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A NOTE ON THE FOURIER TRANSFORM OF FRACTAL
MEASURES

M. BURAK ERDOGAN

1. Introduction

Let p be a compactly supported non-negative measure in R%. For a € (0,d),
the a-dimensional energy of y is defined via (see, e.g., [2])

_ [t [ ROP
ra) = [ G = | s

where [1 is the Fourier transform of the measure p:

fle) = [ = dut).

We are interested in the behavior of the Fourier transform of measures with
finite energy. It is easy to see that I,(u) < oo does not imply any pointwise
decay of |1i(€)| as |{| — co. However, in general, averages of 1(§) behave much
better.

Let T be a smooth submanifold of R? and let vr be a smooth surface measure
on I One may ask the following general question: Fix o € (0,d) and assume
that I,(u) = 1. For which 5 >0

(1) /F A(RE)Pdvr(€) < CsR,

for all R > 17
The following theorem is a slight generalization of a result in [6]. We include
a proof in the appendix for the sake of completeness.

Theorem 1. Let i be a non-negative measure supported in the unit ball in R?
with Io(p) = 1. Fix a,b € (0,d) and let v be a compactly supported probability
measure which satisfies

()| S 1EI7" and  v(B(z,r)) Sr°, Va,& € R, Vr > 0.
Then
///L\(Rf)‘2dl/(§) S R max(min(a,a),afd+b)'
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The case I' = S9! ¢ R? was investigated by several authors [3], [4], [5],
[1], [6] and [10] in connection with the continuum version of the Erdos’ distance
set problem. In this case, Theorem 1 can be applied with a = (d — 1)/2 and
b = d — 1 but does not give sharp bounds for all a. Sharp bounds for each «
are known only in dimension 2, see [10]. We discuss the result of [10] in more
detail below. In higher dimensions, the known results are slightly better than
the bounds given by Theorem 1, see [1].

The general case that I' has non-vanishing Gaussian curvature was investi-
gated in [6].

In [10], Wolff obtained the following bound: Fix « € [1,2], and assume that
I,(p) = 1. Then for each € > 0

(2) /S A(RE)PAV(E) < CLR™/, YR > 1

This bound is sharp modulo R®, c.f. [5]. Sharp bounds for o € (0, 1] are given
by Theorem 1 and were first obtained by Mattila [4].
As pointed out in [4], (2) implies that any compact set E C R? with Hausdorff
dimension > 4/3 has a positive measure distance set, A(E) = {|z—y| : z,y € E}.
By the uncertainty principle and duality, (2) follows from the following theo-
rem (see Lemma 1.5 in [10] and the discussion following it). Let Ar(1) be the
annulus {z € R?: R— 1< |z| < R+ 1}.

Theorem 2. ([10]) Let o € [1,2]. Let p be a probability measure supported in
the unit ball in R%. Assume that

(3) w(B(z,r)) < Cir® for all x € R* and r > 1/R.
Let f be a function supported in Ag(1) with L? norm 1. Let G = fV be its
inverse Fourier transform. Then for alle >0 and R > 1

(4) '/ Gdﬂ’ < C.CyPREETE

In the first part of the paper, we give a different proof of Wolff’s result and
extend it in the following direction. The following theorem can be considered as
a weighted version of the Stein-Tomas restriction theorem.

Theorem 3. Let a € [1,2]. Let p be a non-negative measure supported in the
unit ball in R? which satisfies (3). Let f be a function supported in Ar(1) with
L? norm 1. Let G = fY. Then, for all ¢ > 1 and R > 1, we have

1/ 1 al 1—-al «
(5) ”GHL’I(,u) §057q01 qRS, V8>max <§ — Z’Z—I_Q—q’i —E .

