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ON LEGENDRIAN SURGERIES

Hao Wu

ABSTRACT. We use the Ozsvéth-Szabd contact invariants to distinguish between tight
contact structures obtained by Legendrian surgeries on stabilized Legendrian links in
tight contact 3-manifolds. We also discuss the implication of our result on the tight
contact structures on the Brieskorn homology spheres —¥(2, 3,6n — 1).

1. Introduction

A contact structure £ on an oriented 3-manifold M is an oriented tangent plane
distribution such that there is a 1-form o on M satisfying £ = ker o, da|¢ > 0, and
a A da > 0. Such a 1-form is called a contact form for £&. A curve in M is said to be
Legendrian if it is tangent to £ everywhere. £ is said to be overtwisted if there is an
embedded disk D in M such that 0D is Legendrian, but D is transversal to £ along
0D. A contact structure that is not overtwisted is called tight.

There are three types of symplectic fillability for contact structures.

(1) € is called Stein fillable if there is a Stein surface (W, J) such that M = W
and E=TMNJ(TM).

(2) € is called strongly fillable if there is a symplectic 4-manifold (W, w) such that
M = 0W, w is exact near M, and there exists a primitive o of w near M
satisfying £ = ker(a|y) and wle > 0.

(3) € is called weakly fillable if there is a symplectic 4-manifold (W, w) such that
M = O0W and wl¢ > 0.

From the works of Eliashberg [3], Etnyre and Honda [8], Gromov [16] and Ghiggini
[9, 10], we know
{Stein fillable contact structures}
C  {strongly fillable contact structures}
C  {weakly fillable contact structures}
C  {tight contact structures}.
The classification problem of overtwisted contact structures was solved by Eliash-
berg [2]. The classification of tight contact structures up to isotopy is much more
complex, and is only known for limited classes of 3-manifolds.

Eliashberg [5] and, independently, Weinstein [26] defined the Legendrian surgery,
which turns out to be a very useful method of constructing tight contact structures.

Received by the editors January 18, 2006.

2000 Mathematics Subject Classification. Primary 57R17, 57R57, 5TR58.

Key words and phrases. Tight contact structure, Legendrian surgery, Heegaard-Floer homology,
Seiberg-Witten monopole.

513



514 HAO WU

We will recall Weinstein’s construction in details in Section 2. From [4, 8, 26], Legen-
drian surgery is known to preserve the above three types of symplectic fillability. It
has been used to produce many interesting examples of tight contact structures.

In many cases, in order to classify tight contact structures, we need to distinguish
between tight contact structures constructed by different Legendrian surgeries. If the
Legendrian surgeries are done on the standard contact 2, which is Stain filled by the
standard complex B*, then the next two theorems provide an easy criterion.

Theorem 1.1. [20, Theorem 1.2] Let X be a smooth 4-manifold with boundary.
Suppose Ji, Jo are two Stein structures with boundary on X with associated Spin-
structures s1 and so. If the induced contact structures & and & on 0X are isotopic,
then 51 and so are isomorphic (and, in particular, have the same first Chern class).

Theorem 1.2. [14, Proposition 2.3] If (W, J) is obtained from the standard complex
B* by Legendrian surgery on a Legendrian link in the standard contact S3, then the
first Chern class c¢1(J) of the induced Stein structure J is represented by a cocycle
whose value on the 2-dimensional homology class corresponding to a component of L
equals the rotation number of that component.

In particular, we have:

Corollary 1.3. Let Ly, Ly be two smoothly isotopic Legendrian links in the standard
contact S® (which is Stein fillable). Suppose that the Thurston-Bennequin numbers of
corresponding components of L1 and Lo are equal. Then the Legendrian surgeries on
Ly, Ly give two tight contact structures & and £ on the same ambient 3-manifold.
And, if & and & are isotopic, then the rotation numbers of corresponding components
of L1 and Lo are equal.

In practice, we can attain different rotation numbers by stabilizing a Legendrian
link in different ways. Then Corollary 1.3 implies that Legendrian surgeries on these
stabilized Legendrian links give non-isotopic contact structures. This method can
be modified to apply to other Stein fillable contact 3-manifolds. See, e.g., [12, 17,
27] for applications. The goal of the present paper is to generalize Corollary 1.3
to distinguish between tight contact structures obtained by Legendrian surgeries on
stabilized Legendrian links in larger classes of tight contact 3-manifolds, including all
weakly fillable ones. Our main technical tool is the Ozsvath-Szabd contact invariant.

Theorem 1.4. Let (M,€) be a tight contact 3-manifold, and

L=Kk'T[K*I]---]] &™

a Legendrian link in it. For j = 1,2,---,m, i = 1,2, fix integers s7, pf, so that
0 < pl < s/. Let K} be the Legendrian knot constructed from K7 by p! positive
stabilizations and s7 — p! negative stabilizations. Then the Legendrian surgeries on
Li=K!NKZ2]] - 11 K™ give two contact structures & and & on the same ambient
3-manifold M'. Assume that & and & are isotopic. We have:

(1) If (M,€) is weakly filled by a symplectic 4-manifold (W,w), then, for each

j = 17 e ,Mm,

o —pi)d = 0, if K7 represents a torsion element in Hy(W);
Pr=P2) =0 modd’, otherwise, where d/ = ged{(¢, [K7])|¢ € HY(W)}.
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(2) If (M,€) has non-vanishing Ozsvdth-Szabd c*-invariant, then, for each j =

7...7m’

il = 0, if K7 represents a torsion element in Hy(M);
=0 mod &/, otherwise, where d¥ = ged{((,[K])|¢ € H'(M)}.

