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CIRCULAR DISTRIBUTIONS OF FINITE ORDER

SOOGIL SEO

ABSTRACT. Motivated by the theory of circular distributions, we introduced a
filtration on the global units attached to the maximal real subfield of a cyclotomic
field and conjectured that the associated gradation is isomorphic, (as a Galois
module) to the ideal class group. This conjecture depends on circular distributions
of Coleman and a guess made by him. In this paper we show that the circular
distributions of finite order cannot be constructed from cyclotomic p-units and
their Galois conjugates.

1. Introduction

This paper concerns circular distributions, that is, Galois equivariant maps
from the roots of unity to the algebraic numbers that satisfy the same distribu-
tion relation as the roots of unity themselves.

A natural class of circular distributions can be formed from cyclotomic p-
units and their Galois conjugates. Coleman in the 80s made a guess that certain
congruence conditions characterize this special class of distributions(cf. [8], [9]),
and this paper shows that Coleman’s guess is not quite right. We present a
counterexample in the form of a distribution that takes only the values 1 and -1,
and give an explicit calculation showing that this example cannot be constructed
in the way alluded to above.

The circular distributions which arise in various contexts in number theory
specially give rise to Euler systems and special units over number fields. It is
known that the order of the class group Clg of real abelian field K is essentially
equal to the order of the quotient Fx /Ck of the units of K by the circular units
of K, but the group structures of these two groups are usually very different.
Motivated by the theory of circular distributions and that of the special units of
Rubin, we introduced a filtration on F as a Galois module and conjectured that
the associated gradation is isomorphic to Clg (as a Galois module). This con-
jectural description of the ideal class groups in terms of a special unit filtration
depends heavily on Coleman’s modified guess stated below.

Let p, denote the group of n-th roots of unity in a fixed algebraic closure
Q& of Q and u the subset of p, containing all roots of unity which are not
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equal to one. Let p’  denote the union of all subsets u). A circular distri-
bution is a Galois equivariant map f from u’, to Q*# such that for any e in
s and positive integer d, it satisfies the following distribution property,

1T 7© = ree),

¢i=e

where the product is taken over all ¢ with (¢ = e.

We denote by ¥ the set of all circular distributions. Let R denote the pro-
jective limit lim Z[Gal(Q(n)/Q)] of the group ring Z[Gal(Q(pn)/Q)], where the
inverse limit is taken over the natural restriction maps from Gal(Q(un,)/Q) to
Gal(Q(pn)/Q) for each m > n. Then ¥ has a natural R module structure.
Among all circular distributions, most crucial and natural is the following dis-
tribution

P(C)=1-¢ C€pg.

The first question, due to Coleman, is whether the set of circular distributions
is a cyclic R module generated by ¢. By finding examples(see below) he imposes
the following congruence relations to f € ¥; for each prime number [ and n € N
with (I,n) =1,

f(e€) = f(¢) modulo primes over (1) for all € € p], ¢ € u.

We denote by F the R submodule of ¥ satisfying the above congruence re-
lations. Let R,, be the group ring Z[Gal(Q(u,)/Q)]. Let ¢, denote a fixed
generator of the group p,. For an element (r,) in the product [[ R,,, we define
Y,y to be i 1 (Cn) := (1 =(p)"™. Let ¥ denote the set {4, | € R}. We recall
Coleman’s guess on circular distributions that F is a cyclic R-module generated

by ¢ :
Does F equal ¥ ?

The following example is due to Coleman. For any set S of odd primes, let
dg be the circular distribution whose value at (, is either -1 or 1, according as
n involves only primes in S or not. Let D be the R-submodule of 3 generated
by ég for all such S. When S is the set of all odd primes, we denote dg by
dodd- In [10], we computed the torsion subgroups X, and Fio, of ¥ and F
respectively: Yior = D, Fior = {1, dodd}-

In Section 2 we compute the Z-torsion subgroup Wi, of W. It follows from
Uior C Fior that Wior C {1,044} By showing that doqq is not contained in ¥
we will show that ¥ is a free Z-module. This shows that Fi,, differs from Wy,
giving a negative answer to Coleman’s guess.

