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SATO-TATE DISTRIBUTION FOR ABELIAN VARIETIES WITH
REAL MULTIPLICATION OVER FUNCTION FIELDS

CHUNG PANG MOK

ABSTRACT. We calculate the monodromy groups of some universal families of abelian
varieties with real multiplication by Q(cos 27”), over certain Hilbert type modular vari-
eties over finite fields. Using Deligne’s equidistribution theorem, we obtain the Sato-Tate
law for the distribution of Frobenius eigenvalues of these universal families of abelian
varieties.

1. Introduction

There is a technique of studying monodromy by using Diophantine considerations
over finite fields, c.f. [6]. We apply this technique to the one parameter family of
curves considered in [11], whose Jacobians have real multiplication by the totally real
field F := Q(cos 2%), with 7 a prime (see section 4). The condition that the family
has real multiplication puts a constraint on the monodromy group. We show that the
monodromy is as big as possible; essentially it’s g product of SLy, where g = ’”51 is
the degree of F' over Q.

Let k be a finite field of cardinality g, with characteristic # 2,7. Let M, 3, ®zk be
the moduli of abelian varieties of dimension g with real multiplication by F', together
with a “level 3L structure”, base changed to k (a variant of what considered in [8], c.f.
section 6 below). There is a universal family A ®z k — M, 3, ®z k. Once we have
shown that there exist some family with geometric monodromy given by g product of
SLo, it then follows that the same is true for the universal family.

Deligne’s general equidistribution theorem [3] gives a Sato-Tate distribution law
for the eigenvalues of Frobenius on cohomology of a family of varieties, once the
geometric monodromy group is known. In our case, we obtained in theorem 7.1 below
the Sato-Tate law for the Frobenius eigenvalues of the universal family A @z k —
My 3c @z k.

The main theorem can be formulated as follows: let k,/k be a sequence of finite
extensions of k inside an algebraic closure k of k, with #k,, — oo as n — co. We can
define a map (see section 7 below)

0: Mgac(ka) — ] [0.7]

T F—Q

as follows: for each t € My 3. (ky), which corresponds to an abelian variety with
real multiplication by F' and level 3L structure over k,, we associate the g-tuple of
Frobenius angles of the abelian variety, indexed by the set of embeddings of F' into
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Q. On the product [],.p.gl0,7] with coordinates (6,),.,_q, we have the product
Sato-Tate measure:

2 .5
ST = /\7;sm (0,)d0.
T F—Q

We prove in section 7 the following:

Theorem 1.1. Let dp(1) be the delta measure on [, p. .gl0,7] associated to 6(t),
then the sequence of measures on [[ .. .gl0,7] given by

1
® Pocth) 2

teMg,3£ (kn)

converges weakly (as #ky, — o0) to the product Sato-Tate measure psr.

2. Generalities on monodromy

We review some of the formalism of monodromy. With k a finite field as in the
introduction, let S be a scheme of finite type over k; in addition, we assume that S
is geometrically connected, i.e. S; := S ® k is connected. We begin by considering
principally polarised abelian schemes over S:

p: A— S, p: A— A'principal polarisation over S

(here A" is the dual abelian scheme of A).

Consider the I-adic sheaf £ = R'p,Q, on S; the proper and smooth base change
theorems imply that £ is a lisse [-adic sheaf on S. By the Weil conjecture for abelian
varieties and the proper base change theorem again, £ is pure of weight one.

Since S is connected, £ is given by a representation of the étale fundamental group
of S. We recall some notations for fundamental groups: let s be a point of .S, choose
a geometric point 5 over s. The arithmetic fundamental group of (S,3), m3¥th (S, 5), is
just the usual étale fundamental group 7$(S,3). In addition, since S is geometrically
connected, there is a (closed) normal subgoup, called the geometric fundamental
group, 75°°™(9,3), which is the étale fundamental group 7$*(S ® k,3) (“arithmetic”
in the former case because it contains various Frobenius conjugacy classes). We will
omit the basepoint s if the context is clear.

We have the following homotopy short exact sequence:

1 — 7597 (8,5) — 72t ($ 5) % Gal(k/k) — L.
Returning to our lisse l-adic sheaf &, let £} = & be its geometric stalk over s; then
& corresponds to a representation

(2) pr:mi"(S8,5) — GLk,(Q))-

By abuse of notation, we denote again by p; the representation restricted to

T (S,3):

(3) pu: (S, 5) — m(8,5) — GLE, (Q)).

