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BIRATIONAL CHARACTERIZATION OF PRODUCTS OF
CURVES OF GENUS 2

Christopher D. Hacon and Rita Pardini

Abstract. Let X be a variety of maximal Albanese dimension. In this paper we
prove that if χ(ωX) = 1 then q(X) ≤ 2 dim X and if q(X) = 2 dim X, then X is
birational to a product of curves of genus 2.

1. Introduction

The purpose of this paper is to show how a result of Beauville in the classi-
fication theory of irregular surfaces of general type can be generalized to higher
dimensional varieties of maximal Albanese dimension.

It is well known that for a surface X of general type one has χ(ωX) > 0.
Therefore surfaces with χ(ωX) = 1 can be regarded as the “first case in the
classification” and for this reason they have always been of interest to people
working on the theory of surfaces. The case in which the irregularity q(X)
is equal to 0 has been investigated for a long time by several authors, but a
complete classification seems at the moment out of reach, due to the existence
of a great number of different examples. On the other hand, the following result
of Beauville ([Be]) suggests that the classification should be easier when the
irregularity q(X) is large:

If X is a surface of general type with χ(ωX) = 1 then q(X) ≤ 4 and if
q(X) = 4, then X is birational to the product of two curves of genus 2.

In fact, more recently, Hacon and Pardini [HP1] and Pirola [Pi] have classified
surfaces of general type with χ(ωX) = 1 and q(X) = 3, showing that they belong
to two families. Surfaces of general type with χ(ωX) = 1 and q(X) = 1, 2 have
proven to be much harder to understand and they are still an active topic of
research.

It is a natural question to try and generalize the above results to higher
dimension. In general, if dimX ≥ 3, one only expects results of a qualitative
nature. Indeed, in Section 4 we give a construction of threefolds of general
type with χ(ωX) = 1 and arbitrarily large irregularity, thus showing that it
is not possible to generalize Beauville’s statement verbatim. Therefore, the
situation appears to be substantially more complicated than that of surfaces.
However, Green and Lazarsfeld have made the surprising remark that varieties of
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maximal Albanese dimension seem to behave similarly to surfaces. For example,
they prove the inequality χ(ωX) ≥ 0 for a variety X of maximal Albanese
dimension (cf. [GL1]). Another example of this analogy is the fact, proven
by Chen and Hacon ([ChH1]), that for a variety of general type and maximal
Albanese dimension, the 6−canonical map is always birational.

In this note we give an additional instance of the analogy between surfaces and
varieties of maximal Albanese dimension, by proving the following generalization
of the above mentioned result of Beauville:

Theorem. Let X be a smooth projective variety of maximal Albanese dimension.
If χ(ωX) = 1, then q(X) ≤ 2 dimX. If in addition q(X) = 2 dimX, then X is
birational to a product of curves of genus 2.

The proof of the Theorem above relies on the generic vanishing theorems of
Green and Lazarsfeld [GL1], [GL2] and their generalizations [Si], [ClH], [ChH2],
[Hac]. It would be interesting to see if these techniques can be successfully
applied in the case when dimX < q(X) < 2 dimX. However, already the
case χ(ωX) = 1 and q(X) = 2 dimX − 1 seems considerably harder. As we
have already mentioned, there is a complete classification in dimension 2, but
the number of examples grows with the dimension and one does not have clear
picture of the situation.

Notation and conventions. We work over the field of complex numbers;
all varieties are projective. We identify Cartier divisors and line bundles on
a smooth variety, and we use the additive and multiplicative notation inter-
changeably. If X is a smooth projective variety, we let KX be a canonical
divisor, so that ωX = OX(KX), we denote by κ(X) the Kodaira dimension and
by q(X) := h1(OX) = h0(Ω1

X) the irregularity. We denote by a: X → A(X) the
Albanese map and by Pic0(X) the dual abelian variety to A(X), which param-
eterizes all topologically trivial line bundles on X. Pic0(X)tors denotes the set
of torsion points in Pic0(X). If the Albanese morphism is generically finite onto
its image, we say that X is of maximal Albanese dimension. If κ(X) = dimX,
we say that X is of general type.

