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ON THE DRINFELD GENERATORS OF grtt,(k) AND
-FUNCTIONS FOR ASSOCIATORS

BENJAMIN ENRIQUEZ

ABSTRACT. We prove that the Drinfeld generators of grt; (k) linearly span the
image of this Lie algebra in the abelianization of the commutator of the free Lie
algebra with two generators. We show that this result implies I'-function formulas
for arbitrary associators.

Introduction and main results

0.1. Results on grt, (k). Let A, B be free noncommutative variables and k be
a field with char(k) = 0. Let f2(A4, B) be the free Lie algebra generated by A, B.
The Lie algebra grt, (k) is defined in [Dr] as the set of all i) € f2(A, B), such that

(1) (B, A) = —¢(4A, B),

(2) (A, B)+¢(B,C)+¢(C,A) =0 if C=—-A-B,

(3) Y1234 pl28d 1234 234 4 128

The last relation takes place in the Lie algebra t4, defined as follows. When
n > 2, t, is the Lie algebra with generators t;;, ¢ # j € {1,... ,n} and relations

tij = ty if 1 #£ 4, [tij + tik,tjk] = 0 if ¢, j, k are distinct, and [tij;tkl] = 0 if
i,7J,k,l are all distinct. If I,...,I, are disjoint subsets of {1,...,m}, then
the Lie algebra morphism t, — t,,, ¥ s dfIn(¢h) = pli+In is defined by
tij — Zaeliﬁelj tap. Then t3 is the direct sum of its center k(t12+1t13+t23) and
the free Lie algebra generated by t12, to3, and we use the identifications A = ¢y,
B = to3.

grty (k) is also equipped with a graded Lie algebra structure (it is not a Lie
subalgebra of f3(A4, B)).

Define p C f2(A, B) as the commutator subalgebra. If we assign degrees 1 to
A and B, then p is the sum of all the components of f2(A, B) of degree > 1. It
follows from Lazard elimination (see, e.g., [Reu]) that p/[p,p| is an abelian Lie
algebra, linearly spanned by the classes py of ad(A)*~! ad(B)*~*([A, B]), where
k,¢ > 1. We have grt, (k) C p; gty (k) is a graded subspace of p.

In [Dr], Drinfeld constructed a family of elements o, € grt, (k) (n = 3,5,7,...),
such that the image of the class [0,] of o, in p/[p,p] under the isomorphism
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i:p/[p.p] = (A B) CKk[A, B], pre — A
_|_

We will prove:

Theorem 0.1. Assume that ¢ € grt, (k) is homogeneous of degree n. If n is odd
and > 3, then the image [¢p] of ¢ in p/[p,p] is proportional to [0,]. Otherwise,
this image s zero.

Let us summarize the proof. Condition (3) may be written as d(y)) = 0,
where d : t3 — t4 is a certain linear map. We show that it restricts to a
linear map d' + d’ : fo — f3, which is itself the restriction of a linear map
d +1lyo0d": Fy — F3. Here fi, (resp., Fy) is the Lie (resp., associative) algebra
with k generators. We also know that ¢ € p. We introduce ideals Iy C Fb,
I3 C Fj3 of ”ill-ordered” elements. We have vector space isomorphisms of the
corresponding quotients with symmetric algebras, namely Fy/I, ~ k[X,Y] and
F5/I3 ~ k[7,7,Z|. The key result is that (d' +1I40d")(I3) C I3, so that we get a
map d’ + Il o d” : k[X,Y] — k[T, 7, 2], which we explicitly compute. Moreover,
[p, p] C I, hence we get a map p/[p,p] — F»/I>, which is injective (its image is
the ideal (X Y)). This allows to partially determine [¢)] € p/[p,p]. Condition
(2) imposes an additional condition on [¢)]. These conditions imply that [¢] is
as in Theorem 0.1.

Remark 0.2. Actually, we show that the conclusion of this theorem is valid if
we assume that ¢ only satisfies (2) and (3).