We will call the Zariski closure of the images of these two representations, the
arithmetic and geometric monodromy groups, denoted as G*ith G&eom respectively.
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A Q;-rational form of £ is given by Tate module as follows. Let V; = V; A be the
Q;-rational /-adic Tate module of the abelian scheme .A/S given by:

VA = @A[l"] ®z, Qu
which is a Q; rational l-adic sheaf on S. Let V; := V; 5 be the geometric stalk above

S, which is just the usual Tate module VA, of Ay, the fibre of A over s. We have
representations:

(4) s w8, 5) — GLy,(Qy),
and its dual:
(5) ri (S, 5) — GLy+(Qy).

The theory of l-adic cohomology of abelian varieties gives:
E =V 2q, Q-
Under this isomorphism, p; = (rl*)ﬁz’ i.e. p; is obtained from r; by extension of

scalars from Q; to Q;.
Finally, the polarisation ¢ induces the Weil pairing (,) : V; x V; — Q(1)g, which
is perfect alternating.

3. Family of abelian varieties with real multiplication

We keep the notations of the previous sections. Thus for » > 3 a fixed prime, let
F be the totally real field Q(cos 27”) of degree g := % over Q, Op be its ring of
integers. For a prime [, let F} : =F ®q Q.

In this section we consider, in addition, that the principally polarised abelian
scheme p: A — S has real multiplication by Or. WEe’ll be more precise about
this later, c.f. section 6 below. For the moment, we give:

Definition 3.1. The abelian scheme p : A — S with principal polarisation ¢, has
real multiplication by O in a weak sense, if there is an embedding

i: Op — Endg(A)

such that, if we let T be the Rosati involution defined by the principal polarisation o,
then T fizes the image of i. An equivalent way of saying this last condition is that the
polarisation be linear over i, i.e. for any b € O, we have:

poi(b)=1i(d) o,
here i(b)! is the endomorphism of A' induced by i(b).
Let i;: F; — Endg(A) ® Q; be the map induced by i. By abuse of notation, we’ll
use the same notation ¢; for its action on V. As in the above definition let T be the

Rosati involution defined by the (principal) polarisation . Then for z,y € V;, b €
F,

(6) (b)) = (z,u(b)"y).

By assumption, the action of the Rosati involution fixes the image of ¢, so we have

(7) (i1(b)x, y) = (x, i1 (b)y).
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Lemma 3.2 ([1], lemma 5.2). V; = VA, is a free module of rank 2 over the ring F)
=F®q Q.

Proof. In order to apply lemma 5.2 of [1], we need to check the conditions (5.1) (a) —
(d) on p.230 of [1] are satisfied. This follows from our setup; condition (5.1) (c) being
our equation (3.2). O

Now an element in the image of r; is an S-endomorphism of the abelian scheme
A, so the action of the arithmetic fundamental group is linear over the action of the
image of ¢ .Therefore, the representation r; factors:

(8) it (S) — Resp,/q, GLy,/r, (Q;) — GLy(Q)).

Here GLy, /F, is the Fj-group scheme of Fj-linear transformations of the rank 2 Fj-
module V;, and Resp,/q, is the Weil restriction of scalars. We’'ll generally regard
Resr,/q, GLy,/F, as an algebraic subgroup of GLy;.

Lemma 3.3 ([1], lemma 5.3). Letx; : Gal(k/k) — Q} C F}* be the l-adic cyclotomic
character, considered as a Fy-representation of Gal(k/k) of rank 1. Let 1, be the
representation as in (2.3) on the Q; rational l-adic Tate module Vi, considered as
representation over the ring Fy .Then

9) detp, (r;) = x o deg
as Fy-representation of m3* ™ (S) of rank 1 (here the determinant is taken with respect
to the ring Fy). O

A particular consequence of this lemma is that the image of the geometric funda-
mental group, being the kernel of the map deg, factors as

(10) T W%eom(s) — ResFl/Ql SLV[/F[ (Ql) C GLVZ (Ql)

Now since p; = (r]")g, we see that the monodromy representation for &

(11) pL - W%rith<sﬁ 5) - GLEZ (61)7

actually lands in

(12) pi T (S) — Resp,jq, GL v /F (Qy),
and similarly
(13) pr: T (S) — Resp,/q, SL Ve /R Q).