Moreover, if u(R?) < 1, then for all ¢ € [1,2] and R > 1, we have

(6) HGHL‘?(M) < 05011/2R%_%+€, Ve > 0.
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Remark 1. The range of s in (5) is sharp modulo endpoint issues. To prove
the necessity of the condition s > i + 12_—;“, let f; be an L? normalized smooth
bump function supported in the rectangle {z € R? : |zo| < RY?,|z; — R| <
1/2} € Agr(1) which satisfies i) |f)(z)| > RY*/100 for z € P = {z € R? :
lz1] < 1, |z2| < R™Y2},ii) f) has a Schwartz decay away from P. Let du(z) =
R'=®/2xp(x)dz. Note that p satisfies (3) with C; ~ 1. To prove the necessity
of the condition s > % — g, let fo = R*I/QXAR(l), and choose a measure p with
w(B(0,R71)) > R™. To prove the condition s > 2 — 2 we modify the first

2 7 1
example above. Fix T ~ R(@=1)/2 and let

k

T
@) =T 3 e pea)

Note that F' is supported in Ag(1), |F|l2 ~ 1, and |FV| > RY*T~/2 on the
set S = UL_ (P + £ey) (because of the Schwartz decay of f)). Finally, let
du(z) = R*=*/?xg(x)dz. Note that u satisfies (3) with C; ~ 1.

The range of s in (6) and the dependence on C; is also sharp modulo end-
points. To see this take the function f; above and let du(z) = RY?xp(z)d.
Note that y is a probability measure which satisfies (3) with C; ~ R(@=1/2,

Remark 2. Note that in the first part of the theorem we don’t need any
additional assumption on the total mass of . The claim (5) for ¢ € [1, 2) follows
from the case ¢ = 2, Holder’s inequality and the bound p(R?) = u(B(0,1)) < C;
which follows from (3). The second claim follows from the first one in the same
way by using the additional assumption u(R?) < 1 instead of u(R?) < C;. A
similar remark is valid for Theorem 5 below.

Remark 3. One can obtain some partial results in higher dimensions analogous
to Theorem 3 and Wolfl’s result (4) by combining the proof of Theorem 3 with
the recent parabolic bilinear restriction estimate of Tao [7]. In particular, one
can obtain the following partial result in the distance set problem:

d(d +2)

E c R%, compact and dim(E) > d+ 1)

= |A(E)| > 0.

The conjectured exponent is d/2, see [3]. Tao’s result comes into play in the
inequalities (22)-(24) below. Note that (24) is the well-known L? x L? — L?
bilinear restriction estimate. One can use Holder’s inequality with p > (d+2)/d
and p’ in (22) instead of Cauchy-Schwarz and then use the L? x L? — LP
bilinear restriction estimate of Tao after a parabolic rescaling to estimate the
first integral. In fact, one needs a statement which is more general than the
main result in [7], namely one needs a bilinear restriction estimate for elliptic
surfaces with implicit constants depending on the surface locally uniformly. It
is possible to obtain this statement by going through the proof of Theorem 1.1,
see the final remark in [7]. We omit the details.
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In the second part of the paper, we consider the problem (1) in the case when
[is acone in R®. Let ' = {(z,t) € R? x R : |z| = t,t € [1,2]}. Let v be the
normalized surface measure on I'. Let §(a) be the supremum of all 8 > 0 such
that the inequality

() / AR Pdv(u) < Cy R~

holds for every non-negative measure u supported in the unit ball in R? with

Io(p) = 1.
In the appendix, we discuss counterexamples which imply that

a ya € (0,1/2]
(8) B(a) < ;//22 o H/ ) 1
a—1 ,a€l2,3).

As one may expect, these exponents are same as the exponents for S! for o < 2.
Note that the bound

B(a) > max(min(a, 1/2), — 1)

follows from Theorem 1. The following theorem takes care of the remaining case
a € (1,2).

Theorem 4. (o) > § for a € (1,2).

Theorem 4 follows from the following theorem as in the case of circles.
Let T'r(C) be the C-neighborhood of RT' = {(z,t) € R> xR : |[z| = t,t €
[R,2R]}. Let

max (1— @ 3 a1 1—ﬂ>, for a € [1,2],

47 4 2q q
(9) SO(a7Q) =
max %Ta,%—i—?’gga,l—%), for a € (2,3].

Theorem 5. Let o € [1,3]. Let p be a non-negative measure supported in the
unit ball. Assume that

(10) w(B(z,r)) < Cir® for all x € R® and r > 1/R.

