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LACUNARY DIRECTIONAL MAXIMAL FUNCTION ON THE
HEISENBERG GROUP

JOooNIL KiMm

ABSTRACT. We prove the LP boundedness of the maximal function along a family
of lines {t(2k1 ,2k2 2k3)} on the Heisenberg group H'!. The proof is based on the
group Fourier transform and the angular Littlewood-Paley decompositions in the
Heisenberg group in [7].

1. Introduction

Let K = (ky, - ,kq) € Z%, and let v = (2%1,... 2%4). Then we define a

maximal function for f € L} (R%):

1
(1.1) Mé“cf(a:) = sup Py
Kezd r>0 4T

/T P — (tox))dt.

The operator M (lf“ was studied involving the differentiation in lacunary direc-
tions. The LP-boundedness of M with p > 2 was proved by use of the
covering lemma in [4] and [11]. For the proof of the full range p > 1, the
Fourier transform and the Littewood-Paley theory on angular sectors were suc-
cessfully used in [9]. Furthermore this result can be extended to any d € Z*
in [1]. Recently in [6], the LP theory is made for the curve (2¥1p(t),2*2p(t))
with p a polynomial. In this paper we study the analogue of Ml on the
Heisenberg group H' as a variable coefficient model. Let H' be the Heisen-
berg group identified with R? x R! endowed with the group multiplication:
(pq,t)- (0, ¢ t') = (p+pa+dt+t +2(p-q¢ —p' -q)) Let us define a
maximal function for f € L} (H):

loc

(1.2) M f(z) = sup L/ f(z - (tvg)~1)dt.

KeZ3 r>0 2r —r

The purpose of this paper is to prove Theorem 1.

Theorem 1. For1<p<oo, || M'f || oan)< Cp || f ||l 1ran) with a constant
c,.
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Let K = (0,kg,k3) with ko ks € Z and p,(u) = ¢(u/27)/27 with ¢ €
C*°[1,2]. We define a measure p;  on R? by

o (f) = [ F((1,2%,2)5)5 (),

Let us use the change of variable ¢t = 2¥1s in (1.2). Then Theorem 1 is proved by
the following L? estimate for the three parameter maximal function sup; x ;K *

f

(1.3) [ SUD 15K % Flleea)ySIf oo -
]7

In [7] the LP estimate of the maximal function on the flat curve

I(t) = (t,7(2), (1))

in H' is made under the convexity condition of v and the doubling condition
such that 7/ (Ct) > 2+/(t). This doubling condition of 7’ has the essentially same
feature as the lacunary direction of vgx. The normal directions of vi’s are han-
dled by the angular Littlewood-Paley decompositions in [7]. The complements of
these normal directions are controlled by the majorization of the strong maximal
function and the decay property of frequency variables. To adapt this scheme
(already known on the Euclidean space in [1] and [9]) on H!, we need to dis-
cuss the Fourier transform of the measure p;  on the Heisenberg group H!.
The group Fourier transform of f with f € L! (H') N L2(H') is defined as an
operator-valued function from R! to the space of bounded operators on L?(R!).
For \ € RY, f()\) is the operator defined on L?(R') given by

~

(14) FOM@) = [ 3@ = .M +1)/2.0/ Dh(a)ds

where 23 is the Fourier transform with respect to the second and the third
variables on the Euclidean space R3. From (1.4), the operator (f; x(\)¢)(z) is

given as fMj/\’K(ac,ﬁ)ﬁ(ﬁ)df where

(15 Milng) = [T @y,
22 (7 — A2Fs (2 —
Weyra) = 2CNERY NREZY) g,
The derivative of the above phase function ¥ with respect to y is given by
2k3 \
(16) £+2%) + (50).

