5, Ly
and M', with M’ as defined at the beginning of §5.

Proof. Firstly, in the definition of HL(E/Z,), we may replace each &, by &;.
(See the paragraph preceding Definition 2.1.1.1 in [Br2].) As explained in 2.1.1
of [Br2], H.,,(€1/(S/p"S)) may be identified with the cohomology of a certain
sheaf O5' on the small syntomic site of &, so

Hy(€/Zp) = im H' ((€1)sym, O3))-
This allows one to define ¢ and N acting on HL(E/Z,), and also a filtration,

in fact HL(E/Z,) becomes a strongly divisible S-module (Proposition 4.1.5 of
[Br2]).



TAMAGAWA FACTORS FOR SYMMETRIC SQUARES OF TATE CURVES 755

Now the second isomorphism in Corollaire 4.3.1.4 of [Br2] shows that the
Zp-modules HY (E/Z,) ®s,, Ly and MHE = lim H}, (€1/(Z/p"Z)) are canon-
ically isomorphic. This H, Clrys (&1/(Z]p"7Z)) is log-crystalline cohomology for the
structure sheaf, where the base has log-structure (1 — p).

M*E is in turn equated with the modified deRham cohomology H! (&, wg /Zp)
of Hyodo, which comes from a complex (of étale sheaves) involving differentials
with log poles. This follows from Theorem 6.4 of [K2], with X =Y = &; and F
the structure sheaf. Note that the log-structures involved are fine, by (2.5)(1)
of [K2]. See also (3.7)(2) of [K2] for the required log-smoothness.

It is an important fact, proved in Proposition 4.3.2.3 of [Br2], that the filtra-
tion on M ¥ which is the image under f, of the filtration on HL(£/Z,), is the
Hodge filtration.

It remains to identify Hl(S,w'g/Zp) with M’. But Corollaire 2.6 (a) of [I]
shows that H' (€, w; /Z,,) has filtration with submodule H(,w} /Z,,) and quo-
tient H'(£,0¢/z,). Note that £/Z, is ordinary in the sense required by Corol-
laire 2.6 of [I]. Also note that it is alright to use the Zariski topology for these
subfactors. Here, wé /z, is a sheaf of differentials with log poles, which, by
p. 95 (and (Dul) on p. 93) of [Hi] is a dualizing sheaf. These subfactors of
HY(&,w; /Zp) are then in Grothendieck-Serre duality to each other (see Theorem
2.1.1 of [Hi]). To complete the identification of Hl(é’,w'g/zp) with M’ it suffices

to observe that H(E, w; /Zp) is generated by a Néron differential (see II1.10 of
[N]).- O

Corollary 6.2. Under the equivalence of categories in §6 of [Brd|, the S®z, Q,-
module (with filtration and actions of ¢ and N) HE(E/Zy,) @z, Q, corresponds
to D', in particular D' is naturally a filtered (¢, N)-module. HL(E/Z,) may be
viewed as lying inside S ®z, D'.

For the rest of this section assume that p > 3.
Proposition 6.3. T (H{ (£/Z,)) is isomorphic to T},
This follows from Théoréme 1.4 of [Br2] (p > 3 ensures that Fil?~! = 0).

Corollary 6.4. Vi (D') is isomorphic to V) and D3 (V) is isomorphic to D’

D" ~ D3 (Vy) ~ Dy (V') ~ Ds(Vy(—1)) ~ Dar(V,(-1)). We could also
have got this from the comparison theorem of Kato and Tsuji [K1], [Ts], or even
from the special case of abelian varieties proved earlier by Fontaine [Fo4]. An
isomorphism between D’ and Dgr(V,(—1)) is used in §4 above, in connection
with the exponential map. This isomorphism should be taken to be the one
constructed above.

Our aim now is to obtain explicit descriptions of D’ and M’, which we shall
then use to finish off the proof of Theorem 5.1.
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Proposition 6.5. Let E/Q be an elliptic curve with split multiplicative reduc-
tion at p, and Tate parameter q. Let o := ordy,(q) and X := log,(q). Then the
2-dimensional p-adic representation V,, corresponds (via D% ) to a (¢, N)-filtered
module D" with Q,-basis {eg,e1}, defined by

pe1 = pe1, Peg = eg,
Ney = aeg, Neg =0,
D" = D", D" = (e; — Aep) , D" = {0}.

This follows from the proposition in 3.5 of [P1].

Remark 6.6. The quantity \/« is nothing other than the “L-invariant” ap-
pearing in the conjecture of Mazur, Tate and Teitelbaum (theorem of Greenberg
and Stevens) [MTT], [GS]. The connection with (¢, N)-modules was used by
Fontaine and Mazur [M] to generalise the L-invariant, for example to modular
forms of higher weight.

