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PARABOLIC INITIAL BOUNDARY VALUE PROBLEMS IN
NONSMOOTH CYLINDERS WITH DATA IN ANISOTROPIC
BESOV SPACES

TUNDE JAKAB AND MARIUS MITREA

ABSTRACT. We prove sharp well-posedness results for the Poisson problem for the heat
operator in arbitrary Lipschitz cylinders with Dirichlet and Neumann boundary condi-
tions, when the boundary data are in parabolic Besov spaces.

1. Introduction and statement of main results

In the late 70’s, E.Fabes and N.Riviére ( [FaRi]) have succeeded in solving the
initial Dirichlet and Neumann problems for the heat operator in the cylindrical domain
Q x (0,T) for a bounded C' domain Q@ C R™. They produced solutions to these
problems satisfying the zero initial condition in the form of a caloric double layer
potential in the Dirichlet case and a caloric single layer potential in the Neumann
case. While the Neumann datum was taken from the Lebesgue space LP (092 x (0,T)),
1 < p < 00, the Dirichlet datum g was assumed to be either from LP(9Q x (0,7)), 1 <
p < 00, or from the anisotropic Sobolev space L¥(9Q x (0,T')), where the anisotropy
is dictated by the heat operator.

When employed in the context of Dirichlet or Neumann problems, the method
of layer potentials consists of reducing matters to inverting an operator of the form
“identity+ K" acting on appropriate boundary function spaces. The functional ana-
lytic properties of K are intimately linked to the smoothness assumptions made on
0. When the domain 99 € C1, it has been observed that the operator in ques-
tion is compact on the Lebesgue scale LP, first in [FJR] for the case of the Laplace
operator, then sortly thereafter in [FaRi] for the case of the heat operator. For do-
mains whose boundary is only Lipschitz, K may fail to be compact and this creates
difficulties of a fundamental nature. In the case of the Laplacian these have been
overcome by G. Verchota in [Ver] and B.Dahlberg and C.Kenig in [DaKe]. In 1990
R. Brown ([Bro]) was able to adapt this analysis to the case of the initial Dirichlet and
Neumann boundary problems for the heat equation in Lipschitz cylinders, with zero
initial data. The key ingredient in Brown’s approach was establishing the invertibility
of the appropriate caloric boundary layer potentials on Sobolev spaces with an integer
amount of smoothness.
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In this note we take the next natural step and discuss an extension of Brown’s
results to the case when the data is allowed to have a fractional amount of smooth-
ness (measured on Besov spaces with parabolic anisotropy). For the Laplace oper-
ator with a Dirichlet boundary condition, optimal results have been first proved by
D. Jerison and C. Kenig in [JeKe] via harmonic measure techniques. Subsequently, the
case of Neumann boundary conditions have been treated by E. Fabes, O. Mendez and
M. Mitrea in [FMM] by employing the method of layer potentials. Here we initiate
the study of parabolic problems and prove results akin those in [JeKe]-[FMM] for the
heat operator A — 9; with Dirichlet and Neumann boundary conditions in arbitrary
Lipschitz cylinders.

Our main results (extending a number of classical results in the literature —cf.
[LiMal) are as follows.

Theorem 1.1. For each bounded Lipschitz domain € in R™ there exists some small
e > 0 with the following significance. Let 0 < T < oo and assume that the indices
1<p<oo,0<a<l are such that the point with coordinates (v, %) belongs to the
interior of the hexagonal region OABCDE depicted below:

1
p A

B(l—e¢,1)

Cc(1,1)

0(0,0) E(e,0) (1,0) o

Figure 1.1

Then there exists a unique solution u € oBP (2 x (0,7)) to the problem

a+%,par
O —Au=fe (B Q% (0,7)),
o) { (0 - Aju=F€ 0Bl ,,, (2% (0,7))
uloax(0,1) = 9 € 0BE par (02 x (0,7)).
In addition, u can be represented in terms of caloric layer potentials and

||U||(,BZ L (@x(0,1)) < C(||fHUBZ+1

Ly (X)) +lgll, B2, 00x (0,1)))-

+%,p
Corresponding to Neumann boundary conditions we have the following result.

