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RESONANCES AND SCATTERING POLES ON
ASYMPTOTICALLY HYPERBOLIC MANIFOLDS

CoLIN GUILLARMOU

ABSTRACT. On an asymptotically hyperbolic manifold (X, g), we show that the
poles (called resonances) of the meromorphic extension of the resolvent (Agy —
A(n — X))~ coincide, with multiplicities, with the poles (called scattering poles)
of the renormalized scattering operator, except for the points of 5 — N. At each
A = 5 —k with k € N, the resonance multiplicity m()\) and the scattering pole
multiplicity v(A\;) do not always coincide: v(Ag) — m(Ag) is the dimension of the
kernel of a differential operator on the boundary 8X introduced by Graham and
Zworski; in the asymptotically Einstein case, this operator is the k-th conformal
Laplacian.

1. Introduction

The purpose of this work is to give a ‘more direct’ proof of the result of
Borthwick and Perry [1] about the equivalence between resolvent resonances
and scattering poles, notably in order to analyze the special points (”T_k)keN
that they did not deal with. This problem is especially interesting on convex
co-compact hyperbolic quotients since these are the scattering poles (not the
resonances) which appear in the divisor of Selberg’s zeta function associated to
the group (cf. Patterson-Perry [14]).

Let X = XUOX an+1-dimensional smooth compact manifold with boundary
and z a defining function for the boundary, that is a smooth function z on X
such that

x>0, 90X ={meX,z(m)=0}, dr|yg #0

We say that a smooth metric g on the interior X of X is conformally compact
if 22¢ extends smoothly as a metric to X. An asymptotically hyperbolic man-
ifold is a conformally compact manifold such that for all y € 90X, all sectional
curvatures at m € X converge to —1 as m — y. Notice that convex co-compact
hyperbolic quotients are included in this class of manifolds. An asymptotically

hyperbolic manifold is necessarily complete and the spectrum of its Laplacian
2
n

T, 00) and a

A, acting on functions consists of absolutely continuous spectrum |
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finite set of eigenvalues o,,(Ay) C (0, ”TZ) The resolvent (A, — 2)~! is a mero-

morphic family on C\ [%Q,OO) of bounded operators and the new parameter
z = A(n — A) with R(X) > % induces a modified resolvent

R(A) = (Ag = AMn— X))~

which is meromorphic on {#(\) > %}, its poles being the points A, such that
Xe(n — Xe) € opp(Ag). Mazzeo and Melrose [12] have constructed the finite-
meromorphic extension (i.e. with poles whose residue is a finite rank operator)
of R(A) on C\ 3(n—N). We proved in a previous work [6] that this extension is
finite-meromorphic on C if and only if the metric is even in the sense that there
exists a boundary defining function x such that the metric can be expressed by

dz? + h(z?,y,d
(L.1) g= ; )

2
in the collar [0,¢) x X induced by x, with h(z,y, dy) smooth up to {z = 0}.
We will only consider these cases of even metrics to simplify the statements, but
our result works as long as the studied singularity is a pole of finite multiplicity
for the resolvent.

The poles of the extension R(\) are called resonances and the multiplicity of
a resonance g is defined by

m(Ao) 1= rank/ (n — 2X)R(A)dX = rank(Resy, ((n — 2X)R(\)))
C()\o,e)

where C'(Ao, €) is a circle around A\g with radius € > 0 chosen sufficiently small to

avoid other resonances in D(Ag, €) and Res means the residue. In other words,

this is the rank of the residue at zg = A\g(n — Ag) of the resolvent as a function
of z=An— ).

The scattering operator S(\) is the operator on 0X defined as follows: let
A€ {R(\) =5} and X # 3, for all fo € C°°(0X) there exists a unique solution
F(X) of the problem

(Ay = An—=X)F(N\) =0, F\) =z f_ +a" fy

fo f+ €C(X),  filox = fo

we then set S(A) the operator S(A) : fo — f-|sx. In fact we should use half-
densities and define S()\) on conormal bundles on 0X to get invariance with
respect to x, but this is dropped here. Joshi and S& Barreto showed [10] that
this family of operators extends meromorphically in C\ %(n —N) in the sense of
pseudo-differential operators on X and that S(\) has the principal symbol

(1.2)
a0 (S(N)) = e(Nag (A7), with A= (1+Apy)2, c(A) =272 22 0
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and hg := 22g|;55, which leads to the factorization (see [16, 9, 14, 1, 6] for a
similar approach)