For the rest of this section assume that p > 5.

Proposition 6.7. Let M" be the Z,-span of ey and ey and let M" = S®z, M".
Then M" | with a natural filtration and operators ¢ and N, is a strongly divisible
S-module, in the sense of [Brl].

To prove this, one notes that we are in“le cas naif” of §5 of [Brl], and follows
the recipe there for construction of a strongly divisible module. In his notation,

é1 = e1 — \eg, and %(61 — Xeg) = (ex — Aeg) + A <1 - %) eg. The coefficient

A (1 — %) does belong to Z,, since the series for log,(z) shows that p divides .
The condition about the length of the filtration not exceeding p — 2 (just before
Proposition 5.3 in [Brl]) is satisfied since p > 5. ‘ A

It is worth remarking that, since we are in “le cas naif” (N (Fil‘) c Fil‘™ 1),
the canonical filtration on M"” = S®z, M" (in the sense of §6 of [Br4]) is simply
the tensor product of the filtration on M” and the filtration {(u — p)*S} on S.
Under the equivalence of categories in §6 of [Br4], M" ®z, Q, corresponds to
D",
Proposition 6.8. T (M") is isomorphic to T,.

Proof. In the proof of the proposition in 3.5 of [P1], Perrin-Riou constructs a
Qp-basis { f1, fo} for Vi (D") (or rather for something which includes Vji(D") as
a special case). As elements of V(D) = Homg, ¢ n,ri1- (D", Bs) they are

Ji(eo) =0, fi(e1) =t;

f2(€0) =1, f2(61) = LOG(Q),
where t and LOG(q) are defined on p.202 in [P1]. We have used for Proposition
6.5 the fact that the Gal(Q,/Qy)-action on V;;(D") (described explicitly in [P1])
is visibly the same as that on VI;. But it is just as easy to see that the Z,-lattice

spanned by f1 and f; is isomorphic (with Gal(@p /Qp)-action) to T,. Moreover,
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f1, f2 : D" — By map eg and e; to ﬁ;, in fact, f1 and fy span T3 (M”) (over
Zy). So M" = S ®z, M" corresponds (via T%) to T. O

Lemma 6.9. There is an isomorphism between the filtered (¢, N)-modules D’
and D" which identifies M’ with M" .

Proof. By Corollary 6.4 we have V3(D') ~ V,. But Proposition 6.5 gave us
also Vi(D") ~ V;, hence the isomorphism between D’ and D". According
to Theorem 4.2.7 of [Br3], T} gives an anti-equivalence of categories between
strongly divisible lattices in S ®z, D" and Gal(Q,/Q,)-stable lattices in V.
Hence, by Propositions 6.8 and 6.3, S ®z, M" and HY(E/Z,) are the same.
Applying ®s,f,Z, and Proposition 6.1, we see that M" and M’ are the same,
inside D’. O
Proposition 6.10. The injection V, — V,(—1) induces a map f : D" — D
which fits into the commutative diagram of Theorem 5.1 and identifies M’/M’1
with M/M*.

Proof. Above we mentioned the Z,-basis { f1, fa} for T);. Recall that as elements
of Vi (D') they are

fileo) =0, fi(e1) =1t
fa(eo) =1, fa(e1) = LOG(q),

where t and LOG(q) are defined on p.202 in [P1]. Note that Gal(Q,/Q,) acts
on Zyt by the cyclotomic character. In fact, considering the exact sequence

0 —— Qp(1) v, Qp 0,

f1 generates the submodule Q,(1) and the image of f, generates the quotient.
The embedding of V; into V;,(—1) which appears in the exact sequence

0 |4 Vo(=1) —— Q(=1) —— 0,

is just multiplication by fi(—1), where we consider a basis { fi(—1), fo(—1)} for
T)(—1) ~ HY(E,Qp) in the obvious way. Now fi(—1) is fixed by Gal(Q,/Qp)
s0 1® f1(—1) € Bar ® V(—1) is an element of Dqr(V,(—1)) =~ D’. I claim that
the element of D’ to which it corresponds is eg. To see this, note that under the
duality between V) and V,(—1) (coming from the Weil pairing), f1(fi(—1)) =0
and fo(f1(—1)) = 1, which is exactly what f; and f> do to eg. Hence eg € D’ =
Dz, (V,) C Homg, (V,, Bar) = V,(—1) ® Bgr is the same as fi(—1).