Theorem A. F # V.
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Theorem A lead us to a natural modification, an affirmative answer to which
would be a slight modification of Coleman’s original guess on the circular distri-
butions:

Does F equal ¥ & Fior 7

As we mentioned, one of important applications of the question above is on the
Galois module structures of the ideal class groups of abelian fields. The circular
distributions are naturally used to define the notion of the higher special units
for abelian fields.

We briefly introduce the definition of higher special units of an abelian number
field K. Let K be an abelian extension of F' containing the Hilbert class field of
F. Let I, /F be the set of square free integral fractional ideals a such that each
prime p dividing a has absolute degree one and splits completely in K and the
number of primes dividing a is less than or equal to r. For each prime ideal p of
F,let F(p) denote the ray class field of F' modulo p and for an integral fractional
ideal a, F'(a) the composite field [, , F'(p). Let K(a) be the composite field of
K and F(a). Write w(p) for the order of the image of Er in (Op/p)*, where
Or denotes the ring of integers of F'. Let & /F be the set of maps ¢ from I}, /F

to a fixed algebraic closure F*¢ such that for each a € Iy, /F and prime p|a,

¥(a) € Epga)s Ni(a)/K(ap-1¥(a) = th(ap™)F7»!

and ¢(a) = ¥(ap~ )P modulo primes over p. Following Rubin’s defini-
tion(cf. [6]) of special units, we define the special units S}"{/F of level r to be
{(OF) | ¥ € &/ p}. When the ground field F' is equal to Q we write £ and
Sk respectively for £ and Sy . Using the class number formula(cf. [12])
we compare the group structure of Clg with that of a filtration of higher special
units and propose a conjecture whether they are isomorphic when K is a real
abelian field. Let hx denote the class number of K.

Conjecture. Suppose K is a real abelian field and p an odd prime with p t
(hi,[K : Q]). Then there is the following Z,|Gal(K/Q)] module isomorphism,

STL
Clk®Z, ~ P (STIL ® ZLy).
n>0 K

Hence if we let Z' denote the ring obtained by adding to Z p~* for p | 2(hx, [K :
QJ) then then there is the following Z/'|Gal(K/Q)] module isomorphism,

Sn
Clx =~ P STIL
n>0 “K

In his paper [4], Kolyvagin made a theorem(=Theorem 7 of [4]) on the de-
scription of the structures of both the Selmer groups and the class groups of
abelian fields in terms of certain sets of primes. His arguments gives bases of
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the class groups and the Selmer groups. For a similar structure theorem on the
description of certain cohomology groups in terms of filtration of certain quo-
tients of a ring which is more general can be found in a theorem of Mazur and
Rubin(=Theorem 4.5.9 of [5]).

The conjectural description above depends entirely on Coleman’s modified
guess and class number formula(cf. [12]) in order to get the equality on the
cardinalities of both objects. We used Euler systems(cf. [7]) to give evidence for
this conjecture. For the details we refer the reader to [11] or a subsequent paper.

In Section 3 we investigate norm coherence circular p-units over Z, extensions.
We show that for any prime p the inverse limit {doq4((pn )} of circular distribution
dodd is equal to the inverse limit {t,((yn)} for some r € R over the basic Z,
extension.

Finally we will give a guess on a necessary and sufficient condition for a norm
coherence sequence to be a circular p-units(cf. [1] and [2]).

Guess. Let (apn) be a norm coherence sequence in the Z,-extension Q(pp-) =
UQ(ppn). Then apn is a norm coherence sequence of circular p-units if and only
if there exists an f € F such that f((pn) = apn for all n.

2. Main results

We recall notations defined in the previous section. Let u,, be the group of
n-th roots of unity in Q€ and let p} = pun, \ {1}. Let pioe = U, cn tn and pl, =
too \{1}. Let (,, be a primitive n-th roots of unity in u,, such that I, = ¢, for all
m,n € N. As defined in the introduction let R,, = Z[Gal(Q(u.)/Q)] be the group
ring of the Galois group Gal(Q(u,)/Q) and R = lim R,, be the projective limit
of R,, with respect to the natural restriction maps. For a sequence (r,) € [[ Rn,
we define 1),y to be ¥ )(¢n) = (1 = (n)™. Let ¥ = {4 | r € R}.