It is convenient to regard (&, Ay, A) in (1.6) as the three frequency variables. In
the next section, we discuss the Littlewood-Paley type inequalities for the fre-
quency variables &, Ay, A and their ratios. In Section 3, p; i is decomposed in
the following three steps. The first step in the decomposition is to localize fre-

quency variables 2¥2\y, and 2%3 X in (1.6). Then we can split ; ;¢ into the small

frequency part uéaf( and the large frequency part u?l;( This is accomplished by
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the operators with convolution kernels LY’s below. Then the localized frequency

maximal operator sup; uéof{ x f is majorized by a variant of the strong maximal

function on H!' in Section 4. Next step is to restrict y in order to compare the

size of two variables (2¥2)\y) and (ij’\). This is accomplished by the operators

2’“3)\)
1

dominating part mg’ x- The last step is to compare ¢ and the dominating term
(2%2)\y) or (%) This is accomplished by operators A;l’z) or Agl’g). By this
we split for each v = 2,3, mY i into the good decay part mJVK where (1.6) is

kept away from zero and the bad decay part m';% where (1.6) could be around

A§2’3) ’s below. We split ,ujg»’l})( into (2%2\y) dominating part m?  and (

zero. The good decay part mJ”K is estimated by using the good decay prop-
erty of ¥ in (1.5) combined with the almost orthogonality Cotlar-Stein Lemma
in Section 5. The bad decay part m;’K is estimated in Section 5 by a version
of the lacunary Littlewood-Paley decomposition. Here superscript p represents
Littlewood-Paley and g represents good decay property.

Throughout this paper, the L? estimates for the convolution operators in H?!
are made by applying the following proposition.

Proposition 1. Suppose that the operator G is defined by G f = kxf on L*(H').
Then

(17) GV =kMNF),
and the operator norm of G on L?(H) is given as the uniform L*(R') norm of
the Group Fourier transform of the convolution kernel k in A:

1 ~
(18) H G HL2(H1)'—>L2(H1): — Sup || k()\) HL2(R1)I—>L2(R1) .
2 Xer!

See [5] and [10] for more details.
Notations : § and F~! denotes the Fourier transform or its inverse for the given
Euclidean space. Given two quantities a and b, we write a < b if there is a
constant C' > 0 such that a < Cb.

2. Littlewood-Paley type inequalities

2.1. Littlewood-Paley inequalities on H'. Let us choose an even function
¥ € C§°(—1,1) such that ©» =1 on [—1/2,1/2]. Let x(§) = ¥(§/2) — ¥(§) and
x5 (&) = x(27¢) for each integer j. Then x; is supported on 27771 < |¢] < 277+1
and Z;’;_Oo x; (&) = 1. For v = 1,2, 3, we define a dyadic decomposition on each
v-coordinate of R? by using the measures:

LYy) = F'x)w)d(y2.us),
Ly) = [F )0y, vs),
L?(Z/) = [3_1Xj](y3)5(y1,y2),

where § is a dirac mass on R2. Let us define Q; in R? away from R x {0}:

Q&n) = x(&/(2n).
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Then ; is supported in {2771 < [¢/n| < 2771}, We define a dyadic decomposi-
tion on the angular sectors by using the measures in R3:

A§'172)(y) = [F7'](y1,92)0(y3 — 2y192),
ATy = 3] ys)3 (1),
AP () = [ ( ys)5 (1),

where § is a dirac mass on R!. In [7], we have the following Littlewood-Paley
type inequalities.

Lemma 1. Forv=1,2,3, and 1 < p < o0,

1
(2.1) I (32128« 112) vy S 1 Naneen)
JEZL
Lemma 2. Forw = (1,2),(1,3),(2,3), and 1 < p < o0,
N 3
(2:2) I (14 1) oy S 1 F Doy -
JEZ

Lemma 1 and Lemma 2 for the case w # (1,2) are prove by the following
simple diffeomorphism invariance observation combined with the corresponding
inequality on the Euclidean space. We may see this for the case w = (1, 3).

A(l D s f(x /fzz 2o (T1 = Y1, @3 — Y3 — 22122))F () (y1, y3)dyrdys

where fo,(21,73) = f(x1,22,23) and Dg,(z1,23) = (21,73 + 22122). By fixing
x9 and using the corresponding result on the Euclidean space, we obtain (2.2).
The similar proof applies to the case w = (2,3) and Lemma 1. However for
the proof of the case w = (1,2), we need a multi-parameter Marcinkiewicz type
multiplier theorem on the Heisenberg group. Note that for our LP estimate the
product theory of the sub-Laplacian £ = X2 4+ Y? and T in [8] can not be used.