2. Preliminaries.

The main ingredients in the proof of Theorem 3.1 are the relative vanishing
theorems due Kollár and a generalized version of the generic vanishing theorems
of Green and Lazarsfeld. We recall here these results in the form which is more
convenient for our later use. Next we deduce two statements about the holomor-
phic Euler–Poincaré characteristic of a variety of maximal Albanese dimension
fibered over a curve.

Theorem 2.1. Let X, Y , Z be projective varieties, X smooth, let f : X → Y ,
g : Y → Z be surjective morphisms and let P0 ∈ Pic0(X) be a torsion point.
Then:

a) Rig∗Rjf∗(ωX⊗P0) is torsion free;
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b) Rig∗Rjf∗(ωX⊗P0) = 0 if i > dimY − dimZ;
c) Rk(g ◦ f)∗(ωX⊗P0) ∼=

∑
i Rig∗Rk−if∗(ωX⊗P0) (∼= denotes equality in the

derived category).

Proof. If P0 = 0 this is part of [Ko, Thm. 3.4].
If P0 
= 0, then let d be the order of P0 in Pic0(X), let p : X̃ → X be the étale
Zd−cover given by P0 and let f̃ := f ◦ p. We have p∗ωX̃ = ⊕d−1

m=0 ωX(mP0),
hence Rjf∗(ωX⊗P0) is a direct summand of Rj f̃∗ωX̃ , and statements a) and b)
for f follow by the corresponding statements for f̃ .

Consider now statement c). Since the morphism p is finite, one has:

Rk(g ◦ f̃)∗(ωX̃) = ⊕d−1
m=0R

k(g ◦ f)∗(ωX⊗mP0)(2.1)

and the summands on the right hand side are the eigensheaves for the action of
the Galois group G ∼= Zd of p : X̃ → X.

On the other hand, by applying the case P0 = 0 of c) one gets:

Rk(g ◦ f̃)∗(ωX̃) ∼=
∑

i

Rig∗Rk−if̃∗(ωX̃) =(2.2)

=
∑

i

⊕d−1
m=0 Rig∗Rk−if∗(ωX⊗mP0).

The result now follows by comparing the formulae 2.1 and 2.2, provided that
the identification in 2.2 is compatible with the G−action. This can indeed be
achieved by choosing the smooth ample divisor H in the proof of [Ko, Thm. 3.1]
to be G−invariant.

Let A be an abelian variety and a : X −→ A a morphism. Given a sheaf F on
X, we define the cohomological support loci V i(A,F) := {P ∈ Pic0(A) |hi(F⊗a∗P ) >
0}. When a : X −→ A(X) is the Albanese map, we write simply V i(F).

Theorem 2.2 (Generic Vanishing Theorem).
Let f : X −→ Y , g : Y −→ Z be morphisms of smooth projective varieties and
let a : Z −→ A be a morphism to an abelian variety. Let P0 ∈ Pic0(X)tors and
set F := Rkg∗Rjf∗(ωX⊗P0). Then:

a) V i(A,F) has codimension ≥ i − (dimZ − dim a(Z));
b) Every irreducible component of V i(A,F) is a translate of a sub-torus of

Pic0(A) by a torsion point.
The same also holds for the irreducible components of V i

m(A,F) := {P ∈
Pic0(A) | hi(F⊗a∗P ) ≥ m};

c) Let T be an irreducible component of V i(A,F), let P ∈ T be a point such
that V i(A,F) is smooth at P , and let v ∈ H1(A,OA) ∼= TP Pic0(A). If v
is not tangent to T , then the sequence

Hi−1(Z,F ⊗ a∗P ) ∪v−→ Hi(Z,F ⊗ a∗P ) ∪v−→ Hi+1(Z,F ⊗ a∗P )

is exact. Moreover, if P is a general point of T and v is tangent to T then
both maps vanish;
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d) If Z has maximal Albanese dimension, then there are inclusions:

V 0(A,F) ⊇ V 1(A,F) ⊇ · · · ⊇ V n(A,F).

