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ON THE UNIQUE CONTINUATION OF SOLUTIONS
TO THE GENERALIZED KDV EQUATION

CARLOS E. KENIG, GUSTAVO PONCE, AND LUIS VEGA

1. Introduction

In this paper we shall prove that solutions of the generalized Korteweg-de
Vries equation are uniquely determined by their values on a semi-line at two
different times. In particular, if u; = u;(z,t), j = 1,2 are real valued solutions
of the k-generalized Korteweg-de Vries (k-gKdV) equation

(1.1) Opu + O3u + uFd,u = 0, (r,t) ER X [t1,ta], k€ ZT,
with ¢; < t5 which are sufficiently smooth and such that for some b € R
(1.2)  wui(z,t) =uo(x,t), (z,t) € (b,00) x {t1,t2} (or (—00,b) x {t1,t2}),

then u; = us.

For k = 1 the equation (1.1) was derived by Korteweg-de Vries [9] as a
model for long waves propagating in a channel. Subsequently the KdV and its
generalized form have been shown to be relevant in several physical situations,
see references in [3].

In [13] B. Zhang proved the above result for the case of the KdV equation

(1.3) Ou + O3u + udyu = 0,
and for the equation

(1.4) Opu + O2u — u?d,u = 0,
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under the assumption that us = 0, by using inverse scattering theory and Miura’s
transformation. In [5] we established the above result for very general Korteweg-
de Vries type of equations again under the restriction us = 0.

In [6] we obtained the corresponding result for the semilinear Schrodinger
equation

(1.5) 0w = Au+ F(u,u), teR, zeR"

in dimension n > 1, for any pair of solutions uy, us, under very general assump-
tions on the nonlinearity F' and the class of solutions considered.

The main problem in extending the results in [5], [13] to any pair of solutions
u1, g is that one needs to consider the equation for the difference u; — uo,
which does not have the symmetry of the original equation which was needed to
apply the arguments there. This seems to be more evident in the case of inverse
scattering theory. Also the arguments in [6] do not apply here since the equation
for the difference is not semilinear, it involves gradient terms. These terms
cannot be handled by the approach in [6]. At the linear level this translates into
establishing unique continuation properties for first order perturbations of the
Airy equation. The case where second order perturbation terms are considered
reduces to this one by an appropriate change of variable.

In this work we shall extend the method of proof used in [5] to treat the
equation for the difference of solutions of (1.1) instead of the equation (1.1)
itself.

The statement of our main result is the following.

Theorem 1. Letuj, j = 1,2 be sufficiently smooth (see (1.8)-(1.10) below) real
valued solutions of the equation

(1.6) Opu + Pu + F(x,t,u, dpu, 0%u) = 0, (x,t) € R X [t1,t2],

where F € Cg in (z,t), of polynomial growth in the other variables, at least
quadratic in u, Oyu, O2u in the terms involving 8%u, i.e.
0F (x,t,0,0,0)/0x5 =0, for any (x,t) € R x [t1,12].

Assume that uj, j = 1,2, have some decay (see (1.8) below) if F is just
quadratic in u, Oyu, O2u in the terms involving d2u.

If there exists b € R such that

7 ui(z,t) = ua(x,t), (x,t) € (b,00) x {t1,t2}
' or ui(z,t) =us(z,t), (x,t) € (—o0,b) x {t1,ta},
then w1 = us.

Remark: (a) Concerning the regularity hypothesis on the solutions u;’s required
in Theorem 1 it suffices to assume that

(1.8) ;€ O([ts, ta] - HS(R) N L2(|z[0dx)) N O ([t1, ta] : H3(R)), j = 1,2,
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for the general case and
(1.9) uj € C([t1,ta] : H'(R)) N CY([t1,t2] - H*(R)), j=1,2,

if the nonlinearity F is at least cubic in u, d,u, %u in the terms involving §2u,
see [4].