The above theorem was proved in the author’s attempt to classify tight contact
structures on the Brieskorn homology spheres —%(2,3,6n — 1). In Section 4, we will
discuss the tight contact structures on these homology spheres using Theorem 1.4.
It is known to many contact topologists that there are at most @ tight contact
structures on —X(2,3,6n — 1). Using the tight contact structures on M(—%, %, %),
which are all weakly fillable, we can give @ different Legendrian surgery construc-
tions of tight contact structures on —3(2,3,6n — 1). But it is not known whether
these surgeries give non-isotopic tight contact structures. We will use Theorem 1.4 to
show that, among these surgeries, any two different Legendrian surgeries on the same
tight contact structure on M (—%, %, é) give non-isotopic tight contact structures on
—3(2,3,6n — 1), which implies the following theorem.

Theorem 1.5. There are at least 2n— 3 pairwise non-isotopic tight contact structures
on —%(2,3,6n —1).

It is still an open problem whether surgeries on different tight contact structures on
M(—%, %, %) give non-isotopic tight contact structures on —X(2, 3,6n—1). The author
believes that the answer is yes, and the proof will likely require a better understanding
of the Heegaard-Floer homology and the Ozsvath-Szabé contact invariants.

2. Standard symplectic 2-handle and Legendrian surgery

In this section, we recall Weinstein’s construction of the standard symplectic 2-
handle and the Legendrian surgery in [26].
Let (21, y1,%2,y2) be the standard Cartesian coordinates of R*, and
wst = dx1 Adyy + dxo A dys

the standard symplectic form on R*. Define
2 2

Yy Y
fQZ'I%_?l—i_I%_%a
0 0 0 0
=Vfo=201— —y1=— + 20— — Yo —r,
() f2 9618361 y18y1+ x28:1:2 y28y2

and
Qg = ly,Wst = Y1dT1 + 221dy1 + y2dxa + 222dY2.
Then vy is a symplectic vector field, in the sense that d(iy,wst) = wee. Let
X_ = {(xlu Y1,72, y?) S R4 | f2(‘r17y17 X2, y?) = _1}

X_ is positively transverse to v, and, hence, as|x_ is a contact form. Let

S = {(0,41,0,92) | f2(0,51,0,92) = —1}.

This is a Legendrian knot in (X_, as|x_).
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Lemma 2.1. [26, Lemma 3.1] For A > 1, let

F(z1,y1,72,92) = A(2} + 23 -1

)_y%+£
2
Then the hypersurface
¥ =F10)
is positively transverse to v, and the region

Hy = {(x1,y1,22,92) € R* | fo(w1,y1,22,92) > —1, F(x1,y1,22,92) <0}

is diffeomorphic to D? x D?. Moreover, by choosing A > 1, we can make Ha N X _
an arbitrarily small neighborhood of St in X _.

Definition 2.2. (Hz,ws|x,) is called a standard symplectic 2-handle.
Proposition 2.3. [26, Proposition 4.2] Suppose, for i =1,2, (W;,w;) is a symplectic
4-manifold, u; is a symplectic vector field in (Wi, w;), M; is a 3-dimension submanifold
of W transverse to u;, and K; is a Legendrian knot in M; with respect to the contact
form ty,wi|p; . Then there is an open neighborhood U; of K; in Wy, for i = 1,2,
and a diffeomorphism ¢ : Uy — Us, s.t., o*(w2lv,) = wilyy, e«(uily,) = us2lu,,
(p(Ul N Ml) = Us N Mo, (p(Kl) = Ko.

Let (W, w) be a symplectic 4-manifold with boundary, M a component of W, and
¢ a contact structure on M so that w|e > 0. Let K be a Legendrian knot in (M, ).
By [8, Lemma 2.4], we isotope £ near K so that there exit a neighborhood U of K
in W, and a non-vanishing symplectic vector field v defined in U, s.t., v transversally
points out of W along U N M, and &|ynm = ker(tow|unar). Let {¢¢} be the flow of
v. Without loss of generality, we assume there exists 7 > 0 such that

U= |J v(UnM).