Remark 0.3. The maps ¢ — 234 o — 1234 ete., extend to algebra
morphisms U (f2(A, B)) — U(ts4). Similarly to [EH], one can show that {¢ €
U(f2(A, B))JW satisfies (1), (2) and (3)} = {a!'?3 — a1 — a?3 + al?|a €
tlgk[ﬁlg]} NP gttl (k)

0.2. T-functions for associators. Let F, be the degree completion of the
algebra U (f2(A, B)) (A and B have degree 1).

If A € k*, then Assoc) (k) is defined as the set of all ® € F\QX, such that

(A, B)erM/20(C, A)e ?d(B,0)e*B/2 =1 if C =—A- B,
$234pl23.451.2,3 _ §l.2,34512,3.4

In particular, ® has the form ® = exp(), with ¢ € f2(A4, B) (the degree com-
pletion of f2(A, B)).

We also set Assoc(k) = {(A\, ®)|\ € k*,® € Assoc,(k)}.

If X is any element in 1/7\2, then there is a unique pair (X4, Xp) of elements
of Fy, such that X = &(X)1 + X4A + XgB (here ¢ is the counit map of F3).
We denote by X — X? the abelianization morphism Fj — k[[A, B]], defined as
the unique continuous algebra morphism such that A — A, B — B.
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Recall the formula ((n) = (27i)"™r, for n even, where r, is a rational number
(we have r, = —B,,/(2n!), where B,, is the Bernoulli number defined by u/(e" —

1) = >z BeuF /).
Corollary 0.4. Let A € k* and ® € Assocy(k), then there exists a unique
sequence (Co(n))n>2 of elements of k, such that
ab _ F‘I) (Z+ E)

Pe(A)Te(B)’
where L'y is the invertible formal series I's(u) = exp(—3_, 5o Co(n)u/n). We
have (a(n) = A"r, for n even.

(4) (1+®pB)

This result is contained in an unpublished paper by Deligne and Terasoma.
Our proof relies on Theorem 0.1 and the torsor structure of Assoc(k).

1. Proof of Theorem 0.1

According to [Dr], the Lie algebras t,, have the following properties. The
elements t;,, © = 1,... ,n — 1 generate a free subalgebra f,_1 C t,. The Lie
subalgebra of t,, generated by the ¢;;, i # j € {1,...,n — 1} is isomorphic to
t,—1. We have t, = f,_1 @ t,_1; this is a semidirect product as t,_1 may be
viewed as a Lie algebra of derivations of f,_1.

Let us set T;, = U(t,). The Lie algebra morphisms v +— dft-+In(yp) =
T In extend to algebra morphisms 7}, — T}, which we denote in the same
way.

We set d = —d>3%  d'2:34 — q1.234 4 q1234 _ g1.23 So d = d' + d”, where
d = —d?3* 4 @234 — ¢1234 and d" = d%?3* — d23. Then d,d’,d" are linear
maps T3 — Ty, which restrict to linear maps t3 — t4 (which we denote the same
way).

Lemma 1.1. The linear maps d,d’ and d’ map f2 C t3 to f3 C t4.

Proof. There is a unique Lie algebra morphism ey : t4 — t3, with e4(t;;) = ti;
for i < j <4 and €4(t;4) = 0 for i < 4. Then Ker(ey) = fs.

We have g4 o d” = 0, hence d’(f2) C Ker(e4) = f3. On the other hand,
the Lie algebra morphisms d%34,d'?34 and d"2?3* : t3 — t; are such that
(tiz,t23) — (toa,t3a), (t13,t23) — (t1a + toa,t34), (ti3,t23) — (t14,t24 + t34),
so these morphisms take the generators of f3 to fs, so they induce Lie algebra
morphisms fo — f3. Therefore d’'(f2) C f3. It follows that d(f2) C f3. O

We set F,—1 := U(fn-1), Tp, := U(t,,). Then the tensor product of inclusions
followed by multiplication induces a linear isomorphism F,,_1 ® Ty_1 — T,. We
denote by II,, : T}, — F},_1 the composition T}, S F, 19T, idge F,,_1, where
e:T,-1=U(t,—1) — k is the counit map.

Lemma 1.2. d' : T3 — Ty is such that d'(F) C F3. On the other hand, the

composition Fy C T3 4, Ty oy F3 is a linear map Fo — F3 extending d” : fo — 3.
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So we have commuting diagrams

Fy 4 F 3 Fy 4 T} UC 2 3

U U and U U
d/ d//

fo — 3 f2 — f3

Proof. We have seen that the Lie algebra morphisms d234, d'234 and d'-234 :
t3 — t4 restrict to Lie algebra morphisms fo — f3. It follows that their extensions
to algebra morphisms T3 — T} restrict to algebra morphisms Fr — F3. As d' is
a linear combination of these morphisms, it follows that d’(F3) C Fs.