(b) To simplify the exposition we will carry out the details only in the case
of the k-gKdV equation (1.1), and explain the necessary modifications to treat
the general equation in (1.6). In the case of the k-gKdV equation it suffices to
assume that

(1.10) u;j € C([t1,t2] : HY(R)) N CY([t1,t2] : H'(R)), j=1,2.

For the existence theory we refer to [3].

(c¢) The proof of Theorem 1 consists of three main steps. First we establish
appropriate weighted (exponential) energy estimates for the solution of the equa-
tion satisfied for the difference of the two solutions w(z,t) = uy(z,t) — us(x, t).
In the second step we prove some Carleman estimates of the type established
by Kenig-Ruiz-Sogge [7] and Kenig-Sogge [8]. As in [7], [8], the estimate used
in [5] is related to the so called Strichartz estimates involving the L LP-norm.
Here we need a new estimate (Lemma 2.2 estimate (2.8)) which is related to
the smoothing effect found in [2] and [10] which describes a gain of derivatives
in the L? L{-norm (i.e. first the norm in the ¢-variable then in the z-variable).
This gain of derivatives is essential in our argument. In the final step we show
that the problem reduces to one where the local unique continuation principle
obtained by Saut and Scheurer in [11] can be applied.

(d) We observe that no analyticity assumptions on the nonlinearity F' are
required.

The paper is organized as follows. In Section 2 we prove Theorem 1 for
the k-generalized KdV equation (1.1). In Section 3 we sketch the necessary
modifications to treat the general case.

2. Proof of Theorem 1 in the case
of the k-generalized KdV equation

We consider solutions u;, j = 1,2, of the k-generalized KdV equation (1.1)
with the regularity described in (1.10). Also without loss of generality we assume
that t; =0, to = 1 and that

(2.1) ui(x,t) = uo(x,t), (x,t) € (b,00) x {t1,ta2}.

We need some preliminary results. The first one is concerned with the decay
properties of solutions to a k-gKdV type of equation.
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Lemma 2.1. Let j€Z, j > 1. Let w € C([0,1] : HY(R)) be a solution of the
linear initial value problem

22) 0w + 3w + ay (2, t)0pw + az(z,t)w =0, t€0,1], z € R,
2.2
w(z,0) = wo(x),

where the real coefficients a; € C([0,1] : H/TL(R)), ay € C([0,1] : H'(R)) and
such that for a given 3 > 0

(2.3) P wy, .., %% dwy € LA(R).
Then

sup [|e”w(t)[| i1
te[0,1]

< c(k; B (||€ﬁx3iWOHL2){:o;tSHP (lar (@) zs+1 + llaz ()l )

)

(2.4)

The proof of Lemma 2.1 is similar to that given in [2], [5] for the k-gKdV
equation.
To state the next results we need to introduce some notation,

(2.5) f=flx,t) € C¥YR?) if  O,f, 02f, O2f, 0:f € C(R?),
and
(2.6)  f=f(z,t) e CO'(R?) if fe C>'(R?) and has compact support.

Next, following the ideas in Kenig-Ruiz-Sogge [7] and Kenig-Sogge [8] we have
the following Carleman estimates.

Lemma 2.2. If f € C3'(R?) (see (2.5)-(2.6)), then

(2.7) Hem f||L8(]R2) < ¢co He“{@t + ag}fHLSW(JR?) )
and
(2.8) ”6)‘$8x f||L3166L,];6/5(R2) < Co He”{@t + ag}f”L}CG/lsLiﬁ/ll(Rz) 5

for all A > 0, with ¢y independent of A and the support of f.