(1.3) S(A) i=c(n — NAMESA)A M =1+ K())

with K(A) compact finite-meromorphic. It is clear that the poles of S(\) and
S(A) coincide except for the points of § + Z. A pole A\g of S(A) is called a
scattering pole and we define its multiplicity by

1 ~ ~
v(Ao) := —Tr —/ S'(A)STHA)A | = —Tr(Resy, (S (A)STHN))).
21 C(Xoye)
Using a method close to that of Guillopé-Zworski [9] and Gohberg-Sigal theory

[4], we then obtain the

Theorem 1.1. Let (X, g) be an asymptotically hyperbolic manifold with g even
in the sense of (1.1) and let \g € {R(A\) < 5} such that

Mo & (A ECA(n—N) € app(A,)} N %(n ~N).
Then Ao is a pole of R(\) if and only if it is a pole of S(\) and we have
(1.4) m(Xo) = m(n — Ao) +v(Xo) — Lz _n(Ao) dim ker Res,,—»,S())
where Wz _ is the characteristic function of 5 — N and Res means the residue.

Remark 1: the term m(n — X\g) vanishes when \o(n — Ag) & opp(Ag) and
(1.4) can be extended to the line {*(\) = 5} by using that R()\) and S()) are
continuous on this line except possibly at 5, where only R()) can have a pole;

in this case v(Ag) = 0 and (1.4) is satisfied.

Remark 2: the additional term introduced at A\g = 5 — k is exactly the
dimension of the kernel of the operator pys defined by Graham-Zworski in [5,
Prop. 3.5]. Therefore it only depends on the 2k first derivatives of the metric
at the boundary. When the manifold is asymptotically Einstein, this is

dimker Resn 1 S(A\) = dim ker P

Py being the k-th conformally invariant power of the Laplacian on (0X,ho =
22g|rox) (cf. [5] for a definition), which only depends on the conformal class of
ho. If n is even, it is worth noting that dim ker p,, > 1 since p,, always annihilates
constants. Moreover, if (X, hg) is conformally flat with (X, g) asymptotically
Einstein, the additional term is dim ker P, = Hy(0X), the number of connected
components of the boundary.

The recent formula obtained by Patterson-Perry [14] and Bunke-Olbrich [2]
for the divisor at Ay € C of Selberg’s zeta function on a convex co-compact hyper-
bolic quotient always makes the ‘spectral term’ v()\g) appear and an additional
‘topological term’ (an integer multiple of the Euler characteristic) comes when
Ao € —Np. As a matter of fact, the ‘spectral term’” at \g = § — k (with k € N)
could be splitted in a ‘resonance term’ m()\g) and a ‘conformal term’ dim ker poy,
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with pop, the residue of S(A) at § + k. Notice also that for \g € § — N, m(\g)
can be 0 though v()\g) is not (this is the case of H"™! when n + 1 is odd).

Moreover the Poisson formula obtained by Perry [17] for convex co-compact
quotients is used to derive a lower bound of poles of S (A) (with multiplicity
v(Ao)) in a disc D(%, R) C C with radius R. It is clear that the number of these
poles is bigger than the number of resonances, in view of Theorem 1.1. In the
trivial case of H™*! with n + 1 odd, we notably have no resonance though the
number of poles of §(A) in D(%,R) is CR™*!. However, in dimension n+1 = 2,
the explicit formula of the scattering matrix for a hyperbolic funnel by Guillopé-
Zworski [8] or the work of Bunke-Olbrich [3, Prop. 4.3] show that the conformal
term cancels, so v(X\g) = m(Ag) (modulo the discrete spectrum).

To conclude it would be interesting to understand more deeply the role played
by the dimension of the kernels of the conformal Laplacians on such quotients,
in particular they also appear in the expression of the zero-trace of the wave
operator in this case (see [7]).

2. Background on multiplicities

Let H;, Hy some Hilbert spaces. If M(\) is meromorphic on an open set
U C C with values in the space L(Hj, Hs) of bounded linear operators and if Ao
is a pole of M(\), there exists a neighborhood Vy, of Ao, an integer p > 0 and
some (M;)i=1,.. p in L(FHy, Hy) such that for X € V), \ {Ao}

(2.1) M(X) = Ex, (M (X)) + H(N),

Ex (M(N)) = Z M;(A—=Xo)™%  H(N) € Hol(Vy,, L(Hi, Ha)).

We will call Zy,(M(\)) the polar part of M(A) at A\, p the order of the pole
Ao, M1 = Resy,M(\) the residue of M(A) at g, my,(M(A)) := rankM; the
multiplicity of Ag and

p
Ranky, M()) := dim Y _ Tm(M;)
=1

the total polar rank of M(\) at Ag. Finally, a meromorphic family of opera-
tors in L(%H;,Hz) whose poles have finite total polar rank will be called finite-
meromorphic.