Let f be a function supported in Tr(1) with L? norm 1. Let G be its inverse
Fourier transform. Then for allg > 1 and R > 1, we have

(11) Gl Laguy < C’S,qul/qu, Vs > so(a, q).
Moreover, if u(R?) < 1, then for all q € [1,2] and R > 1, we have
G|l paquy < CsC*R?, Vs > sp(, 2).

Using (11), one can obtain the following Strichartz type estimates relative to
fractal measures for the wave equation in 2 4+ 1 dimensions.
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Corollary 1. Let o € [1,3], and let u be a non-negative measure supported in
the unit ball satisfying u(B(x,r)) < r% for all > 0 and x € R®. Let u be a
solution of

d
DUZO, u(vo)_fa %(7()):9
in R3. Then
(12) wllLa(an) S N1l + gl a1

for all s > so(a, q). Here || f|lms = ||(1 = A)*/2f|5.

Remark 4. The inequality (12) is already known for s > max(3/4,1 —«/4,1 —
a/q) (see [11] (p.1283-1287) for a nice discussion about this type of inequalities).

Remark 5. The range of s in Theorem 5 is sharp modulo endpoints. The
counterexamples are similar to the ones given in Remark 1.

Remark 6. For a € [2,3], the proof of Theorem 5 is relatively easy. Parseval’s
theorem implies (11) for ¢ = 2 and s > 3 — 2. On the other hand L? Fourier
o

restriction theory implies (11) for ¢ = 6 and s > 1 — §. It is also easy to see

that (11) holds for any ¢ if s = 1. Interpolating these bounds, we obtain (11).

2. List of notation

xa: Characteristic function of the set A.
B(z,r):={y: |z —y| <r}.
Ar(C):={r € R?*: R—C < |z| < R+ C}.
Tr(C) :={(z,t) e R> xR :t € [R,2R)],||z| —t| < C}.
If P is a rectangle of dimensions a; X as X ... X ag in R?, then

CP is the rectangle of dimensions Ca; x Cas... x Cag with the same center
and axis directions as P.

A dual rectangle of P is a rectangle with the same axis directions and dimen-
sions a; ' x ay ' X .. x aj .

ap is a fixed affine map from R? to R? which takes the unit cube Q to P.
@: A fixed Schwartz function (for each dimension d) which is equal to 1 in @
and vanishes outside 2Q). Moreover " satisfies

(13) V(O < Cur Y 27 Mixgiq(€), VEERY, VM € Z7,
j=1

¢: A fixed non-negative Schwartz function satisfying: i) ¢ > 1/2 on @, ii) g/g is
supported in @, iii) the inequality (13).

pp:i=@o a;l.

¢op:=¢o a;,l.

C: A constant which may vary from line to line.
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A< B: A<CB.
A~ B: A< Band B < A.
|Al: length of the vector A or the measure of the set A.

3. Proof of Theorem 3

In the proof of the theorem, we make repeated use of the following lemma.

Lemma 3.1. Let a € [1,2]. Let u be a non-negative measure in R? which
satisfies (3) with C; = 1. Let D be a rectangle of dimensions Ry X Ry such that
Ry < Ry S R. Let Dgya be the dual of D centered at the origin. Then the

~

function up := |p}h| * u satisfies
) |lupllee S R3S,
1) eplh S1,

1) pp(z + KDgual) = [xp,  #p(@+y)dy S K Ry Ry, VK 2 1 and
xr € R2.

Proof. Fix M > 100. Using (13), we obtain

(14) lph ()] S RiRs z 2 MIX0i D ().
j=1

I) Using (14), we obtain

[Pl (o) € BB 327 [ oo~ 9)u(y)
J

a@ < Rgfoc.

SRRy Y 27 MI(27RyY) TS
- 1

J

The second inequality follows from (3) and the observation that 27 Dg,q; can be
covered by < Ry/R; many balls of radius 2/ R, .

II) follows from Young’s inequality using ||¢)|1 < 1.

IIT) Without loss of generality assume x = 0. Using (14) and (3) like above, we
obtain

pp (K Dayar) S RiR2 Z 2~ M //XKDM (¥)X2i Dy (v — w)dp(u)dy
J

SRRy Y 27" / / X (K +29) Dot (W)X23 D gy (¥ — w)dydpa(u)
J

—Mj J\o —aR2 22j
SRRy 2 (K +29)*R; 7|5
J

S KRy “Ry%.
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We also need the following well-known geometric lemma about the size of in-
tersection of circular annuli. Given interval J C [-1/2,1/2], let Ar(C,J) =
{(pcos(), psin(f)) € Ar(C) : 0 € J}.