In this section we will compute the Z-torsion W, of ¥. We need to recall
the torsion parts Fior and Wy, of F and W respectively. Let S be a set of odd
primes. As in the introduction we let §g be the function on u’, defined to be

—1 if n involves only primes in S,

05(Cn) = { 1 otherwise.

We let D be the R-submodule of ¥ generated by dg for all such S. When S
is the set of all odd primes, we denote dg by doqq. The following theorem was
proved.

Theorem 2.1. Yo, =D, Fior = {1,044}

Proof. See [9]. O

We will use the following isomorphisms of Galois groups: Let m be an odd
number and let Q(pam)™ = Q(Cum + ;1) be the maximal real subfield of
Q(ft4m ). Then there are natural isomorphisms

Gal(Q(am)/Q(pa)) ~ Gal(Q(pm)/Q) =~ Gal(Q(pam) "/ Q).
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The complex conjugation 7€ Gal(Q(u4)/Q) acts trivially on Gal(Q(ptam)/Q(114)).
Thus we will see Z[Gal(Q(u4m)/Q(14))] as a

ZIGal(Q(p14m)/Q)] = Z[Gal(Q () /Q)] © Z[Gal(Qp1s)/Q)]-module.

Let C,, be the circular units of Q(uy,), i.e., the subgroup of Eg(,,,) generated
over Z[Gal(Q(uy)/Q)] by 1 — ¢ as ¢ runs through all n-th roots of unity. Let
D,, := (1 — ¢,)% be the subgroup of C,, generated by (1 — (,) over R,,.

We assume from now on that the Z-rank of D,, is equal to the Z-rank of the
group of units. This is the case if the Z rank of D,, equals the Z rank of the
group of circular units. Note that if n is a prime power then this is always true.
We denote by N, (n) the norm map from Q(u,)" to Q;

Ni(n):= Z o.

o€Gal(Q(un)t/Q)

First let n be not a prime power. We denote by (D,,)tor the Z-torsion part
of D,,. The map p defined as p(>" ay0) := (1 — (4, )2 %7 gives us the following

surjection,
Z[Gal(Q(pn)*/Q)]
< Ni(n) >
Dirichlet’s unit theorem shows they have the same Z-ranks. Notice that the
complex conjugation 7 acts trivially on the left side and 7 also acts trivially on
the right side as

— Dn/(Dn)tor — 0.

(1 —1)D, C (Dp)tor-
Moreover these two are torsion free Z|Gal(Q(uy,)/Q)]-modules. Thus it follows
that the surjection above is an isomorphism.

If n is a prime power p” then D, is not contained in the group of units any-
more. It is the group of p-units which has the same Z-rank as Z[Gal(Q(u,)"/Q)].
Moreover D,,/(Dy)tor and Z[Gal(Q(u,)"/Q)] are torsion free and hence p in-
duces the following isomorphism,

Dy /(Dp)tor =~ Z[Gal(@(ﬂn)+/(@)]'

We have proved the following Lemma.

Lemma 2.2. Suppose that D,, has the same Z rank as that of the group of
circular units when n is not a prime power. As Z|Gal(Q(u4n)/Q)]-modules, we
have isomorphisms

Z]Gal(Q(un)T/Q)] if mis a prime power,

ZIGal(Q(un)t/Q)]/ < Ni(n) >  otherwise.
For an R-module M, we denote by anng M the annihilator of M in R,
annpM = {r € R|r-m=0}.

