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EXPLICIT SHIMURA’S CONJECTURE FOR Sp; ON A
COMPUTER

ALEXEI PANCHISHKIN AND KIRILL VANKOV

ABsTrACT. We compute by a different method the generating series in Shimura’s con-
jecture for Sps, proved by Andrianov in 1967. We develop formulas for the Satake
spherical maps for Sp,, and GLy.

1. A formula for the generating series of Hecke operators of Sp;

A classical method to produce L-functions for an algebraic group G over Q uses
the generating series

oo (oo}

dDoxsmn = I DA,

n=1 p primes 6=0
of the eigenvalues of Hecke operators on an automorphic form f on G. We study the
generating series of Hecke operators T(n) for the symplectic group Spy, when g = 3,
and A¢(n) = Af(T(n)).

Let I' = Sp,(Z) C SL2y(Z) be the Siegel modular group of genus g, and [p], =

plag = T(p,--- ,p) be the scalar Hecke operator for Sp,. According to Hecke and

29
Shimura,
o0
Dy(X) = Z T(pé)Xé
6=0

1
1 —T(p)X +plpl1 X?’

ifg=1
(see [Hecke], and [Shi71], Theorem 3.21),
1 - p?[plaX?

1—T(p)X + {pT1(p?) + p(p? + 1)[pl2} X2 — p*[p]2T(p) X3 + pS[p]3 X*
it g =2 (see [Sh|], Theorem 2),

where T(p), T;(p?) (i =1,--- ,g) are the g+ 1 generators of the corresponding Hecke
ring over Z for the symplectic group Sp,, in particular, Ty(p?) = [p],-

The case g = 3 was treated for the first time by Andrianov in [An67]. In the
present paper we find a different method to compute the polynomials E(X) and F(X)
in X of degree 6 and 8 such that D,(X) = E(X)/F(X), through the generators
T(p), T1(p?), T2(p?), [p]3 of the Hecke ring (Theorems and . Actually this
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series was computed for ¢ = 3 by hand in Andrianov’s original paper [An67| using
the multiplication rules for Hecke operators. Our computation works also for higher
genus (see [VaSp4]) (notice the general formula (5.3) of Ch.5 by I.G.MacDonald, see
[MacD93]).

The explicit knowledge of the sum of the generating series of Hecke operators
Dy(X) = T(")X° = B(X)/F(X)
5=0

gives a relation between the Hecke eigenvalues and the Fourier coefficients of a Hecke
eigenform f. This link is needed for constructing an analytic continuation of L-
function on Sp,, which was done by A.N.Andrianov in the case g = 2, see [An74]. An
approach for constructing an analytic continuation of the spinor L-function on Sps
was indicated at the talk of the first author, see [PaGRFA].

Our result is based on the use of the Satake spherical map 2 (see Section (3] for
details). We obtain the following formula for the polynomial P(X) = Q(E(X)):

P(X) = Ps(xo, x1, T2, 23, X) =
2
1
—1_ <$ym2,1,1 " (p"+p+1)symiaa n Syml,l,o) 22 X2

2

p p
p+1
(1) + 7 (symao,2.2 + syma o1 + syma 11 + Symi11) x% X3
2
sym +p+1)sym sym
( ) :23,2,2 + (p*+p 3) Yyma2.2 T Y ;,2,1) ng4
D p p
SYMs3.33 6 6
+ T.’ﬂoX .

(see also [PaVal]). The case g = 4 was treated by K.Vankov in [VaSp4] (see also [Vol,
IBG)).
In this formula the notation sym,, ;,:, represents the symmetric polynomial of
three variables x1, x5 and z3 constructed in the following way:
SYMiy jin,iz = Z O'(xillxgzl‘?%
oc€ESn/ Stab(zil x? :v;3)

where the summation of permuted monomials ' z5*z% is normalized using the sta-
bilizer Stab(xilx?x:’f) so that all coefficients are equal to 1 and iy > iy > i3 > 0.
The total degree of the polynomial is i; + i3 + i35. Here S, = S3 is the symmetric
group that acts naturally on polynomials in n variables, where n = 3 in our case. For
example

symg 0,0 = 1

symi00 =1 + T2+ T3
Symi,1,0 = T1X2 + T1X3 + T2X3
SYmai 1,1 = T12223

4.3 2 4.2 3 3.4_2 3.2 4 2 .43 2.3 4
SYMy 32 = X1ToX3 + T1X5T3 + T7ToX3 + TIX5T3 + TIToX3 + TIXTHT3 -
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Many computations presented in this article were performed using Maple 9.50 (IBM
INTEL NT). Symmetric polynomials sym;,;,i, (up to total degree 9) were computed
using the coefficient of ¢ of the generating function

