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ON CERTAIN MODULI SPACES OF IDEAL SHEAVES AND
DONALDSON-THOMAS INVARIANTS

SHELDON KaTz!, WEI-PING LI?, AND ZHENBO QIN?

ABSTRACT. We determine the structure of certain moduli spaces of ideal sheaves by
generalizing an earlier result of the first author. As applications, we compute the (vir-
tual) Hodge polynomials of these moduli space, and calculate the Donaldson-Thomas
invariants of certain 3-folds with trivial canonical classes.

1. Introduction

Donaldson-Thomas theory was introduced in [DT, Tho] via integrals over the mod-
uli spaces of semistable sheaves and via the theory of virtual fundamental cycles.
It was further developed by Maulik-Pandharipande [MP] and Jun Li. In [LQ)], we
constructed rank-2 stable vector bundles over certain Calabi-Yau manifolds, and cal-
culated the corresponding Donaldson-Thomas invariants. Recently, a rich interplay
among Donaldson-Thomas theory, Gromov-Witten theory and Gopakumar-Vafa in-
variants has been proposed, and in certain cases, verified in [MNOP1, MNOP2, Kat,
OP] (see the references there for other papers). For this interplay, Donaldson-Thomas
theory is defined via the moduli spaces parametrizing ideal sheaves of 1-dimensional
closed subschemes in a 3-fold, while Gromov-Witten theory is based on the moduli
spaces of stable morphisms to the same 3-fold.

In this note, we study the moduli spaces of ideal sheaves in certain 3-fold X, and
compute the corresponding Donaldson-Thomas invariants of X. Let S be a smooth
projective surface, and u : X — S be a Zariski-locally trivial fibration whose fibers
are smooth irreducible curves of genus-g. Let 8 € Hy(X;Z) be the class of a fiber.
For two nonnegative integers m and n, the moduli space

jm(lfg)+n()(7 mﬁ)

parametrizes ideal sheaves I; C Ox where Z denotes 1-dimensional closed sub-
schemes of X with x(Oz) = m(1 — g) + n and [Z] = mf3. Here [Z] is the class
associated to the dimension-1 component (weighted by their intrinsic multiplicities)
of Z. When n = 0, the moduli space J,,(1_4)(X, mf) is naturally identified with
the Hilbert scheme S[™ which parametrizes the length-m 0-dimensional closed sub-
schemes of S. Our main result is to determine J,,(1_g)41 (X, mf).
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Theorem 1.1. Identify S and 3,,(1_4)(X,mB). Let Sl x X be the blow-up of
Slml x X along the universal curve. Then, we have an isomorphism

Ton(1 gy 41 (X, mB) = S % X
Moreover, the moduli space jm(1_9)+1(X, mp) is smooth.

The key step to prove the above theorem is to generalize a result of the first author
to our Lemma 2.1 in Sect. 2 by assuming a canonical isomorphism between the blow-
up along the universal curve and the Grassmannian scheme associated to the ideal
sheaf defining the universal curve. Indeed, the proof of Lemma 2.1 follows the same
argument as in the proof of the Lemma 1 in [Kat]. The only difference is that instead
of using local arguments, we apply the universal properties of various constructions.
As an application to Theorem 1.1, we compute the (virtual) Hodge polynomials of the
moduli space Jy,(1—g)+1(X, mf3) using the results of Cheah and Ellingsrud-Strgmme
[Che, ES]. As another application, we show that when X = S x C with Kg = 0
and K¢ = 0, the Donaldson-Thomas invariant of the 3-fold X corresponding to the
moduli space J,,(1—g)+1(X, mf3) is equal to zero.

Acknowledgments. The authors thank Jun Li for valuable discussions.

2. The moduli space J,(X, 3)
2.1. The definition of J,(X, 3).

Let X be a smooth projective complex variety of dimension r. For a fixed ho-
mology class 8 € Ho(X;7Z) and a fixed integer n, following [MNOP1, MNOP2], we
define J,(X, ) to be the moduli space parametrizing all the 1-dimensional closed
subschemes Z of X satisfying the conditions:

(2.1) x(Oz)=n, [Z]=p

where [Z] is the class associated to the dimension-1 component (weighted by their
intrinsic multiplicities) of Z. It is also convenient to regard J,(X, ) as the moduli
space parametrizing the corresponding ideal sheaves I7.

The degree-0 moduli space J,(X,0) is isomorphic to the Hilbert scheme X []
parametrizing length-n 0-dimensional closed subschemes of X. In general, when
B # 0, the moduli space J,(X,[3) is only part of the Hilbert scheme defined in
terms of certain degree-1 Hilbert polynomial (see [Gro]). The Zariski tangent space
of 3, (X, B) at a point [Z] is canonically isomorphic to

(22) HOHI(Iz,Oz).