Let 1) be an element of fo. We have seen that d”’(v) € f3 C Fs. For any

x € F3, we have I14(z) = x. Therefore I14(d”(v)) = d" (). O
It follows that
(5) Ker(d . ](2 — ](3) = Ker(d’ —+ H4 9] d// : FQ — Fg) N ](2.

We now define vector subspaces Is C F5 and I3 C F3 as follows.

Set X :=t13, Y := to3 (elements of F3). Then Fy = k(X,Y). A basis of F;
is the set of all words in X,Y. We define I5 to be the linear span of all words of
the form WXW'YW", where W, W', W" are words in X,Y. So I, is spanned
by the non-lexicographically ordered words, where the order is Y < X.

Set x 1= t14, y = to4, 2z := t34 (elements of F3). Then F5 = k(x,y,z). A
basis of Fj is the set of all words in x,y, 2. We define I3 to be the linear span
of all words of the form wzw'yw”, wrw'zw"” or wyw’'zw”, where w,w’, w” are
words in x,y, 2. So I3 is spanned by the non-lexicographically ordered words,
where the order is z < y < z.

Lemma 1.3. We have linear isomorphisms Fy/Iy ~ k[X,Y] and F3/I3 ~
k[Z,7,z|, where X,Y on one hand, T, 7,z on the other hand are free commutative
variables.

Proof. Let Vo C F5 be the subspace with basis Y?X®, where a,b > 0. Then
Vo @ Iy = Fy, so we have an isomorphism Fy /Iy ~ V5. We then compose this
isomorphism with Vo — k[X,Y], Y?°X% — X7

Let V3 C F3 be the subspace with basis z°y’z%, where a,b,c > 0. Then
V3 @ Is = F3, so we have an isomorphism F3/I3 ~ V3. We then compose this
isomorphism with V3 — k[Z,7, %], 2°y°x® — T%°Z°. O
Remark 1.4. Even though I, is a two-sided ideal of F,, (a = 2, 3), the isomor-
phisms of Lemma 1.3 are not algebra isomorphisms. Indeed, the algebras F,, /1,
are noncommutative and have zero divisors. Ul

o 152,34 I,
Lemma 1.5. Define m : Fy — F3 as the composition Fy C T35 ~— Ty — F3.
Then Ilyod" (W) = (W) —e(W)1 for any W € Fy (here e : F5 = U(f2) — k is
the counit map).

Let 713,723 be the derivations of F3 defined by 713 : © — [z,z], y — 0,
z[z,2] and o3 : x — 0, y — [y, 2], z — [2,y].
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Then we have, for any W € Fs,
(6) T(XW) =axn(W) +r3(n(W)), w(YW)=yr(W) + mo3(m(W)).

Proof. If W € Ty, then 11, 0 d-23(W) = ¢(W)1, where ¢ : T3 = U(t3) — k is
the counit map. So if W € Fy, we have Il o d” (W) = 14 o d&234(W) — e(W)1.

Let us now prove formulas (6). Let W € F, then d"*34(W) = n(W) +
>, wit;, where w; € Fy and t; € Ker (¢ : T3 = U(t3) — k) (here ¢ is the counit
map). So

d1’2’34(W) = (t13 + tua)(wr(W) + Z’IUiti)

We have [ti3,w] = m3(w) for any w € F3, so this is the sum of zm (W) +
7'13(7T(W)) and Zz xwiﬁi +7T(W)t13 + Zz Tlg(wi)ti + Zz w; (tlgti). The first term
belongs to F3 and the second term belongs to F3Ker (¢ : T35 — k), so the image
of their sum by Il is the first term, i.e., zw(W) + m3(7(W)). This proves the
first identity of (6). The second identity is proved in the same way. Ol

Proposition 1.6. We have d'(I3) C I3 and Iy o d"(I3) C I3.
Proof. Let W1, W5, W3 be words in X,Y. Then
A>3 WL XWoY W) = d>34 (W) yd® 34 (Wy) zd* 34 (Ws),

which decomposes as a sum of words of the form w;ywszws, where w; are words
on z,y,z. So d>>*(W1 XWoYWs) € I3, which shows that d®3%(Iy) C Is.
In the same way,

d12,3,4(W1XW2YW3) — d12’3’4(W1)(.CE + y)d12’3’4(W2)2d12’3’4(W3)

belongs to I3, so d'?34(Iy) C Is.
Similarly,

d1,23,4(W1XW2YWS) — d12,374(W1)wd12,3,4(W2)(y + Z)d12,3,4(W3)

belongs to I3, so d\'?34(Iy) C Is.