Hence the associated map (f) from D’ to D (in fact from M’ to M) which
identifies D'/D'" with D/D* is just multiplication by eo. Recall now that D'’
is generated by the element e; — Aeg, with A integral at p. Hence M'/M’ Yis
generated (over Z,) by the image of eqg. Similarly M/M? is generated by the
image of e2. But multiplication by eq maps our generator for M’/M’ ' to our
generator for M/M?!, which is what we need. O
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7. The p-part of ¢,

We have now completed the proof of Theorem 5.1, which tells us (for p >
5 a prime of multiplicative reduction) that the p-part of ¢,(—1) is equal to
lord, (j(E))|;'. Recall that ¢,(—1) is a Tamagawa factor in the Bloch-Kato
formula for L(Sym?(E),1). It is somewhat more convenient to test the Bloch-
Kato conjecture for L(Sym?*(E), 2).

Proposition 7.1. Suppose that p is a prime of multiplicative reduction. Then
ordy(cp) = ordp(cp(—1)) — 1.

Proof. (Sketch.) We refer heavily to Appendix C of [P2], which concerns the
compatibility of the Bloch-Kato conjecture with the functional equation. By
C.2.10, Perrin-Riou’s conjecture Crp,g,(V}) holds, because V}, is ordinary. Then,
by C.3.8, the equation (C.2) after Lemma C.3.6 holds locally at p, where the
“M” in that equation is the motive associated with L(Sym?(E),2) and its dual
M*(1) is associated with L(Sym?(E), 1). It follows from the proof of Proposition
5.1 in [De] that (with the natural choices of lattices used throughout this paper)
the factor “EM(M)7’ in the equation (C.2) is trivial. The term +e(M) on the right
of (C.2) comes from the exponential factor in the functional equation, and in
our case is N/N? = 1/N. The p-part of the ratio c,/c,(—1) appears on the left
of (C.2), and all the other factors contribute nothing locally at p. Since p || N,
the result follows. O

Remark 7.2. It was already observed by Flach (see the example after Theorem
1 in [F11]) that if the Bloch-Kato conjecture is true then sometimes the p-part of
cp has to be non-integral.

8. The irreducible case
The following is Theorem 3.53 of [DDT].

Theorem 8.1. Suppose that E/Q is an elliptic curve of square-free conductor
N. Letl be a prime number. Recall that dy, := —ord,(j(E)). Suppose that

1. A'[l] is an irreducible representation of Gal(Q/Q);
2. 1 does not divide 2],y dp-
Then the l-part of
N LSy (E).2)
mifd
is equal to the order of

Hy(Q, Ay(-1)).

Note that in [DDT] (just before Theorem 2.41), H}(Q, A;(—1)) is defined as a
direct limit of H}(Q, A[I"](—1)), where for each n the latter is defined by certain

local conditions. However, it follows from (1.7) of [Wi] and from the last line
of p.56 of [DDT] that the Selmer group Hj(Q, A;(—1)) is defined by the usual
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Bloch-Kato local conditions res,(z) € H}(Qp, Ai(—1)) (as in §2) for p # [, and
by res;(z) € HL (Qi, Ai(—1)), where HS (Qy, A;(—1)) is as in [Wi].

Proposition 8.2. Ifl > 5 is a prime of multiplicative reduction and the hy-
potheses of Theorem 8.1 are satisfied, then that theorem confirms the l-part of
the Bloch-Kato conjecture for L(Sym?(E),2).

Proof. Recall that the Bloch-Kato conjecture predicts that

L(Sym*(E),2) 11
T #HO(Q,A)#H(Q, A H @

p<o<>
It is easy to show (as in Lemma 4.1 of [Du]) that, due to the irreducibility
of A'[l] #H°(Q,A)#H’(Q,A;(—1)) = 1. Since I > 5 and does not divide
le N dp, it follows from Lemma 3.1 that the l-part of Hp 41 Cp Is trivial, and,
from Theorem 5.1 and Proposition 7.1, that the {-part of ¢; is 1/I. This matches
the power of [ in the 1/N which comes from rearranging the equality in Theorem
8.1, so we just need to show that Hé(Q,Al(—l)) and the [-part of III have the
same order.

By (the proof of) Proposition 1.3 (ii) of [Wi], H(Q, Vi(=1)) C Hg.(Qi, Vi(-1))
(which projects onto Hg,(Q;, A;(—1))). Clearly then

HHHQ, Ai(—1)) < #HH(Q, Ai(-1)),
and since H}(Q,Al(—l)) is finite, it is equal to the [-part of III (—1). Simi-
larly Hé(@, A;(—1)) is equal to the I-part of a modified Shafarevich-Tate group

III (—1) defined using the weaker local condition at I. See [FI3], where it is
shown that the order of a general Shafarevich-Tate group is equal to the order
of another defined using “dual” local conditions. Now H 1(Qp, Vi(=1)) is dual to
Hf (Qp, 1) for all p, so the I-parts of the orders of III (—1) and III are the same.