Proof. Assume first that X = Y = Z and that f and g are the identity map. If A
is the Albanese variety and P0 = 0, then this is the classical generic vanishing the-
orem, which is due to Green–Lazarsfeld ([GL1], [GL2]), apart from the statement
in b) that the components of V i(A,F) are translates by a torsion point, which
is due to Simpson ([Si]). The extension to the case of a morphism a : X −→ A
into any abelian variety is straightforward (cf. [EL, Rem. 1.6]). To prove the
statement in the case P0 
= 0, one considers the étale Zd−cover p : X̃ −→ X
associated to P0 as in the proof of Theorem 2.1. Then for P ∈ Pic0(A) one has:

hi(X̃, ωX̃⊗(a ◦ p)∗P ) =
d−1∑

j=0

hi(X, ωX⊗jP0⊗a∗P ).

Since hi(X, ωX⊗jP0⊗a∗P ) is an upper semicontinuous function of P ∈ Pic0(A),
it is easy to show that if T is a component of V i

m(A, ωX⊗P0) then T is also a
component of V i

m′(A, ωX̃) for some m′. Hence statements a), b), c), d) follow
from the corresponding statements for the loci V i

m(A, ωX̃).
Consider now the general case. By Theorem 2.1, c), for P ∈ Pic0(A) one has:

Hi(X, ωX⊗P0⊗(a ◦ g ◦ f)∗P )=⊕bH
b(Z, Ri−b(g ◦ f)∗(ωX⊗P0)⊗a∗P )=

= ⊕b,cH
b(Z, Rcg∗Ri−b−cf∗(ωX⊗P0)⊗a∗P ).

In view of this equality and of the semicontinuity of the function

hb(Z, Rcg∗Ri−b−cf∗(ωX⊗P0)⊗a∗P ),

statements b), c) follow by the analogous statements in the case f = g = Id by
the same argument as above. For the statements a), d), we refer to [ClH] §10,
[Hac] Corollary 4.2 and [ChH2] §2.

Corollary 2.3. Let X be a smooth variety of maximal Albanese dimension,
let f : X −→ Y be a surjective map and let F be a general fiber of f . If
P0 ∈ Pic0(X)tors is general, then f∗(ωX⊗P0) is torsion free of rank χ(ωF ) and
Rif∗(ωX⊗P0) = 0 for i > 0.

Proof. Since X is of maximal Albanese dimension, the restriction of the Albanese
map F −→ A(X) is generically finite onto its image. Since P0 is general, by
Theorem 2.2 we have hi(ωF⊗P0) = 0 for i > 0 and h0(ωF⊗P0) = χ(ωF⊗P0) =
χ(ωF ). It follows that for i > 0, the sheaf Rif∗(ωX⊗P0) is supported on a
proper closed subset of Y and that f∗(ωX⊗P0) has rank equal to χ(ωF ). The
claim now follows since by Theorem 2.1 the sheaves Rif∗(ωX⊗P0) are torsion
free for every i ≥ 0.
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Theorem 2.4. Let X be a smooth variety of maximal Albanese dimension and
let f : X −→ B be a map onto a smooth curve of genus ≥ 2 and let F be a
general fiber of f . Then for general P0 ∈ Pic0(X)tors, one has:

χ(ωX) = χ(ωF )χ(ωB) + deg(f∗(ωX/B⊗P0)) ≥ χ(ωF )χ(ωB).

Proof. Let P0 ∈ Pic0(X) be a general torsion point and Q ∈ Pic0(B) be a general
point. Then Theorem 2.2 implies:

χ(ωX) = χ(ωX⊗P0⊗f∗Q) = h0(ωX⊗P0⊗f∗Q) = h0(f∗(ωX⊗P0)⊗Q).

In turn, generic vanishing for the vector bundle f∗(ωX⊗P0) on B (cf. Theorem
2.2) implies:

h0(f∗(ωX⊗P0)⊗Q) = χ(f∗(ωX⊗P0)⊗Q) = χ(f∗(ωX⊗P0)).