Let Kx be the canonical class of X. By the Lemma 1 in [MNOP2], when dim(X) = 3,
the virtual dimension of 7, (X, ) is equal to

(2.3) —(B-Kx).
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2.2. A relation between J;_4(X, ) and J,_,(X, 3).

Let g > 0. Assume that all the closed subschemes parametrized by J1_,(X, 5) are
curves of arithmetic genus g, and that the 1-dimensional components of all the closed
subschemes parametrized by Jo_,(X,3) are supported on the curves parametrized
by J1-4(X, 3). It follows that if [Z] € Jo_4(X, 3), then there exists a unique [Z'] €
J1-4(X, ) together with an exact sequence:

(2.4) 0—-1Iz;—>175 —0p—0
where x is some point in X. Let Z;_, be the universal ideal sheaf over
jlfg(X7 ﬁ) X X7

and let C;—y C J1—4 X X be the universal curve. Then, 7, _, = I¢,__.
Let P(Z,_g4) be the Grassmannian associated to the sheaf Z;_,, and

(2.5) T:P(Ti—g) = J1-4(X,08) x X

be the natural projection. Then there exists a universal quotient
(2.6) Ty — Op(z,_,)(1) =0

over P(Z1_g4). Let

(2.7) T 0_g(X,B) x X — 31_g(X, ) x X
be the blow-up of J;_4(X, §) x X along C;_,4, and E be the exceptional divisor. Then
there exists a surjection over J;_4(X, ) x X:

(2.8) ™ Il—g — Oﬁ1fg(X,m(_E) — 0.

By the universal property of the Grassmannians, there exists a canonical morphism

¢:J1-¢(X,5) x X — P(Z,_,4) making a commutative diagram:

T o(X,8) x X 2, P(Z;_,)
(2.9) N T T/
jl—g(Xv 6) x X
such that the pull-back of (2.6) via ¢* is (2.8). In particular,
(2.10) 0" Opz, (1) =0, 55 (=F).

Lemma 2.1. Assume that the closed subschemes parametrized by Ji1_4(X, ) are
curves of arithmetic genus g, and that the 1-dimensional components of the closed
subschemes parametrized by Jo_y,(X, B) are supported on the curves parametrized by
J1-4(X, B). If the canonical morphism ¢ in (2.9) is an isomorphism, then

(2.11) jgfg(X, ﬁ) = 3179(X75) x X.

Proof. For convenience, let J,, = J,(X,3). Let m3: J1—g x X x X — J1_4 x X be
the projection to the first and third factors. Let Ax be the diagonal in X x X. Over
Ji—g X X x X, we have the composition of the natural morphisms:

(2.12) mi3T1—g — O3, ,xxxx — O3, ,xAx-
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Regarding (2.12) as a family of morphisms parametrized by J;1_4 X X, we see that
(2.12) vanishes precisely along C1_4. So there is an induced morphism:

(2.13) (mxIdx) ' mi3Z1—g — (7 x Idx)"O3,_,xax (—E)
over Jljx/X x X. Note that (2.13) is surjective since

(m x 1dx )" m1371 gl (rx1dx )1 (3,_y x Ax)
= (7 x1dx)"m13T1 gl (rx1dx) =1 (314 x Ax)
- Ojl/_—;;XXX(_E)|(7f><1dx)’1(3179><Ax)’
where the last map is surjective. Let Z be the kernel of (2.13). Then we have an exact
sequence

(2.14) 0— T — (7 x Idx)*n3T1—g — (7 x Idx)* 05, xax(—E) =0

over J;_, x X x X. Now Z is flat over J;_, x X since the other two terms in (2.14)

are. Also, the fibers of Z over Ji—g x X are ideal sheaves parametrized by Ja_.

Next, we check that ICcO. —— is the universal ideal sheaf. Let J C Orxx
J1ogxXxX

be a flat family of ideal sheaves in Jo_, parametrized by T'. Let J’ be the saturation
of J C Oryxx (see Definition 1.1.5 in [HL]). Then, J’ is a flat family of ideal sheaves

in J1_4, and fits in an exact sequence
(2.15) 0T —=J — (Idr x f1)«L =0

for some morphism f; : T — X and some line bundle £ on T. The flat family J’
over T' x X induces a morphism f> : T"— J;_,4 such that

(216) (f2 X Idx)*z_l,g = ._7/.
By base-change, we have the commutative diagram:

P(J)  — P(Ziy)
(2.17) | 1

I I
T M pex B g kX

By (2.15), we get a surjection (Idr x f1)*J" — (Idp x f1)*(Idr x f1)«£ — 0. Since
the natural morphism (Idy x f1)*(Idy x f1).£ — L is surjective, we obtain

(IdT X fl)*j/ —L—0
over T. By the universal property of P(J’), we obtain a commutative diagram

PJT)  — Pliy)

(2.18) /! | !
T M pax Y 5 xx

Thus the morphism fi X f1 : T'— J;_4 x X can be lifted to a morphism

-1
FiT —P(I_,) &5 01, x X.
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Finally, we apply the pull-back (f x Idx)* to (2.14). Using (2.10) and the property
of the morphism f, we obtain a commutative diagram:
0 — (fxIdx)'T — J — (fxIdx)"(7 xIdx)*Os,_,xax(-E) — 0
| |

0 — J - J - (Idr x f1)<L — 0
over T' x X. In particular, there exists an injection

(2.19) 0— (f xIdx)*T % 7.