Assume now that H; = Ho; taking essentially Gohberg-Sigal notations [4],
a root function of M(A) at Ao is a function ¢(\) € Hol(V),,H1) such that
limy_x, M(A)@(X) = 0 and ¢(Ng) # 0, the vanishing order of M (X)¢(A) being
called the multiplicity of p(A). The vector ¢ := p(Ag) is called an eigenvector
of M()\) at A\g and the set of eigenvectors of M () at Ay form a vector subspace
of H; denoted kery, M (X). The rank of an eigenvector ¢y is defined as being the
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supremum of the multiplicities of the root functions ¢ () of M (A) at Ag such that
©(Xo) = wo. If dimkery, M(\) = o < oo and the ranks of all eigenvectors are

such that the ranks of goél) have the following property: the rank of gpél) is
the maximum of the ranks of all eigenvectors of M(\) at A9 and the rank of
go(()l) is the maximum of the ranks of all eigenvectors in a direct complement
of Vect(goél), . .,go((f_l)) in kery, M(A). A canonical system of eigenvectors is
not unique but the family of ranks of its eigenvectors does not depend on the
choice of the canonical system. We then define the partial null multiplicities

= rank(cp(()i)) of M(X) at Ag and the null multiplicity

of M(X) at A.

Assume that M () is a meromorphic family of Fredholm operators in L(3H;)
and Ao a pole of finite total polar rank. If the index of (M () —Zx, (M (N))|a=x,
is 0, Gohberg and Sigal [4] show that there exist holomorphically invertible
operators Uy (A) and Us(\) near Ao, orthogonal projections (F});=o,... m and non-
zero integers (k;);=1,... m such that

(2.2) M) =Ui(\) (Po + Z(/\ — )\0)le> Us(N),
=1
P,P; =§;;P;, rank(P)=1forl=1,...,m, dim(l— Fy) < oo.

If moreover M (\) has a meromorphic inverse M ~*(\) (i.e. when Py+> ", P, =
1) then )¢ is at most a pole of finite total polar rank of M ~!(\) and

(2.3) M=*N) =U (N (Po + i(A - Ao)—klpl) Ut ().

1=1
It is important to notice that the set of partial null multiplicities remains invari-
ant under multiplication by a holomophically invertible family of operators (cf.
[4]). In view of (2.2) and (2.3), it is then easy to see that
dimkery, M()\) = #{l;k; > 0}, dimkery, M~*(\) = #{l; k; < 0}

and that the set of partial null multiplicities of M()) (resp. M~1(\)) at \g is
{ki; ki > 0} (resp. {ki; ki < 0}). We deduce

Nao(MON) =Y ki, Nag(M7' V) = Dk
k>0 k<0

and from the factorization (2.2) Gohberg-Sigal [4] obtain the generalized loga-
rithmic residue theorem

(2.4) Tr (Resy, (M'(A\)M ™1 (N))) = Nag(M(A)) = Na (M~ (N)).
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This integer is essentially the order of the zero or the pole of det(M(\)) at Ao
(when det(M (X)) exists).

To conclude, let M (\) be a meromorphic family of Fredholm operators with
index 0 in £(%H;) and ¢ a pole of finite total polar rank. We write M () as in
(2.2) and if L(A\) := (A — X\g) "1 M()), we deduce that dimkery, L(\) = #{l; k; >
1}, the set of partial null multiplicities of L(\) at Ag is {k; — 1;k; > 1} and

(2.5)

Na(L(A) = (ki —1) =Y (ky — 1) = Ny, (M())) — dimkery, M()).
ki>1 k>0

This formula will be essential for what follows since the scattering operator S(\)
is not finite-meromorphic near 4§ + k (with & € N) whereas (A — § — k)S(}) is.

3. Resonances and scattering poles

3.1. Stretched products, half-densities. To begin, let us introduce a few
notations and recall some basic facts about stretched products and singular half-
densities (the reader can refer to Mazzeo-Melrose [12], Melrose [13] for details).
Let X a smooth compact manifold with boundary and z a boundary defining
function. The manifold X x X is a smooth manifold with corners, whose bound-
ary hypersurfaces are diffeomorphic to 0X x X and X x 0X, and defined by the
functions 7j z, 7z (7, and TR being the left and right projections from X x X
onto X). For notational simplicity, we now write z,2’ instead of 7}z, mhz and
let

Sox = {(m,m) € 0X x 0X;m € dX}.