Since d’ = —d?3* + d1234 — 1,234 it follows that d'(I5) C I3.

Let us now prove that Iy o d”(I3) C Is.

If W € Fy, we have IIyod” (W) = (W) —e(W)1. Since e(W) = 0if W € Iy,
we have to prove that 7(I3) C I3.

We denote by I3[n] the degree n part of Iy (here X,Y have degree 1). We
will prove by induction on n that 7(I3[n]) C Is.

When n = 2, I1[n] is spanned by XY. Then n(XY) = I4((t13+2)(ta3+vy)) =
xy + 113(y) = xy belongs to Is.

Let n > 3 and assume that we have proved that 7(Iz[n — 1]) C I3. Let us
prove that 7(Iz[n]) C Is.

I5[n] is spanned by the words YW1 XWoY W35, where Wy, Wy, W3 are words
in X,Y of total length n — 3, and by the words XWY W5, where W7, W5 are
words of total length n — 2. We should prove that 7 takes these words to Is.
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Let us study the image of the first family of words. Set W := W1 XW,Y Wj.
Then W € I3[n — 1], and according to (6),

(7) T(YW) = ym(W) + 723(7(W)).
Now the induction hypothesis implies that w(W) € I3. Since I3 is a two-sided
ideal of F5, ym(W) € Is.

On the other hand, let us prove that if w € I3, then mo3(w) € Is. If wis a
word of the form wyxwsoyws, then

Tog(w) = To3(w1)xwoyws+w1xTeg (we )yws+wi xwsaly, z]ws+wi rweyres(ws) € Is.

If w has the form wixwszws, then

Tog (W) = Toz (w1 )xwazws 4wy xTe3(we) zwW3+wi TW2 |2, Y| ws+w xWa 2723 (W3) € I3.

If w has the form wiywszws, then

m3(w) = Tez(wi)ywezws + wily, zJwazws + wi1yTez(wa)zws + wiyws(z, ylws
+wy ywazTez(ws) € I3.

By linearity, it follows that if w € I3, then mo3(w) € I3.

In particular, since 7(W) € I3, mo3(w(W)) € Is. Therefore (7) implies that
W(YW) € Is.

Let us now study the image of the second family of words, i.e., m(XW1Y Ws),
where the total length of W7 and W5 is n — 2. Let us first show:

Lemma 1.7. ©(W1YW,) has positive valuation' in y.

Proof of Lemma. Let €, : F5 — F5 = k(t13,t23) be the morphism defined by
x — t13, y — 0, 2 +— to3. We want to show that e, o 7(W;YW5) = 0.
We have a commutative diagram

T, 32 T
T4 | l II3
B 2R

Here g5 : Ty — T3 is the morphism induced by the Lie algebra morphism t; — {3,
tij— 0if i or j = 2, t13 + t12, t14 = 113, t34 > t23. Indeed,

2 11
P(t14,toa,t34)Q(t12, t13, t23) =3 P(t13,0,t23)Q(0, t12,0) =% P(t13,0,t23)Q(0,0,0),
whereas
P(t14,t24,t34)Q(t12, t13, t23) it P(t14,1t24,134)Q(0,0,0) =, P(t13,0,t23)Q(0,0,0).
It follows that ¢, o 7 (W1 YW3) = Il o0&y 0 dbV234 (WY W,). Now e o

d1’2’34(W1YW2) = &9 (d1’2’34(W1)(t23 + t24)d1’2’34(W2)) =0. O
Lemma 1.8. If w is a word in x,y, z of positive degree in y, then
(8) zw + 13(w) € Is.