H (1+ tm?(l)x?@)x?(?’)) = (1 4+t a2a) (1 + talt alpa?)
og€S3
X (14 taladtal)) (L + toltafaly) (1 + tabafaf)(1 + tobaipad)
wherei; =0,...,6,i2 =0,...,7; and i3 =0,...,72. Then it is normalized by dividing
out its leading coefficient.
Let us state our result directly in terms of the Hecke operators for the symplectic

group Sp,,, defined at p. 142 of [An87]. Consider the group of positive symplectic
similitudes

(2) S=8"=GSp,(Q) ={M € M2 (Q) | 'MJ,M = p(M)Jp, u(M) > 0} ,

where J,, = ( _Of (I)" ) .

For the Siegel modular group T" = Sp,,(Z) consider the double cosets

(3) (M)=TMT CS,

and the Hecke operators

(4) T(@) = Y (M),
MeSDy, (a)

where M runs through the following integral matrices
(5) SDn(a) = {diag(dh s dpyer, s 7671) | di‘di+17 dn|€n, €i+1|€i, d;e; = a}.

Let us use the notation

(6) T(d17 e adn; €1, " ,6n)) = (dlag(dla e 7dn; €1, " 76n))'
In particular we have the operators (see p. 149 of [An8&7]):
(7) T(p):T(L 315p7"' ap)a
—— ——
(8) Tl(pz) = T<17 Ty 17p7 e 7p7p27 e 7p27p7 e 7p)a fOI' 1= 1727 RN (D

Then their images by the spherical map 2 are given at p.159 of [An8&7|:

(9) AUT(p) = o [[(1+ ) = wos;(z1,@2,- -, wn),
i=0 =0
(10) QT;(p?)) = Z PP sm (0 — i, a)x2w ().
a+b<n,a>i
Here

5i(T1y. 0y Tn) = Z Loy " Loy

1< <--<a;<n
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is the ith elementary symmetric polynomial (different then previously defined
Infafb
SYMiy inis), Tap = pl, is a Hecke operator for GL,,, and the
T,
coefficient smy,(r, a) denotes the number of symmetric matrices of rank r and order a
over the field IF,,. This coefficient is evaluated at p.205 of [An87]:

a(p)
ér(p)da—r(p)’
with ¢, (z) = (z — 1)(z% = 1)-...-(z" — 1) for r > 1, and ¢g(z) = 1.

(11) sm,(r, a) = smy,(r,7)

In particular, we have in the case n = 3 that

QT(p)) = 2o (1 + symy o o+ sYymy 1,0+ symy 1.1)

g (p° — 1)
(12) QT () = == (syma, 11+ syma. )
o
+ ) (Sym2,2, 1+ symg 1 o+ Syml,o,o)
a3 (p—1)(2p* +4p+1)
p4
Q(T2(p?)) = psmy (0, 2)zgw(ma0) + phsm, (0, 2)a5w(ma,1)
+ p%sm, (1, 3)zdw(ms,0)
= zgw(t(1,p,p)) + p*ziw(t(p,p, p*)) + smy (1, 3)zgw(t(p, p, p))

2 2 2
g i (p—1(*+p+1)
- p% (syma, 1,0+ symy 1,1) + = PO s

SYmy 1,1 5

Ymy 1,1

56(2)£E11‘2$3 IO2
5 T —SYymiia,
p p

because of the equality with a = 3,7 = 1 implying sm,(1,3) = (p—1)(p* +p+1).
Consider the polynomial Q3(X) defining the spinor zeta function Z(s) of genus
three:
Q3(X) = Q3(wo, 71, 72,73, X)
(13) = (1 —on)(l —l‘o.rlX)(l —.2?0.’132X)(1 —$0$3X)
X (1 - .Tol‘l.IQX)(l — 930581173)()(1 - 1301‘2$3X)(1 — $0I1I2$3X).