Let F be a general fiber of f . By Corollary 2.3, f∗(ωX⊗P0) is a vector bundle on
B of rank χ(ωF ). Now, since f∗(ωX⊗P0) = ωB⊗f∗(ωX/B⊗P0), Riemann-Roch
for vector bundles on a curve gives

χ(f∗(ωX⊗P0)) = deg f∗(ωX⊗P0) + (1 − g(B))χ(ωF ) =

= deg(f∗(ωX/B⊗P0)) + (g(B) − 1)χ(ωF ).

To finish the proof it is enough to show that deg(f∗(ωX/B⊗P0)) ≥ 0 for P0 ∈
Pic0(X)tors. If P0 = 0, this follows from [V] Satz V. The analogous statement
for any torsion point P0 follows from the case P0 = 0 by the same argument as
in the proof of Theorem 2.1.

Remark: It is not the case that for f : X −→ Y a surjective morphism of
varieties of maximal Albanese dimension, one has χ(ωX) ≥ χ(ωY )χ(ωF ).

Consider in fact for i = 1, 2, 3 curves Ci with elliptic involutions σi. Then
there is a morphism

X := (C1 × C2 × C3)/Z2 −→ (C2 × C3)/Z2 =: Y

where the groups Z2 act diagonally. If g(Ci) ≥ 2 for all i, it follows that X
is birational to a smooth projective variety of general type and χ(ωX) = 0 (cf.
[EL] or the computation in Example 4.1). However Y is a surface of general
type and hence χ(ωY ) > 0.

Proposition 2.5. Let X be a smooth variety of maximal Albanese dimension,
f : X −→ Y a surjective morphism and F a general fiber of f . If χ(ωF ) = 0,
then χ(ωX) = 0.

Proof. Let P0 ∈ Pic0(X)tors be a general point. By Corollary 2.3, we have
Rif∗(ωX⊗P0) = 0 for every i ≥ 0. It follows:

χ(ωX) = χ(ωX⊗P0) =
∑

i

(−1)iχ(Rif∗(ωX⊗P0)) = 0.



134 CHRISTOPHER D. HACON AND RITA PARDINI

3. The theorem

This section is devoted to the proof of the following theorem:

Theorem 3.1. Let X be a smooth projective variety of maximal Albanese di-
mension. If χ(ωX) = 1, then q(X) ≤ 2 dimX. If in addition q(X) = 2 dimX,
then X is birational to a product of curves of genus 2.

Our proof uses induction on the dimension of X. The inductive step consists
in showing that X admits a fibration f : X −→ C onto a curve of genus ≥ 2
and that the fibers of f satisfy the assumptions of Theorem 3.1. The existence
of the fibration f is in turn established by induction, exploiting the geometry of
the cohomological support loci (cf. Section 2) of a suitable sheaf. We start by
giving an upper bound on the codimension of such a locus.

Lemma 3.2. Let f : X −→ Y be a morphism of smooth varieties of maximal
Albanese dimension, let P0 ∈ Pic0(X)tors be general, and let T be a component
of V 1(f∗(ωX⊗P0)). Assume that χ(ωX) = 1.

If T 
⊂ V i(f∗(ωX⊗P0)) then codimT ≤ i.

Proof. We write F := f∗(ωX⊗P0). Since P0 is general, by Corollary 2.3 we have
Rif∗(ωX⊗P0) = 0 for i > 0, and thus χ(F) = χ(ωX⊗P0) = 1.