Lemma 3.2. Let Jy,J, C [~1/2,1/2] be two intervals of length £ > R™'/2.
Assume that the distance between Jy and Jy is > £, then for any x € R?

‘((L‘ + AR(l, J1)> N AR(l, Jg)’ S, ot

Proof. In the case £ ~ R~'/? the statement is void since |[Ar(1,J)| < /R <
RY2 < ¢='. Assume ¢ > 1000R~'/2, and fix z,.J;, Jo. Note that the set A; N
Ay = (z+Agr(1,J1)) N Ag(1, J2) has at most two connected components. Let C
be a connected component. It suffices to prove that diam(C) < ¢~!. Take a point
y € C. Take an infinite strip S; (Sa, resp.) of thickness 10 tangent to A; (As,
resp.) at the point y. By the hypothesis the angle between the directions of the
strips 81,8y is > £/10 > 100R~1/2. Hence, diam(S; NSy) < 10471 < Rl/z/lOO.
Also note that A; N B(y, RY/?) C S; for i = 1,2. Since C is connected, it follows
that C C §; N Sz. Thus diam(C) < ¢! O

Proof of Theorem 3. Tt suffices to prove the theorem for ¢ > 2 (see Remark 2 in
the introduction). We give a proof for ¢ = 2 only. The proof for ¢ > 2 can be
obtained by modifying the proof for ¢ = 2 as in the proof of Theorem 5 below.
Without loss of generality let C; = 1. Note that it suffices to prove the theorem
for Ar(1,[—1/2,1/2]) instead of Agr(1).

Let f be a function supported in Ar(1,[—1/2,1/2]) with || f||2 = 1. We utilize
the bilinear approach (see, e.g., [9], [12], [8]). Consider the set of dyadic intervals
in [—1/2,1/2]. We say two dyadic intervals I,.J are related, I ~ J, if i) they
have the same length, ii) they are not adjacent and iii) their parents are adjacent.
Note that

(15) [-1/2,1/2] x [-1/2,1/2] = U U x| Up.

1<2n<R/2 ||I|=|J|=2-",I~J

Here D is a subset of the CR~'/2-neighborhood of the diagonal {(x,z) : = €
[—1/2,1/2]} which can be written as a union of finitely overlapping boxes I x I
of side length ~ R~'/2. Let f; := fXap@a,n- Using the decomposition (15), it
is easy to see that

log(Rl/z)

(16) (f20= > > (1) (&) + Error,

n=0 |I|=|J|=2""I~J

where

|[Brror| S ) 1Y (6.

Ielp
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Here I is a set of finitely overlapping intervals of length ~ R~1/2. By “finitely
overlapping”, we mean that || Y, ; Xrllec S 1. Using (16), we have

~

log(R'/?)
a7 e < D > LAY FA ey + D 17 720
n=0 |I|=|J|=2-"I~J Ielp
=: 51+ 55.

Note that for each I € I, the support of f;, Ar(1,I), is contained in a rectangle
D of dimensions C' x CRY2. Hence fY = f) * ¢},. Using this and Holder’s
inequality, we have

1/2
YL < (5 P 0B Y2105l S (Y1 * [eh )2

Using this and Fubini’s theorem, we obtain

19) I e < [ 15 @R o D@de S IIBR .