The blow-up of X x X along the diagonal §,¢ of 0X x X will be noted X xo X
and the blow-down map

B: X xoX — X xX.
This manifold with corners has three boundary hypersurfaces T, B, F defined by
some functions p, p’, R such that §*(x) = Rp, f*(2’) = Rp’. Globally, dyx is
replaced by a larger manifold, namely by its doubly inward-pointing spherical
normal bundle of dyx, whose each fiber is a quarter of sphere. From local

coordinates (x,y,z’,7') on X x X, this amounts to introducing polar coordinates
(R, p,p',w,y) around dyx:

/ /
R = 2 ,2 — /12 % / = E x_ u
@+ +ly—y)2, (o w) =57 f
with R, p,p’ € [0,00). In these polar coordinates the Schwartz kernel of R(\)
has a better description.

Using evident identifications induced by the inclusions

Sox COX x0X COX x X C X x X,
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we denote by 90X xo X the blow-up of 0X x X along 655 and 90X xo 0X the
blow-up of X x 0X along dy5. 3 and 35 are the associated blow-down map
B:0X xo X - 0X x X, fo:0X x08X — X x 0X

with ﬁ Bly and By = B|nny. Note that r := R|gng is a defining function of
the boundary of X xo dX (which is the lift of 5% under Gp).

Let Fo% (X) the line bundle of singular half-densities on X, trivialized by
v = |dvol, |%, and 'z (9X) the bundle of half densities on 0X, trivialized by
Vo |dv0lh0|2 (where ho = 229|rox). From these bundles, one can construct

the bundles I'¢ (X x X), F2 (8X x X) and I'2 (9X x 8X) by tensor products and

the bundles 1"l 2(X x0X), Tg(0X x¢X) and Iz (0X x¢9X) by lifting under 3, 3
and (g the three previous bundleb If M denotes X, X x X or 0X x X, we write

C>°(M,T¢ ) the space of smooths sections of F (M) that vanish to all order at
1
all the boundary hypersurfaces of M, and C~°°(M,I'¢) is its topological dual.

The Hilbert space L2()_(,F§) and L%(0X,Tz) are isomorphic to L*(X, dvol)
and L?(0X, dvoly, ), they will be denoted L?(X), L?(0X).

For a € R, let z*L3(X) := {f € C_W(X,Fé);x_o‘f € L*(X)} and we let
(.,.) be the symmetric non-degenerate products

(u,v) := /Xuv on L*(X), (u,v):= /ax uv on L*(0X).

We can check by using the first pairing that the dual space of z*L?(X) is iso-
morphic to z7*L?*(X). We shall also use the following tensorial notation for
E = 2°L*(X) (resp. E = L?(0X)), ¢, € E'

FE — FE
QY :
vey { ;o bl
2. Resolvent. From [12, 6], we know that on an asymptotically hyperbolic
manifold (X, g) with g even, the modified resolvent
R(A) = (Ag = A(n— X))~

extends for all N > 0 to a finite-meromorphic family of operators in {R(\) > 5 —
N} with values in L(zV L?(X), 2~V L%(X)), whose poles, the resonances, form

fo 1

a discrete set R in C. Moreover R(\) is a continuous operator from C*°(X,I'¢)
o1

to C~>°(X, I’} ), its associated Schwartz kernel being

r(A) =ro(A) +711(A) + ra(\) € C7®(X x X, T
with (see [12] or [1, Th. 2.1]):

)

Ol

8% (ro(\)) € T2(X xo X,T2),
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(B.1) B (m(N) € P 0P (X xo X,TE), ra()) € 22 C®(X x X,TE),

- o1
where [ _27(X xo X,I'¢) denotes the set of conormal distributions of order —2
on X Xy X associated to the closure of the lifted interior diagonal

B=1{(m,m) € X x X;m € X})

and vanishing to infinite order at BUT (note that the lifted interior diagonal only
intersects the topological boundary of X xo X at F, and it does transversally).
Moreover, (pp’)~*B*(r1()\)) and (z2’)~*r2()\) are meromorphic in A € C and
ro(A) is the kernel of a holomorphic family of operators

Ro(M\) € Hol(C, L(z“L*(X), 2~ *L*(X))), Va>0.