Theorem 1.2. Given a bounded Lipschitz domain € in R™, there exists € > 0 such
that if 0 < T < oo and 1 < p < 00, 0 < a < 1 are such that (a,1 — %) € interior of
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OABCDE, then there exists a unique solution u € oBP

problem

(Q x (0,T)) to the

1— oz+ ,par

(PN (0 — Au= flaxomr), f€ B _ 1 .. (Q@x(0,T)),
ofu=ge oB° (09 x (0,7)).

Furthermore, there is an integral representation formula for the solution and

—a, par

||u||013f7a+l o (@xom) = c(||f||213’1117a+l axomy t lgll,B»  (aax©1))-

o, par

Above, 9 can be thought of as a re-normalization of the normal derivative with
respect to f. More detailed definitions are given in the next two sections, which also
contain an outline of the proofs of Theorems 1.1-1.2.

2. Smoothness function spaces with parabolic anisotropy

One convenient way to introduce the parabolic Besov scale is via Littlewood-Paley
theory. Specifically, fix @9 € C°(R" x R) such that ¢o(z,t) = 1 if |[(x,?)||par < 1
and @o(z,) = 0 if [|(2,)||par > 2, Where ||(z,8)|[par = [J2[2 + [{]"/* for z € R,
t € R and, for each j € N, let ;(z,t) := ¢o(2772,2727t) — (27712, 22(=7TV¢). In
particular, {¢; 720 is a partition of unity in R™ X R. For 0 < p,q < 0o, a € R, one
then sets

/
B4, (R" xR) = {f € S'R" x R) (Z”“q”f (@i F I Lo Rnxm)l <o},

with the usual modification if ¢ = oo, where F and F~! stand, respectively, for the
Fourier transform and its inverse. Finally, set BL ,,.(R" x R) := BD (R" x R).
Recall that a bounded domain Q C R™ is called Lipschitz provided its boundary
can be locally described by means of (appropriately rotated and translated) graphs of
real-valued Lipschitz functions defined in R®~!. Given a bounded Lipschitz domain

Q) C R”, the scale B2 (99 x R), with either "—"‘1 < p,q< oo, (n+ 1)(7 -1y <

a,par
a <1, o0r 25 < p,q < oo, (n+1)(771) —l1<a < 0, where (a)+ 7max{a 0}, can
be defined by transporting Bg:%ar(R” I'X R) to 99 x R via localization (involving a

smooth partition of unity), and pull-back.

Given the goals we have in mind, the next natural step is to introduce parabolic
function spaces with built-in initial conditions. In concrete terms, we make the fol-
lowing.

Definition 2.1. Let Q be a Lipschitz domain in R™ and 0 < T < oco. For each
0<p,qg<ooand a €R we then set

0B2. (2% (0,7)) := {Flax(—cor) : F € B9, (R" xR), supp F CR™ x [0,00)},

a,par a,par

0pra (2% (0,7)) = {Flax,c) : F € B, (R" xR), supp F C R" x (—o00, T},

o,par o,par
and
2B (2% (0,T)) := {Flrnyx(—cc,r) : F € B2, (R" X R),

supp F C (2 x [0,00)) U (R™ x [T, 00))},
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“BRE (2 x(0,T)) := {Flrnx(0,00) : F € Br1  (R™ x R),

supp F C (Q x (=00, T]) U (R" x (—00,0])} .
Also, on the lateral boundary of the cylinder Q x (0,T), for each 1 < p,q < oo and
a e (—1,1)\ {0}, we set

0B29 (002x(0,T)) := {Floax(—co) : F € B, (0QXR), supp F C 02 x [0,00)},

a,par a,par

OBg’%M(@Qx(O,T)) = {F|aQX(07OO) : Fe B2 (00xR), supp F C 90 x (—o0,T]}.

a,par
These spaces are related via duality, as follows. If 1 < p,q¢ < oo and % + 1% =1,
% + i =1, then

(1) ("BES, (2% (0,7)))" = B, (2% (0,T)),

(2) (*BEar(Q % (0,7)))" = 0BY1,,, (2 x (0,1)),

for « € R\ {0}, and
(0B2%,, (09 x (0,7)))" = B, (09 x (0,7)), for a € (~1,1)\ {0}.