Q(T5(p*) = Q([pls) = psmy (0, 3)zjw(ms,0) =

Following the proof at p.159 of [An&7]|, there exist Hecke operators

a; € Q[T(p), T1(p?), -, T, (p?)] such that

on

(14) D 9ay) X7 = Qu(X)
§=0
=1 —-20X)1 — 2021 X)(1 — zpz2X)-....(1 — zoz122". . -2 X).
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Let us consider the series D(X) = Y 52 T(p°)X° € Lz[X] and the polynomial
F(X) = Z?:O q; X7 over the Hecke ring Lz.
It was established by A.N.Andrianov, that there exist polynomials
E(X) € Q[T(p), T1(p?), -, Tn(p?), X] such that

- E(X)
(15) D(X) = gT(pé)Xé = m,

with the above polynomial F(X) = Z?:O q; X7 of degree 2", and such that E(X) =
2m—2
Z u,; X7 is a polynomial of degree 2" — 2 with the leading term
j=0
(71)n71pn(n+1)2"—27n2 [p]z"'—LlXTLQ
(as stated in Theorem 6 at p. 451 of [An70] and at p.61 of §1.3, [An74]). In the

following theorem we denote by [pl, = (pl2n) = T,(p?) the element (3.4.48) in
[An70]), so that Q([pl,) = p~ "tV 222z, -. . -a,,.

THEOREM 1.1 (see also [An67]). If n = 3, there is the following explicit polynomial
presentation:

— 5 5 E(X)
(16) D(X) = gT(p X = Fx)
where
E(X)
17)  =1-p*(T20*) + P> —p+ D®* +p+ D[pls) X* + (p+ 1)p"T(p)[pls X*

—p"Ipls (T2(p*) + (P> —p+ 1)(p* + p+ 1)[p)s) X* + p'°[p]3 X© € Ly[X].

REMARK 1.2. It was pointed out to the first author by S.Boecherer, that difficulties in
the problem of analytic continuation of the spinor L-function of genus 3 could come
from the polynomial E(X). Indeed, this is clearly indicated by Kurokawa’s paper
[Ku88|, Theorem 2 in the case of the Siegel-Eisenstein series of genus 3. A similar
polynomial is discussed in the paper of Maass [Maa76| using densities.

REMARK 1.3. It seems that the polynomial E(X) does not depend on T1(p?) in gen-
eral. Also, we conjecture that the coefficients of E(X) at X and at X2" =3 are always
equal to zero.

Proof of Theorem [I.1]is completed in Section [3]

2. Explicit form of Shimura’s conjecture for Sps

We derive a different method to compute the generating series in Shimura’s conjec-
ture for Sps first computed by A.N.Andrianov in [An67] (see also [An68| and [An69]).
Shimura’s conjecture was stated in [Sh], at p.825 as follows:

“In general, it is plausible that D,(X) = E(X)/F(X) with polyno-
mials F(X) and F(X) in X with integral coefficients of degree 2™ — 2
and 2", respectively”
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(i.e. with coefficients in Lz = Z[T(p), T1(p?),-- , Tn(p?)]).

THEOREM 2.1 (see also [An67]). If n = 3, one has the following explicit polynomial
presentation:

(18) p(x) =Y T()xt = EX,
= (X)

o

where E(X) is given by , and

(19) FX)=1-T(p) X
+p(T1(p?) + (0* + 1) T2(p*) + (p* + 1)*[p]3) X?
—p*T(p) (T2(p”) + [pls) X°
+p°(—2pT1(p°) [pls + T2(p?) — 2(p — 1) T2(p”) [p3
-’ +2p-1)P* —p+1D)(P* +p+1)[PI3 + [pls T(p)*) X*
— p° [pl3 T(p) (T2(p?) + [p]3) X°
+p [p3 (T1(p°) + (0° + 1) T2(p*) + (p° + 1)*[p)s) X°
— p"® [Pl T(p) X7 + p** [pl3 X® € Lu[X].

REMARK 2.2. (a) In the case n =2 Shimura proved ([Sh|, Theorem 2) that

D TE")X® = (1-p[plaX?)x
6=0

[1—TP)X + {pT1(p?) + p(p* + D[pl2} X* — p’[p]2T(p)X* + p°[P]3 X" "

(b) For the group G = GL,, it was proved by T.Tamagawa [Tam| that for all n
S otp") X0 =D (~1)p I P r(p) X!

