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SOME RESULTS OF THE MARINO-VAFA FORMULA

Y1 L1

ABSTRACT. In this paper we derive some new Hodge integral identities by taking the
limits of Marino-Vafa formula. These identities include the formula of A1 Ag-integral on
ﬂg,l, the vanishing result of A\gchy;(E)-integral on ﬂgyl for 1 <1 < g— 3. Using the
differential equation of Hodge integrals, we give a recursion formula of A4_1-integrals.
Finally, we give two simple proofs of Ay conjecture and some examples of low genus
integral.

1. Introduction

Based on string duality, Marino and Vafa [10] conjectured a closed formula on
certain Hodge integrals in terms of representations of symmetric groups. Recently,
C.C. Liu, K. Liu and J. Zhou [6] proved this formula and derived some consequences
from it [7]. In this paper we follow their method to derive some new Hodge integral
identities. One of the main results of this paper is the following identity: if 1 < m <
2g — 3, then

(1) —(20—2—m)l(—1)%—3m / Agchag_a—m(E)y"

Mg 1
m—1 —1—k(29g—1\ (29—1—k
— (=120 R (% )(257177%)32 .
g 29 —1—k g—i-m
k=0
min(2g2—1,m—1) 2go—1—k (2g2—1\ [ 29—1—k
1 (—1)% ( k )(2 717m)
+ 5 Z bgleZ Z 29 — 1 — k ! B29717m'
91+92=9,91,92>0 k=0 9

As a consequence, we find a new Hodge integral identity: if g > 2, then

_: 1
2) | Mo = o lat2g - 3+ bubya)
Mg
and also a vanishing result: if g > 2, then for any 1 <t < g — 1, we have
(3) / Agchay (B)p7@ ™11 = .
Mg

Recently, Liu-Xu [8] derived a generalized formula for Hodge integrals of type (2) by
using the A\, conjecture.

The rest of this paper is organized as follows: In Section 2, we recall the Marino-
Vafa formula and the Mumford’s relations. In Section 3, we prove our main theorem
and derive a new Hodge integral identity. In Section 4, we give another simple proof
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of Ay conjecture. In Section 5, we derive a recursion formula of A\,_1-integrals. In the
last section, we list some low genus examples.

2. Preliminaries

2.1. Partitions. A partition p of a positive integer d is a sequence of integers pp >
M2 > -+ 2> () > 0 such that

p1t et g =d = |pl,

for each positive integer i, let

i) = (il = .1 < j < L),

The automorphism group Aut(u) of p consists of possible permutations among the
w;’s, hence its order is given by

|Aut ()| = Hmi(u)h

define the numbers
1(p)
Rp= > pilpi —2i+1),  zu =] ms(w)im .
i=1 ;

The Young diagram of p has I(u) rows of adjacent squares: the i-th row has p;
squares. The diagram of x can be defines as the set of points (i, j) € Z x Z such that
1 < j < u;, the conjugate of a partition pu is the partition u’ whose diagram is the
transpose of the diagram pu. Finally, we introduce the hook length of i at the squre
x € (i,7):
h(z) = pi +py —i—j+1.

Each partition p of d corresponds to a conjugacy class C(u) of the symmetric group
Sg and each partition v corresponds to an irreducible representation R, of Sy, let
Xv(C(p)) = xm,(C(p)) be the value of the character g, on the conjugacy class

Clp).

2.2. Marino-Vafa formula. Let M, , denote the Deligne-Mumford moduli stack
of stable curves of genus g with n marked points. Let 7 : ﬂg,n_ﬂ — Mgm be the
universal curve, and let w, be the relative dualizing sheaf. The Hodge bundle

E =m.wx

is a rank g vector bundle over M, ,, whose fiber over [(C,z1, - ,x,)] € Mg, is
HY(C,we), the complex vector space of holomorphic one forms on C. Let s; : M ,, —
ﬂgmﬂ denote the section of m which corresponds to the i-th marked point, and let