Next we note that Ej, as a representation of 7" (S), has a decomposition :

(14) (o E) = D (our Eug).
T F—Q

Indeed, by virtue of the decomposition:
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(15) FeqQ=Foqq = || Q.
T F—Q
we have
E =V @ Q=V @n Fioq Q= D (V' on Q).
T F—Q
so define E; ; to be V;* ®p, Q, (with the map F; — Q, induced by 7 : F — Q), which
is a Q, vector space of dimension 2. The (pi,+, E1,+) are just the projections:

(16)  pi,r: mNU) — Resp,/q, GLVZ* /F, (Q) = H GL2(Q;) — GL2(Q))
T F—Q

. . €0 :
whose restriction to 7™ (U) is:

a7 pe w7 NU) — Resp,/q, SLVl* /Fy (Q) = H SL2(Q;) — SL2(Qy).

T F—Q
(The last maps in (3.11) and (3.12) are the projection maps to the factor corresponding
to 7). And we have the corresponding decomposition on the level of sheaves:

£ P &

F—-Q

with &, lisse of rank 2.

4. A specific one parameter family

As before, r is a fixed prime > 3. We assume in addition that k is a finite field of
characteristic # 2,7, with cardinality ¢. Fix an algebraic closure k of k.

By abuse of notation ¢, will denote either a primitive r-th root of unity in Q or in
k.

Let g(z) be the minimal polynomial over Q of —({, + ¢ ')=—2cos(2). Let f(z)
be the polynomial xg(z? — 2), so deg(f) = r (recall that 7 is an odd prime).

We want to consider the one parameter family of hyperelliptic curves y? = f(x) +
t. More precisely, in the affine 3-space Ai(g,.) over k((,), with coordinates [x,y,t],

consider the affine hypersurface C*% defined by the equation:
(18) y* = f(z)+t.

By taking projective closure in P%( o) X Pk( &) C* extends to a proper curve over
P}c( ¢,y» I-e. a proper morphism over Pk(g.) with geometrically connected fibres p: C
— P,lc( ) (t being affine coordinate on P,lc(cr)). By explicit calculation, we have

Theorem 4.1 ([2], Prop. 2.2). p: C — Pi(gr) 18 smooth outside 2,-2,00, whose
7"51. It has semi-stable

non-singular fibers are hyperelliptic curves with genus g =
reduction at t = 2,-2, each is irreducible with g = Tgl k(¢ )-rational ordinary double

point.
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Proof. This is implicit in [11] and [2], Prop 2.2. We give the details here. We have
the relation in k[z, z71]:

(19) 2 +1l=a"(x+z )g(@® +272).

which can be checked by noting that both sides define monic polynomials of the
same degree with the same set of zeroes. Elementary manipulation of (4.2) gives the
identities:

(20) F(w) = 2g(a? — 2) = g(—2)*(z — 2) +2 = g(a)*(z + 2) — 2.

In particular, f(£2) = +2. From (4.3), we see that g(x)|f'(x),g(—x)|f' (). Simple
root consideration shows that g(x) and g(—xz) are relatively prime, and we get:

(21) f'(@) = £rg(z)g(—2).
It follows immediately from (4.3) and (4.4) that p is smooth outside ¢ = 2, —2. On
the other hand, the polynomial f(z) satisfies the following identity:

r—1
2

(22)  flo)— fe) =%(z—2) [[(2® = Oizz+2° =4+ 06}), 0: = + ¢

=1

(see [11], lemma 7, and the paragraph that follows). Hence by putting z = £2 in
(4.5), we have:

r—1
2

fw) -2 =+ —2) [[ (= - 60)?
i=1
(with a similar expression for f(z)+2). The statement concerning the singular fibres
of p follows immediately. O

Henceforth, set U := P,lc(cr) \ {2,-2,00}k(c,) (as a scheme over k((,)), Cly :=

p~1(U). The Jacobian of p : C|y — U furnishes a abelian scheme over U with
canonical principal polarisation (given by the theta divisor).

Theorem 4.2 ([2], Prop. 2.1, [11],Theorem 1). The abelian scheme Jac(C|y) — U,
with the canonical principal polarisation, has real multiplication by Op in the weak
sense.