For each 0 € Gal(Q(u,)/Q) we write 0 = o0y, if 0(() = X" Note that
the subscript i(r) in ¢ = o4,y depends on 7. We will write i(r) = i if no

Dn/(Dn)tor L’
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confusion occurs in the context. From the following Z[Gal(Q(p4y,)/Q)]-module
isomorphism

Z[Gal(Q(pn) " /Q)] ~ Z[Gal(Q(pn)/ Q)]

—

< Ny > <o;—o_; | 0, € Gal(Q(un)/Q), Ny >

if n is not a prime power and

Z|Gal(Q(un) " /Q)] —

Z[Gal(Q(pn)/Q)]
< 0;—0_; ‘ o; € Gal(@(,u,n)/(@) >
if n is a prime power, we obtain the following useful

Lemma 2.3. Under the same assumption of Lemma 2.2 we have

<oi—o_; | 0,€Gal(Q(un)/Q) >
if nis a prime power,
ANNZ[Gal(Q(un)/Q)] P/ (Dn)tor =

<o;—o_; | 0, € Gal(Q(un)/Q), Ny >
otherwise.

The torsion (D,,)tor of D, can be easily determined. We know that (D,,)tor
is contained in the torsion of the unit group of Q(u,,) which is £u,,. The torsion
(Dy)tor contains +¢, as (o7 —o_1)(1 — ;) = —(, and thus we have

Lhn if n is even

(Dn)tor -
+u, if nis odd.

In the argument of the proof of Theorem A we need to compute the annihilators
of D,, explicitly.

Proposition 2.4. Let p be an odd prime and n = 4p. Then the annihilators
A(n) of D, in the group ring R, are generated over Z by the following sets,

{n(al —o0_1),k(c1 —o-1) — (o —0_4),

Z a|3§k§n/2,(k,n)=1}
c€G(Q(pn)/Q(p4))
if p =1 modulo 4,

{Z(gl — 0'_1) — N+(n),k(01 — U—l) - (Uk - U—k)v

> a|3§k§n/2,(k,n):1}

c€G(Q(pn)/Q)
if p = 3 modulo 4.
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Proof. Let p, be the map from R,, to D,, defined by p,(a) = (1—_,)*. Let pr
be the natural projection from D,, to D,,/uy,. Let p,, := prop, be the map from
R, to D, /u,. Let A, := Ker(p,,). Note that A(n) = Ker(p,,) = ann(1 — (,).
By applying the snake lemma to the following diagram,

0 —> A(n)—> R, —> Dy — 0

b

0 — An —»Rn HDn//‘LnH 0

we see that the cokernel of the map from A(n) to A, has order n. We know
the Z-basis of A,, from Lemma 2.3. Hence in order to find Z basis of A(n) it is
enough to find a Z-independent set in A(n) such that the relative volume(index)
is n. It also follows from Lemma 2.2 that D(n)/u, and R, are free Z-modules of
rank p(n)/2 — 1, p(n) respectively. Throughout the proof of the proposition we
will identify N (n) with an element in Z[Gal(Q(u,)/Q(ra))] so that Ny (n) =
ZG’EG(Q(M”)/Q(#4)) o via the following isomorphisms,

Gal(Q(pn)/Q(pa)) = Gal(Q(pp)/Q) ~ Gal(Q(un) " /Q).

First suppose that p = 1 modulo 4. From Lemma 2.3, we set the following
Z-basis of A,,:

o —o_; if 1<i<n/2, (i,n)=1,
Vi =

Ni(n)  if i=¢(n)/2+1.

We define the following Z-independent set in the group ring R,,.

n(al—a,l) if izl,
wi:=< i(or—0-1) — (0 —o—;) if 3<i<n/2, (i,n)=1,
Ni(n) if i =¢(n)/2+ 1.

The set defined above is actually contained in .A(n), the annihilators of D,,,
which can be easily shown. For instance the last term N, (n) can be checked as
follows,

Ny(n)(1— CpC4) =(1- C4)Frp71 =1.

In order to compute the relative volume of two spaces generated by v;’s and w;’s
we write w; in terms of v;, w; = ) a;v;. The p x p matrix (a;5) can be written
in the following form.
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n 0 0 0 0
3 -1 0 0 0
5 0 -1 0 0
7 0 0 -1 0
0 O 0 |

Then it follows that the determinant of this matrix is equal to —n which proves
the first half of the proposition.

Next suppose that p = 3 modulo 4. We write p = 4k 4+ 3. From the
isomorphisms of Galois groups above we extend o; € Gal(Q(u,)/Q) defined to be

Uz‘(Cp) = C; into oy, € Gal(Q(p4p)/Q(pa)) with o4, (¢n) = ¢ and 0z, (C4) = Ca-
We have the following congruence relation

_J i modulo p,
Ti=13 1 modulo 4.