Note also that Patterson-Perry arguments [14, Lem.4.9] prove that R(A) does
not have poles on the line {(\) = 5}, except maybe A = 5. The set of poles
of R(A) in the half plane {J(\) > §} is {Ae;R(Ae) > §, Ae(n — Ae) € 0pp(Ay)},
they are first-order poles and their residue is

(3.2) Resy, R(\) = (2. — n) Zm@m, & € T C=(X,T2),

where (¢y)k=1,..p are the normalized eigenfunctions of A, for the eigenvalue
Ae(n — Ac). One can see by a Taylor expansion at = 0 of the eigenvector

n . _ 1
equation that if 2722 ¢y|55¢ = 0 then ¢p € C°(X,T¢), which is excluded
according to Mazzeo’s results [11].

To simplify the notations, we shall set z(\) := A(n — A) the holomorphically
invertible function from R(A) < § to C\ [% 2, 00).

For the poles of R()) in {R(A\) < 5}, we use Lemma 2.4 and 2.11 of [9] to
show the

Lemma 3.1. Let A\ € R and N such that 5 > R(X\o) > § — N, then in a
neighbourhood Vy, of Ao we have the decomposition

(33) RO =F(\) | D () —2(M) P | F2(N)® + H(N),

j=1
with m €N, k1,...k,, € =N,
H(\) € Hol(Vy,, L(aNLA(X), 2 NLA(X))), Fi(\) € Hol(Vy,, L(CY)),

where ¢ = — Z;"’:l k; = my, (2" (AN)R(N)) is the multiplicity of the resonance Ao,
(Pj)j=1,....m are some orthogonal projections on C? such that P;P; = 6;;P; and
rank(P;) =1, ® is defined by

[ ANI2X) -
q"{ [T
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(Y1)i=1,....q being a basis of Im(A) with A := Resx,(z'(A\)R(N)). Moreover we

have
(3.4) ) C Zazko log? (2)C>(X,T2)

with p the order of the pole \g of R(N).

Proof. it suffices to use Lemmas 2.4 and 2.11 of [9] but we factorize the resol-
vent and not the scattering operator. The arguments used in these lemmas are
essentially that the polar part of R(\) be expressed by

- = [= (A= 2(N)) A
= O(R()\)) ==X ( ! i >
g * 2 (2(\) = 2(M))

and the factorization into its Jordan form of the nilpotent matrix of A, — z(\g)
acting on Im(A). Observe that the elliptic regularity implies that the elements
of Im(A) are smooth in X.

To study the structure of the Schwartz kernel a; of A;, we first consider the
following operator

(3.5) R(\) := 2z M ERN)2 M2

in a disc D(\g,€) around Ao with radius e. If e is taken sufficiently small,
R()) is meromorphic in this disc with values in £(22¢L?(X), 27 2L?(X)), Ao is
the only pole and its order is p. The Schwartz kernel (zz')~**37()\) of R(\) is
meromorphic and its polar part at g is the same as the one of (z2’) =3 (r1(\)+

r2(A)) since ro(A) is holomorphic in C. We then can easily check [6, Prop. 3.3]
that we have in Vj,

(3.6) Ex (R Z Bi(A = \o)?

j==p
where B; € L(z%*°L?(X),x~2°L*(X)) has a Schwartz kernel of the form
(3.7)

dxdydz’ dy’ 2

prsyrEs Vij, i € 2 C(X).

bj (IE, Y, l‘/a y/) = Z sz)ji(xa y)@ji($/7 y/)

Observe now that 2~ 2 has the following Taylor expansion at \g
)\ /\
z” ZIO O) + O((A = X0)?)

in the sense of operators ofL(xNLQ(X), $2€L2( )) and L(x~2¢L3(X), 2 N L?(X)).
We deduce that z’(A)R(A) has a residue A satisfying

p—1
C Z 2 log? (x)C°°(X,T
=0

Ol
~—
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and we are done. O

3.3. Scattering matrix. Joshi and S& Barreto [10] have shown that the scat-
tering matrix S(A) (defined in the introduction) has the following Schwartz ker-
nel

)

(3.8) s(A) == (21 — 1) (Ba). (6* (x—H%x"“%r(A)) |m)
Following (3.1) and (3.8) we have in C\ (RU (3 + N))
(3.9) s(N) = (Ba), (1™ k1(N)) + k2 (N),

ki(\) € C®(0X xo0X,T2), ko)) € C®(0X x 8X,T'7)

where k1 (A) and ka(A) are meromorphic in A € C. Outside its poles, s()\) is
a conormal distribution of order —2\ associated to d5% and S(\) is a pseudo-
differential operator of order 2\ — n on dX. In the sense of Shubin [18, Def.
11.2], S(A) is a holomorphic family in {R(X) < 2} \ R of zeroth order pseudo-
differential operators. We then deduce that S(\) is holomorphic in the same
open set, with values in £(L?(0X)). Recall the functional equation satisfied by
S(A) (ct. [5])
n

(3.10) ST =S =X =S, RO =3, A# g
which also proves that S(\) is regular on the line {R(\) = §}. Furthermore,
(3.10) holds also for S(\) and by analytic extension we have on C\ R

STHN) = S(n — \).