0<t<r

Choose a small € € (0,7). By Proposition 2.3, there is an open neighborhood V' of
S1 in R* and an embedding ¢ : V — U, s.t., p*(w) = wst, pu(v2) = v, (VN X_) C
Y_(UNM), and ¢(S) = 1_.(K). Choosing A > 1 in Lemma 2.1, we get a standard
symplectic 2-handle Hs, such that Ho N X_ C V. We extend the map ¢ : V — U by
mapping the flow of vy to the flow of v. Then ¢ becomes a symplectic diffeomorphism
from a neighborhood of Hs N X_ to a neighborhood of K in W. Now, let
;o | ow, on W; r | v, onU;

W'=WU, Ha, w —{ wa, onHy, and v —{ Ve, on M.
Then (W', w') is a symplectic 4-manifold, and v’ is a symplectic vector field defined
in U U, Ha, transversally pointing out of the boundary of W’. Let

r_ D RS on M \ Ho;
M’ = (MA\H) U (H>NE), and & = { ker oz, on Ho N X.
Then (M’,¢’) is the contact 3-manifold obtained from (M, ) by Legendrian surgery
on K, and w'[¢r > 0.
Remark 2.4. If (M, €) is weakly fillable, then the above construction gives (M’,¢’)
a weak symplectic filling. For a general contact 3-manifold (M, §), consider the sym-
plectic 4-manifold (M x I, d(e)), where « is a contact form for £, and ¢ is the variable
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of I. We can carry out the above construction near M x {1}, and get a symplectic
cobordism from (M, &) to (M',&").

3. Ozsvath-Szabé invariants and proof of Theorem 1.4

Ozsvéth and Szabé [23] introduced the Ozsvath-Szabd invariant ¢(€) of a contact
structure £ on a 3-manifold M. ¢(§) is an element of the quotient ﬁ(—M)/{:I:l}
of the Heegaard-Floer homology group of —M, and is invariant under isotopy of &.
¢(€) vanishes when ¢ is overtwisted. For our purpose, it is more convenient to use the
following variant of the Ozsvath-Szabd invariant.

Definition 3.1. [10, 25] Let M be a closed, oriented 3-manifold, and
L HF(—M) — HF (- M)
the canonical map. Define ¢ (§) = 1(c(€)) for any contact structure £ on M.

Clearly, ¢ (£) is also invariant under isotopy of £, and vanishes when £ is over-
twisted.

The behavior of Ozsvath-Szabé invariants under Legendrian surgeries is described
in the following theorem of Ozsvath and Szabé.

Theorem 3.2. [23] Let (M’,&’) be the contact 3-manifold obtained from (M,&) by
Legendrian surgery on a Legendrian link, then Fy\,(ct(¢)) = ¢ (&), where W is the
cobordism induced by the surgery.

Specially, this implies that ' is tight if ¢(§) # 0.

Ghiggini [10] refined Theorem 3.2 to the following.

Proposition 3.3. [10, Lemma 2.11] Suppose that (M’,£') is obtained from (M, ) by
Legendrian surgery on a Legendrian link. Then we have F;{,yt(c*‘ (&) = ct(£), where

W s the cobordism induced by the surgery and t is the canonical SpinC-structure
associated to the symplectic structure on W. Moreover, ths(c*‘(f')) = 0 for any

SpinC-structure s on W with s # t.

In order to prove Theorem 1.4 in the weakly fillable case, we need to use the
Ozsvéth-Szabé contact invariant twisted by a 2-form as defined in [21]. Let (M, €) be
a contact 3-manifold with weak symplectic filling (W, w), and B an embedded 4-ball

in the interior of W. Consider the element E%\Bﬁ\W\B;[w\W\B](CJF (&; [w|nm])) of the

group HF ' (5%; [w|gs]), where S? = —0B, s is a SpinC-structure on W, ¢t (&; [w|nm]) €
HFET(—M;[w|p]) is the Ozsvath-Szabé contact invariant of ¢ twisted by [w|a], and

F ;‘V\ Boslw zilwlw 2] is the homomorphism between the two twisted Heegaard-Floer

homology groups induced by the cobordism W \ B. Note that both ¢ (&;[w|ar])
and E‘J/FV\B,EIW\B;[wIW\B] are defined up to an overall multiplication by a factor of
the form +7°¢ for some ¢ € R. To make them absolute, we fix the auxiliary choices
in the constructions of them, including a triple Heegaard diagram, a base Whitney
triangle to define the homomorphisms, and a representation of ¢t (&; [w|as]). We also
fix a minimal grading generator @1 of HFT(S%). Note that HE1(S3; [w|gs]) =
HF*(5%) @ Z[R]. Let P 4., € Z[R] be the coefficient of ©F @ 1 in

E;FV\B,S\W\B;[W\W\B] (c™(& [wla)))-
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Define a degree on Z[R] by setting deg 0 = +oco0 and deg P = ¢ for

P= ZaiTCi € Z[R],
i=1
where a; # 0 and ¢; < -+ < ¢5,. Denote by s, the canonical Spinc—structure of
(W, w).
Lemma 3.4. [21, Theorem 4.2]
deg P s.,;[w] < deg P s;[w)
for any SpinC-structure s on W with s # s.,.