Proof of Lemma 2.2.
For the proof of (2.7) we refer to [5] (Lemma 2.3).
To prove (2.8) we first observe that by rescaling

(2.9) ha(z,t) = f(Az, \3t),
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we have

(2.10) He’\xaw h/\HLiGLiG/E — \1-1/16-15/16 B fHLgchLiG/57
and

(2.11) e {0 + 02} hall rorns 1o

_ )\3715/16733/16 Hew{at + ag}fHLalcﬁ/ISLiG/ll .
So it suffices to prove (2.8) for A =1, i.e.
(212) He“ﬁ(?x f“LlGLiG/S <c Hex{at + 82}f|]L9166/15Li6/11,

since the case A = 0 follows by taking the limit as A | 0 in both sides of (2.8).
Defining

(2'13) g(:U,t) = emf(l‘at% f(xvt) = e_zg(:ﬂ,t),

and using that

(2.14) e®0:(e”"g) = (0z — 1)g,
and
(2.15) e™{0; + 02} (e "g) = {0y + 02 — 307 + 30, — 1}g,

we find that (2.12) is equivalent to

(216) H(az — l)gHL;‘SLzG/S < c||{8t + 82 — 385 + 30, — 1}g||Lie/15Li6/11,
for g € Cg '1(R?). Taking Fourier transform in both variables (z,t) and defining

h(g,7)

(2.17) h(x,t) = {0y + 02 — 30% + 30, — 1}g(x,t), g(&,7) = 1)

with A(€,7) vanishing near the zeros of P(&,7) = i(1 — (€ + i)?), we rewrite
(2.16) as the following multiplier estimate

(218)  [Tusghll o psors = [(mo(&,TIAE 7)) g rovs < bl 10715 1o,

for functions h € S(R?), whose Fourier transform is 0 near the zeros of the
denominator (up to a multiplicative constant)

(2.19) dé,7) =71 — (€ +1)3,
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of the multiplier

i€ —1
i(r = (§+14)*)
To obtain (2.18) we first consider the multiplier

(i€ —1)¢
i(r = (§+14)*)

(2.20) mo(&,7) =

(2.21) my(§,7) =

For |7| > 1/2 we write

(2.22) m1(5’7)2i<i£27_5>:i<§14 bt >

(4103 -1 —a &—-b &—c
(2.23) E-a)¢=b)(E—c)=(E+i) -,
thus
abc =1+ T,
(2.24) ab+ bc+ ac = -3,
a+b+c=—3i,
and
A 1 1 1 A i
(2.25) M|B|=|b+c a+c a+d B|l=|1],
C be ac ab C
with

(2.26) det M = a*(b—c) + b*(c — a) + *(a —b) = (c — b)(b—a)(a — c).

Notice that

(i) If we perform a permutation of {a,b,c}, the resulting matriz is obtained
from M by a permutation of the columns of M.

(i) If a < b < ¢, then det M # 0.

(i1i) If a = b, then det M = 0.

(iv) For T € R with |7| > 1/4 the denominator d(&,7) = 7 — (€ + i) of the
multipliers mo, m1 (see (2.20)-(2.21)) as a function of & does not have a
double zero.

(v) Changing variables

(227) a = Tl/gala b= Tl/gblg Cc = 71/3017
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(2.24) becomes
arbiey =i/ + 1,

(2.28) arby + biey + aje; = —3/72/3,
ay + by + ¢y = —3i/7/3,

with a; = al(T), bl = bl(T), C1 = 61(7').

Claim: If |7| > 1/2, then ay, by, ¢; are bounded.

Proof of the claim

If |a1| > K with K >> 1 from (2.28) it follows that |bic1| < 3/K, so by
the second equation one has |a;(by + ¢1)| < 3/K + 3/7%/3 which implies that
by +c1| <3/K?+3/K1?/3 <3/K?+6/K. Finally using the last equation in
(2.28) we get

(2.29) 3/K? +6/K 46> |by +c1 + 3i/7Y3] = |a1| > K,

which is a contradiction. This proves the claim.
Next we shall find a lower bound for det M; where

(2.30) det M = 7(c1 — b1)(by —a1)(a1 — c1) = Tdet My, for || > 1/4.