In the last inequality, we used Lemma 3.1(I) and Parseval’s theorem. Since the
intervals in Iy are finitely overlapping, (18) implies that

512 S Rl—a/2'

To complete the proof of the theorem, we should obtain the same bound for S;.
Since there are < log(R) values of n and orthogonality (see, e.g., [9], [12]), it
suffices to prove that for each n and for each pair I ~ J, |I| = |J| =277,

(19) LAY Y ergy S RN frll2ll £l

where the implicit constant is independent of I, J and R. To prove (19), first
note that the union of the supports of f; and f; are contained in a rectangle of
dimensions CR2™" x CR272". Hence, f; * f; is supported in a rectangle D of
dimensions 2CR2™" x 2CR272", the longer axis being in the direction e, say.
Using fr* f; = (fr = f7)ep like above, we obtain

(20) 1F7 F7 2y S/Iffv(fv)f}(w)l(u*I%I)(ff)dx-

Consider a tiling of R? with rectangles P of dimensions 100 x 100 27", the short
axis being in the direction of e. Note that each P is contained in a rectangle
zp + CR272"Dyyq for some zp € R2. Using the properties of the function ¢,
we obtain

(21) 1) b <) ¢p <1
P P
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Let fr.p = %. Using (21) in (20) and then Cauchy-Schwarz inequality, we
get

(20053 / Y () £ p (@)% |05 (@) b (2)da

1/2

@ £ [ 1@ o] - [ 1< lebh@pon(o) ds

To estimate the first integral in (22), we use a well-known L* orthogonality
argument, see, e.g., [8]. Let Ar p be the support of f; p. By Parseval’s theorem
and Cauchy-Schwarz, Young’s inequalities

/ Y () £ p(a) Pda = / Frp o+ Frp(©)2de
SIE+ Arp) N Asplllege) / (fr.pl % |fr.p ) (€)de

(23) SIE+ Arp) N AsplllLe@llfr.ell3 1 f1pr3-

Note that fr p = fr * 51\:. Hence Ay p is contained in supp(fr) + supp(gg;) -
supp(fr) + Pauai, where Ppyq is the dual of P centered at the origin. At this
point the crucial observation is the following:

11
supp(fr) + Piuwar C Ar(10, EI)

Thus, Lemma 3.2 implies that [|[({ + Arp) N A plllree) S |71 = 2. Using
this in (23), we see that

(24) /\fzv,p(w)ffp(w)\de < 2°frplz Ifapl3.

Now, we obtain a bound for the second integral in (22). This is just a simple
application of Lemma 3.1. First note that by Lemma 3.1(I), we have

(25) Il |eh|lleo S RP-2m 720,

Second, using (13) for ¢p and Lemma 3.1(III) (remember that P is contained
in xp + CR272"D g, for some zp € R?), we have

/ (b ) () bp(a)de < 3 2~ Md / (1 |05 ) (@) xsp ()
j=1

(26) S 22—Mj2n—na2ja 5 gn—na
j=1
Using (25) and (26), we have

/ (o B (@)op @) da < 1 * [0l / (1% |03 (@) bp (2)da
(27) < R*Tegm,
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Substituting (24) and (27) into (22) yields (19):
1f7 e S R~/ Z Ifr.pll2ll f.Pll2
P

1/2

1/2
< R'o/2 [Z ||f1,P|§] [Z HfJ,pH%]
P P

SR frllal £ ll2-

In the last inequality, we used Parseval’s theorem and (21). O

4. Proof of Theorem 5

We prove the theorem for a € [1,2] (see Remark 6 in the introduction). We
have the following analog of Lemma 3.1.

Lemma 4.1. Let a € [1,2]. Let p be a non-negative measure in R® which
satisfies (10) with Cy = 1. Let D be a rectangle of dimensions Ry X Ra X R3
such that Ry < Ry < R3 S R. Let Dgyq; be the dual of D centered at the origin.
Then the function pup = |@}| * p satisfies

I) lnpllse S RS Ry,

) |pplh S 1,

111)3 (@ + KDayar) == [cp.  pp(@+y)dy S KRy “RyY, VK 2 1 and
rz € R”.

We omit the proof since it is similar to the proof of Lemma 3.1.

Proof of Theorem 5. The proof is similar to the proof of Theorem 3. We can
assume that ¢ > 2 and C; = 1. Let I'r(C, J) := {(pcos(d), psin(f),t) € T'r(C) :
6 € J}. It suffices to prove the theorem with I'r(1,[—1/2,1/2]) instead of
I'r(1). Let f be a function supported in I'r(1,[—1/2,1/2]) with [[f]z = 1.
Given interval I, let fr := fxr,,). Using the decomposition (15) as in the
proof of Theorem 3, we obtain

(28) FOP <> > SrAGIE A
n |I|=|J|=2"",1~J I€ly

where, I is a set of finitely overlapping intervals of length ~ R~1/2. Using (28),
we have for any ¢ > 2

log(R/?)
(29) ||fv||%q(u) < Z Z |’f}/fy||Lq/2(M) + Z Hf}/H%q(u)
n=1  |I|=|J|=2-",I~J I€lp
=: 5]+ 9s.