L; = sfwr
be the line bundle over M, ,, whose fiber over [(C,z1, -+ ,z,)] € M, is the cotan-
gent line T}, C at the i-th marked point z;. Consider the Hodge integral
(4) J I R
Mg .n
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where 1; = ¢1(IL;) is the first Chern class of L;, and A\; = ¢;(E) is the j-th Chern
class of E. The dimension of M, , is 3¢ — 3 + n, hence (4) is equal to zero unless
Z?:l ]1 —+ Z'ngl Zkl = 3g — 3 —+ n. Let
g

(5) AY(u) =uf = Mud™ e (21)PA =Y (=) Aud

i=0
be the Chern polynomial of the dual bundle EV of E. For any partition g : puy > g >

© 2 i) > 0, define

e -1 11 Zil W+a>
(6) CQ’IJ«(T> - |Aut( )| [ T+1 ()= 11_11:
/ Ay (DA (=7 = DA (T)
Moo I = i)
(7) Cuhim) = D _ NWHe, (),

920

b

here 7 is a formal variable. Note that
[ MOACT DN s
M.n T (1 — i)
for I(u) > 3, and we use this expression to extend the definition to the case I(u) < 3.
Introduce formal variables p = (p1,p2, - ,Pn, - ), and define

Pp = DPurPuy

for a partition p. Define generating functions

(8) Chmp) = Y CulhiT)pu,
[u|>1
(9) C(\T,p)°* = CTP)

n [6], Chiu-chu Melissa Liu, Kefeng Liu and Jian Zhou have proved the following
formula which was conjectured by Marifio and Vafa in [10].

Theorem 2.1. (Marino-Vafa Formula) For every partition u, we have

C(\7,p) =
RLU AR STED DI | ) DIE L R e I
n>1 o \V pi=p =1 vt =t

crp =3 [ T Meﬁ(”%)“vwnm -

W20 \Jpl=lul ~ *
where
sin[(vg — vp + b — a)A/2] 1
V,(\) = ,
W @ggm sinf(b—a)A/2] [T TN, 2sin[(v — i+ (1)) A/2]
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It is known that

1
V.(\) = .
®) 2/ T, ¢, sin[h(z)\/2]
2.3. Mumford’s relations. Let ¢;(E) = Y7 _¢'\;, then we have

c_1(E) = t9A, (1) .

Mumford’s relations [11] are given by

(10) ct(B)e—(E) =1,
equivalently
v v _ 2
(11) Ag (t)Ag <_t) - (_1)gt g,
then
k .
(12) A2 = Z(—l)zﬂzxk,i/\kﬂ,
i=1
where A\g = 1 and A\, =0 for & > g. Let z1,--- ,x,4 be the formal Chern roots of E,

the Chern character is defined by

g +oo g o
ch(E) =) e =g+ >
i=1 ’

n=1i=1
we write
(13) cho(E) = g,
1Y
(14) Chn(E) = Hzx?’ TL:].,Q,---
i=1
From the above identities we have the relation between ch,, (E) and \,:
(15) nleh,(B) = > (=1)7liAd;,  n<2g,
1+j=n
(16) ch,(E) = 0, n > 2g.
It is easy to see that
(29 = Dlchog—1(E) = (=1)7""Ag1)g,
(29 —2)lchyy 2(BE) = (=1)?7" ((29 = 2)Ag-2Xg — (9= DAZ 1),
(29— Blchzya(E) = (~1)% (BAg_shy — Ago1Ag2).

2.4. Bernoulli numbers. The Bernoulli numbers B,,, are defined by the following
series expansion:

(17) Ly,
el—1 = "l
the first few terms are given by
By =1, Blz—1 Bgzl B3 =0, B4:—i B; =0, Bgzi.

2’
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Finally we recall two formulas which will be used later:

100 5291
t/2 299~ —-1|B
(18) . / = 1+27‘ 2| 29,
sin(t/2) = 229—-1  (2¢g)!
d—1 m (m+1)
19 i = ~k LB dmtR,
" T e

where m is a positive integer.

3. Some New Results from Marino-Vafa Formula

In this section we derive some new results from the Marino-Vafa formula, we will
need two formulas in [7, 2.1 and 5.1].