a,par —a,par

The spaces on 2 x (0, T) are further related to those defined in 9 x (0, T') by means
of traces. For example, given a bounded Lipschitz domain 2 in R™ and 0 < T < o0,
the trace mapping, originally defined as the restriction to the lateral boundary of
functions continuous in Q x [0, 7], extends for each (a— %, 1%) € interior of OABCDE
to a bounded operator

0 T 0B2,, (2% (0.1) — "B, (00 (0.1))
5
Similarly, Tr : ¢B% ,,,.(2 x (0,T7)) — OBZ—l,par(aQ x (0,7)).

Special care should be paid to the way the normal derivative is considered in (PN),
as the function u may not exhibit enough regularity in order to define 9, u = v-Tr (Vu).
To circumvent this problem, given a bounded Lipschitz domain € in R, 0 < T < o0,
and 1 <p<oo,0<a<l, weletd, act on the space

{('LL, f) € (]Bf,a+1/p’par<ﬂ X (07T)) =) ZBZilfoA»l/p,pa'r‘(Q X (OﬂT)) :

(0 — A)u = flaxor)}

by defining 9fu € (B” (09 x (0,T)) = (OB’)/ (092 x (O,T))>* in the following

—a,par a,par
fashion. If ¢ € °BY  (9Q x (0,T)) and ® € °B¥ (€ x (0,T)) is such that

a,par a+1/p’,par
Tr® = ¢, set
(Vu, VO) — (f,®) + (0u,®), i a+l<l,

fu =
@ G {<Vu,v¢>>—<f,<1>>—<u73t‘1>>v if ot g> 1.

The case a + 1% = 1 is then covered by interpolation. For this program to work, at
least when (a, ﬁ) € interior of OABCDUE, one needs to know that the trace mapping
in (3) has a continuous right inverse, and that the pairings in (4) are meaningful. The
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latter claim is a consequence of a Fubini-type property for parabolic Besov spaces
which allows one to write

() B par (R % (0, 1)) = LP(Q, By ,((0,7))) N LP((0, ), BL(R)),

whenever 1 < p < 0o, @ > 0, with B? denoting the standard (isotropic) Besov scale.
The parabolic Triebel-Lizorkin spaces FZ:1,,.(R™ x R) with 0 < p < 00,0 < ¢ < o0
and a € R, can be defined in a similar fashion; they satisfy properties which are

analogous to those of parabolic Besov spaces. In addition, for each % <p <1, the

parabolic Hardy space H! (R" x R) can be identified with F2 (R" x R), and we

par 0,par

also set H).2 (R" x R) := Fﬁ’pzar(]R" x R) for Z—Ig <p<1l

3. Caloric layer potentials

The strategy employed in the proof of our main results makes systematic use of
layer potentials of parabolic type. More specifically, we let II denote the parabolic
Newtonian potential, defined by formal convolution with the fundamental solution F
of the heat operator, i.e. for (z,t) € R" x R,

(I ). 1) = / E(x — .t — ) f(y, s) dyds,

R xR
where
E(x,t) := _ exp {W}X (t), zeR"teR.
5 (47Tt)n/2 At (0,00) ) ;
As a consequence of the Littlewood-Paley theory, this Newtonian potential is smooth-
ing of order 2 on the Besov scale.
Next, introduce the single and double caloric layer potentials, respectively, as

Df(xz,t) := /O/émayy[E(x—y,t—s)]f(y,s)dayds, (x,t) € Q x (0,T),

Sflx,t) = /Ot - E(x—y,t—s)f(y,s)doyds, (z,t) € 2 x(0,T),

where do and v denote, respectively, the surface measure and the unit normal on 0f2.

Consider also
t—e
Kf(x,t):= lim Oy, [E(x —y,t —s)|f(y,s)doyds, (x,t) €9 x(0,T),
e—0t Jo a0

and, if Rf(z,t) := f(x, T —t) is a reflection in time, set K’ := Ro K* o R, where K*
is the formal adjoint of K.