Here X,Y,T are defined as X = 2%”(8% + 2q%> and Y = —(i — 2p%)

27
and T = %E’ which are three right invariant vector fields on the Heisenberg
group H'. In proving the case w = (1,2) in Lemma 2, we need a product theory
involving noncommutative vector fields X and Y. This theory is developed by
using the Kohn-Nirenberg functional calculus in [7].

For each v =1,2,3 and w = (1, 3), (2, 3) let us define maximal functions:
LY f = SUP[L§]0 « f, AYf =sup[AT]o  f.
J
where [L¥]o = Y772, LY, and [AY]o = Y_2; AY,,;. Then for each v = 1,2,3 and
= (1,3),(2,3), the LP(H') boundedness of £” and A“ such that
(2.3) L f lleeay SN f lzeqys 1A o)y SIS ||oe @y

follows by using the above diffeomorphism and the corresponding Euclidean
space result. In the same way we have the following vector valued inequalities.
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Lemma 3. Let v =1,2,3 and w = (1,3),(2,3). Then we have for 1 < p < oo,
1
(2.4) Z A £1%) HLP(H1 SO IAP) e,
J
1 1
(2.5) Z 12 fi) 2 ey S 1O IAP) 2 e -
J

2.2. Directional maximal function with two parameters. For each fixed
ko or ks, we define the maximal function with two parameters:

RLf = suppjk*f,
J,k3

Ri,f = suppjk*f.
jﬂk2

Lemma 4. For each v = 2,3 with fived k € Z, || R} f ||peqy S| f 2oy with
1 <p<oo.

A proof for Lemma 4 will be given in Section 6.

Lemma 5. Suppose that (1.3) holds for some p. Then for % <11+ %), the
following vector valued inequality holds for each fixed v = 2,3

(2.6) IO IR P oy SI O 1A oy -
k k

Proof. (2.6) follows from the interpolation of L"(I"(H!)) with any r > 1 and
LP(1>°(H")) with fixed p for the vector valued operator {f} — {RY fi}. O

3. Decomposition

In this section we decompose u; i in three steps according to the size of the
derivative of the phase function in (1.6). As the first step we localize 29152 )\y

and 27F%3 ) in (1.6). Before doing this let us write the three operator Egl(/\) by
using computation formula (1.4):

(LLOOR) () = / / STy (€)deh(z)dy,

(3.1) LMD = xm(y)h(),
(L)) = Xm(VAh(y):
We split 1 x = ,ul"c + u] x such that
i = ik x (L3 ,]o * L34 4, o,
Wik = e (0= (L3 plo * (L3 o),
where [LY,  Jo = Y2, LY, with v = 2,3. Then the maximal function

Sup; uéof( x f is handled by the majorization of a strong maximal function
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in Section 4. Before making the further decomposition it may be useful to know
the three operators A% () by computing (1.4):

(AP VOR)(Y) = Qg Mh(y),
(3.2) (ARZ(Vh)() = / ST, (€, \y)[Fh](€)de.
(AR OW)() = / ST, (6, N[ (€)de.

As the second step, we need to compare two variables 22 \y and Qﬁ% in (1.6).
For this purpose let us define three measures by using 422 in (3.2):

Bo= Yo

k—5<m<k+5

2 _ E : 2,3

Ek: - Am )
k+5<m

3 2,3

B = Y A
m<k—5

Then let us decompose ,u?f;{ = mjl-vK + miK + mg?,K so that for each v =1, 2, 3,

v lo v
(3.3) m; g = M?,K L

The maximal function sup; x mjl x * [ is estimated in Section 6 by using the
Littlewood-Paley inequality (2.2):

lo
(3.4) | iuigﬂg,x % By gy ¥ oy SIS ey -

For v = 2, |2F2 \y| > \kaA\ and that for v = 3, |2F2)\y| < \ij’\\ in (1.6). Note
that the superscript 2 or 3 in (3.3) represents the dominating frequency variable
between [2¥2 \y| and |25T3)‘|

As the third step, we compare & and 2¥2\y for v = 2 and compare ¢ and
for v = 3. For this purpose let us define for each v = 2, 3,

P = > Ay,

2k3 x
4

k—5<m<k+5
G, = 0—PF.
. v . v,p v,g
Then we decompose that for each v = 2,3, m} ; = me +my where
v,p _ v v
(3.5) My = Mg x Dy,
v,g — v 14
(3.6) mig = migxGp .