Proof. (Following the proof of [21, Theorem 4.2].) Fix an open book of M adapted
to ¢ with connected binding and genus greater than 1. Eliashberg [6, Theorem 1.1]

showed than w extends over the the Giroux 2-handle M —2 My corresponding to
the 0-surgery on the binding of the open book, where Mj is the surface bundle over
S1 resulted from this surgery. Moreover, [6, Theorem 1.3] implies that there is a 4-
manifold V with 0V = — My, b;r (V) > 1, such that the extension of w over W Uy Wy
further extends to a symplectic structure @ on X = W Ups Wy Upy, V. Let 55 be the
canonical SpinC-structure of (X,®).

Let s be any SpinC-structure on W such that 5|y is the canonical Spin®-structure
of (M,§). Using the Composition Law [24, Theorem 3.9] and the arguments in the
proof of [21, Theorem 4.2], one can show that there exists a non-zero element P € Z[R]
independent of s such that

P'E;FV\B,S\W\B;[W\W\B](CJF(& [w|nm]))

_ ) By T @X])

5€SpinC(X), slw=s, 5|lwy=5z|w,, slv=>salv
where ®y 3 is the closed 4-manifold invariant defined in [24]. By [22, Theorem 1.1],
the degree of the right hand side of the above equation is equal to (w U ¢ (s3), [X])
if s = s, and is strictly greater than (wU c1(83), [X]) otherwise. This implies the
lemma. g

The next two lemmas are technical results needed to prove Theorem 1.4.

Lemma 3.5. Let X be a compact manifold with boundary, andY a closed submanifold
of X. Suppose that Ly and Lo are two complex line bundles over X, and there is an
isomorphism ¥ : Lily — Laly. Let j : (X,0) — (X,Y) be the natural inclusion.
Then there exists 3 € H?*(X,Y), such that j*(8) = c1(L1) — c1(L2), and, for
any embedded 2-manifold ¥ in X with 0¥ C Y, and any non-vanishing section v of
Li|os, we have (6,[X]) = (c1(L1,v), [B]) — (c1 (L2, ¥(v)), [X]), where [X] is the relative
homology class in Ha(X,Y') represented by 3.

Proof. Denote by J; the complex structure on L;. Choose a metric g2 on La|y com-
patible with J3, and let g; = ¥*(g2). Consider the complex line bundle L = L; ® Lo,
where Lo is Lo with the complex structure —Js. Let Z : Ly — Lo be the identity
map, and ¥ = ZoW. We define a smooth non-vanishing section 7 of L]y as following:
at any point p on Y, pick a unit vector u, € Li|,, and define 1, = u, ®@ ¥(u,).
It is clear that 7, does not depend on the choice of u, since ¥ is conjugate linear.
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This gives a smooth non-vanishing section n of L|y. Now, let 8 = ¢;(L,n). Then
J(B) = ar(L) = er(L1) — e1(La).

Without loss of generality, we assume that v is of unit length. Choose a section
of Li|s with only isolated singularities that extends v, and a section V4 of Lo|s; with
only isolated singularities that extends ¥(v). Then it is easy to see that

(8,[2]) = Sum of indices of singularities of (Vi ® Z(V3))
(Sum of indices of singularities of ;)
—(Sum of indices of singularities of V53)

= (a(L1,0), [E]) = {er(La, ¥(v)), [2]).

\/ dividing curves \/

K S, (K) K S (K)
FI1GURE 1. Positive and Negative Stabilizations.

Let K be a Legendrian knot in a contact 3-manifold (M, ¢). Choose an oriented
embedded annulus A which has —K as one of it is boundary components, and such
that the index of the contact framing of K relative to the framing given by A s
negative. We can isotope A relative to K to make it convex, and such that K has a
standard annular collar A in A. (See, e.g., [17] for the definition of standard annular
collars.) Then, by Legendrian Realization Principle [17, Theorem 3.7], we can isotope
A relative to K to make the curved lines in Figure 1 Legendrian without changing
the dividing curves. Then these Legendrian curves are (Legendrianly isotopic to)
the positive and negative stabilizations of K. By Giroux’s Flexibility, we can again
assume the stabilization has a standard annular collar neighborhood in A, and repeat
the above process to obtain repeated stabilizations of K. This observation and [17,
Proposition 4.5] give:
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Lemma 3.6. Let K be a Legendrian knot in a contact 3-manifold (M,£). Then
there is an embedded convex annulus A in M, such that 0A = (-K)U K', and K’
is (Legendrianly isotopic to) the repeated stabilization of K obtained by p positive
stabilizations and s — p negative stabilizations. Moreover, if u and v’ are the unit

tangent vector fields of K and K', then (c1(&, (—u)Uu'), [A,0A]) = 2p — s.

Proof of Theorem 1.4. For notational simplicity, we assume L = K is a Legendrian
knot, and K;, ¢ = 1,2, is a Legendrian knot obtained from K by p; positive stabi-
lizations and s — p; negative stabilizations. The generalization to Legendrian links is
straightforward.

Part (1). We assume that (M, €) is weakly filled by (W, w).