Let P ∈ T be a general point, so that P is smooth for V 1(F) and P /∈ V i(F).
Assume by contradiction that T has codimension ≥ i + 1 and let W ⊆ H1(OX)
be a linear subspace of dimension i+1 transversal to T at P . Writing P := P(W ),
the derivative complexes of Thm. 2.2, d) fit together to give an exact complex
of vector bundles (cf. [EL], proof of Theorem 3):

0→OP(−d)→H0(F⊗P )⊗OP(−i)→ . . .→Hi−1(F⊗P )⊗OP(−1)→0.(3.1)

Notice that we have d ≥ i by the exactness of the complex. Considering
the hypercohomology spectral sequence associated to the above complex, one
sees that Hi(OP(−d)) = 0, hence d = i. Now twisting (3.1) by OP(−1) and
considering the corresponding spectral sequence, one obtains an isomorphism
Hi(OP(−i − 1)) ∼= H0(F⊗P )⊗Hi(OP(−i − 1)). It follows that h0(F⊗P ) = 1
and that the map H1(F⊗P )⊗OP(−i+1) −→ H2(F⊗P )⊗OP(−i+2) is injective.
Hence the following complex is exact:

0 → H1(F⊗P )⊗OP(−i − 1) → · · · → Hi−1(F⊗P )⊗OP(−3) → 0(3.2)

By applying the previous argument again, we get H1(F⊗P ) = 0, a contradiction.

Lemma 3.3. Let X, Y be smooth varieties, with Y of maximal Albanese di-
mension, and let f : X −→ Y be a surjective morphism. Let P0 ∈ Pic0(X) be a
torsion point, let T be a component of V i(f∗(ωX⊗P0)) and let g : Y −→ S :=
Pic0(T ) be the induced map. Then:

dim g(Y ) ≤ dimY − i.
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Proof. Since f∗(ωX⊗P0) satisfies Theorem 2.2, we have T = Q0 + T0, where
Q0 ∈ Pic0(Y ) is a torsion point and T0 ⊂ Pic0(Y ) is a subtorous. For P ∈ T0

general, for j ≥ 0 and for s > 0, by Theorem 2.2 one has:

Hs(Rjg∗(f∗(ωX⊗P0)⊗Q0)⊗P )=Hs(Rjg∗(f∗(ωX⊗P0⊗f∗Q0))⊗P )=0.

Hence for P ∈ T0 general, the Leray spectral sequence gives:

Hi(f∗(ωX⊗P0)⊗P⊗Q0) = H0(Rig∗(f∗(ωX⊗P0⊗f∗Q0))⊗P ).

Now assume by contradiction that the relative dimension of g is strictly smaller
than i. Then by Kollár’s relative vanishing (cf. Theorem 2.1) we have

Rig∗(f∗(ωX⊗P0⊗f∗Q0)) = 0,

hence Hi(f∗(ωX⊗P0)⊗P⊗Q0) = 0, contradicting the assumption that T =
T0 + Q0 is contained in V i(F).

Proposition 3.4. Let Y be a smooth variety of maximal Albanese dimension
such that q(Y ) ≥ 2dimY > 0. Assume that there exists a surjective map
f : X −→ Y , with X a smooth variety of maximal Albanese dimension such
that χ(ωX) = 1.

Then there exists a surjective map ψ : Y −→ C, with C a smooth curve of
genus ≥ 2.

Proof. We prove the statement by induction on the dimension of Y , the case
dimY = 1 being obvious. So assume dimY ≥ 2.

Let P0 ∈ Pic0(X) be a general torsion point and set F := f∗(ωX⊗P0). Since
P0 is general, we have Rif∗(ωX⊗P0) = 0 for i > 0 by Corollary 2.3. Therefore,
we have Hk(Y,F⊗P ) = Hk(X, ωX⊗P0⊗f∗P ) for every P ∈ Pic0(Y ) and for
every k. In particular, χ(F) = χ(ωX⊗P0) = 1.

Assume that dim V 1(F) ≥ 0, let T ⊆ V 1(F) be a component and let i ≥ 1 be
such that T ⊆ V i(F) and T 
⊂ V i+1(F). By Theorem 2.2, T is a proper subset
of Pic0(Y ). By Lemma 3.2 we have dim T ≥ 2 dimY −i−1 ≥ dimY −1 > 0. Let
g : Y −→ S := Pic0(T ) be the induced map and let Z be a nonsingular model of
g(Y ). Since g(Y ) generates S and dimS = dimT > 0, it follows that dimZ > 0
and Z has maximal Albanese dimension. Hence we have

q(Z) ≥ dimS ≥ q(Y ) − i − 1.