Let III be defined using local conditions dual to those which define I_H( 1)
and let H1 (Q, 4;) be the associated Selmer group. HZ, (Q;, Vi(—1)) is dual to

something contained in H} (Qi, V1), so
#qub* (Q7 Al) S #H} (Q7 Al)7
if they are finite. But they are finite, in fact this reads
I < [T

because in this case the triviality of H}(Q,Vl(—l)) implies that of H} (Q, V),
using 11.2.2.2 of [FP] as in the proof of Theorem 8.2 of [DFG2].
We have

I |71 < [0 |7 = [0 (—1)|7 < [ (1))

but we have equality of the terms at either end of this sequence of inequalities,
therefore equality throughout, and [#I11 |; ' = #H é((@, Ai(—1)), as required. [
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9. The reducible case, examples

In [Du] we looked at many examples of semi-stable elliptic curves for which
the representation of Gal(Q/Q) on A’[l] is reducible and therefore the theorem of
[DFG2] does not apply. In fact we concentrated on examples where E possesses
a rational point of order [ = 5. The formula (10) of [F11], in the case where E
is semi-stable (i.e. N is square-free), shows that the Bloch-Kato conjecture for
L(Sym?(E), 2) is equivalent to

deg ¢ #I1

9) N2~ #HO(Q, A)#H(Q, A pllo Cp-
Here, ¢ is a modular parametrisation of E' and c¢ is the associated Manin constant.
If (semi-stable) E is a strong Weil curve within its isogeny class (as in the follow-
ing examples) then c is at worst a power of 2, so has trivial I-part for odd prime
[, in fact if N is also odd then it is known that ¢ = 1 [AU]. In [Du] we had to re-
strict to the case where [ { N so that E has good reduction at [, but now, armed
with Proposition 7.1, we may consider examples where [ | N and E has multi-
plicative reduction at [, using (9) to predict the [-part of the order of III. The
examples below were the first few found in the tables of [Cr]. In all cases there
is (by choice) a rational point of order 5. [a1,a2,as, a4, ag] are the coefficients
in a minimal Weierstrass equation for F, and A is the minimal discriminant. C
is the 5-part of the product [[ ¢, (determined using Lemma 3.1 (with Lemma
3.3 of [Du]) and Proposition 7.1), D is the 5-part of #H°(Q, A)#H"(Q, A(—1))
(determined using Lemmas 4.3 and 4.4 of [Du]), deg is the 5-part of deg¢ and
#5-I11 7 is the order of the 5-part of III predicted by (9) by plugging in all the
other quantities.

Name [a1, a2, a3, a4, ag] A C D deg Rank #5117
110A1 [1,1,1,10, —45] —255511 5 5 5 0 1
155A1 [0,—1,1,10, 6] —5531 1 5 5 1 5
395C1 [0,—1,1,—-50,156] —5579 1 5 1 0 1
665D1 [0,—1,1,—210,6798] —5575192 5 5 52 1 5
710D1 [1,1,1,—1105,11727] 2551071 5 5 5 0 1
885D1 [0,1,1,—280,1684] 355559 5 5 52 1 5
890G1 [1,1,1,10,147] —255589 5 5 52 1 5
1155N1 [0,1,1, —8940, 378056] —355575118 52 5 53 1 5
1310C1 [1,1,1,-95,357] —255%131 5 5 5 0 1
1745E1 [0, —1,1,—4420, 114556) 510349 1 5 53 0 53
1790D1 1,1,1,—1455,20725] 21055179 5 5 52 1 5
1870H1 [1,1,1,—2439835,1467522537] —2!55511417% 52 5 53 1 5
2090N1 [1, 1,1, —485,3915) —255%11-19 5 5 52 0 5
2110E1 [1,1,1,—-90, 1255] —21055911 5 5 5 0 1
2170Q1 [1,1,1,—9995, —160455] 215557531 52 5 53 1 5
2235F1 [0,1,1, —20,506] —3555149 5 5 52 1 5
2290D1 [1,1,1,—180,1525] —210559929 5 5 52 1 5
2370M1 [1,0,0, —3280, —517600] —253155579 52 5 52 0 1
2715C1 [0,1,1, —140, 806] —355%181 5 5 5 0 1
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Observe that, in all but two of these examples, #5-111 ? = 5822k When F has
a rational point of order [ > 5, it is shown in §5 of [Du] (under certain conditions)
how to use rational points of infinite order to produce elements of order [ in IIT ,
in the case when E has good reduction at [. If this construction still works in
the case of multiplicative reduction, it would provide some sort of explanation
for the above observation. However, now it seems to be more difficult to deal
with the local condition at .
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