First, by [8, Lemma 2.4], we isotope & in near K so that there is an open neighbor-
hood U of K in W and a non-vanishing symplectic vector field v defined in U, s.t.,
&lunm = ker(tyw|unar), and v transversally points out of W along U N M. Let {¢:}
be the flow of v. Without loss of generality, we assume that K; C U N M, and

U= |J v(UnM).
0<t<r
Let W’ be the smooth 4-manifold obtained from W by attaching a 2-handle to W
along K with the framing given by the contact framing of K plus s + 1 left twists,
and M’ = OW’. Then the Legendrian surgeries along K; and K5 give two contact

structures & and & on M’ and two corresponding symplectic structures wy and wo
on W', such that (W', w;) is a weak symplectic filling of (M’,&;).

Lemma 3.7. We can arrange that [w1] = [we2] € H*(W';R).

Proof. Choose a small € € (0,7). Let N =1_.(UNM), and K; = ¢_.(K;). Then We
find a standard 2-handle Hs, a neighborhood V of H> N X_ in R*, and an embedding
@iV = U, s.t., 0" (W) = wer, px(v2) = v, (VN X_)C N, and ¢(S') = K;. Since
K7 and K, are isotopic as framed knots, ¢1|x,nx_ and @a|p,nx_ are isotopic as
smooth embeddings. So there is a smooth isotopy ¢s : HoNX_ — N, 1 <s <2 s.t.,
bi = Yilnanx_. After a change of variable in s, we assume that

. pilrenx., f1<s<1
P ValHonx_, if1.9<s <2

Let W = W x [1,2], and Hy = Ha x [1,2]. Define & and Gy to be the pull backs of
w and wy; onto W and Hs,. And define ¥ and Ty to be the lifts of v and vy to U x [1,2]
and Hs that are tangent to the horizontal slices U x {s} and Ha x {s}, 1 < s < 2.
Then (3w and tg,ws; are the pull backs of t,w and Ly, wst.

Define & : (HoNX_) % [1,2] — N x [1,2] by ®&(p, s) = (s(p), s). By mapping the
flow of ¥ to the flow of ¥, we extend ® to a diffeomorphism ® from a neighborhood of
(HaNX_)x[1,2] in Ha to a neighborhood of {1h.04(SL) |1 < s < 2} (C M x[1,2]) in

W. Clearly, we have @, (35) = , and, near (Ha N X_) x {1,2}, we have ®*(&) = Wy
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Consider the 1-form ®*(13&) defined in a neighborhood of (Hy N X_) x [1,2] in Ha.

It equals t3,W0s: near (Ha N X_) x {1,2}. So, there is a 1-form & on Ha, s.t.,
G O*(13w), mnear (HoNX_) x[1,2];
T e Wsts near Ho x {1,2}.
Define -
w, onW;

W' =W Up Ho, and &' = e
T2, andw {da, on Ho.

Then & is a well defined closed 2-form on W.
For s € [1,2], let
gs W — W
be the embedding given by gs(p) = (p, s) for any point p in W or Ha. Then {g,} is
an isotopy of embeddings of W' into W’. For i = 1,2, let w; = g5 (@"). Then (W', w;)
is a weak symplectic filling of (M’,&;), and [w1] = [we] € H*(W';R). O

Now we are in the situation that the contact 3-manifold (M’,¢&;) is weakly sym-
plectically filled by (W', w;) for i = 1,2, & and & are isotopic, and [w;] = [wa]. Let
s; be the canonical SpinC-structure of (W’,w;). Suppose that s; # so. Then, by
Lemma 3.4, we have

deg Pe, s,5wi] = d€g Py s13wa] > deg Pe, saifws]s
and, similarly,
deg P52752§[w2] = deg P51752?[w1] > deg Pglxsl?[wl]'
This is a contradiction. Thus, 51 = so.
Next we construct a symplectic decomposition of (TW’' w;) in a neighborhood of
the 2-handle Hy. First, define a 2-plane distribution §~0n U by §|¢t(p) = Y. (&p) for
p € M. And let 17 = §~J-W, the w-normal bundle of g Clearly, v is a non-vanishing

section of 7.
Define © : R*\ {0} — Sp(4) by
2z oy 222 Y2
1 —y1 21 —y2 —212
VAd tyl +4ad vy | 22 y2 2: —y
—yQ 2{E2 yl 2$1
Note that © factors through the natural inclusion of SU(2) into Sp(4) induced by

a—+bi— ( a —b ) .
b a
Since SU(2) is simply connected, we can modify ©|s, in a small neighborhood of the
intersection HaoN{y1 = y2 = 0}, and then extend it into a smooth map © : Ha — Sp(4)

(c.f. [14, Proposition 2.3]). Now let {e1, e2, €3, e4} be the symplectic frame of TR*|3,
defined by

O(x1,y1,%2,y2) =

= (—, —,—,—)- 6.
(61762763764) (8x1’ 8y1’ Dza’ o

Let ¢; be the symplectic attaching map used above to construct (W', w;), which is
a symplectic diffeomorphism from a neighborhood of Ha N X_ to a neighborhood of
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K; in U. Note that ¢; maps va (= /42?2 + y3 + 422 + y2 - €1 in the attaching region)
to v. So, in the attaching region, ¢; identifies £ with the 2-plane distribution on Hs
spanned by {es, e4}, and identifies 77 with the 2-plane distribution on Hs spanned by
{e1,ea2}. Let
3 on U; d 7 — 7, on U;
& = { (e3,es), on Ha. ane = (e1,e2), on Ha.
Then _
TW'|vu, 1y = & © Ti.