6=0 =0

(see in [Shi7l], Theorem 3.21).
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Proof of Theorem [2.1] follows the same lines as that of Theorem We compute an
expression for Q(F (X)) in terms of symy, 4,.4,:
QF(X))=1—zy(symq 1,1 +8ymy 1 0+ 8ymy oo+ 1)X
+ a5 (4 SYMa 1,1 + SYmq o0 +28ymg 1 1 +25ymq 1o
+ symg 1.0 + SYMa 2 1) X?
- 3363(51/7”3, 1,1+ 8ymy 10+ 4symg o 1 +4symy 1 1+ syms 1
+8ymy o o +48Ymg o o + SYmg o o + Symsg o 1 +48yms 4, )X?
+ 3361(5?/7”3, 1,1 T 8YMy 1 1+ 8YyMm3 3 4
(20)  +symy o o +28ymy 1 1 +48Yms o o +28yms 5 4 + SYMy 5 o + 8 5YMa 5 o
+25ymy 5 o+ symg 5 3+ 4symy 5 1) X*
- xg’(sym&g’ 3T 8YMmy 3 9+ SYMg 9 1
+4symy o o +4Asymy 3 o+ symg 3 1 +4syms o o
A symy 5 5+ sYmy g 5+ syms 5 1) X7
+ 30 (25ymy 5 5 + sYM3 5 5 + 2 5ymy 3 3
+dsymy 5 5+ symy 55+ symy 4 3) X°
— a5 (symay 53+ sYma 5 3+ symay 4 4+ symy 4 3) X7 + 35 symy 4 4 X°.
Then we use the polynomial expressions for the generators of the Hecke ring.
Using these generators, we may look for a solution in the following form:
(21) QF(X))=1-QUT(p)X + (Kr1p2UT1(p°)) + Kr2p2UT2(p?))
+ Kr3paS([pls) + KrprpQ(T(p))?) X°
+ (Krpr1p2QUT(p) T1(p?)) + Krprap QT (p) T2(p?))
+ Krprspe UT(p)[pls) + KrprprpQ(T(p))*) X°
+ (Kr1p2r1p20T1(p%))? + KriporepeQ(T1(p*)T2(p?))
+ Kriporspe QT1(p?)[pls) + Kroperop2Q(T2(p?))?
+ Kraporsp: UT2(p?)[pls) + Kraparsp: Q([p]3)
+ Kr1porpry AT1(0%) T (p)?) + KraperprpA(Ta2(p?) T(p)?)
+ Krsporpry UPsT(0)?) + Krprprpry Q(T(p))4)X4
+Q(as) X° + Q(a6) X° + Q(ar) X7+ p** Q([pls)* X°.
It is not too difficult to resolve the resulting equations in the indeterminate coeffi-
cients:
Krprip2 = 0, Krprpry = 0, Krprope = —p®, Krpraps = —p°, Kpops = p(p® + 1),
Krspe = p(p* + 1), K12 = p, Krprp = 0, Kroparprp = 0,
Kriparspe = =207, Kraparap2 = —20°(p — 1), Kr1par1p2 = 0, Kr1porape = 0,

KT2p2T2p2 = p67 KT1p2Tpr = 07 KT3p2Tpr = p67 KTprTpr = Ov
Krsporspr = —p°(p* +2p — (P> —p+ (P> +p + 1).
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Then we find the remaining coefficients qs, qg, q7 using the functional equation
[An87), p.164 (3.3.79): qs—; = (p°[p]3)*~‘q; (i = 0,--- ,8), compare with formulas in
[An67] and in [Evd].

3. An identity involving w(t(1,p*?,p*?))

The theory of Hecke rings for the symplectic group is developed in [Sh], [An8&7]
and [AnZh95] (Ch. 3). At page 150 of [AnZh95| we have the following identity for
the spherical map

e}
=30 D e ) (0 X) P
=0 0<6;<+<0,<6

This identity for formal generating series of elements of Hecke ring allows to reduce
computations in the local Hecke rins of the symplectic group to computations in
polynomial rings by applying the spherical map Q to elements T(p?) = T"(p°) €
Lg(T™,S™) of Hecke ring for the symplectic group or spherical map w to elements
t(pr,--- ,pPn) = >_;aj(Agj) € Lo(A™,G") of Hecke ring for the general linear group.
Detailed definition of spherical maps for Hecke elements as well as definitions and a
structure of left cosets Ag; and Hecke pairs (I'*, S™) and (A™,G™) can be found in
[AnZh93], chapter 3 paragraphs 2 and 3, see also [An87] chapter 3. For generating
elements m;(p) = 7 (p) = (diag(1,...,1,p,...,p)) with 1 on the diagonal listed (n—1)
times and then p listed i times (1 < i < n) the images elements under the map w = w;
are given by the formulas

w(mp)) =p~ Dsi(z1,...,2,) (1 <i<n),

where

Si($17...,$n): Z mal.'.wai

1<op <-<a;<n

is the ith elementary symmetric polynomial. For an arbitrary element ¢ the map is
defined by

w(t) = 3 aw((Agy)).