By Lemma 3.3, we have

dimZ = dim g(Y ) ≤ dimY − i.

Since q(Y ) ≥ 2dimY , it follows that

q(Z) ≥ 2dimY − i − 1 ≥ 2dimZ + i − 1 ≥ 2dimZ.

Hence by the inductive hypothesis there exists a smooth curve C of genus at
least 2 and a surjective morphism h : Z −→ C. We let ψ : Y −→ C be the map
obtained by composing the rational map Y −→ Z with h. In principle ψ is just
a rational map, but it is not difficult to show that ψ is indeed regular. In fact,
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let Y ′ −→ Y be a birational modification such that ψ induces a regular map
ψ′ : Y ′ −→ C and let ψ′

∗ : A(Y ) −→ J(C) be the induced morphism. Then ψ is
the composition of the Albanese map Y −→ A(Y ) = A(Y ′) with ψ′

∗, hence it is
a morphism.

To finish the proof we have to rule out the possibility that V 1(F) = ∅. Assume
that this is the case. Let a : Y −→ A := A(Y ) be the Albanese morphism and
set F ′ := a∗F . The map a is generically finite, hence by Theorem 2.1 we
have Ria∗F = 0 for all i > 0. It follows that hi(F⊗a∗P ) = hi(F ′⊗P ) for all
i ≥ 0 and P ∈ Pic0(Y ). Since Y has maximal Albanese dimension, by Theorem
2.2 the assumption V 1(F) = ∅ implies hi(F ′⊗P ) = 0 for all i > 0 and any
P ∈ Pic0(Y ), and therefore h0(F ′⊗P ) = χ(F ′⊗P ) = 1 for all P ∈ Pic0(Y ). Let
g = q(Y ), Ŝ : D(A) −→ D(Pic0(Y )) be the Fourier–Mukai transform on A and
S : D(Pic0(Y )) −→ D(A) the Fourier–Mukai transform on Pic0(Y ). The sheaf
F ′ satisfies the Index Theorem with index 0 (cf. [M]), so that L := Ŝ(F ′) is
a line bundle and SgL = (−1A)∗F ′. In particular, there exists P ∈ Pic0(Y )
such that hg(L⊗P ) 
= 0. By [LB, §3.5], this implies that the line bundle L
is negative semidefinite. Hence there exist an abelian variety A′, a surjective
morphism Pic0(Y ) −→ A′ and a polarization M on A′ such that L is algebraically
equivalent to the pull back of M∨ on Pic0(Y ). It follows that the support of
Sg(L) is a translate of Pic0(A′) ⊂ Pic0(Pic0(A)) = A. On the other hand,
by Theorem 2.1 the support of F ′ is equal to a(Y ). Since a(Y ) is a proper
subvariety that generates A, we have obtained a contradiction and the proof is
complete.

We can now give the proof of Theorem 3.1.

Proof of Theorem 3.1. We proceed by induction on dimX. By Proposition 3.4
(with f = id), there exists a surjective morphism ψ : X −→ C where C is a
smooth curve of genus at least 2. Up to replacing ψ by the first term of its Stein
factorization, we may assume that ψ has connected fibers. Let F be a general
fiber. Since X is of maximal Albanese dimension, F is also of maximal Albanese
dimension. By Proposition 2.5, we have χ(ωF ) > 0. By Theorem 2.4, one has

1 = χ(ωX) ≥ χ(ωF )χ(ωC) > 0

and so χ(ωF ) = χ(ωC) = 1. The inductive assumption gives q(F ) ≤ 2 dimF =
2(dimX − 1) and therefore one has q(X) ≤ q(F ) + g(C) ≤ 2 dimX.

Assume now that q(X) = 2 dimX = 2n. In this case one has q(F ) ≥ q(X) −
2 ≥ 2 dimF , hence by induction F is birational to a product C1 × ... × Cn−1

of curves of genus 2. We need to show that the fibration ψ is birationally a
product.