And @ and 7); are w;-orthogonal to each other. Also, it easy to see that 77; has a non-
vanishing section since we can modify vs near the intersection Ha N {y; = y2 = 0},

and then extend it to a non-vanishing multiple of e;.
Choose an almost complex structure J; on U U,, Hz compatible with wi|uu, #,

so that & and 7; are complex sub-bundles of (TW'|yu,,Has Ji). Then 7; becomes a

trivial complex line bundle. Note that 51-|UU%_H2 is the SpinC-structure associated to
J;. There are natural isomorphisms of complex line bundles

det(El)lUUVJ Hy = det(TWI|UU<P Has ) = gz
Moreover, there is a natural isomorphism
det(s;)|w = det(s),

where s is the SpinC-structure on W associated to w.
Let A; C M be the annulus bounded by (—K) U K; given in Lemma 3.6, and

3; = A; U (the core of the 2-handle attached to K;),

oriented so that 0¥; = —K. Then [X1] = [X2] € Ha(W',W). And, by Lemma 3.5,
there exists 3 € H2(W',W), such that j*(8) = c1(det(s1)) — c1(det(s2)) = 0, and
(B,[Z1]) = (ea(det(s1), —p), [Z1]) - (c1(det(s2), —p2), [£1])
= (a1(&r, —u), [Z1]) — {e2(&2, —u), [E1])

= (er(&, ), [B1]) — (e (e, —u), [Sa]),
where u is the unit tangent vector field of K, and p; is the section of det(s;)|x
identified with u through the above isomorphisms.

Denote by u; the unit tangent vector field of K;. Then u; extends over the core
of the 2-handle as a non-vanishing multiple of e;. So, by Lemma 3.6, we have
(c1(&i, —u), [Bi]) = (e1(§ (—w) Uuq), [Ai, 0A]) = 2p; —s. Thus, (B, [X1]) = 2(p1 —p2)-
But, since j*(3) = 0, there exists ¢ € H*(W), s.t., (c) = 3, where § is the connecting
map in the long exact sequence of the pair (W', W). So 2(p1 — p2) = (6(s),[Z1]) =
(¢, —[K]). This implies p; = p2 when [K] is torsion, and 2p; = 2ps mod d when [K]
is non-torsion, where d = ged{(¢, [K])|¢ € H*(W)}.

Part (2). We assume that ¢* (&) # 0.

Consider the symplectic 4-manifold (M x I,d(e'a)), where « is a contact form
for £, and t is the variable of I. Note that % is a symplectic vector ﬁeld in this
setting, and it transversally points out of M x I along M x {1}. The flow of 7 is the

translation in the I-direction. Let § be the 2-plane distribution on M x [ generated
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by translating £ in the I-direction, and 77 = gld(e‘oﬂ, the d(e‘a)-normal bundle of {
Note that % is a section of 7.

We perform Legendrian surgery along K; x {1}. Let ¢; be the symplectic attaching
map, which is a symplectic diffeomorphism from a neighborhood of S in Hs to a
neighborhood of K; x {1} in M x I. Let

W:(MXI)U@IHQg(MXI)U¢2H2.

Then the two Legendrian surgeries give two symplectic structures w; and ws on W,
so that (W,w;) is a symplectic cobordism from (M,&) to (M’,&;). Similar to the
construction used in Part (1), we construct an w;-orthogonal decomposition

TW =& @i,
where 5~1| MxI = E, Mi|mx1 = 17, and, moreover, % extends to a non-vanishing section
of ;. Let J; be an almost complex structure on W compatible with w; such that both
& and 7; are complex sub-bundles of (TW, J;). Then 7j; becomes a trivial complex
line bundle over W, and, hence, ¢1(J;) = c1(&).
Let s; be the canonical S pinc—structure associated to J;. Then it is also the canon-

ical SpinC-structure associated to w;. If 5; and s, are non-isomorphic, according to
Proposition 3.3, we have

Fio, (€7(&1)) = Fy, (&) = () #0
Fio (ch(&) = Fy,(c" (&) = o

But &; and & are isotopic, this is impossible. So 1 and s9 are isomorphic, and, hence,

(&) = e1(&2)-
Let A; be the annulus in M x {0} bounded by (—K) x {0} U K; x {0} given by
Lemma 3.6, and

Y, = A; U (K; x I) U (the core of the 2-handle attached to K; x {1}),

oriented so that 03 = —K x {0}. Then ¥; and X5 are isotopic relative to boundary.
And, by Lemma 3.5, there exists 3 € H2(W, M), such that j*(8) = ¢1(&) — 1 (&) =
0, and

(e1(61, —u), [Za]) = (ea (&2, —u), [Ba])