To show this we differentiate both sides in (2.23) and evaluate the result in a, b, ¢
to get

(a—b)(a—c)=3(a+1)?,
(2.31) (b—a)(b—c)=3(b+1i)?
(c—a)(c—b) =3(c+1)?,

respectively. Multiplying the identities in (2.31) one sees that
(2.32) —(c—b)%(b—a)*(a—c)® = 27(a+i)*(b+i)*(c +i)%

Combining (2.26), (2.32), and (2.23) it follows that

(2.33) (det M)* = —2772.
Hence,
(2.34) |det M| > 5|7|,

and by (2.30) for any 7 € R

(2.35) \det M| > 5.
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Thus, if |7| > 1/4 we have that aq, b1, ¢; are bounded and det M; is bounded
below. Since

1 0 0 1 0 0
(236) M=(0 7% 0 | M, M'=M"|0 7735 0 |,
0o o0 73 0o o0 723
and
A i
(2.37) B|l=M"1]|1
c 0

Returning to (2.22) we can write

A A(r)
§—a B 5—7'1/3611(7')

(2.38)
) A7)
§—1V3(Rear () +ilImay(7))’

with A(7) and a1 (7) both bounded for |7| > 1/4. For 7/3I'ma,(r) > 0 one has
1

— —7'1/3Ima1('r):7c)/\
& —itt/3Imay (T

(2.39)

9

7= co(X(0,00) () €

with a similar result for the case 7'/3Im a; (1) < 0. The other fractions in (2.22)

B(7) C(r)
§—b(1)’ §—cr)’

can be treated in the same manner. Hence, it follows that for |7| > 1/4

[ A B c \s
Z(&—a+€—b+€—0> (=)

= (ma1(-, 7)) () = K(z,7) € L= (R x {|7] > 1/4}).

(2.40)

(2.41)

For the case |7| < 1/4 we observe that for |{| > 4 one has that
1§ —1 1
ST
i(r—(E+4)°) &~ ¢
with ¢ uniform for |7| < 1/2. Finally, if |7| < 1/4 and [{] < 4 we use that
P(z,&) = i(t — (£ +14)?) does not vanish, so that

(2.42)

(2.43) o <9
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and the desired bound is straightforward.
Collecting the information in (2.41)-(2.43), a simple argument shows that (see

3,

(2.44) 1Ty hll oo 23 = 1 (ma (€, T)A(E)) VIl oo 13 < ellhll 13-
From (2.20) and (2.21) one has that
(2.45) Tosh = 0y — 1)0y Ty—ih,  Tpugh = (35 — 1) Ty—1 h.

Next we shall perform a Littlewood-Paley decomposition. Hence, consider
the sequence I' = {¢; : j =0,1,2,...} where ¢; >0, p; € C§°(R), 7 =0,1,2,...
with suppp; C (=27, -2971) U (2771,27), j = 1,2,.., supppo C (—2,2) and
Z;io @; = 1 (also the ¢;’s denote an appropriate modified version of I') we
have
2710 = 1)0s Tu-1 (05 1) | Lo 12
<2779 W) lpaeg, 5=0,1,2,.

Hence, using the notation

(2.46)

(2.47) Tj(h) = Ty-s(ps )", Tj(h) =Ty-1(&5h),

it follows that

102 = DT (M Loz < 27982 — 1) Ty (M) || oo 12

< 27||hllpazz, §=0,1,2,..

and by (2.7) and its proof (see [5], Lemma 2.3)

(249) (102 = DTi(M)|ls s < 2 Tj(h)l|ps s < 2th||L§/7L§/77 7=0,1,2,.,

(2.48)

by interpolation (see [12]) one gets that
(2.50) ||(8,3 - 1)Tj(h)||L;6L:6/5 S C||h||La1:6/15L:6/11,
and since (0, — 1)Tj(h) = (0, — 1)T5(p; h)Y, using Littlewood-Paley theory

T (W)l 16 1075 = 1102 = D) Ta=1 ()| a6 1075
1/2

ST Do1@ =T WP | oo

j=0

1/2
(2.51) s ,
< Y@ = DT 100
7=0 ’
1/2

o0
< e[ D@ AR 0/ 16 < cl[hll 1o 1o,

j=0

which completes the proof of (2.8). 4
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Lemma 2.3. The inequalities (2.7)-(2.8) still hold for g € C31(R x [0,1]) (see
(2.5)) such that

(2.52) D 10ig(m ) < cge M te0,1), VB >0,
J<2

and

(2.53) 9(z,0) =g(x,1) =0, VzeR.