The principal symbol of S(\) is given in (1.2) and the renormalization S(\)
of S(A) defined in (1.3) is Fredholm with index 0, consequently we are in the
framework of Section 2.

Using Lemmas 3.1 and (3.9), we then obtain the
Lemma 3.2. Let A\g € {R(A\) < §} a pole of S(X). Then Ao € R and, following

the notations of Lemma 3.1, we have near \g
(3.11)

S(A) = (2A —n)'®H(N) Fi()) i(Z(A) —2(A)) Py | F2(\)®F(N) + HF(N)

j=1
with H*(\) € Hol(Vy,, L(L?(0X))) and ®*()\) € Hol(Vy,, L(L*(0X),CT)).
Proof. the fact that Ag € R is straightforward since if 7(\) was holomorphic one
would have s(A) holomorphic in view of (3.8). Now, R(A) being defined in (3.5),

we saw in Lemma 3.1 that the polar part of R(\) at Ao has a Schwartz kernel
Ex (T(N)) satisfying

(3.12) Ex (FON) € (22)30®(X x X,T2).
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Let

p—1 i 7
A— X)) d* aan
P(\) =) %W(‘I’ﬂ? GLED | N
=0

where, as before, p is the order of the pole of R(\) at Ag. Then ®()\) :
2%¢L?(X) — C1 is given by

p—1 ERY A B
B()f = (Z o= A g (a0 s, f>>
1=0 ’ 1=1,...,q

Lemma 3.1 implies that

(813) 5, (B(N) = E, (@(A)Fl(A)(Z(z(A)z(Ao)) P)F2<A><I><A>).

J=1

Let C := Zj_ip Im(B;) with B; the operators defined in (3.6) and let Il be
the orthogonal projection of 272¢L?(X) onto C. We multiply (3.13) on the left

by Il and on the right by Tl¢, and using that Zy,(R(\)) is symmetric (since
‘R(\) = R()\)) we deduce that (3.13) remains true if ®()) is replaced by

r*L*(X) — C4
{ f - (Zp 1()\0]'>\)< c(logj(as)x7>‘0+%wz),f>)

so that the logarithmic terms disappear. Finally, we can use the representation
of S(A) by its Schwartz kernel (3.9) and we obtain

1=1,....q

=0 (5() = Ex, (m — R (Y0 - z<Ao>>kaj)Fz<A><I>ﬁ<A>) ,

=1
with

L2(0X) —
dF(N) :{ fo— <Zp ! Qo ,A) (IT c(logj(ﬂf)x_Aﬁ%l/flﬂaX,f))

the proof is achieved. O

I=1,...,q

From this lemma, we deduce:

Corollary 3.3. If \g € {R(\) < §} is a pole of S(X), it is a pole of R(\) such
that

mag (2/(A)R(N)) = Ny, (c(n —NS(n - )\)).
Proof. first, (3.11) implies that

eSO = Fa(X) ( Do (=8) = 2()) " Py ) Fa(N) + HE(N),

F3(\) = @A =AM ERI ) (), Fi(X) = Fa(\)RF(NATE,
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HE(N) := (2A — n)A M3 HE (VA3

Note that we can take k1 < --- < k,, < 0 and set (¢ (J))J
system of eigenvectors of ¢(n— )\)S(n A) at A\g with vy > -+ > rj the associated
partial null multiplicities (this canonical system exists and is deduced from the
one of S(n — )\)) Let us show that M < m and, by induction, that r; < —k;
forall j=1,..., M.

M a canonical

-----

If () (\) is a root function of ¢(n — A)S(n — A) at A corresponding to (p(])

)
there exists a holomorphic function ¢)(\) such that
(

c(n = NS = NP (V) = (2(N) = 2(0))"7 0P (N)
with ¢()(\g) # 0, hence when X approaches )¢ in the following identity

D) =Y (2N = 2(2)) TR F (A RF ()6 ()
=1

+ (2(\) = 2(2)) T H (NP (A),
we find that r1 < —k; and cp(]) is in the vector space