The idea is then to look for solutions of the initial boundary problems (PD), (PN)
in the form

(1) u:Hf+D[(§1+K)7l(g—ﬁ(Hf))}
and, respectively,
2) u:Hf+S[(—%I+K’)71(g—8{,"Hf)]

The incisive result, pertaining to the mapping properties of these operators, reads as
follows.
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Theorem 3.1. Let Q be a bounded Lipschitz domain in R™, 0 < T < oo and 0 <

a<l1,1<p<oo such that (o, %) € anterior of OABCDE. Then
D OBg,par(aQ X (OvT)) — OBZ+1/p,pm«(Q X (OvT))7
S OBZja’pa,,(ﬁQ x (0,T)) — OBf—a-f—l/p,paT(Q x (0,7)),

are bounded. Also, with 1/p+ 1/p’ = 1, the operators
i+ K : oBE .. (0Qx(0,T)) = ¢B?_..(02 x (0,T)),

«,par a,par
LI+ K 0B (09 % (0,T)) = 0B 0 (02 x (0, 7)),

—a,par —a,par
are invertible, and
TroD=3I+K,  98=-iI+K'

The key step in proving the aforementioned mapping properties for the caloric
double layer is establishing two basic estimates. Concretely, if 6(x,t) := dist (z, 0Q2),
0<a<l1,60>0 ke NU{O0} then, for N:=k+20 —a—1> —1,

SVDI{VED : Bl . (00 xR) — L'(Q x R),
SNTIDIVED 1 B ,.,.(09 x R) — L®(Q2 x R),

where D? stands for the fractional order operator of order 6 in the time variable.
Once this is accomplished, E. Stein’s interpolation theorem for analytic families of
operators yields that

5N+1—%vaip : B2 (00 X R) — LP(Q2 x R) whenever 1 < p < co.

a, par

This latter property can then be re-interpreted in terms of membership to a parabolic
Besov space in the Lipschitz cylinder €2 x R, thus yielding the desired conclusion in
regard to D. Furthermore, a similar approach works in the case of the caloric single
layer.

As regards the invertibility properties of the boundary caloric layer potentials, the
departure point is to recall that R. Brown has proved that j:%] + K are isomorphisms

of OF({’;M(aQ x (0,T)) for 2—e < p < oo and of OFﬁﬁm(aﬂx (0, 7)) for1 < p < 2+e.
Given that being an isomorphism is a stable property on a complex interpolation scale,
the latter result can be perturbed yielding the existence of some 1 = n(9€) > 0 such

that the operators
411+ K are isomorphisms of (HL? (09 x (0,T)) whenever 1 —n < p < 1.

par

Since being an invertible operator is also preserved by passing from OH;;}; (002%(0,7))

to the smallest Banach space which contains it, that is, ¢ B]_, ,q, (02 % (0,T)) with
a=(n+1) (% — 1), this finally yields that

(3) i%[ + K are isomorphisms on ,Bj (09 x (0,T)) for a > 0 small.

1—a,par
This takes care of the invertibility of :l:%[ + K on the horizontal segment BC' in
the diagram in Figure 1.1, and we are left with discussing the case of the horizontal
segment OF.
To this end, we start from the fact that the operators i%[ + K’ are bounded on

OF(i’pQM(aQ x (0,T)) for Z—E < p < oo and are isomorphisms when p = 1 (cf. [Bro]
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for the latter claim). Perturbing this result yields that i%[ + K’ are invertible on
oHp,,. (082 x (0,T)) for p < 1 sufficiently close to 1. Dualizing this and using the fact
that, for 241 <p<1land a = (n+ 1)(1% - 1),

+2
(0HE, (09 x (0,T)))" = "B,0, (02 x (0,T)),

a,par

we obtain that there exists n = n(9€Q) > 0 such that
+11 + K are invertible on ¢BS,,, (092 x (0,T))

a,par

(1) 1
foraz(n—i—l)(g—l) and 1 —-n<p<l

This takes care of the invertibility of i%[ + K on the horizontal segment OF in the
diagram in Figure 1.1. At this point, the interior of the entire region OABCDE is
covered by repeated applications of the complex and real methods of interpolation.

In closing, we would like to point out that we may take ¢ = 1 in the diagram in
Figure 1.1 if 9Q € C! (compare with [FaRi]).
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