(e1(61, —u), [Xa]) = (er (&2, —u), [B2]),

where u is the unit tangent vector field of K x {0}. Denote by u; the unit tangent
vector field of K; x {0}. Then, as in Part (1), u; extends over K; x I and the core
of the 2-handle without singularities. So, by Lemma 3.6, we have (c; (&, —u), [24]) =
(e1(& (—u) U ug), [As, 04;]) = 2p; — s. Thus, (8,[Z1]) = 2(p1 — p2). But, since
J*(B) = 0, there exists ¢ € H' (M), s.t., §(s) = 3, where § is the connecting map in the
long exact sequence of the pair (W, M x {0}). So 2(p1 —p2) = (6(s), [Z1]) = (s, —[K]).
This implies p; = py when [K] is torsion, and 2p; = 2py mod d when [K] is non-
torsion, where d = ged{((, [K])|¢ € H'(M)}. O

(8, [%1])

Remark 3.8. The weakly fillable case of Theorem 1.4 can also be proved using the
monopole invariant defined by Kronheimer and Mrowka [19]. Indeed, in Part (1) of the
proof, after proving Lemma 3.7, we are in the situation where &; and &, are isotopic,
and [w1] = [w2] € H?*(W';R). After a possible isotopy supported near M’, we assume
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that & = & = ¢'. Let s; € Spin®(W’,¢’) be the element associated to w;. Then, by
[19, Theorems 1.1 and 1.2], we have [w1] U (s2 — s1) > 0, and [we] U (51 — 82) > 0.
But [w;] = [w2]. Thus, [w1]U (s2 —s1) = 0. And, according to [19, Theorem 1.2], this
implies that s, = 55 as elements of Spin®(W’, ¢’), and, specially, that ¢1(s1) = c1(s2).
Then we can repeat the rest of Part (1) of the proof, and prove the weakly fillable
case of the theorem.

4. Tight contact structures on Brieskorn homology spheres —X(2,3,6n — 1)

A small Seifert fibered manifold is a 3-manifold Seifert fibered over S? with 3
singular fibers. We denote by M (rq,r2,73) the small Seifert fibered manifold with 3
singular fibers with coefficients r1, ro and r3.

The classification of tight contact structures on a small Seifert fibered manifold is
a hard problem. When the Euler number of the small Seifert fibered manifold is not
—1 or —2, these tight contact structures are all Stein fillable, and are classified in
[12, 27]. Note all these manifolds are L-spaces, i.e. have Heegaard-Floer homology
like that of a lens space. There are also partial results when the Euler number is
—1 or —2, and the manifold is an L-space (see e.g. [11]). In solving these examples,
the use of untwisted Ozsvath-Szabd contact invariant is essential. It appears that the
classification is much harder to achieve when the the small Seifert fibered manifold is
not an L-space.

Brieskorn homology sphere —%(2,3,6n — 1) is the small Seifert fibered manifold
M(—%, %, 51 ), which is not an L-space when n > 2. These appear to be good exam-
ples of non-L-space small Seifert fibered manifolds to start with. In [13], Ghiggini and
Schonenberger showed that there is a unique tight contact structure on —%(2,3,11).
This method was extended to classify contact structures on —3(2,3,17) in [10]. Next
we discuss the generalization of their method.

Let ¥ be an oriented three-hole sphere with boundary components Cy, Cs and Cj.
Then —0Y x S' = T} + T, + T3, where the ”—” sign means reversing the orientation
and T; = —C; x S'. We identify T; to R?/Z? by identifying —C; x {pt} to (1,0)7,
and {pt} x S to (0,1)7. Also, fori =1,2,3, let V; = D? x S', and identify dV; with
R?/Z? by identifying a meridian 9D? x {pt} with (1,0)7 and a longitude {pt} x S*
with (0,1)7.

Define diffeomorphism ¢; : V; — T; by the following matrices.

. 2 -1 . 3 1 [ 6n—=1 6
Y1 = 1 0 ) P2 = 1 0 ) Y3 = _n ] .

11 n

2’3" 6n—1
Note that each S*-fiber in the product ¥ x S! becomes a regular fiber of the Seifert
fibration, and the framing of the S'-fiber from the product is the same as the standard
framing of a regular fiber of the Seifert fibration. Also, the core curve of each V;
becomes a singular fiber of the Seifert fibration, and our choice of the longitude of
9V gives each singular fiber a framing. If £ is a contact structure on —%(2,3,6n —1),
and K is a Legendrian regular fiber (resp. Legendrian singular fiber) of the Seifert
fibration, then the twisting number ¢(K) of K is defined to be the index of the contact

Then

—%(2,3,6n — 1) = M( ) 2 (2 % SY) Uy upaups) (Vi UV U Va).
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framing of K with respect to the standard framing (resp. the framing we chose). We
define

t(€) = max{t(K) | K is a Legendrian regular fiber.}

Etnyre and Honda [7] showed that —¥(2,3,5) does not admit tight contact struc-
tures. So we assume that n > 2 in the discussions below. Next two lemmas are proved
following the arguments in [13, Subsection 4.2]. Similar methods were also used in
e.g. [27].