Theorem 3.1. We have the following results:
ixlr=0 [Ay (DAY (T)AY (=7 = 1)]

z:)\29/* - 1 —diyn

920 Mg
Sl a2 A2
20 = - -
(20) ; o dsin(dn2) iﬂ;ﬁ(} Bsin(ir/2)sin(jA/2)’
d _
(21) i [AY (A (T)AY (=7 = D)] = =Ag_1 = Ag D kI(=1)* " chy (E).
= E>0
3.1. The coefficient of \?9. Introduce the notation
b L 9=0,
= 2g—1_
g 2225;7_11%’ g>0,
then the coefficient of A9 in — EZ;} %#d//\zﬁ) is
=1
— 1. 29—1
(22) < > a) byd?9 L.
a=1
If g1,92 > 0 and g1 + g2 = g, define
(23) Fpg(d)= Y @0tjPert

iHj=d,i,j#0
In [6] it is showed that if g1, g2 > 1, then

2g92—12g—2—k

_ LTk (20 = 1) (201 =Y oy
@) =3 3 Sk P )BT

k=0 =0
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for the rest case we have

(25) Fog(d) = > ittt

i+j—d ,§70

_ E:Z—l §)29-1

2g 1 29
_ ( 1)2g 1— k( >deZ2g 2—k
k=0
29—3 29—k—2 (2g—1—k
k(291 ( )
— _129 1-k dk? 7Bd2q 1—k—1
— (=1) ( k > ; 2g—1—k

d—1

1

— 29 —1Dd*92d-1)+d?>91y =
(29 -1) ( )+ E_Z.

29—22g—k— <2g _ 1) (29 _1— k) (_1)2g—1—k‘B ng—l—l
= P E—— S )
=0

Pt l 2g—1—k
d1
b NP Y L
i=1

Note that Fy 4(d) = Fy0(d) and

A2 g
(26) Z 8sin(i)\/2)sin(j)\/2) 2 ZAQ ( Z bg, bg, F gy g, (d)> .

i+j5=d,i,j#0 920 g1+92=g

3.2. The Main Theorem. Let

Z)\QQLHS Z}\Qq/ d7—|‘r O[A (1 )AV( )A;/(—T—l)]’

g>0 g>0 Mg 1 —dyy
and
11 a2 A2
SONRHS = -3 - N S
s —a dsin(d\/2) 0 8sin(iA/2)sin(j\/2)

then we have

(27) LHS /7 (Ag_1939 Hyd29!
My

29—
— Z [29 2= k)l(=1)%973F /7 Agchag_o_ i (E)pt | d,

g,

1
(28) RHS Z b jpa- Ut by Fy, old) + 5 > by, bgs Far 00 (d).

= 91+92=9,91,92>0

Hence we can derive our main theorem:
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Theorem 3.2. If1 <m <2g—3 and g > 2, then

— (29 —2—m)!(—=1)2973"m /7 Agchag o (E)YT"

Mg
m—1
(—1)2971=k /29 —1\ (29— 1—k
=) - B —1—-m
YL 21—k \ k 9g—1—m) 20 t-m *

1 Z b b min(292z_1am_1)(1)2921k 292 — 1 29-1-k B
5 91095 29— 1—k k 2g—1—m 2g—1—m-

91+92=9,91,92>0 k=0

Remark 3.3. Liu-Liu-Zhou [7] have only considered the cases m = 2g—1 and m = 1.
3.3. The case of m =2g — 3. If m = 2g — 3, we find that 1lch; (E) = A1, then

LHS:—/ AgMpPd 3,
M

g,1
29— 4 1)29-1-k 9
g—1\/29—1—k
RHS =b, B
kzo 29 —1— ( k ) ( 2 ?
min(2g2—1,2g—4) 200 —1—k
1 (—1)292 29, — 1\ (29— 1—k
Ty 2 babe D m( i )( ) )B
91+92=9,91,92>0 k=0 9

From the above formula we obtain a new result of the Hodge integral.