Note that for each I € Ig, the support of fr, I'r(1, 1), is contained in a rectangle
D of dimensions C' x CR'/? x CR. Hence f) = fY *¢}. Using this and Holder’s
inequality, we have

1-1
A< AR 1D llepl ™ S (1% op) .
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Using this, Fubini’s theorem and Hausdorff-Young inequality, we obtain

(30) 1£7 170y < /\fzv(l‘)lq(u *opl)(@)dz < | frllg e 1epllle
S IFrlgRE G R,
In the last inequality, we used Lemma 4.1(I) and Holder’s inequality. Since the
intervals in [y are finitely overlapping (18) implies that
Sy S RIS

This bound takes care of Sy for any ¢ > 2. In what follows, we obtain bounds
for S for ¢ = 2 and ¢ > 4, the remaining case follows from interpolation.

Case 1) ¢ = 2.

As in the proof of Theorem 3, it suffices to prove that for each n and for each
pair [ ~ J, [I| =|J|=27",

(31) L £ g S B2\ frll2 £l

where the implicit constant is independent of I, J and R. Note that the union
of the supports of f; and f; are contained in a rectangle of dimensions CR x
CR2™" x CR27?". Hence f; * f; is supported in a rectangle D of dimensions
2CR x 2CR2™" x 2CR27?", the longest axis being in the direction e and the
second longest axis being in the direction of f, say. Note that e is a light direction
and f is tangent to the light cone at e. Like above, we have

(32) 157 £ s < [ 1Y @)1 @G0 ohD ()
Let T, be the Lorentz transformation (see, e.g., [11], [12]) satisfying
T.(e)=e, T.(f)=2"f, Telex f)=2"exf.

Let F7(&) = f1(T71(€)) and Fy(&) = f7(T;1(€)). Note that Fy is supported in
I'r(2%", 1) and F; is supported in T'g(227,J’), where I’ and J’ are intervals of
length ~ 1 and the distance between them is ~ 1. Also note that

(33) £ (@) = FY (T (z)273n,
I frll2 = || Frlla273"/2,

Substituting (33) in (32) and then changing the variable, we get
(34) L7 f7 e < 23”/!F1V(U)FLY(U)|(M *|op|) (Te(u))du.

Consider a tiling of R? with boxes P of side length 100 272", Note that (21) is
valid for ¢p. Let Fr p := f)/¢p. Using (21) in (34) and then Holder’s inequality,
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we obtain

5 e £ 27 [ 1E bl 5 o DT () ()
" 1/2
<oy [ / |Fxp<u>Fxp<u>\2du} .
P

(35) [ 100 b Tt aul -

We estimate the first integral in (35) as in the proof of Theorem 3. Let A; p
be the support of F; p. By Parseval’s theorem and Cauchy-Schwarz, Young’s
inequalities

/ FY p () FY p () Pdu = / \Fy b+ Fyp(€)|2de

SIE+ Arp) N Asplllege) / (Frp [+ |y p ) (€)de
(36) SINE+Arp) N AsplllLe@ || Erpl3 1 Fipl3-

Like before Ay p is contained in supp(F7r) —|—supp(qg;) C supp(Fr) + Piyal, where
Piyal is a cube of side length 227 /100 centered at the origin. Thus A(I, P) is

contained in I'g(C22", 1£1"). The transversality of the cone (see, e.g., [11], [12])

implies that |||(£ + A7,p) N Ay p|llL=) S R2*". Using this in (36), we see that

(37) / |FY p(u) F) p(u)Pdu  R2™|| Fr pl3]|1Fipl3.