The 3−canonical map of F is a birational morphism whose image is isomor-
phic to C1 × ... × Cn−1. Hence, by replacing X with a desingularization of
the relative 3−canonical image, we may assume that the general fiber F is iso-
morphic to a product C1 × ... × Cn−1. Next we show that the decomposition
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F = C1 × ...×Cn−1 is unique, up to permuting the Ci’s. Notice that the curves
of the form

x1 × .... × xi−1 × Ci × xi+1 × ... × xn−1

have trivial normal bundle on F . Let now C be a curve of genus 2 on F and
assume that C is not as above. Then at least k > 1 of the projections pi : F → Ci

restrict to non constant maps, and thus they give isomorphisms C → Ci. Up to
a permutation of the indices, we may assume that pi|C is constant for i > k and
it is an isomorphism otherwise. Hence we have Ci = C for i = 1, . . . k and there
exist xk+1, . . . xn−1 such that C ⊂ C × · · · ×C ×xk+1 × · · · ×xn ⊂ F . Moreover
C can be identified with the strict diagonal inside C × · · · × C. It follows that
the normal bundle of C is isomorphic to the sum of k − 1 copies of ωC

−1 and of
n − k copies of OC . Hence the curves

x1 × .... × xi−1 × Ci × xi+1 × ... × xn−1

are the only curves of genus 2 on F which have trivial normal bundle.
It follows that every automorphism of F either preserves these systems of

curves or permutes them (we have Ci = Cσ(i) in this case, where σ ∈ Sn−1 is
the corresponding permutation). Using this remark it is easy to check also that
the action of Aut(F ) on H0(Ω1

F ) is faithful.
Denote by P the cokernel of the injection J(C) −→ Pic0(X). Arguing as

in the proof of the Lemme on page 345 of [Be], one shows that there exists
a nonempty open subset C0 ⊂ C such that, denoting by ψ0 : X0 −→ C0 the
restriction of ψ, there is an isomorphism Pic0(X0/C0)

∼−→ C0 × P over C0.
By the discussion above, for every t ∈ C0 there is a canonical (up to the order)
splitting Pic0(Ft) = J(C1,t)×..×J(Cn−1,t), where Ft denotes, as usual, the fiber
over t. Since the abelian subvarieties of a fixed abelian variety are a discrete set,
it follows that the induced decomposition P = J1 × ... × Jn−1 is independent of
Ft.

Take a finite covering C ′ −→ C such that the induced fibration X ′ −→ C ′

has a section (we may assume X ′ smooth, by possibly replacing it with a desin-
gularization). Then we can consider the composition of the relative Albanese
map A(X ′/C ′) −→ C ′ × P∨ with the projection C ′ × P∨ −→ C ′ × J1. Let Y
be a smooth projective model of the image of this map. By construction, Y is
a surface fibered in curves of genus 2 and has relative irregularity ≥ 2. By the
Lemme on page 345 of [Be], Y is birationally a product and, in particular, the
curve C1 does not vary in moduli as t varies in C. The analogous statement
holds of course for C2, ..., Cn−1, hence two general fibers F of f : X −→ C are
isomorphic.

Since the automorphism group of F is finite, one can argue as in [Se] and prove
that X is birational to a quotient (F × B)/G, where G is a finite group that
acts faithfully on F and B and diagonally on F × B, and such that B/G = C.
One has 2n = q(X) = q(B/G) + q(F/G), namely q(F/G) = 2(n − 1). Since, as
we have remarked above, the representation of Aut(F ) on H0(Ω1

F ) is faithful, it
follows that the group G is trivial and that X is birational to C1× ...×Cn−1×C.
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4. Examples

We describe here two families of varieties with χ(ωX) = 1 and unbounded
irregularity.

The first example shows that in Beauville’s result the assumption that “X
be a surface of general type” cannot be weakened to κ(X) ≥ 1. The second
example shows that in dimension ≥ 3 the statement of Theorem 3.1 does not
hold under the weaker assumption that X be of general type, hence the analog
of Beauville’s result is not true in higher dimension.