Examples of computation for cases n = 1 and n = 2 are given in [Sh], at page 824,
and in the book [AnZh93|, at page 150:

(23) Rl(X) = [(1 — on)(l — $0.131X)]_1 5

1-— p_1x8x1x2X2

(24) Ra(X) = (1 —20X)(1 — 2021 X)(1 — 2022 X)(1 — moz122X)
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Proof of Theorem Let us consider n = 3. Acting analogously to the case n = 2
let

dy =01 + 61
03 = 01 + &4
(25) _ ,
6=01+46
§ =08+ 0

where 0 < 6] <65 < ¢, 3> 0. Then

o0
Ry(X)=3" Y p e u(ph, p’ p™)) (meX)
0=0 0<61<02<d5<6

01
=D D (agXx) s (flxﬁ) W(t(1,p%, pf))p* OO

§1>0 B=0 p
T o0<si<s),

81
DD B e ) I e P (IR R)

pG
81>0 5>0,0<6] <6}

=3 > (@ Xwiwaws) (20 X)? > w(t(1,p%, p))p? 1 T2 (2 X )2

8120620 0<57 <54
= [(1 = 2oX)(1 — zozrwams X)) Y w(t(L,p%, p%))p2i % (2 X)%
0<6, <6,

= [(1 — (E()X)(l — xoxlX)(l — LU()!L‘QX)(l — $0$3X)(1 — C,Co.%'l.’L'QX)
x (1 = zor123X)(1 — 2o2223X) (1 — oz 2223 X )] P3(X)
Here P3(X) denotes a polynomial of degree 6 as stated in the Theorem 6 (page 451)
of [An70]. This rational polynomial presentation is proved in [An69] for Hecke series
and (-functions of the groups GL, and SP, over local fields. Further theory and

applications were developed for genus 2 in the work [An74].
It follows that

(26) Py(X) = D w(t(L,p",p%))p* 2 (wo X) % x
0<67 <65
X [(1 — xole)(l — xoa:gX)(l — $0$3X)
(1 — I0I1$2X)(1 — .’,E():Z?ll’gX)(l - IL'ol’QngX)],
and Theorem [T.I] will follow from the explicit computation of the coefficients
w(t(1,p", %))

given in the next section.

4. Images of the Hecke operators under the spherical map

The formula for P; is obtained using the following computation for the images
w(t(1,p*2,p*3)) of the Hecke operators under the spherical map for the group A =
GL3(Z). Note that the notation £ used in the article [An70] corresponds to w in our
formulas by the substitution of 1 by z1/p, 2 by z2/p and z3 by z3/p. We used



182 ALEXEI PANCHISHKIN AND KIRILL VANKOV
formula (1.7) for Q at page 432 of [An70] and adopted it for w. In the notations of
that article we have that W is the group S,, = S3, the set
Y= {(17 _L 0)7 (1a O, _1)7 (07 ]-a _1)}7 qa=7p, and A = (Oa 6/17 5/2)
The expression for the polynomial ¢(x) from [An70] takes the following form

(z2 — x1/p) (23 — 21/p)(¥3 — 2/P)
(3«”2 —501)(333—331)($3—$2) .

c(xr, 29, 23) =

More precisely, let us define

eapu(zy, o I):x)\x,u(xzfim/p)(xgfxl/p)(x3fx2/p)
A2, T2, T3 2 () — 1) (ws — a1) (w5 —73)

Then W(t(]_7p)‘7p“)) = K)\7# Z C)\,;L(xa(l)7x0(2)7x0(3))7 where

oc€S3
P
, if A=p =0 (in this case w(t(1,1,1)) = 1),
B TRy n=ol L=
K/\,;LZWX P ifA=0,u>0, or A\=p >0,
1, otherwise .