The maximal operator sup; j mﬁ} x f is estimated in Section 5 by using the
Littlewood-Paley inequality (2.2). Here the subscript p indicates ”Littlewood-
Paley”.
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Let us rewrite m % = pj i * (6 — [L3 4, )0 * [L3, 4. lo) * EY, 4, * G} . Set two

functions QJQ-’ x(z,y,\) and 9;37 x(x,y,A) such that each of which is given by

2k2 \y

(3.7 o3 — )1~ (@D N) (1~ (),
ko
(38) o3l — )1 — V(PPN D(P N e )

Then from (1.7),(3.1),(3.2),(3.7) and (3.8), the integral kernel K ;-(z,&) of the
operator m:’ % (A\)F " with each v = 2,3 is

K2 g(@,6) = /S_Q”iw(g’y’A’I)H?,K(x,y,A)(l— > Qyam(EAy))dy,

—5<m<5

,CiK(xa 5) = / 6_27ri\11(£7y’>\71’)0§),K(x7 Y, )‘) (1 B Z Qk3+m(€7 )‘))dy

—5<m<5

We see that the support of the above integrand is contained in the set B(v):

ks
B(2) = ({lgl> 2"} U {le] < 1252y H)n{[2" My > |—24)\'|},
k3)\
B3) = ({l&> 2PA}u{lg] < 12Fa1)n{]2F 0y < ’%‘}'

On each B(v) the derivative of phase function W} is kept away from zero. This
is the good part. The maximal operator sup; x mjuf( x f is estimated in Section
5 by using the good decay property of the phase function in (1.6) combined with
the almost orthogonality lemma. Note the superscript g indicates ”good decay”.
In the next two sections we prove the following five estimates with v = 2,3 for
the proof of Theorem 1.

(3.9) I sup w5 f e SIS e,
.]7

(3.10) IFsupmie = f e SIS e,
J,

(3.11) I sup e« f e SIS e ey -
J,

4. Majorization by a variant of strong maximal function

In this section we show (3.9). Let {b\j (u) = {b\(u/Qj)/?. Then for y € H! we
loc

can compute ,uj’K(y) = K * [L?Jrkz]o * [L§?+k3}0(y):

loc

155 (y) = 05 (Y1) )k (Y2 — 252154 ks (s — 2(y2 — 2%201)51 — 2%01).

loc

Let j = j1,j + k2 = j2,J + k3 = j3, then u %% (y) is majorized by the function

1,2
o1 4 92 (y).

J1.J2
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where for ¢;(u) = ¢(u/27)/27 with some ¢ in the Schwartz class S(R),

(I>§1:2 (y) = ¢j1 (y1)¢j2 (y2)5(y3 - 2(2/2 - 2_j1+j2y1)y1),
D2 (y) = 6(y1,y2)04,(y3)-

Therefore for all z € H',
1,2
|sup ,uloc f(x)| < | sup <I>§1 ]3 * @3 % f(x)].
i K J1.d2:93

Thus (3.9) is proved from the LP(H') boundedness of the maximal function
sup; @3 x f (which follows from the boundedness of the one dimensional Hardy-
Littlewood maximal function) and Lemma 6 below.

Lemma 6. For 1 < p < oo, we have || sup, @(Jl’z) * f e SIf ey,
where J = (j1, j2) € Z*.

The above maximal operator is one variant of the standard strong maximal
function defined by

i o [ [ st
71,72, 7‘3>0 2 r1T2T3 —ro J —r3

The LP(H') boundedness of this strong maximal function and its generalization
on the Nilpotent group are obtained in [3].