IThe valuation in z; of a nonzero element of a free algebra k(x1,...,zn) is the smallest

degree in x; of a word appearing with a nontrivial coefficient in its decomposition; the valuation
of 0 is +o0.
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Proof of Lemma. The word zw contains zy as a subword, hence zw € I3.
Let us now write w as a product w’yw”, where w’,w” are words. We have
T13(w) = mz(w)yw” + w'yrs(w”). In general, if w” is a word, then 713(w’)
has positive valuation both in z and z. Since 113(w’) (resp., T13(w”’)) has positive
valuation in z (resp., in z), T3(w’)yw” (resp., w'yri3(w’”)) contains zy (resp.,
yz) as a subword. It follows that 73(w) € I5. This implies (8). O

End of proof of Proposition. Now (6), Lemma 1.7 and Lemma 1.8 applied to
w = m(W1YWs) imply that m#(XW1YWs) € I3. O

It follows that d’ and I14 o d” induce maps Fy/I; — F3/I3, which we compute
explicitly.

Lemma 1.9. The maps d ,d k[X,Y] — k[z,7,z] induced by d' and 14 o d”
734 12,34 gl

are given by d =—d d , where

R - 1@,

Ny}

)7

1234 FXT) zf(z,z) —yf(y,2)
? f _ g 9

1,234 = = Yf(T.7) —Zf(T,Z)

d fX,Y) = T ;

Here f(X),f(Y) (resp., f(X,Y)) are arbitrary 1-variable (resp., 2-variable)
polynomials.
Proof. The maps d>34,d'?34 and d"?** all take I to I3, so they induce
—2,3,4 —12,3,4 —1,23,4 — —2,3,4

maps d,d " and d’ : Fy/I; — F3/I3. We then have d = —d" +

—1234 17234
d —d’

Let us compute %" We have d23 A(YPX?) = 2%9?, whose image in Fs/I3

is z°7%. This 1mphes the formula for 32 2

Let us compute a2 We have d'2% 4(YbXa) = 2b(z+y)?®, whose projection
on V3 along I3 is zb(y“ +ytr4- .-+ 2%). The image of this element in k[Z, 7, Z]
is

—=a+1l _ —a+1
@ +T g+ 4P = L
r—Yy
—12,3,4 . :
The formula for d follows by linearity.

One computes 4" 1 the same way. We have d\234(Y?X9) = (y + 2)’z

whose projection on V3 along I3 is is (2° 4+ 28~y 4+ --- +¢®)z% The image of

this element in k[7,7, 7] is
TP+ R+ ) =T

The formula for d 7> follows by linearity.
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Let us now compute d. Clearly 3//(1) = 0. Let n > 0 and let us compute

E"(Yn). This is the image in F3/I3 of II4 o d?34(X™) = TI4((t13 + t14)™). We
have

n

(t13 +t14)" = ((t14 +t34 + t13) —t34)" = Z(—l)kcﬁ(t%)k(tm + t34 + t13)n7k,
k=0

since [t14 + t34 + t13,t34] = 0. Now [t13,t14 + t34] = 0, hence

(t34) (t14 + t3qg + t13)" Z _i(tsa) 7514 +t34)"" k= *(t13)“,

which is mapped by Iy to (t34)*(t14 + t34)" % = 2¥(2 + 2)"~*. The projection
of this element on V3 along I3 is z¥ (2" % 4+ 2" *=1g ... + 2"~F), whose image
in k[Z,7,7] is Z¢(@" ! -z kY /(7 - 2). So
n =n—k+1 n—k+1
=/ —=n x —Z
(XM = _1\kk Sk =z =1
(X =)ok = )
k=0
This implies the formula for EH(X f(X)). The formula for d’ (Y £(Y)) is proved
in the same way.
Let us now prove by induction on k + ¢ that when k, ¢ > 0,

= ~k<=¢ i N f—
(9) d(X'Y)=zy@-2""@F-2""
. When k=7 = 1, d1’2’34(YX) = (t23t13)1’2’34 131) t24t14 + [t23, t14] = Yyxr hence
d (X Y) =7 y, which proves (9) in this case.
Assume that (9) holds for k4 ¢ < n and let us prove it for k+¢ =n (k,¢ > 0).
When ¢ = 1, we have d (Yk) = T(T — Z)*~ !, therefore

k—1

(10) m(XF) = Z(—l)aC’g‘_lzo‘mk *+ ¢, where €€ lIs.
a=0
Then (6) implies that
(Y X*) = ym(X*) + Z ) CR_y723(2%2" %) + 723(€),

Now (10) implies that y7(X*) € yz* + I3. The projection of mo3(2%z*~*) on V3
along I3 is 2%yx*~® if a # 0, 0 otherwise.