Theorem 3.4. If g > 2, then

1
(29) /M M3 = 5 [9(20 = 3)bg + bab1].

g,1
Proof. Note that

W (—1)201k 99 1\ (29— 1k
2g3_B g g
fo ot = X S () ()

g,1

min(2g2—1,2g—4)

By (=1)29271=F /299 — 1\ (29— 1—k
2 > bg1bg2 > 29— 1—k k 2 :

91+92=9,91,92>0 k=0

29—4 2g—1—k
(=1)=¢ 20 —1\[(29g—-1—-k

A = S
! kZ_:nglfk k 2 ’

let us write

w <

29—

filx) = Z (_1)29714@ (29]{;— 1) (29—2— k)x2g73—k’

2g—2

nio) = Y (i (T e,

k=0
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Hence

fi(z) =

and we obtain

Ay =

N =

29—1\]  1[[29—1
|:f1(1) - <293>:| = _§ [(293) - 1] .
min(2g2—1,2g—4)

(—1)29271=F /29, — 1\ (29— 1 —k
Ay = =)™
? 2 2% —1—k k 9 )

k=0

Similarly, we write

then
e (-2l (g — 2 — B) (P27, ga<g -2,
Ay =
YRR 2g 2= ) (%), ga=g -1
Case 1: g9 > g — 2. Let
2g2—1

I S T e
2g2—1

g2(z) = Z (—1)292—1—k(292k_ 1>x2g—2—k_
k=0

Since g > g2 + 2, then 2g — 3 — (2g2 — 1) > 2 > 0 and g5(z) = fo(z). On the other
hand
fala) = (1= ),
hence
(@) = =(2g2 = 1)(1 = 2)*# 22771 4 (291 — 1)(1 — )22~ 1g?0 72

and

_ 717 92:1,
f2(1)_{ 0, l<g<g-2

Case 2: go =g — 1. let

2g9—4
fs(2) > (-1 kg -2 k) (29; 3) 2293k

k=0

2g—4
mle) = X (cuprih (e

k=0
Since 2g —3—(2g—4)=1>0,

2g—4

g3(z) _ Z (_1)29—3—k (29]; 3) 2293k _ (1—2)2073 1

T
k=0
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and
gy(x) = (1 —2)*7% =1 - (29 - 3)(1 — 2)**a,
therefore we have
_ _25 g = 27
fs(1) = { -1, ¢g>2.
From the values of f1(1), f2(1), f5(1), we obtain

/7 MA7I >
M

g,1

By |1 1
= —bygByA; — 72 b} Z bg, by, f2(1) + §b1bgflf3(1)

91+92=9,1<g2<g—2

B
= 72[*179141 + b1bg—1]

1
= 12 l9(29 — 3)bg + blbg—l]

Since B,, = 0 for n odd and n > 1, we also have the following vanishing result.
Theorem 3.5. If g > 2, then for any 1 <t < g— 1, we have
(30) / Agchoy (E)pi @11 — .
Mg
4. Another Simple Proof of A\, Conjecture

Let |u| = d,1(1) = n, denote by [Cy ,.(7)]x the coefficient of 7% in the polynomial
Cg.(7), and let

JO (7_) — \/jl‘ﬂ‘*l(ﬂ)cg,u(T)’
T = VTS nweu )+ Y b))

veJ(p) veC(pn)

+ > I3 (1, 1%)Cyy 11 (T)Cyy 2 (T)
g1+g2=g,v1Ur2eC (1)

The set J(p) consists of partitions of d of the form
V= (lu’la"' 7ﬁia"' y M) s M +NJ)
and the set C'(u) consists of partitions of d of the form
V= (:ula e 7/3% e 7/~‘Ll(p,)a.j7k.)
where j + k = p;. The definitions of I, I and I3 can be found in [5]. Liu-Liu-Zhou

[6] have proved the following differential equation:

(31) %J;#(T) =—J; (7).
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It is straightforward to check that

d+n A
Co (T = / —g
et = Tt fo, T
ﬁd+n—1 A
> e = S b e
ved(u) 2 Mgn—1 [1i=1 Mg
> L(¥)Cy1.(7) = 0,
veC(p) dn-2o
> I(Y, 12)Cgy 1 (T)Cyy 02 (7) = 0,
g1+g2=g,vtUr2eC(n) dn-2

hence, from (31) we have the identity

n—1 Ag (v) Ag
(32) |Aut ) 7 Hl 1 17;%@[)1) Z |Aut v) |/ S | A 11(1_1/2%)

ved(n)