Let us prove Lemma 6. The basic ideas are similar to the one in [3], but there
will be some technical difficulties. Let ®}(y) = 0(y2,y3)¢;(y1) and ®3(y) =

8(y1,y3)¢;(y2). Since we have || sup; q)]ll * <I>J2.2 * [ oo S f loeqy, it
suffices to show that

(4.1) | Sl}pMJ * fller@y SIS ey -

where My = &% —®! «®2 . Let L; = L2, * L}, and its adjoint L = L} *L?,.
Then (4.1) follows from the two estimates: For a,b € Z2,

« 1/2
42) | O ILy* My*Lyga* f7) vy S N f llze@,
J

* 1/2 —cCl|a
(4.3) | (E L%y * My * Lyga* f°) " Nrzany S 2700 £ ey
7

Proof of (4.2). Assume that (4.3) is true. Then (4.1) holds for p = 2. Let us
consider the vector valued operator {f;} — {M; * f;}. By the interpolation of
L2(1°°) and L' (1), we have for 3 <p < 2:

(4.4) I 1My * fal)? ooy S| Z!fJI * oo qan) -
J

Thus (4.2) follows from (2.1) and (4.4). A standard bootstrap argument extends
this range to 1 < p < 2. O
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Let us prove (4.3). From the duality combined with Proposition 1, it suffices to
show that for J = (j1,72) and J' = (41, j5)

(4.5) | M5 LsaN) [lopS 27717,
(4.6) | Ty (NI (A) flop< 27771,

Proof of (4.6). By using (1.4),(1.7) and (3.1),
THOa) = [ x50, (€)™ (Fh) ).
Thus the integral kernel of the operator E;(A)%‘l is given as
Ly(,€) = xjo (A2)xj, (§)*™7.
So the kernel L j/(z,y) for the composition operator Z;(A)fﬁ}\,()\) is
Ly (z,y) = / 2Ty ()X ()X ()X (€)de.

From the support condition for x;, and x;;, we have |j; — ji| < 3. Next we
apply the integration by parts with respect to d on the above integral to obtain
the desired L' norm 27172772| for the kernel L j (z,%) with one fixed variable
T or y. UJ

Let us show (4.5). From (1.4) we compute the integral kernel M2 (x,y) for
MJ()\):

aix202=91) (4 —q)2 jo
M) (z,y) = o (x—y)(™27 V@0 _1)(Fe) (22 ).
Let us fix A ~ 2773 and decompose ﬁJ(A)i]:l(A) = pez Mr,g where

M. f(x /Mk: J(z,y) f(y)dy,

Yy 7iA2002791) (1 —q))2 i
My, (z,y) = (—zk )0 (= y) (TN @=9)" _1)(F¢) (272 \y).
For the proof of (4.5), we show the uniform estimates in k,.JJ and A:
(4.7) | Mies llop< 27,
(4.8) | Mi,sLyra(A) llopS 27,

Proof of (4.7). Using the decay for ¢ and the mean value property for the ex-
ponential function, we have

X (555553 [(89) (272 My) |
(4.9) | My 7 (z,y)| S PR Ry I
27 ANz — )27
(1 + 279 (z —y) )N

(4.10) |65, (2 — y) (2722 V@) ) <
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When k > 0, by using (4.9) we have the L' norm with each fixed x or y,

/\Mk,J(w,y)!dy <27k,
(4.11)

/ M@ y)lde < 1.

When k < 0, we apply (4.10) to obtain that for each fixed x or y,

/ My (e, 9)ldy < 2%,
(4.12)

/ My (@, y)lde <L1.

(4.7) follows from (4.11) and (4.12). O

Proof of (4.8). For the estimate of || My JLZ\_HIQ()\)LI (A) |lops let us first

Jitai
show that for some ¢ > 0,

(4.13) | Mg JL]2+a2( ) H0p< gelazl,

Since we have (4 7), it suffices to consider the case |az| > |k|. The integral
kernel of My, JL]2+a2 (A) is given by My 1(2,Y) X js+as (AY).
When ay > 0: from (4.9),

9Q—az— Jj2+J3

/Mk: J(Z,Y)Xja+as (AY)|dy < T S 270,
(4.14)

[ s O 5 1.
When ay < 0: from the support condition for x;,+q,(Ay), we have

(3)(272\y)| < 2712,
Therefore

/‘Mk,J(xay)ng—i-az (Ay)|dy < 2fc\a2|’
(4.15)