Lemma 1.10. 13(I3) C I3.
Proof of Lemma. If w,w’ and w” are any words in z,y, z, then
Toz(wrw'yw”) = Toz(w)zw'yw” + wrres (W) yw” +wrw'ly, zJw” + wrw'yrez(w”)

belongs to I3. One proves similarly that mo3(wzw’zw”) and 193 (wyw’zw”) belong
to 13. O
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So d'(X'Y) = 5 + YFTl(~1)eCe 707 7 = T (7 — 2)*!, which
proves (9) in this case.

9) for (k,¢ —1). This gives
2

When ¢ > 1, we use
W(Yé_le) ( 1)Q+BC?_105_1Za+5y£_1_ﬁ$k_a +,

0 0

A
~ *ﬁ
|

>
I
MR

ﬁ?

Q
|

where 7 € I3.
Then (6) implies that
T(YEXP) = yn (YL XF)
k—1 -2

+ 3SR CF o (20 IR g ().
a=0 (=0

All the terms in the expansion of yx(Y*~1XF) belong to I3, except the terms
corresponding to a = 8 =0, so yn(Y1XF) € yfar + Is.

If a,b,c > 0, then the projection of 753(2°y?2?) on V3 along I3 is 2°(y — 2)y’z®
if b£0and ¢ # 0; it is 2°y*T1a® if ¢ # 0 and b = 0; it is —2°T1yb2? if ¢ = 0 and
b# 0;and it is0if b=c=0.

Lemma 1.10 implies that 723(n) € Is. Then the projection of m(Y*X*) on V3
along I3 is

yexk yé Lok 4
Z (—1)FPCp O 22T (y — 2)yt T Pk
(@.B)€({0,... k—1}x{0,... t=2})—{(0,0)}
k—1£—2
S S0 ey - ke
a=0 =0
Sod"(X'V') = (7-2)7 53 —2)" " (F-2)" 2 =7 5@ —2)* ' (7—2)"", which

proves (9) in this case. This proves the induction. O

Lemma 1.11. Define d = d+d - k[X,Y] — k[Z,7,%]. The kernel ofc_i|(y ) :
(XY) — k[Z,7,7] is equal to the linear span of the X (X —Y —(X-Y)")/(X~
Y), where n > 2.

Proof. The map 3@ ) takes f(X,Y) to

= = mf(m Z)__yf(yv) __gf(f}g)—-zf(f,Z) ifyf(f-—z,y——f)
A e N R
= G5 W - FT=2) +9(@2)  9(0,7) — 9@ 7)),
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Let us solve (11), where ¢(Z,y) € k[Z,y|. By linearity, we may assume that g
is homogeneous; let n be its degree. If n = 0, we get ¢ = a constant polynomial.
Assume that n > 0. Applying (9/0%)|z=o to (11), we get

0 0
(53 + 590 0) =

( =n—1 yn—l)’

for some ¢ € k. This gives g(X,Y) = h(X —=Y)+c(X" —=Y")/n, where h(X) €
k[X] has degree n, so g(X,Y) =c¢(X —Y )/n+c (X —Y)", for some ¢ € k.
Substituting this is (11), we get ¢/ = —c¢/n, so the set of solutions of degree n
of (11) is the linear span of g(X,Y) =X —Y — (X —Y)", where n > 0.
It follows that f(X,Y) € Ker (d) N (X Y) iff f is a linear span of the Y(Y” —
Y'—(X-Y)")/(X ~Y), n>0 and belongs to (X Y). This means that f is a
linear span of the same elements, where n > 2. O

Let us now prove Theorem 0.1. Let ¢ € t3 be a solution of (2) and (3),
homogeneous of degree n. One checks that if n = 1, then ¥ = 0; let us assume
that n > 2. Recall that {3 C t3 is the Lie subalgebra generated by X = 13
and Y = to3, and that t3 = k - (t12 + t13 + t23) @ fo. Since this is a graded
decomposition, we have ¢ € {5, where f5 = [f2, f2] is the degree > 2 part of fo (it
coincides with p defined in the Introduction, since it coincides with t5 = [t3, t3]).