Ej:= > Tm(F3(Ao)PFu(Mo)).
l,TjS—kl
Moreover, the order on (r;);=1,.. a implies that E; C Epy for j =1,..., M but
dim FEj; < m since rank(P;) = 1, thus we necessarily have M < m, (apé]))j being
independent by assumption. Now let j < M and suppose that r; < —k; for all
t < j. We first note that F; C Ej4; since rj1 < rj. If 7y > —kj1q, we
would have dim F;,; < j but Ej; contains the linearly independent vectors

go(()l), e ,cp(()jﬂ) so a contradiction. One concludes that r;11 < —k;41 and

Ni, (c(n —\)S(n — ) = Z - ;kl = q =mx, (' (N RN)),

the corollary is proved. O

Lemma 3.4. Let A\g € {R(\) < §} be a pole of R(X\) of finite multiplicity. If
Ao(n — Ao) & opp(Ag) or Ao ¢ 2(n —N), then Ao is a pole of S(\) such that

mag (Z/(A)R(N)) < Ny, (c(n ~NS(n - /\)).

Proof. we first suppose that Ag is not a pole of c¢(A) (i.e. Ao ¢ § — N). From

Gohberg-Sigal theory, one can factorize S(\) near Ao as in (2.2)

(3.14) cN)S(A\) = Uy (N) (Po + i(x - Ao)’“lPl> Us ()

=1
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with Uy (A), U2(A) some holomorphically invertible operators near A\g and
m
PiP;=6;;P;, rank(P)=1forl=1,....,m, 1=Y P;, ke

Take the Green equation between the resolvent and the scattering operator (see
for instance [15, Th. 5.3])

(3.15)  R(\) — R(n—X) = (2A — n)'E(n — M)AN (N S(ANAN 2 E(n — \)

on L(zVNL*(X), 2 NL*(X)) with % — N < |R(A\)| < % and E(A) the transpose
of the Eisenstein operator, its Schwartz kernel being

e(N) == B, (B* (@ Er(\)]7) -
We can suppose that k1 < --- <k, and set p := max(0, —k1). We consider the
following Laurent expansions at g
(3.16)
(n—2XN)R(n—X) =3 | Ri(A=Xo)" + O((A = Ao)PT),
(A =) U(NANEB(n = A) = 0 B (A= Ao)' 4+ O((A = Ao)P*1),
(n = 20)'B(n = NAM B0 (N) = X B = 20) + O((h = 20)"* ),

)" +
where R_; and E(j are not 0 if and only if Ag(n — Ag) € opp(Ay), and in this
case

Rl—_zZ 1¢z®¢zv
(3.17) E®) =% Uy(Ag) A5 (gro % ¢z)|ax ® @i,
E(_ll) = - Zi:l ¢Z @ tUl(AO)AAO ( do—% ¢1)|6X,

with ¢; € "~ C>(X, Fé ) the normalized eigenfunctions of A, for the eigen-
value A\o(n — Ag). From (3.14), (3.15) and (3.16) we obtain

(3.18)
A:=Resy, ((n—20R\) =R+ . EVREP + Y BYREY
jHitki=—1 Jtitki=—1
klZO k)l<0

where by convention k; =0 <= [ =0. We set V :=Im(A;) + Im(A3) with

Ay =R +EYPE® + Y (Z Pz) E®,
k=1

Ay =BVREY + Y EYREP.

Jjtit+ki=—1
k<0

Remark from (3.17) that

Im(A;) € 2" 0% (X,T2), (A, — Ao(n— X)) AL =0
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and in view of Lemma 3.1 we know that there exists p € N such that
p_l . _ 1
Im(A) C > 2 log?(z)C™(X,TE), (Ag— Xo(n— Ag))PA=0
§=0

thus we can argue that
Yu €V, (Ag—)\o(n—)\o))puzo.
Note that if Ay ¢ % (n — N), we clearly have

_ 1 p—1 . _ 1 . _ 1
2" C®(X,TE) N Y 2 log! (x)C®(X,TE) € C™(X,I3),
j=0
therefore, if Vi, V5 are defined by
1 p—l . 1
Vi=Vna" C®(X,TE), Ve=Vn) a™log (z)C™(X,T¢),
j=0

we deduce from the unique continuation principle proved by Mazzeo [11] that

VinVa © C®(X,T2) Nkergz(Ay — Ao(n — Ao))? = 0.