/|Mk,J(w,y)Xj2+a2(/\y)ldx < g-clazl,

Hence (4.14) and (4.15) prove (4.13). Let us complete the proof of (4.8). From
(4.7) we may assume that |ai| > |k|. Using (1.4) we write the integral kernel

M 5 (x,m) of My sLrra(NF "

ME(z,7) = / TN (2, 9) X a0 9) X 0 (1) .
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When a; < 0, by using integration by parts for the above integral we have the
L' norm estimate of M g ; for each fixed x or 7,

X 1Tay —7
[P D (s ) () iy 277
(4.16) ’7
X 1Tai 1 a1
//‘ ]2J;m77 Ay (M’“ 7T, Y)X s tas (M) [dydz < 21t

Here we used (4.10) and |¢(2791 (2 — 1))@, (e*272 7 @=)")| < |A2%2| for the
above computation. When a; > 0, we have from (4.9) that

/ XGrsan () Moo s (2, 9) X an Ny < 279171,

// X1 +ar (1) M, 7 (2, Y) X +as (Ny) |dydz < 270 1R

Hence (4.8) follows from (4.16) and (4.17) combined with (4.13). O

(4.17)

5. Littewood-Paley inequality and almost orthogonality
In this section we prove (3.10) and (3.11). Recall that for each v = 2, 3,
m]yf( = pj, i * (6 — [L§+k2}o * [L?Jrkg]O) * By gy * Pr

Proof of (3.10). From Lemma 2, Lemma 3 and Lemma 5, we have for each
r=23and 1 <p < oc:

I supm?h s f oy < I O IRELPLPAP(BY 5 £)I?) ||y
k

7, K
+ | O IREA (P 1)) || oy
k

S I lleea -
This proves (3.10). O

So there remains the case (3.11). Let us define two measures:

12, (f /f ((1,2%,0)t)p; (1),

i () = / F((1,0, 205 (8)dt.

(5.1)

With these measures, set
”?,K = M?,kQ * (6 — [L§+k2]0 * [L?MJO) * Elzgfky
n?»K = /”L?:k?, * (5 - [L?-i-kz]o * [L?-‘rks}o) * Egs—kQ‘
From Lemma 4 and (2.3),

I S.“}?”ZK * fllerany S 1S lzeqn) -
75
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For L = (l4,12,13), we put

2 _ 3 2 2 1
Likr = Liirg—is* Litr, 1, * Gry * Ljy,

3 _ 3 2 3 1
Likr = Ljirg—1y* Livg,—1, ¥ Giy * Ljy,-

We can see that ), LY ;- = G} . So for the proof of (3.11) it suffices to show
that for N e = (m} o —nf g) with v = 2,3, and 1 < p < o0,

v v 1/2
52 | SV L D) Py S 11 S sy,
7, K

v v 1/2 —c
(5:3) Qo WVFk * L en * 1) Dllrzay S 27 Nz -
73, K

Proof of (5.2). Assume that (5.3) holds. Then (5.2) for 4/3 < p < 2 follows from
Lemma 1,2 and the interpolation of vector valued operator {f; x} — {/\/;” K *
fi.k}- A bootstrap argument gives full range of p > 1.

Proof of (5.3). From the duality and Proposition 1, we have only to show that
for v =2, 3,

(5.4) | L7 e LT o N [lop S 27l IHIE=KD),
(5:5) | N ROV V) oy S 27,

(5.4) is obtained by applying the same proof of (4.6). For this we use the fact
that L?l * L;’Q = 0 with |j; — j2| > 2 and that L?- is commutative with any
other LY and A%’s. Let us prove (5.5). We compute the integral kernel for

N} WS 1. (V)

J
(5.6) NV p(2,6) = /WH%kaﬂ%%O@-

Here the oscillatory part is given by
U2 (z,y) =(ePM2? @)t +2% (@—y)/4] _ (ir2" (2—y)(e+y)/2) ity

(57) . ko k3 . k3 .
U3 (z,y) = (P22 @@ty +25 @—y)/4] _ (A2 (@—y)/4) ity

where we omit 27 for simplicity. The amplitude parts

V]‘%K,L(xvya §) and Vj?,)K,L(ivay,@

are given by

07 1 (2, U, M Xt ko1 A X1k —1s WX (O (1= Y Dy (€, 4)),
—5<m<5

07 1 (2,4, N)X k1 )X ks 1 X1 (O (1= D Dy (€, 1)),
—5<m<5
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where 62 and 62 are defined in (3.7) and (3.8). Note that on the support of