Example 4.1. We construct a family of properly elliptic surfaces Y with χ(ωY ) =
1 and arbitrary irregularity g ≥ 2.

Let B be a hyperelliptic curve of genus g ≥ 2 and let M be a line bundle
of degree 1 on B such that the linear series |2M | is the g1

2 of B. Set F :=
P(OB ⊕OB(2M)), and let p : F −→ B be the corresponding projection. Let σ∞
be the section at “infinity” and set σ0 := σ∞ + 2p∗M . One has:

σ2
∞ = −2, σ2

0 = 2, σ0σ∞ = 0, KF = −2σ∞ + p∗(KB − 2M).

It is easy to check that |σ0| is a free linear system of dimension 2 on F.
Let D0 ∈ |3σ0| be a smooth divisor, set L := 2σ∞ + 3p∗M , D = D0 + σ∞

and let π : Y −→ F be the double cover associated to the relation 2L ≡ D.
The surface Y is smooth, since D is smooth, and p induces an elliptic fibration
f : Y −→ B. Notice that the surface Y is properly elliptic, since g ≥ 2.

The standard formulae for double covers give:

χ(Y ) = 2χ(F) + L(KF + L)/2 = 1,

pg(Y ) = h0(F, KF + L) = h0(B, KB + M) = g.

It follows that q(Y ) = g and f : Y −→ B is the Albanese map.
Notice that if C1, . . . , Cn−2 are curves of genus 2, then the variety X :=

Y × C1 × · · · × Cn−2 has dimension n and it satisfies:

χ(ωX) = 1, q(X) = g + 2n − 4, κ(X) = n − 1.

Example 4.2. We construct a family of 3−folds Y of general type with χ(ωY ) =
1 and arbitrarily large irregularity. Let D be a smooth plane quartic and let S
be the second symmetric product of D. The surface S is smooth minimal of
general type with q(S) = pg(S) = 3. Let σ be the involution of S that maps a
pair {P, Q} ∈ S to the pair {P ′, Q′} such that P + Q + P ′ + Q′ is the section of
D with a line in P

2. It is well known (cf. for instance [CPT, Ex. 3.3] ) that the
fixed locus of σ consists of 28 isolated fixed points and that the quotient surface
Σ := S/σ is a nodal surface of general type with pg(Σ) = 3 and q(Σ) = 0.

Let C be a smooth curve of genus g ≥ 2, let C ′ −→ C be a smooth double
cover branched on 2m points and let τ be the corresponding involution of C ′.
Set Z := (S × C ′)/(σ × τ). The variety Z is of general type, since it dominates
Σ × C, and it has terminal singularities at the images of the 56m fixed points
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of σ × τ . A desingularization Y of Z can be obtained as follows: blow up X
at the fixed points of σ × τ to obtain a 3−fold X̂ such that σ × τ induces an
involution of X̂ whose fixed locus is a divisor and then take Y to be the quotient
of X̂ by this involution. This description shows that for every i ≥ 0 one can
identify H0(Y,Ωi

Y ) with the subspace of H0(S ×C ′,Ωi
S×C′) invariant under the

involution. We write H0(C ′, ωC′) = H0(C, ωC)⊕ V , where V is the subspace of
antiinvariant forms, which has dimension g+m−1. Then we have identifications:

H0(ωY ) = H0(ωC)⊗H0(ωS), H0(Ω1
Y ) = H0(ωC),

H0(Ω2
Y ) = H0(Ω1

S)⊗V ⊕ H0(ωS)

It follows that χ(ωY ) = g−3m−1, q(Y ) = g and, in particular the map Y −→ C
is the Albanese map. For g = 3m + 2 we have the required examples.

As in the previous example, one can obtain smooth n−dimensional varieties
of general type with χ(ωY ) = 1 and with arbitrarily large irregularity by taking
the product of the above 3−folds with n − 3 curves of genus 2.
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Norm. Sup. (4) 26 (1993), 361–401.

[V] E. Viehweg, Die additivität der Kodaira Dimension für projektive Faserraüme über
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