Proof. This is the main theorem of [11], except for the assertion that Rosati acts
trivially on the image of O, which is not explicitly mentioned in the references. This
can be seen as follows. We need to check that the canonical principal polarisation of
the Jacobian family is linear over the image of . We notice that the family of curves
(and their Jacobians) actually comes from a family over the integral scheme

PIZ[%@] \ {2, —2700}Z[2%,g,.]- So we’ll be done if we prove the assertion over this

scheme. By the rigidity lemma for abelian schemes ([10], Prop. 6.1), it suffices to
prove this over the generic point of the scheme, i.e. SpecQ((.)(t). However, the
endomorphism ring of the Jacobian over the generic point is exactly the image of O
by i ([2], Prop. 2.1), in particular, the Rosati involution induces a field automorphism
of F, and the assertion follows in a well-known way from the positivity of Rosati
involution and the fact that F' is totally real. Alternatively, in our case where F =
Q(cos(2%)), it can be seen as follows: the Rosati t induce an element o on Gal(F/Q)
(Z/rZ)*/+£1, say o corresponds to a mod r under the isomorphism. Since Rosati is
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an involution, we have 02 = id, i.e. a®> = +1 mod . Suppose that a> = —1 mod r;
in particular, ¢ # +1 mod r. Now the positivity of the Rosati involution implies, for
any b € F*:
tI“Q(CT)/Q(bbU) = QtYF/Q(bbG) > 0.
However, taking b = ¢, + (!, we calculate that:
trq(.)/@(Bh7) = trae,) (G + G GG = —4 <0,

Thus we must have a = &1 mod r, i.e. o = Id. |

As before, consider the lisse [-adic sheaf on U, given by £ = Rlp*Qﬂpfl(U). Let

us take s to be the generic point n of U, with 77 a geometric point over 7. Then & is
given by a representation

(23) p: 7 N(U,T) — GLE, (Q))-
Here F; = & is the geometric stalk of the lisse sheaf £ over 7).

As we saw in section 3, the fact that the family has real multiplication (in a weak
sense) implies that the monodromy representation for £, actually lands in (we omit
the reference to the base points):

(24) Pl W?rith(U) — ReSFz/QL C;LVI* / F} (Ql)
and similarly B
pr 7 (U) — Resp/q, SLV[‘ /Fy Q)

and that Ej, as a representation of 72" (U/), breaks up into :
(25) (0, B)= P (pir Eir)

T F—Q
with the corresponding decomposition:
(26) cx P e

F—-Q

Lemma 4.3. in the above decomposition, the E; ;. are geometrically irreducible, i.e.
geom

each is irreducible as Q,[m$*™ (U)] module. Furthermore, they are pairwise geomet-

rically non-isomorphic.

Proof. We’ll prove this lemma in the next section. O
Now we need another:

Lemma 4.4. The lisse sheaf 5|UE over Uy is tamely ramified at all the points of P%

\ U

Proof. This can be proved in the same way as [8] lemma 10.1.12, by explicit compu-

tation, using the Euler-Poincaré formula and the explicit description of the singular
fibers in theorem 4.1. 0

Now we can prove:

Theorem 4.5. GE*™ = (Resp, /q, SLy- /r,) ®aq, Q< [I..r—.qSLy g, (g copies).
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Proof. E|y, is everywhere tame, so £y is a representation of the tame quotient
miame(Uy). As P% is simply connected, 7{*™¢(Uy) is topologically generated by the
local tame fundamental group I(t), t = 2, —2, 00, where each of them is pro-cyclic.
Let T, T o, T be topological generators of the respective local tame fundamental
groups.

Since our family (considered as curves or Jacobians) has semi-stable reduction
at t = 2,—2, Grothendieck’s semi-stable reduction theorem implies that the local
monodromies Ty, T_o are unipotent (SGA 7 [12] Expose. IX, Prop. 3.5).

Consider the projections p; ,:

prrmy o (U) — ReSFz/Qz(SLV,* /Fl) (Q) = H SL2(Q;) — SL2(Q).
T F—Q

Now if p; - (T2) = p1,-(T—-2) = 1d, then the image of p; - is topologically generated
by pi,+(T), in particular the image is abelian. This contradicts lemma 4.3, that Ej -
is a 2 dimensional irreducible representation of 7™ (U).