Vj?K’L(x,y,ﬁ), Iz >0 and Iz > 3, and on the support of V; KL(QS‘ y,€), 13 >0

and I3 > lo. We apply the mean value property for (5.7) to obtam that

|| A/’]%K(A)L?+k3*l3( ) ||0P< mln(l 2l3)
I NG WL -1, (M) llop S min(1,22).

On the support of VYV 1 (z,y,§), the derivative of each phase function in (5.6)

is bounded below from (1€] + 1282 Ay| + |2%3\|). Thus by using this we apply
integration by parts for the y variable in (5.6) to obtain for each v = 2, 3,

(5.8)

27
/‘NJKL(:I’. §)’d$ ~ 2l +211

2792k
|N]KL r,8)|dE S m

By (5.9), we have || V; K()\)£7\KL()\) opS 27 ULlHID/4 for each v = 2,3. This
and (5.8) give us the desnred estimate for (5.5). So we are done with the proof
of (5.3). O

(5.9)

Therefore our five estimates in (3.9)-(3.11) are finished.

6. Proofs of Lemma 4 and (3.4)

Proof for Ré. Let us define two diffeomorphisms Df 5(y1,v2,¥3) = (1,92 +
2%1,y3) and D(y1,y2,¥3) = (Y1, Y2, Y3 — 2y1y2). Then p; i f(x) is rewritten as

D*2 D T —t,x9 — 2k2x1,a:3 —2kst 4 2 (19 — 2F2 14 w;(t)dt.
1,2 J

Thus the LP(H') boundedness of R follows from the LP(R?) boundedness of
the lacunary directional maximal function M1 in (1.1). O

Proof for Ria. It suffices to consider the maximal function sup; ;. u? . ¥ [ where

,uik is defined in (5.1). We split p;x, = ué"é + uglo

loc

such that W% = p;k, *
[L2,,]0 and u?},; = pjr * (6 = [L3,4,l0). Then ué‘jcg is handled by Lemma 6
and the fact
1,2
sup |5, * £ (2)| S sup (257 + f(@)].
Jik Jez?

glo

Let ,ufl,?g = 1y, * P2+ ,ufl,‘;g * G},. By the L boundedness of the maximal

function sup; p; k, * f and Lemma 1 )3,
. 1 1
(Z’Sgpuﬁ,é « P2 ox f1P) 2 oy S Z’Pkg * f12) % | o)

S s HLP(]HIl)
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; ; glo 2 4 — 72
So there remains the estimate of pj, Gy . Let us set Ljk, . = Lj 4,4, *

GiQ * le;ll where L = (I1,1l3). Then our proof is done by the estimates

lo 3
IO 9% % Likar = 1) 2 vy S I e,

Jrk2

1
Z’“J,kz Jk27L*f‘2)2HL2(H1)

Jrk2

A

g—c(lla]+|2]) | £ |lp2qn)

(6.1) follows in the same way as (5.2). For (6.2), we use the similar estimate of
(5.9) with v = 2 to obtain that

(6.3) I, ML L) o S 2771,
Note that I > 0 from the computation of integral kernel of the operator
u]gf,gg ()\)ET\;QL()\) Thus (6.3) combined with (5.4) proves (6.2). O

Proof of (3.4). The maximal operator sup; x, . u?f]o( * E’i{;*kz x f is majorized
by

1/2
Z | Sip“%k:z btk * B f17)

K’ 75

where we put & = k3 — ko. So by using Lemma 1,2, it suffices to show that

(6.4) | SUD [ ks -t # f oo S f lloe )
J,R2

We can easily observe that (i k, g4k * f(Z1, 2, 3) = Wk, *f(D§:3)(LL’1, To, T3 —
2k 15) where D§:3 is a diffeomorphism such that D§:3 (x1,22,23)) = (1,22, T3+

9% 15). This observation shows (6.4) with a bound independent of k’. Hence
(3.4) is proved. O
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