In the case of n = 3 we have 28 different possibilities for w(¢(1,p*2,p**)), which
we only need in order to compute the polynomial P3(X) of degree 6:

1) w(t(1,1,1)) =1, -
2) wt(1,1,p)) = yT

SYymy 1.0
3) w(t(l,p,p)) = 0
(p - 1) SYymy 1.0 SYma 0.0
2\y _ )1, ,0,
4) w(t(lvlap )) - ( , p3 ) p2 )
2p—p—1)symqy11  SYMa1
5) wt(l,p,p?)) = — + —,
( ) o PG o
p—1)symqg 11 SYma 2.0
6) w(t(1,p*p%) = = ==,
(p° ) ) pﬁ( ®—p)
p—2p+1)symy 1 (P —D)syma1o  SYM3 00
7) w(t(1,1,p%)) = P + p T
2p —2)sym p—1)sym sym
8) w(t(l,p,p3)) _ ( ;ZG 2,1,1 +( )pe 2,2,0 n p271,07
(2p—2) SYma 2 1 (p—1) SYms 1.1 SYyms 2.0
9) w(t(1,p?p®)) = o =+ o o
. (p* —2p+1) SYmo 9 9 (p? —p) SYyms o1 SYM3 39
(P* —2p+1)symgy,  (P* —p)symgsg
11) w(t(1,1,p") = ==+ =
PO PO

(P2 -p) SYyms 1.0 I SYmy 0,0

+
p° pt
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12) w(t(1,p,p*))
(2p? —3p+1) 8Ymo o 1

i (2172 —2p) SYms 11

]

- D
(p p) SYymgz a0  SYMy4 1,0
pe pe

13) w(t(1,p%p")) =

+

(—4p* +3p> +2p—1) symy 5,

pS

L+ (2p® —3p* +p) syms o,

p
(p3 - p2) SYyms s o (p3 - p2) SYymy 11 i SYmy 2.0

pll

+ + !
pll ( ) ];11 P8
2p*—3p+1)syms o,
14) w(t(17p37p4)) = p12
(2192 —2p) SYms 31 (p2 -p) SYMmyo1 ~ SYMy 30
+ pl2 + 0
(P> —2p+1)symszo  (p° —D)symy s
15) w(t(l,p4,p4)) = p14 + p14 l
(p2 —p) SYmy 31 SYMmy 4.0

+ )
14 pi2
16) w(t(1,1,p%))
(p* —2p+1) SYmag o 1 n

(p* —2p+1) SYyms 11

o7
(p2 —p) SYMmy 1.0  SYMs5.0,0
+ o + e
17) w(t(1,p,p%))

(2p* —4p+2) SYMg 2 o

)

" (2p* —3p+1) SYymgz o 1

n (P2 —p) SYyms o o
p’ P’

I (p2 —p) SYyms s o

P°
2p% —2p) sym
+(p p)y4,1,1+

2
p~ —Dp)sym
( ) 42,0 |

9 9
p p
SYyms 1.0

p9

p7

p9
18) w(t(17§2,p5))

(B3p3—5p*+3p—1) 5YM3 oo (2p3 —4p* +2p) sYym3 31
pl2 + pl2
2 3 _ 3 2 3 _ 2
(2p p°+p)symysy  (p° —Dp°)symy s
+ P2 + P2
(p3 - pz) SYms 1.1 SYMms 2.0
+ pl2 o

19) w(t(1,p% p°))
(B3p*—5p*+3p—1) SYmg 3 o

p14

+ (2p® —4p*+2p) SYMmy o o

p14

(P3 - p2) SYMmy 4.0

(2p® = 3p* 4+ p) symy 3,
+ Pl +
(p3 - P2) SYyms o1 SYMs3 0

+
p14 pll

)

p14
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20) w(t(1,p*,p%)) =

24) W(t(17p27p6))2
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(2p* —4p+2) symg 3 5 . (2p* —3p+1)symy s,

i ]3215 , pls
(2p° —2p) SYMy a1 (p° —p) SYmsg 2.2 (p° —p) SYms 31 SYMs5 40
+ 15 + 15 + 15 + 13
p p p p

21) w(t(1,p° p°))