Thus for each 7, at least one of p; ,(T%), p1,-(T-2) is a nontrivial unipotent element,
and since p,; is 2-dim representation, any non-trivial unipotent element must be a
unipotent pseudo-reflection (i.e. the subspace of fixed vectors has codimension 1);
also, E. is geometrically irreducible. Kazhdan-Magulis theorem ([7], Theorem 1.5)
implies that the (geometric) monodromy group G, for the representation p; ,, a piori
an algebraic subgroup of SL2,6l> must be the whole of SLQQl. In particular G, is a

connected semisimple algebraic group over Q;.

Clearly we have G&*°™ C [[ G, and G8*°™ surjects onto G, under the projection
on the factor corresponding to 7.

From lemma 4.3, we see that the Goursat-Kolchin-Ribet lemma ([7], Prop. 1.8.2)
applies, so that we have the following relation between the derived groups:

(Ggeom,O)der > H (Gg)der

7 F—Q
= H G, (because G; is connected semisimple).
7 F—Q

ce=m = [ G-= II Slg

T:F;»a T:F%a

Thus we have:

5. Proof of lemma 4.3

Most of the arguments below are due to Katz [6]. It is included here only for the
convenience of the reader.

In general, for a pure lisse [-adic sheaf F on U, Deligne’s semisimplicity theorem
([3], Théoreme 3.4.1 (iii)) implies that F, as a 73°°™ (U) representation, is completely
reducibe. We may write:

(27) f‘|Uz = @ni}]—

where JF; are pairwise non-isomorphic irreducible [-adic lisse sheaves on Ur.
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Define a positive number, called the “geometric irreducibility of F”, Irr(F), as
S n;2. It’s easy to check that if 7, G are lisse pure l-adic sheaves on U, then Irr(F &
G) > Irr(F) + Irr(G), with equality if and only if F|i. and G|r. have no isomorphic
irreducible components in common. Now the £ of the previous section is lisse and pure
of weight one, and from (4.9), we see that Irr(€) > >°_ p_gqIrr(€r) = g, so if we can
show Irr(€) < g, then we must have equality everywhere, in particular Irr(€;) = 1,
i.e., & is geometrically irreducible, and that the &, are pairwise geometrically non-
isomorphic.

(U, E®E).

Lemma 5.1. Iir€ = dimg, H ,
Proof. We have £ = £*(—1) by Poincaré duality for the curve p : C|y — U. Hence
dimg HE (Up,E®E) = dimg HE (Up,E®EY)
= dimg, Hy (Uy, € ® £) (Poincaré duality on Uy)
= dimg, H (Ug, End(€))
= dimg, End(E)™ )
= Znﬁ (Schur’s lemma).
O

Now for d divisible by r» — 1, let kg be the extension of k of degree d inside k
that contains k((,), t be a kg-valued point of U, C; be the fibre of p: Cly — U
over t. Let N(d,t) be the number #C;(kq) . Define E(d,t) to be the “error term”
N(d,t) — (g¢ +1).

Lemma 5.2.

1
limsup —~ Z E(d,t)? = dimg H (Up, E®E).
ffﬁ‘c’l teU(kq)

Proof. Let F' be the geometric Frobenius of the ground field k, and Froby j, be the
geometric Frobenius associated to a kg-valued point ¢, with geometric point ¢ above
t. By Lefschetz’s trace formula for the fibres C; and proper base change, we have

N(d,t)=q¢%4+1— trace(Fd|Héltyc(Cg, Q) =q¢"+1- trace(Froby i, |Et).

Hence E(d,t) = — trace(Frob , |€:), and E(d,t)* = trace(Froby x, |(€ ® £);). Using
Grothendieck’s trace formula, we get
2
Z trace(Froby r, |(€ ® €)) = Z(—l)itrace(FﬂHét’c(Ug,5 ®E).

teU(kq) =0
Now & is pure of weight 1, hence £ ® & is pure of weight 2. By Deligne’s main theorem
of Weil IT ([3], Théoreme 3.3.1),

Hp, (U, € ® €) is mixed (actually pure) of weight < 2,

Hétyc(UE,é’ ® &) is mixed of weight < 3.
Hence
trace(F|H, (U, € ® €)) = O(q%),
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trace(FUHY (Ur,E®E)) = O(¢?),

so we get:
1 1
lim sup e Z E(d,t)> = limsup e Z trace(Froby i, |(€ ® €)¢)
= teU (ka) = teU (ka)
1
= limsup — trace(F4|HZ (Ug, £ ® E)).
d—oo {4 '
r—1|d
Now HZ, (U, E®E) 2 (EQE) geomw) (—1) is pure of weight 4, so if o - - - vy, are the
I 7'r1

cigenvalues (with multiplicity) of F on Hg, (Uy, €®E) (which are algebraic numbers),
then |o;| = ¢2, and