Theorem 4.1. For any partition p: 1 > pg > -+ > pn > 0 of d and g > 0, then

Ag

(33) M, e (1= pinhi)

2g+n—3
= d*t 3,
Proof. Recall the definition of I1(v), where v = (p1, -, iy s HBjy -y fny i + 1)

Hi +
Il(’/) = 1+§ﬁf Myt (V),
J

and it is easy to see that

Ty () () () — 310)
),

Aw@)] © JAut()
Let
Wty = = [y >,Ufk2:"':,ufk2>"’>,LLkS:"':,Uka>0,
—_—
t1 to ts
where
s s

=1 i=1
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then

Il(V)
2. [Aut(v)]

veJ u)
— /’[/Z + ,u/] Y
B |Aut J( ) 55; iy, () (my, (1) — 071%))]
1
~ JAut(u)] |2 (ks ey g, (), (1) + ) bk, (1) (Mg, (1) = 1)
|[Aut(p)| |2 ; ; Hlei M Z H; Lk,
1
= 5 Pk, F powy ity + > e ti(ts — 1)
]| Z; Z
1
= ,uk t t + /J,]€
TAut()] Zg Z
1 s
= TAt N ti d— :U’kiti + Nklt? —d
] ; (@ =t + 3
_ (n-1)d
| Aut ()]

By the induction of n and the initial value of the Marifio-Vafa formula
Ag
= d*97?p,,,
/Mg,l L — .
we have

=d- d2g+n—1—3bg _ d2_q+n—3bq.

/Mg,n [T 1(/\9 i)

Corollary 4.2. The following Ay conjecture is true:
2g+n—3
ki _
o P | s G

where g > 0.

5. A recursion Formula of the )\;,_; Integral

E.Getzler, A.Okounkov and R.Pandharipande have derived explicit formula for the
multipoint series of CP' in degree 0 from the Toda hierarchy [2], then they obtained
certain formulas for the Hodge integrals fﬂg /\9_11/,’1“1 ---qpFn_ In this section we
give an effective recursion formula of the A\,_; integrals using Marifio-Vafa formula.
It is straightforward to check the following lemma.
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Lemma 5.1. We have the following identities

IS (it a) |
llj - |, "
o N o] R ST
lU S =
[Ag (DAL (—T=DAS(T)]y = Ay
ATWAJ T =DAJD], = Agm1 = D KD e (E)A,
k>0
and
d+n )\g
[Cou(T)], 1 |Aut )| Jxa ]_L (1= pity)’
- \/—1d+n n pi—1 i #
Con(M, = T Aut(p)] l 1+; ; ] Myn Limr (1= pithi)

d+ _
"/ Ag—1 +Zk>0 k!(—=1)*lchy(E)A,
‘AUt )| [Ty (1 = pavi)
Now, we can state our main theorem in this section using equation (31).

Theorem 5.2. For any partition p with [(n) = n, we have the following recursion
formula

n pi—1
—1 =l R
|Aut [ - Z Z My Limy (1= pithi)

i=1 a=1

) i g1+zk>ok'< D e (01,
|Aut )]

( /1417/}1)
B Il( B n—1lv;—1 v #
- v§0) |Aut(v) [ o ; ; ] /Mwl [T (1 — vighy)

— Li(v) Ag—1+ Do k(-1 )"~ ehy (E)A
Z |AUt<V)| /Mg n—1 Hz 1 ( Vz¢z)

n Z Z I3(vt,v?)