For the proof of Lemma 2.3 we refer to [5] (Lemmas 2.4-2.5).
In the proof of Theorem 1 we also need the following local unique continuation
result due to Saut-Scheurer [11].

Theorem 2.4 [11]. Assume that v = v(z,t) satisfies the equation

2
(2.54) O+ 030+ ()0 =0, (z,t) € (a,b) x (t1,12),
j=0
with
(2.55) ri € L((ty,t2) : L. ((a,b)).

If v vanishes on an open set Q0 C (a,b) X (t1,t2), then v vanishes in the horizontal
components of €1, i.e. the set

(2.56) {(2,) € (a,b) X (t1,t2) : 3y s.t. (y,1) € Q).

Proof of Theorem 1.
We define

(2.57) w(z,t) = ui(x,t) — uz(z,t),

which satisfies the equation

(2.58) Orw + 03w + Vi (2, 1) 0pw + Va(z, t)w = 0,
with
(2.59) Vi(z,t) =uf,  Va(zt) = (0 4+ ub2uy 4+ o+ ubT0us.

Since from (2.1)

(2.60) supp w(+,0), supp w(-,1) C (—o0, b,
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Lemma 2.1 shows that for any 8 > 0
(2.61) Z 02w (x,t)] < cppeP*, for x>0, tel0,1],
j<2
We will show that there exists a large number R > 0 such that
(2.62) suppw(-,t) C (—o0,2R],  Vte|[0,1],

then Saut-Scheurer’s result (Theorem 2.4) will complete the proof. O
Let u € C*°(R) be a nondecreasing function such that pu(z) =0, x <1 and
w(x) =1, z > 2. Let pr(z) = p(z/R) with R > 1. Define

(263) ‘/}R = ‘/}(xvt)X{JZR} (:L‘) € Lng(R x [07 1])7

for any p, ¢ € [1,00], j=1,2, (see (1.10), (2.60), and (2.62)) and
(2.64) W t) = ), 1),

Combining our assumptions (1.10) and (2.61)-(2.62) we can apply Lemma 2.3
to wg(z,t) for R sufficiently large. Thus, we have
{0 + 3 }wr = {0 + 0} prw) = V1 Ou(urw) — pr Vaw
+ V10 pupw + 38x,u38gw + 385/11389610 + ('fguRw
= Vi 0s(prw) = Voppw + F1 + Fo + F3 + Fy
=—V10,(prw) — Vopurw + Fg.

(2.65)

Hence, it follows that
e prRW| L8 (Rx[0,1]) + [e** 0, (ﬂRw)HL;GLF“(RX[o,u)
< co 1€ {0, + 03} (rw) || L/ (Rx[0,1))
+ COHGAI{at + 82}(MRW)||L31:6/15L§6/11(RX[0,1D
(2.66) < co € V102 (1rw) | /7 @ 0.1])
+¢o ”€>‘xvlar(MRw)HL;6/15L§6/11(RX[071})
+ co [|e* “Vaprw| /7 wxo,1)) + Co HGAIVZNR“’||L;6/15L;6/“(RX[0,1])
+ o € Frll Ls/7@x(o.1)) + o H€AIFR”LE/I"“L%G/“(RX[0,1])’

where ¢ denotes the constant coming from Lemma 2.2, (2.7)-(2.8). From (2.63)
we have for R sufficiently large the following four estimates

coll V1 Ou(rw) || Ls/7 ®x[0.1])

(2.67) < coll €7 0 (1R w)l| o 1005 o, 1y VAl 207 200 (o my o1

La
< 15 1e" " Oler )l Lo o5 o,y -
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coll €*“V1 9 (urw) 10115 L1611 (R [0,1))