Hence x; satisfies
x; = —p+4(k+ 1)i modulo n.

We associate to each x; a unique integer T; € Z which lies between —2p and
2p and congruent to x; modulo n. Let X, denote the set of x;’s such that
0 < Z; < 2p. Similarly X_ for those z; with —2p < Z; <0

Xy ={z;|1<i<p—-1, 0<7; < 2p},
and

X_={z;|1<i<p-1, —2p<7; <0}
In order to compute X, and X_ explicitly using the above congruence z; =
—p + 4(k + 1)i modulo n we need to find indices i’s such that the following
equalities hold for some integers ¢t and s,
(%) —2p<pli—1)4+i4+nt<0,0<p(i—1)+i+ns<2p.
We will need to define the following partitions of S,_; :={1,...,p — 1},

forr=1,2, S,_1(r):={4l+r|0<1<k}
and
forr=3,4, Sp_1(r):={4l+r|0<I<k—-1}

By pluging each index i chosen from S,_;(r)s into the above congruence (x),
X, and X_ can be found as follows,

Xy ={zalac Sp1(1)USH-1(2)},

X_={z,]aeS_1(3)US,—1(4)}.
Note that the cardinality | X | of X is equal to 2k 4+ 2 and |X_| = 2k. We let

k—1

A(X_) = Z T = Z(T4l+3 + Ta144).-

1€X_ =0
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When [ = 0 in order to get T3 and T4 one must subtract n from x3 and x4
respectively. In the same way to get T4 43 and Ty14 one need to subtract
n(l + 1) respectively. It follows from z; = —p + 4(k + 1)i that the sum A(X_)
becomes

k—1

AX_)=>> (=2p+4(k+1)(81+7) — 8p(l + 1)) = —2pk.

1=0
This sum A(X_) will be used to compute the determinant of the relative matrix
later. From Lemma 2.3, we set the following Z-basis of A,

o, —o_; if 1<i<n/2, (i,n) =1,
V; i —
Ni(n) if i=¢(n)/2+1.
We define the following Z-independent set in the group ring R,,,

Glo1—0-1) = Ny(n) if i=1,
w; =4 ilor—o_1)—(0s—0—;) if 3<i<n/2, (i,n) =1,
. . p(n
2reGal(@(un) /@) i i = 25+ 1
We claim that these elements w;’s are contained in A(n). As Ny (n)(1 — (4(p)
is equal to (1 — (4)f»=1 = —¢; ! it follows that w; = p(oq — 0_1) — Ny(n)

annihilates D,,. For 3 < i < n/2, (i,n) = 1, it is obvious that w; kills 1 —
Cn- As m is not a prime power it follows that the norm ZUGG&I(Q( 1) /@) O also
annihilates 1 — ¢,,. This justifies our claim. Now we express the norm N(n) :=
>0 €Gal(@(un)/0) O 1 terms of N (n) and vy, ..., vap—1,

N(n) = 2Ni(n)+ Z v; + Z V_;

ieXy i€X_
= 2Ni(n)+ Z Vi — Z U5
e i€X_

We define sgn(i) to be

. 1 if T; e Xy,
sen(i) ::{ 1 mex

Note that Won) 4 is written in the following form.

2
Wom g = Z o=2N,(n)+ ngn(z)vi.

ceG

Again in order to compute the relative volume of two spaces generated by v;’s
and w;’s we write w; in terms of v;, w; = > a;;v;. The p X p matrix (a;;) can
be written in the following form.
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D 0 0 —1
3 -1 0 . 0
5 0 -1 0 0
7 0 0 —1

1 sgn(3) sgn(b) - - - 2

We compute the determinant of this matrix in the following equation.

det(aij) = *2p - ( Z Sgn(l)l)

1<1<2p—1,(1,4p)=1
D B > )
1<I<2p—1,(1,4p)=1 1<I<2p—1,(l,4p)=1,sgn(l)=—1
= =2p—((p° —p) +2A(X))
= —2p—((p* —p) + 2(—2pk))
(

This completes the proof of the Proposition. O
We are ready to prove the following theorem that W is a free Z-module.