1 2
91+92=9,91,92>0 v1UL2€C (1) |Aut(1/ )”AUt(V )|

veld(p)

/M M/M M

g1,m1 92,m2

5.1. The \;-Integral. In this subsection, we re-derive the \4-integral from theorem
5.2.. Let p; = Na; for some N € N and z; € R, from Kim-Liu[4]’s method and
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consider the coefficients of InINN29+t"=2 in theorem 5.2., then

n n
n(x1+-~-+xn)Hx§” /7 /\gH’(/Jlkl
1=1 an =1
n

— %ZZ(% + )M (g ) H z’ /* Gl H u

i=1 j#i 1#i,j Mg.n-1 I#i,j

+ (m1+-~-+xn)Hx§”/7 )\glekl
=1 no =1

g,

(39) - ][ak [ A T]ul
=1 n =1

g,
1 & " e
S STURENLLE | Fr BN WIS |
i=1 j#i 1,5 Mgn—1 I#i,j

After introducing the formal variables s; € RT and applying the Laplace transforma-
tion

—+o0
/ aFem /2 dy = K1(25)FF, s >0,
0

we select the coefficient of [}, (2s;)"*! from the transformation of (35), then we
derive

N (ki + k) Sk
k itk — k
EONNUEEN MY | RS ) St o Ly W B
g,m =1 =1 j#i Mg‘n—l 1#£4,5
By the induction of n, we obtain the A conjecture

2g+n—-3
ki _
/M 9H¢ - < ,’kn>bga

in fact, in (36) we have
(ki + k) (29 +n—4)!
kilk;! Hl7é (ki 4k — 1)1

ki+kj (29+n—-3 b
2g+n73 klv"’,kn 9

RHS =

NN

1
2

#M tL.M

note that k1 +---+ k, = 2g + n — 3, therefore

%Zz(lirkJ) = —Z [(n—1)ki+(29+n—3—k)]

i=1 j#£i
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5.2. The Recursion Formula of )\,_i-integral. We have found the singular part
PRUID Diare & in theorem 5.2., using the following theorem, we can eliminate this
part and derive the recursion formula of Ay_;-integral. The notation [Fgy,, means

the singular part of F. First, in theorem 5.2., we have

LHS P
|:d2g+n4bg:| T ny >, P
sing

i=1 a=1
3 it —1
RHS 1 Hi— 1Ml Hit i 1
|:d29+n—4b:| ‘ = §ZZ(M+W) Z E*‘(HH’#J) Z P
9dsing i=1 j#i I#i,j a=1 a=1
LIRS M +u)
7 Lt Ak N VA
+ 20 Ll Yy oy
i=1 a=1 i=1 j#i a=p;+1

Theorem 5.3. Under the above notation, we have

RHS LHS
|:d2g+n4b :| = |:d2g+n4b :| ) + 2(77‘ - 1)d
9dsing 9 dsing

Proof. Since

pitps— )

ZZ Z M] Nz'f'MJ

i=1 j#i a= m+1

M u+u M uﬂt)
K3 7 7
DD DS S S S
i=1 j#i a=p;+1 i=1 j#i a=p;+1
_ ML-HM_I (i + Nj (s + N]
=Yy Y Yy
i=1 j#i a=1 i=1 j#i a=1
e ’“ﬂrluﬁu] uz+ug
Do), D YD
i=1 Jj#i  a=l1 i=1 j#i a=1
IR RNy uzﬂh uzﬂt;
MDY Yy
i=1 j#i i=1 j#i a=1
I ST 3) S CEIN o 5 PR
i=1 j#i a=1 i=1 j#i

where we use the identity

Hitptg— Hitpg—

(pi + NJ _ (pi + :U‘J
it —

S NIRRT

i=1 j#i a=1
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Note that i, >° ., (ui + pj) = 2(n — 1)d, hence

{ RHS }
d29+n 4b9 sing

pr—1 n pi—1
S ITEIED I WD IO I
i=1 j#i 1#4,j a=1 i=1 a=1
n pj—1 . N2 n pi—1 ) ) n
P LT Y B Y S S S )
i=1 j#i a=1 i=1 j#i  a=1 i=1 j#i
n pi—1 _
S PODSLATIRD ) SURTTD ob 3
i=1 a=1 i=1 j#i l#1,j a=1

n

pni—1
+ ZZJZ Bt TR0 ’““3 +2(n - 1)d,

i=1 j#i a=1
it is straightforward to check that

Hi—

%ZZ(M‘FM)Z B - -2y wY Z =,

i=1 j#i I#i,j a=1 i=1  j#i a=1

n pi—1 (s + n pi—1 ; n pi—1 ;
P ID B D DT D DD S DITD I

i=1 j#i a=1 i=1 j#i a=1 i=1 j#i a=1

n wi—1 n pi—l
PID T - CERD TS DS
i=1 a=1

i=1 j#i  a=1

Finally, we obtain

]