(2.68) < coll €% Du(prw)l o 1005 o,y IVl L2019 1200 (o2 my oy

1 Az
< 1_0 H € aﬂﬂ(:u’R w)HL}CGLzWS(RX[O,l]) ’

co| GMVWR w”LS/?(Rx[O,l])

(2.69) < coll € ur wl s o)) 1Vall La/s ((w> ryx(o,1])
< 11—0 e g w| s @x[0,1) 5
coll € Vapr wHL;‘S/“L;G/“(Rx[O,l})
(2.70) < o emﬂRw”LS(RX[OJD HV2”LiG“SLi"'/Q({mzR}X[0,1})

< 0 | e prw| Ls®x[0.1]) -

Inserting (2.67)-(2.70) into (2.66) one gets that

(2 71) He)\r /LRwHLS(RX[O,l]) + ||€>\z830 <HRw)HL}EGLtI6/5(RX[O,1])
. < 200 He)\xFRHL8/7(R><[O,1]) + 200 HeAxFRHL;P/ISLiﬁ/ll(RX[0,1]) .

To estimate the left hand side of (2.71) it suffices to consider one of the terms
in Fr (see (2.65)), say F3, since the proofs for Fy, Fy, Fy are similar. We recall
that the supports of the F}’s are contained in the interval [R,2R]. Thus,

2col|e*” Fil| 1s/7®x[0.17)

9%, 1 2R 7/8
(2.72) SR /o /R Mol O dadt

7/8
20 ozR Lo 8/7 2¢) aam
2 © L |0, w(z, t)3 7 dadt < 2

S -
and
20olle™” F|l 10715 10711 0,1
2c 2R 1 11/15 e
< “Co / 616)\95/15 / |8mw(x,t)‘16/1ldt dr
R? R 0
(2.73)

IN

) - . 11/15 15/16
20 AR / / |8, w(z, t)]*0/ 1 dt dx
R? R 0

/
2¢ o2AR
R? ’

IN
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where the constant ¢}, in (2.72)-(2.73) is independent of A. Since

1 1/8
(2.74) He)\w(NRw)HLS(Rx[O,l]) > (/ / eBAe \w(x,t)\gdxdt> ,
z>2R

combining (2.71)- (2 73) we conclude that
/8

4 /
w>2R R

Now letting A T oo it follows that
(2.76) w(xz,t)=0 for x>2R, te€][0,1],
which combined with Theorem 2.4 yields the proof.

§3. Sketch of the proof of Theorem 1 in the general case.

In this section we shall comment on the modifications needed for the proof in
the previous section to treat the general equation in (1.6).

Taking the z-derivative of order k, with k = 1,2 of the equation (1.6) and
using the notation

(3.1) w;(x,t) = 09 (ug — uz)(w,t), 7=0,1,2,

we obtain the system (written in a convenient form)
( 2
Oywo + Odwo + Y ag (x, hw; =0,
j=0
2

(32) 8tU)1 + 3§w1 + al,o(IE, t)awwg + Z a17j+1(l‘, t)w] == 0,

5=0

2
Opwy + O3ws + ag 0(1)02wz + az,1 () pwa + Y az jra()wj =0,
§=0

where the coefficients a;;’s depend on u;, us and its derivatives up to order
four.

Our goal is to remove the term ag o(z,t)0%ws in the last equation in (3.2).
Thus, following the idea of Hayashi and Ozawa in [1] we first introduce the new
variable (an integrating factor)

(3.3) oz, t) = €3 Jo 2200085 ) (1 1) = @) o (2, 1).

Next, we multiply the last equation in (3.2) by e? and use that wy; = e~ %o
to rewrite the system (3.2) in terms of the new unknown functions (wg, wy, Ws).
This new system is a diagonal one and does not contain terms involving the
second derivatives of the functions (wg,ws,w2) so that the argument provided
in the previous section can be applied yielding the desired result.
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