(* —2p+1) SYymy 3 3 n (p* —2p+1) SYMy 4.2 + (p* —p) SYms 3 o

) pl7 pl7 pl7
n (»* —p) SYMg 4.1 SYms 5.0
%17 pls 7

(P> = 2p+1) symy o5 n (p* —2p+1) syms o, n (p* = p) syms 3 ¢

p® p® ps
(P2 —2p+1) SYmy 11 (P2 -p) SYmy 2.0 (P2 —p) SYyms 1.0 SYme 0,0
- = - o + 7 S
(2p* —4p+2)syms oy (2p* —3p+1) syms s,
61 _ 2, .3,
23) w(t(l,p,p )) = plo + pl0
2p* =3p+1)symyoy  (P* —p)symyzo  (20° —2p) syms
+ pl0 + plo + P10
(p2 -p) SYMs a0  SYMe 10
+ 10 + 8 7
p p

(3p*—6p*+4p—1) SYms 3 o (3p* —5p*+3p—1) SYMy 2.2
= 13 + 13
p p
(2p® —4p® +2p)symyz,  (P° —pP°) symyso  (2P° —3p° +p) syms o,
+ 13 + 13 + 13
p D
(PS - p2) SYms 3.0 (P3 - Pz) SYme 1,1 SYMg 2.0
+ e + iE plo
(4p® —Tp* +5p —2) symy 5 5
3.6\ 3,
25) w(t(1,p’,p°%) = i
(Bp® —6p° +4p—1)symyz, (20> —4p” +2p) symy 4,
+ 15 + 15
p p
(2p° —4p* 4+ 2p) syms oo (2p° —3p* +p) syms 31 (P — ) syms 4
+ iE + 5 + e +
(P3 - PQ) SYme o1 SYyme 3 o
e Pz
26) w(t(1,p*,p°%)) \
(B3p3—6p*+4p—1) 5YMy 33 Bp>—5p*+3p—1) 8YMy 4.0
= 17 + 17
p p
(2p° —4p* +2p) syms 35 (2p° —3p* +p)syms 4, (P° —p*) syms 50
+ i + P + P

3 2

(p —P)Symﬁgz,l SYmeg 4.0

17 i
p

3 2
p —p7)sym
( ) 6,22 |

+
pt7 P
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(@p* —4p+ 2 symyas (29"~ 3P+ 1) syms g

27) w(t(1,p% %) = i i
(2p* —3p+1) SYM 4 o (2p* —2p) SYms 5.1 (r* —p) SYMmeg 3.2
+ 18 + 18 + 18
) p p p
(»®—p) SYme 4.1 SYme 5.0
+ pl8 o pl6 )’ o |
pT—2p+1)symy 44 p°—2p+1)syms 43
28) w(t(1,p° p°%)) = 50 + %0
(P2 —-2p+1) SYms 5 2 (P2 -p) SYme 3 3 (p2 - P) SYme 4.2
+ ] 20 + p20 + p20
I (p* —p) SYMe 5.1 SYMe 6,0
p20 pl8
Note that Rhodes, J. A. and Shemanske, T. R. developed an alternative method
of computing w(t(p’,...,p°)) in [RhSh], based on counting of certain left cosets in

a given double coset (Theorem 4.3 of [RhSh]).

5. A special case

For some particular values of the Satake parameters xg, x1, z2, x3, the polynomial
P3 can be considerably simplified. For example, let us substitute xg = 1, =1 = p,
r9 = p? and 23 = p? as in Exercise 3.3.40, p.168 of [An&7]: P,(X) := P(1,p,p? p?, X),
where v denotes the degree homomorphism v(z¢) = 1, v(x1) = p, v(z2) = p?, v(z3) =
p2. Then the polynomial P takes the form

7 8 9 3 4 5
+p° + +pt +
PV(X):1—<p2; P +(p2+p+1)p4+p71; p)X2

p+1 p9+p10+p11 p+1 p7+p8+p9
¢ (e pps 22D ) OV ) () o

13 14 15 9 10 11
+pl 4 +pl0 +
= (W+(p2+p+1)p9+pppzp) Xt 4 p'® X6

=1-(® +p" +2p° +p° +2p" +p° +p*)X>
+(p"t 4+ 2p"0 +2p +3p° +3p" +2p° +2p° +p*) X3
_(p13 _|_p12 +2p11 +p10 +2p9 +p8+p7)X4+p15X6.
This gives the following factorization:
P (X)=(1-pX)(1-p*X)(1-p’X)(1-p"X)
x(14+pX +p° X +p* X +p* X +p° X?).
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