Since both (f x Idx)*Z and J are flat families of ideal sheaves in Jo_,(X, 3), we
conclude that the morphism v is an isomorphism. O

Remark 2.2. If the universal curve Ci_y, C Ji_4 X X is a local complete intersec-
tion, then (Z1_4)™ = Sym"(Z1_,), and so the canonical morphism ¢ in (2.9) is an
isomorphism. Hence Lemma 2.1 indeed generalizes the Lemma 1 in [Kat].

2.3. Some comments on J3_,(X, ().

In this subsection, we make a few comments about the moduli space Jz_4(X, ). As
in the previous subsection, we assume that all the closed subschemes parametrized by
J1-4(X, B) are curves of arithmetic genus g, and that the 1-dimensional components
of all the closed subschemes parametrized by J3_4(X, 3) are supported on the curves
parametrized by J;_4(X, 3). Therefore, if [Z] € T3_4(X, (), then there exists a unique
[Z'] € J1-4(X, B) together with an exact sequence:

(2.20) 0—1I;—=17—-Q—0
where @ is a torsion sheaf on X with ¢(Q) = 2.

Lemma 2.3. Let Q be a torsion sheaf on X from (2.20). Then, either Q = O¢ for
some £ € X or Q= 0, @ O, for some point x € Z'.

Proof. Our lemma follows immediately from the following claim.

Claim. Let Q be a length-2 torsion sheaf supported on at most two points of X.
Then, either Q = O¢ for some & € XP orQ=0,9 0, for somex e X.

Proof. If Supp(Q) = {x1, 22} with 1 # 3, then Q = O,, ® O, and we are done.
In the following, we assume that Supp(Q) = {z} for some z € X. We further assume
that X = Spec(A) is affine and @ is an A-module by abuse of notations.

Take a nonzero v € ) and define an A-module homomorphism ¢: A — @ by
sending 1 to v. Then there exists an ideal J C A such that the induced homomorphism
@: A/J — Q is injective. If § is also surjective, then Q = O¢ for § € X[l If % is not
surjective, then we have an exact sequence

0—A/J—-Q—Q —0

where @’ and A/J must be of length one. Therefore A/J = O, and Q' = O,. Hence
the minimal number of generators of @) is at most two.

If @ is generated by a single element, say vy, then by replacing the above v € )
by vg € @, we conclude that @ = O, for & € X0
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Now we are left with the case when the minimal number of generators for @ is two.
Assume that v; and ve generate Q. We define two homomorphisms:
p1: A—Q, ¢i(l) =vy;
pa: A— Q. a(l) = va.
Then ¢; and ¢, induce injective homomorphisms:
©,: AL — Q and Dy AfJ2 — Q
respectively. Note that both A/J; and A/J; must be of length-1. So A/J; =2 O, and
A/ Jy 2 O,. Define ¢: A/J; & A/J; — Q by putting
Y(a,b) = avy + bus.
Then 9 is surjective. Since both @ and A/J; @ A/J> have length two, ¢ must be an
isomorphism. Therefore, we see that Q = O, & O,. O O

Conversely, we can show that if [Z] € J;_,(X, 8) and Z’ is smooth, then both types
of @ in Lemma 2.3 can arise from (2.20). Indeed, fix a point € Z’'. Then there is
exactly one surjection Iy — O, ® O, — 0 up to isomorphism classes of O, ® O,.
Next, let £ € Xl with Supp(¢) = {z}. If € points to the tangent direction of Z at z,
then the set of surjections Iz: — O¢ — 0 up to isomorphisms has dimension 2. If £ is
transverse to Z’ at x, then the set of surjections Iz — O¢ — 0 up to isomorphisms
has dimension 1. However, it is not clear how to globalize these local data into a
complete description of J3_4(X, 8) in terms of J,_4(X, 3).