Theorem 2.5. ¥, = 1.

Proof. Let f be a nontrivial element of Wi,.. By Theorem 2.1, f = doqq. Let
dp == n(o1 —o0-1) € R,. One can see that do4d((n) = ¥a, () for all n. As
f € Wior, f can be written f = 1), for some r = (r,) € R. Let p be a fixed odd

prime and let n = 4p. It follows from doqa(Cap) = Va,, (Cap) = f(Cap) = ¥r(Cap)
that

T4p = dap + agp, for some ay, € anng, (1 — (4p).

We observe the following equation.

(1) -1 = 5Odd(<p) = d)dp (Cp) = (1 _ Cp)p(al—ﬂ—l)

(1- Cp)dp = (1 - Cp)rp
= (I-¢)=(01- Cp)d4p+a4pa asr = (rn) € R
= (-G
We define the following notations.
) 1-¢ ) . o
&l (n) := . Q_Z, &'(n):=1-¢, for i,j,n € Z.

We show that the equation (1) is impossible for some n. We need the following
statement.

Claim. Dgg == 028-
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Proof of the claim. We know that Cag is generated by §i(28),ig‘28,§{(7)7j =
2,3,4,5,6 and &3(4). By applying o1 —o_1 to (1 — (28) we see that Dag contains
—(og and hence (—(28)'* = —1. By applying the norm map Nag 7 to £1(28) we
get €4(7) and o4€4(7) = E3(7), EXT)EX(T) = EX(7). Tt follows from
0361 (7) = &(7), 0361(7) = €5(7) = &1(7) = (=7 H&(D)
that Dayg contains £3(7). Furthermore it follows from
&(NET) = &(T) = (=¢)&(7)
that Dog contains £7(7). Note that £(7) = £, 1(7) = —(; ' € Dag. This shows

that Daog contains C7. One can show that Dsg contains Cy as well. O
We apply Proposition 2.4 to find Z-independent set in 4(28):

7(0’1—0_1)—N+ if ’iZl,
w; ‘= ’L'(O'lfU_l)*(O'i*O'_i) if 3§Z§14, (7,,28):1,

e O if i=7.

It follows that if ass € A(28) then (1 — (7)?2* is a product of either —p, p* or 1.
Thus the equation (1) is impossible for p = 7. Hence Wy,, must be the trivial
group. This completes the proof of Theorem 2.5. ]

As an immediate corollary of Theorem 2.1 and Theorem 2.2, we obtain the
following theorem.

Theorem 2.6 (=Theorem A). F # V.
In the proof of Theorem 2.1 we note the following

Corollary 2.7. doaa can be written in the form of (4, ),dn € Ry} dodd(Cn) =
(1 —¢p)%, for some d, € R,,.

Corollary 2.7 shows that for f € F even if f(¢,) belongs to (1 — )% for all
n, f need not belong to W.

3. Coherence sequences over Z, extensions

We are interested in characterizing norm coherence circular p-units in Z,-
extensions. Let a(n) :=n(oy —o_1). Let foqa(Cn) := (1 —¢,)*M. We know that
foda is not contained in R-cyclic module ¥. However if we restrict f,qq to the
basic Z,, extension Q(pup) := J,, Q(upn) of Q(pp)(cf. [3]), then we have a nice
expression of foqq. We know from Lemma 2.3 that

annZ[Gal(Q(upn)/Q)]Dn/(Dp")tor =<o0;—0_;: 0; € Gal(Q(upn)/Q) > .
Using the same arguments of Proposition 2.4 we can obtain

(2) Apr = annz(Gai(Q(u,n)/Q)) Dp» =
< 4(0’1— 0'_1) — 2(0’2— 0'_2), k‘(O’l_ 0'_1) - (Uk_ U—k) :3<1< pn/27 (va) =1>
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It follows from the coherency property ( for m > n,)
res(a(p™)) = a(p") modulo anng , Dpn

that
res(a(p™)) = a(p") + a(p™), for some a(p™) € anng,,, Dpn.
We can lift the element a(p™) to a(p™) in Rpm which is possible from the equation
(2) of the annihilators anng , D,. If we reset a(p™) := a(p™) — a(p") instead
of a(p™), then we have the following equation:
fodd(Cp") = (1 - Cpn )6(p”)7 a(pn) G RpOO (:: liilRp"b).