Hence, we can split V = V; & Vo @ V3 with V3 a direct complement of V7 & V5 in
V. Let IIy, be the projection of V' onto V, parallel to V; & Vs, Il the orthogonal
projection of =N L2(X) onto V and ¢y the inclusion of V into 2=V L?(X). We
multiply (3.18) on the left by IIj, := Il IIy and on the right by I, to
obtain

A=Y H’VzEfl)BEj@”H’VQ

Jtithi=—1
k<0

by construction of V5 and using the symmetry ‘A = A (since 'R(\) = R(\)).
Now remark that

—k—1
1 2 1 2
> W,EVREPW, =3 Y m,EVREY W,
jtitk=—1 k<0 i=0

k1 <0

and the rank of this operator is bounded by — 3, ki = Ny, (c(n—A)S(n—2A))
since rank(F;) = 1. The lemma is proved when Ao ¢ 5 — N.

On the other hand if \g € § =N and X\g(n—Xg) ¢ 0,p(4Ag), we have R_; =0,

E(_ll) =0 and E(_Qf = 0 in (3.16). Therefore, the same proof works if we replace
(3.14) and (3.18) by

=1

NS = Ui(V) (()\ —X0)Po+ > (A- Ao)’”“ﬂ) Uz(A),
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Resy, ((n — 2A\)R(N)) = Z Ei(l)PlE](.Q)

jti+k=-2
ki<—1

the first one being obtained from Gohberg-Sigal factorization (2.2) of S(\) at
Ao. Now observe that the rank of

—k;—2
1 2 1 2
S m,EVREPT, = Y > m,EVREY , [,
jtitk=—2 ki<—1 i=0

ki<—1
is bounded by

= > (k1) == (ki +1) =Ny (S(n— X)) — dimkery, S(n — A).

ki<—1 k; <0

But using (2.5) with M () := S(n—\) and the fact that ¢(n—\) has a first-order
pole at Ao € § — N we see that

(3.19) Ny, (c(n NS — A)) — Ny, (S(n — \)) — dimkery, S(n — \)
and the proof is complete. O

Proof of Theorem 1.1. we combine the results of Corollary 3.3 and Lemma 3.4
to deduce that

(3.20) m(Xo) = ma, (2 (M R(N)) = N, (c(n NS — A))
if R(Ao) < Z and Ao ¢ {X € C;A(n — A) € 0p(Ag)} N5 (n—N). Using (2.4) with

M(X) := S(X\) we obtain
(3.21)
Ny (S(n = A) = N (S(V) = Tr(Res, (S' (NS (A))) = Nay (SV) + v(No).

If Ao € 5 —N, then ¢()\), c(n — A) are holomorphic at A\g and Ny, (c(n — A)S(n —

A)) = Ny, (S(n — X)), thus (3.20) and (3.21) leads to

m(Ao) = Nx, (S(A)) + v(Ao).
Now if \g € § =N, ¢(n — A) has a first-order pole at Ag hence (3.19), (3.20) and
(3.21) give
m(Xo) = N (S(N) 4 v(Xo) — dimkery, S(n — A).
with, in this case,
dimkery, S(n — \) = dimker S(n — Ag) = dim ker Res,,_, S()\)

since S()\) is holomorphic at Ao € 5 4+ N and ¢(A) has first-order poles at the
same points. To achieve the proof of the Theorem, it remains to show that

m(n — Xo) = Nx,(S(N)) if R(Xo) < 2 and Ao ¢ 3(n — N). Whereas the case

Xo(n— Xo) € opp(4y) is clear since S(A\)~! = S(n — A) is holomorphic near A



118 COLIN GUILLARMOU

and m(n — A\g) = 0, the case A\g(n — \g) € opp(Ay) needs a little more care. In
view of (3.2) and (3.8), S(A) has the following polar part at n — Ag

k
CAo)A—n+ o) P Y AN E g @ AN =5 gt
j=1
with C'(Ag) # 0if A ¢ 2—N, k = m(n—Xo) and ¢ 1= 2~ % ¢, ¢ (where (¢;);
is an orthonormal basis of kery2 (Ay—Xo(n—2Ap)) asin (3.2)). It is not difficult to
see that (gf)g) ; are independent, otherwise there would exist a non-zero solution
o1

u € g MFLO®(X TE) of (Ay; — Ao(n — Ag))u = 0 and a Taylor expansion of

N
this equation at z = 0 proves that u € C*°(X,I'}), which is excluded according
to Mazzeo’s result [11]. Since the pole is a first-order pole, the factorization of
S(A) as in (2.2) near n — A¢ is clear for the k; < 0: we have m =k and k; = —1
for | = 1,...,k. Using (2.3) and S(A\)~! = S(n — ), one then obtain that the

partial null multiplicities of S(\) at Ao are {—ki,..., —ki} which proves that
m(n — o) = Nx,(S(N\)) and the theorem. O
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