Am

1
limsup —~ trace(F|HZ, (Ur, € ® €)) = limsup \(%)d ot (01

d—oo d—oo q
r—1|d r—1|d

So it remains to show, that if 3; - - - 3,, are unitary complex numbers, then

limsup |B{ + --- 4+ 8| = m.
d—00
r—1|d

This is a standard argument using the pigeon-hole principle, c.f. Lang’s Abelian
Varieties [9], p.138. O

Hence we get

Lemma 5.3.

1
Irr(€) = liflnsup —3 Z E(d,t)%.

ioma 1 eut
0

For our purpose, we’ll use the following variant instead, which enables us to calcu-
late with only affine varieties.

For our family p: Cly — U, there is a closed subscheme Y C C|y, namely the
oo section of the family of hyperelliptic curves, which is finite étale over U. In our
previous notation C|yy \ Y is just C*|;;, where we recall C*! is defined by (notations
as in section 4):

{y* = flz) +1} C A}y

Let pry : C*f — Ai( &) be the projection to the t-coordinate. There are 2 singular
fibres above t = 2, —2.

For each kg-valued point ¢ of Ai(g)v let

E*(d,t) = #{(z,y) € kjly* = f(x) +t} —¢*
be the “affine error term” for the number of k4-valued points of the fibre of prs over
t. (i.e. we are comparing the number of k; points with Ai(gr) instead). Then taking
the effect of the oo section and the singular fibres into account, one can show that
(6], section V)

1 1
limsup — E(d,t)? < limsup — E(d,1)2.
M SUp 5 > Ed) WSUD 2a > (d,t)

q q
r—1ld teU (ka) r—1ld tEAllc(kd)
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Hence we get:

Lemma 5.4.

1
(28) Irr & < limsup —- Z B (d,t)2.
dee P A

O

We’ll finish the proof by using the following asymptotic expression for the sum
ZtEAl (ka) B f(d,t)? (as d — o0). In the following it suffices to consider any finite

field k of cardinality ¢, with characteristic # 2,7, and we just write E*T(¢) for the
affine error term.

Lemma 5.5. For a finite field k of cardinality §, we have the asymptotic formula

SO E(1)? = g 32 +0(3%2) (recall g = %).
tek

Proof. Let y: k* —> s be the non-trivial quadratic character, extended as usual by
setting x(0) = 0.
Then for t € l;,

Eaf‘f Z X

zek

ST = S w((F@) + (=) + 1)),

tek t,x,z€k
For fixed z,z, the sum }, . x((f(x) +t)(f(2) +t)) is the affine error term for the
number of k-rational points of the conic in (A, B) space defined by

B? = (A+ f(2))(A+ f(2)).

If f(z) # f(z), this is an affine smooth conic with 2 rational points at oo (the
characteristic of k is not 2), so

> ox((f (F(z)+) = #P () —2— g = (q+1) —2— g = 1.
tek
If f(x) = f(2), then clearly the character sum is:

> x((f() +1)( =Y x(t)=q-

tek t#0
Hence
SCEM()? = (q-D#{(z,2)|f(2) = f(2)} = {2, 2)|f () # f(2)}
tek

= ( D#{(, 2)| f(2) = f(2)} = (@ ~{(z,2)|f () = f(2)})
= "+ 33, 2)|f (=) = f(2)}-
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Now recall we have the factorisation used in the proof of theorem 4.1: (see [11], lemma
7)

r—1
2

FX)=f(2) =X = 2) [[(X* = 6:XY +Y> —4467) (0: = (. + ().
i=1
Thus the affine curve f(X) — f(Z) =0 in X, Z plane has 1+ “5* components.
By the Lang-Weil estimate,

#{(z, @) = f2)) = 0+ 51 a+0@ ).

The proof follows.