Now, we obtain a bound for the second integral in (35).
2 —3n _
/[(M* D) (Te(u)gp ()™ du < 277" |+ \@lelloo/(ﬂ* b ) (W) dp (T (u)du

(38) = 279w [ / (1 * 108 ()b, ) (w)du
By Lemma 4.1(I), we have

(39) I+ lepllloe S RPT2m72M,

~

Note that T.(P) has dimensions C272" x 027" x C and it is a multiple of a
dual of D. Thus we can apply Lemma 4.1(III) to obtain

(10) [+ b w)or, i (u)au 5 20,
Using (39) and (40) in (38), we have

(41 [ 1605 oD T )il du 5 RS2
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Substituting (37) and (41) into (35) and then using (33), we obtain (31):
R2 a/22 3n

1£7 £ 2y S
P

> I Frll3 > lIEsRl3
P P

S Rl Ey | Fslle = B2 fr a7

1/2 1/2

5 R2—a/22—3n

Case 2) ¢ > 4.
Similarly, we have

(42) 187 £ < [ 107 @ @I b ) )da

where D is a rectangle of dimensions CR x CR2™" x CR272?". Using (39), we
have

2 aona—2n
43 I gy S B2 [ I @)1 @) e

—aona—2n %_2
< R3-egra2n| py V|| & / Y @) () Pda

Using the Lorentz transformation 7, as in case 1, we have

(14) [ 15 @ @)Pde s B2
We also have
(45) 17 £ oo < 1z frlle < Afellall frlle S B2 frll2ll £ llo-
Substituting (44) and (45) into (43), we have
_2a (2 (at1)—
(46) 17 £ sy S B2 520 GO o] £ o
Note that if & > £ — 1, then E(a +1) —1 > 0 and hence R on(F(a+n)-1) <
R T Otherw1se R on(§(et1)-1) < R* % . Using these two inequalities
n (46), we have
max(2— 22 3 _o—
(47) LAY £ N parzquy S RPC—702 77 2l £ l2-
Substituting (47) into (29) yields the required bound. O
5. Appendix

In this appendix, we prove (8) and Theorem 1.

Let S = {z € R®: 23 € [-2R,2R)],|z1 — x3| < 1,|z2] < RY?}. Let ¥p be a
function satisfying 1) |l RHl ~ 1, ii) it is supported in a rectangle of dimensions
C x CR™Y2 x CR™1, iii) ’QZJR €[1/2,1]in S, iv) z/JR has a Schwartz decay away
from S.
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Let du(z) = ¢r(x)dz. Note that
(18) [ IarPa () 2 72
r

Also note that

—~ 5 1 ,a € (0,1]
(19) )~ [ ae < B aely
Ro=3/2 a €2,3].

It is easy to obtain the last inequality if one replaces 177)-}\2 with the characteristic
function of S. The inequality follows from the Schwartz decay of @Zl\;{ away from
S. Note that (48) and (49) imply (8) for o > 1/2. To prove that (o) < «,
one may use the functions f,(z) = |z[7"7. Fix a1 € (,3) and let du(z) =
f3—ar/2(x)1(z)dz, where ¢; = )p=1. Then

() = Cfayjo* 11(6) m (1 + €)™/,
Thus [o(p) ~ 1 and fI‘ |f(Ru)|?>dv(u) ~ R~ which imply that 8(a) < a.

Proof of Theorem 1. [6] The following calculation yields the first bound. It suf-
fices to consider the case o < a.

IR0 = [ 7@ - p)ine)ane) s [ : duu(z)du(y)

1+ Rlz —y|)a
dp(z)dp(y) -
< =R “I,(p).
/ (Blz —y[)*
Second bound follows from the uncertainty principle. Using du(z) = ¢(z)du(z)
(see Section 2 for the definition of ¢), we get

fiu) = i 3(u).

Using Cauchy-Schwarz inequality, we obtain

(50) /ﬂﬂfhtzdy l/‘/‘ P(Ru — &)

<13l / IA©)P3(Ru — £)|dédu(u)
AR (\a“ [ et §>\du<u>) |

Note that the Schwartz decay, |§(x)| < Cpr(1+|x|)~™, and the density assump-
tion on v imply that

Rb SR a—bleja—
o0 [l g s{ {4 S0, P renge
if M has been chosen large enough. Substituting (51) in (50) yields the second
bound.

dv(u)

O
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