Let us set Py, = ad(X)*1ad(Y)*~Y([X,Y]) (here k,£ > 1). Then p/[p, p]
is an abelian Lie algebra with basis [Py], k,¢ > 1. We have therefore ¢ =
D kt>1 kb= Gt Pre + 9, where 1" € [p,p]. We set

WX,Y):= Y auX'Y ekX.7).
k,0>1,k+E=n
Lemma 1.12. The image of Py in Fy/Iy ~ k[X,Y] is (—1)k7k?é. We have

b, p] C L.

Proof. The first statement follows from the expansion of Pgy. Let us denote
by (Fy)so C F> the subspace of all elements of positive valuation both in X and
in Y. Then p C (F2)s0. So [p,p] C ((F2)=0)®> C Iz, which proves the second
statement. Ol

Let us denote by 1 the image of ¥ in Fy/Is ~ k[X,Y]. Then

v Y (DX Y =a(-X,7).
ka‘gzl,k+€:n

The image of (F)s¢ by the projection map Fy — Fy/Iy = k[X,Y] is the
ideal (X Y). Since ¥ € p, we have ¢ € (X Y).

On the other hand, we have E(z_b) =0. It then follovvs from Lemma 1.11 that
for some A € k, we have a(—X —)\X( (X-Y)")/(X-Y),ie

n

X+¥) - X"+ ()7

a(X,Y) = (-1)"AX =17
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Recall that pry = ad(A)¥~1ad(B)*~1([A, B]), where A = t15 and B = t53. Let
bie (k,0 > 0, k+ ¢ = n) be the coefficients such that ¢ € Zkz,ezl,kH:n brepre +
[p,p]. We set (A, B) = 3y yo1 pysn bieA B € k[A, B. Then b(4, B) is the
image of the class [¢] of 1 in p/[p,p] under i : p/[p,p] ~ (A B) defined in the
Introduction. o L

In general, the polynomials a(X,Y") and b(A, B) are related by

A o
——a(—A—- B, B),
A+ B

=l

b(A,B) =
SO in our case
b(A,B) = -A(A"+B" — (A+DB)").
Now the image of condition (2) in p/[p, p] is that b(A, B) satisfies
hAD)  HDD) WO _
AB BC C A ’

where C = —A — B.
Now Cb(A, B) + Ab(B,C) + Bb(C, A) = A1+ (-1)") (A" + B + " ).
It follows that if n is even, then the image of (2) implies A = 0, therefore the
image [¢] of ¥ in p/[p, p] is zero, and that if n is odd, then the image of (2) is
automatically satisfied, so that b(A4, B) is proportional to (A + B)"™ — A" -B",
i.e., [¢] is proportional to [0,]. This ends the proof of Theorem 0.1. O

2. Proof of Corollary 0.4

Recall that Assoc(k) is a torsor under the right action of a group GRT(k).
We will first prove:

Proposition 2.1. Set Assoc” (k) = {(\, ®) € Assoc(k)|(4) holds with (s (n) =
A"ry, for n even}. Then Assoc™(k) is stable under the action of GRT(k) on
Assoc(k). Therefore Assoc™ (k) is either ) or Assoc(k).

Proof of Proposition 2.1. Let (A, ®) € Assoc™(k) and let g € GRT (k). We
should prove that (A, ®') := (A, ®) * g satisfies (4) with (¢/(n) = N"r, for n
even.

Recall that GRT (k) is the semidirect product GRT; (k) x k*, where GRT} (k)
is the prounipotent group exponentiating grt,(k), and the action of k* on
GRT/ (k) is the exponential of its action on grt; (k) induced by the grading. So
it suffices to check that ® x g satisfies (4) when g € k*, and when g € GRT, (k).

If g =p € k*, then (XN, ®") = (Au, (uA, uB)), therefore (A, ®’) satisfies (4)
with (e (n) = pu"Ce(n). In particular, for n even, (g/(n) = " A"r,, = X"r, for
n even.

If g € GRT;(k), then (A, ®) x g = (A, ® * g); we will show that ® x g satisfies
(4) with (psg(n) = A"r, for n even. Set g = exp(¢), where ¢ € grt,(k), and
®, := & xexp(t1)). According to Theorem 0.1, there exist scalars u,, € k (n odd
> 3) such that [¢] = > (44,53 Hnlon]. Since ¢ € f2(A, B), this means that

(WBB)™ =32, caanzs Hn((A+B)" = A"~ B").
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Let € be a formal variable with 2 = 0. Then @4, = ®; + &( D) + Dy (D)),
where Dy, is the derivation of f2(A, B) such that Dy (A) = [¢, A], Dy(B) = 0.