O

6. A universal family of principally polarised abelian varieties with real
multiplication

We follow [8], § 11.0.1 and [4], § 4. As before let F be the field Q(cos 2%), Op be
its ring of integers. We recall the data of linear rigidification: for an abelian scheme
p: A — S of relative dimension g = ”5—1, with a principal polarisation ¢ : A —
A, let L, be the line bundle (Id 4 x)*P, where P is the Poincaré invertible sheaf on
A x At. One knows that E%g is relatively very ample over S, and by the Riemann-
Roch theorem p*ﬁg?’ is locally free Og module of rank 69. A choice of Og-basis, called

a level 3L structure and denoted as «, gives an embedding of A/S into ng_l and
provides rigidification. A level 3L structure always exist Zariski locally (as opposed
to level n structure, which exists only étale locally) for a principally polarised abelian
scheme.
We consider triples (A, ¢,14) /g, where (c.f. [5], chapter 4):
rml: A/S is an abelian scheme over S.
rm2: i : Op — Endg(A) an embedding.
rm3: ¢ is a principal polarisation ¢ : A — A’, which is linear over the image
of Op by i (this is the equivalent to saying that the image of i is fixed by the
Rosati involution defined by ¢).
rm4: Lie(A/S) is a locally free Op ®z Og module of rank one.

Such a triple is called an “HBAV” (Hilbert-Blumenthal Abelian Variety) over S. If
we put in the rigidification data «, the the quadruple (A, ¢,4, a) /s called a “rigidified
HBAV” over S. For an HBAV, one can construct, for n invertible on S, the Op-linear
Weil pairing (c.f. [4], equation (4.4)):

2
(29) N\ Aln] = Dp)q ©z pin-

Op
(The exterior product being taken with respect to Op; here D;}Q is the inverse

different of F//Q, puy, is the group scheme of n-th roots on unity on S. Composing
equation (6.1) with the trace map trgp/q gives the usual Weil pairing.)
Now let M, 3, be the functor

S — {isomorphism classes of quadruples (A, ¢,i,a),s}
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Theorem 6.1. The functor Mg s, is representable by a scheme Mg s, which is
smooth over Z with geometrically connected fibres of dimension g + 629

Proof. To prove representability, it suffices to do so over Z[1/n] for two relatively
prime value of n > 3. For n > 3, consider the raw level n moduli problem M raw »
on HBAV A/S/Z[1/n], where one imposes two sections of A[n|(S) which, on each
geometric fibre, form a O /nOF basis. It is representable by a quasiprojective scheme
Mg raw n smooth over Z[1/n], whose geometric fibres are of dimension g (c.f. [4],
p.254-255). Over this, we consider the moduli problem M raw n,3c, Where one imposes
in addition a level 3L structure, i.e. an Og basis of p*ﬁg‘g. It is seen that this problem
is representable by the total space of a GL(69) torsor, which we call M raw n,3c, Over
M raw n- The solution to the problem M, 3. is then obtained by taking the quotient
of Mg raw n,3c by the free action of GL2(Op/nOFr) (since level 3L structure rigidifies),
hence is smooth of relative dimension dimension g + 629 over Z[1/n].

To show that the fibres M, 3, are geometrically connected, it suffices to do so after
extension of scalars to Z[1/n, (,]. Over this, we have the more usual level n problem
My 30, where we impose also the condition that the Op-linear Weil pairing of the
two basis elements of A[n|(S) is 1 ® (,. This moduli problem is representable by
Mg n.3c over Z[1/n,(,], which is smooth, geometrically connected of relative dimen-
sion g (loc.cit ). Then M, 3. is obtained by taking the quotient of the free action of
SL2(Ok/nOF), hence is also geometrically connected. O

Denote by
Puniv * Auniv — Mg73£
the universal family over M, 3..
As before, k is a finite field of characteristic # 2,7. We then obtain from the above
results the universal family:

Puniv & k- Auniv Rk — Mg,gﬁ Rk

of principally polarised abelian varieties over k with O multiplication and level 3£
structure.
We have the [-adic lisse sheaf:

5univ = Rl (puniv X k)* Ql .