3. Applications
In this section, we adopt the following basic assumptions.
Assumption 3.1. We assume that X admits a Zariski-locally trivial fibration
(3.1) pw:X—S

where S is a smooth surface, the fibers are smooth irreducible curves of genus-g, and
B € Hy(X;Z) is the class of a fiber. For m,n > 0, we let

(32) jm,n = jm(l—g)—i—n(Xv mﬁ)

Note that the elements in J,, ¢ correspond to the ideal sheaves of the form p* I, for
some & € S[™. Hence there exists a bijective morphism S[™ — Tm,0- It is well-known
that the Hilbert scheme S is smooth. Combining with (2.2), one checks that the
moduli space J, o is smooth and that

(3.3) Tmo = S

Theorem 3.2. Identify S'™ and J,.0 by (3.3). Let Si™ x X be the blow-up of
Sl s X along the universal curve. Then, we have an isomorphism

—~—

Ty = S % X

Moreover, the moduli space Ty, 1 = T (1—g)+1(X, mB3) is smooth.
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Proof. We will apply Lemma 2.1 to the present situation. First of all, note that
the 1-dimensional components of the closed subschemes parametrized by J,,. are
supported on the curves parametrized by J,, 0. Next, let Z,, C S [(m] % S be the
universal codimension-2 subscheme. Set-theoretically,

(3.4) Z ={(&2) € S x S| 2 € Supp(¢)}.

Let SIml x S be the blow-up of SI™ x S along Z,,. By the results in [ES], S[m x §
is smooth and there exists a canonical isomorphism:

(3.5) Slml x § = P(Iz ).

Now the universal curve C,,, C S[™ x X is (Idgim) X 11)* Zpy. Since p is Zariski-locally
trivial, we obtain canonical isomorphisms:

—_—~ e/~

(3.6) Siml x X (807 % S) X g1y 5 (ST x X)
P(Iz,) X gmixs (S x X)
P(lc,,)-

1%

1%

By Lemma 2.1, we have an isomorphism J,,, 1 2 Sl x X. Note from the isomorphism

—_~—

(3.6) that SI™ x X is smooth. Hence J,, 1 is smooth as well. O
Corollary 3.3. Let e(-;s,t) denote the (virtual) Hodge polynomial. Then,

oo ¢ (S)
Ze(ﬁm,l;s,t)q l—stq e(Xis,t) HH(l_Sz+k Li+k—1g )

m=0 k=1 1,5

where €4 (S) = (=1)"h%I(S) and h*I(S) denotes the Hodge numbers of S.

Proof. Since p is Zariski-locally trivial, we see from (3.6) that the natural projection

—_~

Slml x X — 8lml x §

is a Zariski-locally trivial fibration with fibers being isomorphic to the fibers C' of pu.
Thus, e(SIM x X;s,t) = e(C;s,t) - e(S™ x S;5,t). By Theorem 3.2,

+oo +oo
(3.7) > e@mais t)g" =e(Cis,t)- Y (S x Sis,t)g™
m=0 m=0

By the Proposition 2.2 in [ES], SI™l x S is isomorphic to the incidence variety:
(3.8) Smm+1 = {(n,€) € S x "y €}
The (virtual) Hodge polynomial of S, ,,+1 has been computed by Cheah:

+o00 e (8)
Z e(STmerl;svt)q 1 Stq S S, t HH( — gitk— 1tj+k lq )

m=0 k=1 4,5

(see p.485 in [Che]). Combining this with (3.7) completes the proof. O
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Remark 3.4. Tt is well-known that e(-;1, 1) is equal to the topological Euler number
X(+). Therefore, we see from Corollary 3.3 that

+o00 q +o0 1 x(S)
(3.9) Z X(Tm,1)g" = —— - x(X) - H — :
m=0 I—q i\

It is also interesting to note from (3.3) and Géttsche’s formula in [Got] that

too +oo +oo 1 x(S)
(3.10) 2 XOmo)a™ = 3 x(8™)g™ = [] (1 - q’“) '

m=0 m=0 k=1

Let X = S x C where C is an elliptic curve and S is a smooth surface with Kg = 0.
Let p : X — S be the first projection. Then, Kx = 0. By (2.3), the virtual dimension
of the moduli space J,, ,, is zero. The corresponding Donaldson-Thomas invariant is
an integer. We denote this Donaldson-Thomas invariant by

(3.11) Ny

Corollary 3.5. Let X = S xC where C is an elliptic curve and S is a smooth surface
with Kg = 0. Then, Ny, 1 =0 for every m > 0.

Proof. Since Kx = 0 and the moduli space J,,,1 is smooth, the obstruction bundle
over J, 1 is the dual of the tangent bundle of J,, 1 (see [Thol). Hence

Nm,l = (71)dim3m,1 ’ X(jm,l)-
Since x(X) = 0, we see from (3.9) that x(J,n,1) = 0. Therefore, N,, 1 = 0. O

Conjecture 3.6. Let X = S x C where C'is an elliptic curve and S is a smooth surface
with Kg = 0. Then, Ny, , =0 for all m > 0 and n > 1.
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