Using the decompositions ¢ = Y4 A+ YpB, & =1+ (P)4 A+ (P4)pB, we
get

Diye =1+ (P)aAd + (0)pB +&(@ubad + DB + Dy((P:)4)A

+Dy((20)8)B + (®0)a (VA — AWad +¥5B)) ).
(Pi1e)BB = (P¢)pB + €(q)t¢BB + Dy((®¢)B)B — (‘I)t)AA@ZJBB)-

~

Let us apply the abelianization to this formula. Since ®; € exp(f2(4, B)), we
have ®?* =1 and so ((®;)aA + (®;)pB)** = 0. Therefore

(d/dt)((P)5B)™) = (¥5B)™ (1 = ((2:)aA)™) = (¥pB)*™ (1 + (20)5B)™).

Therefore 1+ ((®;)pB)*™ = (1+ (25B)*") exp (t(¢5B)*"), and with ¢ = 1 this
gives 1+ ((® x g)pB)*® = (14 (®B)*") exp ((¥pB)*).
Since ¢ satisfies (4), we get

1+ (((I) * Q)BB)ab = F<I>>*<g(Z +§)/(F®*Q(Z)F®*g(§))a

where T'a.g(s) = T'a(s) exp(D_,, oqan>s Uns"), 1.6, @ * g satisfies (4) with the

(o (n) replaced by (owg(n) := (o (n) —np, for n odd > 3, and (pg(n) = (o(n) =
A"r,, for n even > 2. O

Let us now prove Corollary 0.4. Proposition 2.1 implies that Assoc™(k) is
either () or Assoc(k).
Let k and k’ be fields of characteristic 0 with k C k’.

Lemma 2.2. Assoc™(k’) N Assoc(k) = Assoc™ (k).
Proof of Lemma. If ® € Assoc*(k’), then log((1 + ®5B)*) = v(A + B) —

v(A) — v(B), for some y(t) = > -, vt € tk'[[t]]. If now ® € Assoc(k) and
@ : k' — k is any k-linear map with @(1) = 1, then w(log((1 + ®5B)*")) = 0,
hence log((1+®5B)*) = w(v)(A+ B) —@(y)(4) — @(7)(B), where w(y)(t) =
Yoy @)t € tk[t], with w(y,) = A"r, for n even. So & € Assoc™(k).
Hence Assoc*(k’) N Assoc(k) C Assoc* (k). The inverse inclusion is obvious.

L

End of proof of Proposition 2.1. It follows that if Assoc™(k’) = Assoc(k’),
then Assoc”(k) = Assoc(k). On the other hand, if k C k’ and Assoc™(k) =
Assoc(k), then Assoc” (k') = Assoc(k’): indeed, Proposition 5.3 of [Dr] im-
plies that Assoc(k) # ), so Assoc™ (k) # (); we have obviously Assoc*(k) C
Assoc™(k’), hence Assoc” (k') # (; then Proposition 2.1 implies the equality
Assoc™(k’) = Assoc(k’). It follows that if for some k, Assoc™(k) # (), then
Assoc™ (k) = Assoc(k) for any k. We will now prove that Assoc™(C) # (.

Let ®kz be the Knizhnik-Zamolodchikov associator defined as in [Dr] as the

renormalized holonomy from 0 to 1 of the differential equation G'(z) = (2 +
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B_)G(z). Then (27i, Pky) € Assoc(C) satisfies (4) with (g(n) = ((n) for any

z—1
n > 2. Indeed, in [Dr], (2.15), it is proved that

[log k] = exp (D %(Zn +B"~(A+B)") - 1.

n>2
Then (q)KZ)A = ggﬁ(log@}(z)/;, (q)KZ)B = Egﬁ(log@}(z)B, and since
log iz € p, we get (Pxz)y = (log Pxz)¥ = [log Pxz]/B. So
N Thod(A+ B
1+ (((I)Kz)BB) b — d_( )_ ,
1_wrnod(A-)Prnod(B)

where I'moa(u) = exp(3_,,5o —@u") is related to the I'-function by T'yeq(u) =

e /(—ul'(—u)), where v is the Euler-Mascheroni constant. It follows that
(Pkyz,2mi) € Assoc™(C), therefore for any k, Assoc™ (k) = Assoc(k). O
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