The vector spaces Euniv,i; Vaniv,ls Puniv,l,» and the representations puniv,i, Puniv,l,- are
then the Ey, Vi, By -, p1,p1,- for this family puniv ® k. In particular, we have the
monodromy representation:

7I-zlirith (M9,3£ ® k) - GLEuniv,L (Ql)
As before, we know that the geometric monodromy group G " for this universal

univ
family has to be contained in (Resp, /q, SLy+  /5) ®q, Q-

Theorem 6.2. The geometric monodromy group G5 of Euniv s

univ

(Res/q, SLy» /1) ®q, Q=[] SL, g, -

T F—Q
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Proof. For the proof of this theorem, we may, after extension of scalars, assume

¢r € k. In the notations of theorem 4.3, the family Jac(C|y) — U is an HBAV over

U. Indeed, the only condition not yet checked is rm4. However, it’s known that

this condition is automatically satisfied since our family lifts to characteristic 0. Now

since level 3L structure exists Zariski locally, we can, by restricting to a non-empty

open U C U, assume that a level 3£ structure exists on U. Note that theorem 4.5
geom

concerning the (geometric) monodromy group holds verbatim, since 7} (U) surjects
to 7™ (U). We thus obtain a map:

U— Myar®Ek,

and the monodromy representation for the family Jac(C|5) — U is obtained (up to
conjugation) as:

() — 7 (M 5 @ k) — GLg,,,. ., (Q)),

which, by theorem 4.5, has geometric group (Resp, /q, SLy L F)®q, Q,, the biggest

possible. This forces the geometric monodromy of the unlversal family to be the

biggest possible.
O

7. Equidistribution

Let k,, /k be a sequence of finite extensions of k inside k, with #k,, — oo asn — oo.
Fort € (Mg 3. ®k)(ky), Let Frob, i, be the conjugacy class of a geometric Frobenius
element associted to ¢ in w3 (M, 5, ® k)

With the notations of [8], let puniv,i(3) be the generalised Tate-twisted represen-
tation of puniv,. Since puniv, is pure of weight 1, pumv,l(z) is pure of weight 0. From
the decomposition:

(30) (punivJa Euniv,l)

Il

@ (puniv,l,raEunivJ,T)
T F—Q
we see that each of puniv’m(%) is pure of weight 0.
Also, we see from equation (3.4), that detFl Puniv,i(3)(Froby ) = 1 . Thus the
image of Frob, j, € 7 (U) under pupiv, l( ) lies in GE20 = Feq SLQ’Q.
Thus we can erte

det(1 — T Froby . |puniv7l,7(%)) — (1= Tar(t)(1 - Tar(t)")

with . (t) pure of weight 0. Now fix an isomorphism: ¢ : Q, — C. Then t(q;(t))
is unitary, and we can specify o, (t) by requiring that its image under ¢ to be of the
form e with 6,(t) € [0,7]. So corresponding to the decomposition (7.1), we have
factorisation of characteristic polynomial:

1 1
o(det(] = TFrobyk, [puniva(3)) = ] (det(l =T Frobyk, |puniv.i+(3)))
mF—Q

= [ «(Q-Tat)(1-Tor®)™") =[] Q-Te )1 -Te?®).

T:F—Q TZFMG
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We can then define a map:

0: Mgac(kn) — J] [0,7]

T F—Q

by associating to ¢ the g-tuple of angles 0(t) = (0-(?)),..qg-

We can also define this map more invariantly as follows: the semisimple part of the
image puniv,i(3)(Froby k, )™ lies in [T . Foq Sls q,» which when viewed as element in
[, re.qSLlac via ¢ : Q, — C, is conjugate in [1,.r.qSL2,c to an element in the
maximal compact subgroup K = [[ .z g SU(2), whose conjugacy class in K is well-

defined. Recall that each element of SU(2) is SU(2)-equivalent to an element of the
i0

form | © 0 67148 , for a unique € € [0, 7]. Thus we may identify the set of conjugacy

classes of K = [ p. g SU(2) with g-tuple of angles {0} .. g € [[,.r..gl0,7]. Our

contended map is the g-tuple of angles in [0, 7] associated to this conjugacy class in

K.

On the product [] .. g0, 7], we have the Sato-Tate measure:

2 .
= — sin“(0,)d6,
pst= N\ 2 sin(0,)
T:F—Q
which is the push-forward to the space of K-conjugacy classes of the normalised Haar
measure on K.
The hypotheses for Deligne’s equidistribution theorem ([3], Théoréme 3.5.3, [§],

Theorem 9.2.6) are now satisfied, and we obtain theorem 1.1, which we recall:

Theorem 7.1. Let dp() be the delta measure on [, p..gl0,7] associated to 6(t),
then the sequence of measures on [[ .. .gl0, 7] given by

1
@ Fipscl) o

teMg,SL (kn)

converges weakly (as #ky, — o0) to the product Sato-Tate measure psr.
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