We believe that this happens for the coherence sequence foqq(Cpn) = ((—1))pm
comes from values of a universal circular distribution f,qq € F. From this ob-

servation we are tempted to state the following guess. (Note that this is weaker
than Coleman’s guess.)

Guess. Let (apn) be a norm coherence sequence over the basic Zy-extension
Q(ppe=). Then apn is a norm coherence sequence of circular p-units if and only
if there exists an f € F such that f((pn) = apn for all n.

Let {G,,} be an inverse system of abelian groups with homomorphisms 7, , :
G — Gy, Let H, be a subgroup of G,,. Let Q(G,,,H,) :=<h—1:he€ H, >
be the Z|G,] submodule generated by h — 1, h € H,,. It follows from the exact
sequence

1— QGn, Hy) — Z|G,) — Z|Gn/Hy) — 1
that
1 — lim Gy, Hy) — lim Z[G,]| — Um Z[G,,/H,).
p— p— p—
If ropm : UG, Hy) — QU(Gy, Hy,) is surjective for all sufficiently large n,m
with n < m then we have the exact sequence

1 — UmY(Gp, Hy) — Im Z[G,] — ImZ[G,/H,] — 1.

This is the case when G, is the Galois group Gal(Q(u,)/Q) and H,, is the
p-complement subgroup of G, H, := Gal(Q(in/pen )/Q), where n = []p°".
Hence it follows that the “only if” part of the guess holds trivially.

For the “if” part of the guess we can state that for all f € F and for all
n € N, there is a constant ¢ which depends only on p such that f¢((,n) is a norm
coherence circular p-units.

Notice that all coherence sequences in Z,-tower do not have to be written in
this way. A sufficient condition regard this was made by Coleman|2] in terms
of Archimedean characterization: A subset S € Q is called bounded if the set
JoS(o ranging over all embeddings Q@ <« C) is a bounded subset of C. The
following theorem is part (a) of Theorem A in [2].

Theorem 3.1 (Coleman). Suppose a,, € Q(upm)(m > 1) is a bounded norm
compatible sequence of cyclotomic numbers. Then a,, is an integral circular
p-units for all m > 1.
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Certainly not all coherence sequence of circular units are bounded. We refer
the reader to [2] for the detail. We propose a sufficient condition to the guess
above. Using Theorem A in [8], we can define w : F x P — N: w(f,p) is
the smallest positive integer ¢ such that f¢((yn) € Cpn, for all n € N. Using
the equation (2) we also define v : F x P — lm(Rpyn /Apn): fUUEP) (Cpn) =
Y50 (Gpn ). Note that v(f,p) has a lifting to Ry~ from the equation (2). Let
Zy,7_ be the set of positive integers and set of negative integers respectively.
Let Ry be the subset of Ry~ with positive integral coefficients:

Rfw :={(rpn) € Ry | 1pn € Z4[G] for all n € N}
and similarly
Ryoc i={(rpn) € Ry | 1pn € Z_[G] for all n € N}.

Proposition 3.2. Let f € F and p be an odd prime. Suppose that vy(f,p) has
a lifting to (f,p) € Rpes such that

A(fop) =77 (f,p) +77 (f.p),

for some 31 (f,p) € R;oo, Y~ (f,p) € Ryoo. Then f(Cpn) = tp,n ((pn) for some
(rpn) € Rpe.

Proof. From the assumption, there is a constant w such that

F(Gpn )™ = D3+ 1.0y (Gpn) Y3 (5,p) (Cpr )-
It follows that

(W52 () G ) (o)™ = Y5+ (1.007 () (Gon):

The right hand side of the above equation is a bounded norm coherence sequence.
Thus w;_l( s p)(Cpn) f(¢n) is a bounded norm coherence sequence. By applying
Theorem 3.1 of Coleman we complete the proof. O
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