1 a=1 i=1 j#i a=1
n l“j*lﬂ n Hi—1
S0 97 95 SERIUERE) oD SLTREUEREE
i=1 Jj#i a=1 a=1 a
n H*lﬂ n i 1/J Mil/l,'
= 2d -1 i J = 2(n —1)d
> ) D090 SRS S FEURE
i=1 a=1 j#i a=1 a=1
n pi—1 i n urlu
— (Z a>d+(n—1) (Z a>d+2(n—1)d
=1 a=1 =1 a=1
LHS
- [d29+n4b9]sing +2(n—1)d
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Let R¥[py,- -+, uu,] be the space of all homogeneous polynomials with real coeffi-
cients in pq,- -, p, of degree k, then it is the subring of Ry, -, pn]. From the
Theorem 5.3, we obtain the recursion formula of A;_; Hodge integral.

Theorem 5.4. For any partition p with [(p) = n and |u| = d, we have the recursion
formula

n L
At (1 |f .0 )
LS )|Aut / st TES (1 = i) W’m
_ Z I3(V y2) d2g1+n1 3d2g2+n2 3b b

|Aut(u1)||Aut(1/2)|

g1+g2=g,v*Ur2eC(pn
under the ring R29=2F" 1y, - - - ,un], where [(V') = n; and [V| = d; fori=1,2.

Remark 5.5. When we consider the simplest case n = 1, the above identity become
the formula used in [6].

6. Some Examples of The Main Theorem
In this section we give some examples of theorem 3.2.
6.1. The case of g =3. If g = 3, then 1 < m < 3. We consider three cases.
6.1.1. m=1. LHS = =3 57 Asch3(E)y1, and 3chs(E) = 32, ;_3(=1)""i\A; =
3A3 — A1 Ao, then we get

LHS = /7 )\3()\1)\2 — 3)\3)’(/)1 = /7 )\1)\2>\37/}17
Mg 1 MS,I

(—'1)5 5\ (5 1 —1/(2g2 — 1\ (5
HS = b3——— By+ = — B
RHS a5\ ) \u) Pt g 2 a:box 5 0 1)

91+92=3,91,92>0
—B4(b3 + blbg).

be = bs

Since b; = we have

31
= 967680°

(37) /7 Aot =
M3 1

24’ 57607

1
362880

6.1.2. m=2. In this case we have LHS = 2 fﬂg ) Ascha (E)92, and 2!chy(E) = 2Xg —
A2, B3 = 0. Then we have

LHS = /7 (2X2A3 — A3AT)97,
M3 1
1
(=1)** 5\ (5—k
RHS 5> ) 5 )Bs
k=0
1
(=1)>7% (295 — 1\ (5 —k
> bglbmzﬁ k g )P

91+92=3,91,92>0 k=0

[l
RN A=
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hence

863

/ AsATYT = 2/ A2 Az97.
M3 M3y

Using the formula fHB ) AoA3¥? = T5a565, we get
1
38 MY = ——.
_ : _ 3 _
6.1.3. m=3. In this case LHS = — fﬂa,l Aschy (E)y3 and ch; (E) = A, hence
LHS = —/ A Az,
H3,1
2
(—=1)>=% 5\ (5 —k
H = - B
RHS D VI
k=0
min(2g>—1,2) 200 —1—k
1 (—1)292 292 — 1\ (5—k
L) 2. boubos D 5—k ( k ) )P
g1+92=3,91,92>0 k=0
9 1
= ——b3By— =b1bsB
50sB2 = 5010255
B 11
1451520’
SO
. 41
MAS = ——.
(39) /MS,I A= 155130

Remark 6.1. The values of (37) and (39) match with the results in [9], the identity

(38) is a new result.
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