Lemma 4.1. If £ is a tight contact structure on —%(2,3,6n — 1), then t(§) < —2.

Proof. We prove the lemma in two steps: first prove that ¢(¢) < 0, and then prove
that ¢(§) # —1.

Assume t(§) > 0. Then we can find a Legendrian regular fiber F' with twisting
number 0. After possibly an isotopy, assume F' is contained in the piece ¥ x S'. Let
F; be a Legendrian knot C°-close to the core curve of V;. After repeated stabilization
of F;, we assume that t(F;) = n; << 0. After isotopy, assume that V; is a standard
neighborhood of F;. Then 0Vj is convex and has two parallel dividing curves of slope
L. Now use the coordinates of T;. Then the slopes of dividing curves of Ty, T5 and

Kz :
— _m __n2 nnz+1
Ty are 51 = 5,7, 3na+1 (6n—1)n3+6°

we have s1 > 0, s9 > —% and s3 > —%. Then we can isotope T; as in [13, Subsection
4.2.2] and get a decomposition

VxSt = (¥ x SHU(Ty x [0,1]) U (Tz x [0,1]) U (T3 x [0,1]),

So = and s3 = — respectively. Since n; << 0,

such that
e Y is a three-sphere in ¥ with

oY x St = (-Th x {1 U (=Ty x {1} U (T3 x {1});

® &|7,x[0,1) is @ minimal twisting tight contact structure with minimal convex
boundary;

e The slopes of dividing curves on Ty x {0},7 x {0}, T3 x {0} are 0, -1, -1,
respectively, and the slopes of dividing curves on T7 x {1}, Tz x {1},T3 x {1}
are oo.

Then we can follow the arguments in the proof of [13, Theorem 4.14] to show that
& must be overtwisted. This contradiction shows that ¢(§) < 0.

Now assume that t(¢) = —1. Let F C X x S! be a Legendrian regular fiber with
t(F) = —1, and V; a standard neighborhood of a Legendrian singular fiber F; with
t(F;) = n; << 0. For i = 1,2, connect F' to dV; by a vertical convex annulus A;
that intersects the dividing curves of 9V; efficiently. By Imbalance Principle [17,
Proposition 3.17], there is a 0-parallel dividing curve on A; along A; N (9V;). Using
the bypass from this d-parallel dividing curve, by the Twisting Number Lemma [17,
Lemma 4.4], we can increase n; by 1. Repeat this procedure, we can increase ni,ng
up to n; =0, no = —1. When measured in the coordinates of T;, the dividing curves
on T7 and T3 have slopes 0 and —%. Connecting T3 to T by a vertical convex annulus
Ain ¥ x St with A intersecting the dividing curves of T, T efficiently. Then, by
Imbalance Principle, there is a 0-parallel dividing curve on A along A NT,. Adding
the bypass from this dividing curve to Ts, we change the slope of dividing curves of T»
to —1. Connect T} to this new T5 by a vertical convex annulus A’ in ¥ x S! with 94’
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intersecting the dividing curves of 17,75 efficiently. If there are O-parallel dividing
curves on A’, then, by Legendrian Realization Principle [17, Theorem 3.7], we can
find a Legendrian regular fiber with twisting number 0. This is a contradiction. If
there are no d-parallel dividing curves on A’, cut ¥ x S! along A’ and smooth the
edges. This gives us torus T isotopic to T3 with dividing curves of slope 0. Note that
the slope of dividing curves of T3 is negative since ng << 0. By [17, Proposition 4.16],
there is a torus isotopic to T3 with vertical dividing curves (isotopic to a regular fiber.)
By the Legendrian Realization Principle, we can again find a Legendrian regular fiber
with twisting number 0, which is a contradiction. This implies that ¢(£) # —1. O
(n—1)

Lemma 4.2. There are at most "T pairwise non-isotopic tight contact structures

on the Brieskorn homology sphere —%(2,3,6n — 1).

Proof. Let £ be a tight contact structure on —X(2,3,6n — 1) with ¢(§) = ¢, where
t < —2 by Lemma 4.1. Let F C ¥ x S! be a Legendrian regular fiber with t(F) =
t. Isotope V; into a standard neighborhood of a Legendrian singular fiber F; with
t(F;) = n; << 0. For i = 1,2, connect F to dV; by a vertical convex annulus A; that
intersects the dividing curves of 0V} efficiently.

First consider the annulus A;. Using the Imbalance Principle and the Twisting
Number Lemma, we can increase ni by 1, and repeat this process till either n; = 0 or
|2y — 1| < |t|, whichever comes first. If ny = 0 comes first, then we have ¢(F) = —1,
which is a contradiction. This means that the procedure stops at an integer n; < —1
with |2nq — 1] < |¢|. If |2nq — 1| < |¢|, then we can use the Imbalance Principle to
increase the twisting number of F', which contradicts our choice of F. So |2n1—1| = |¢],
which implies that t = 2n; — 1 < —3.

Next consider the annulus As. Using the Imbalance Principle and the Twisting
Number Lemma, we can increase ns by 1, and repeat this process till either ny = —1
or |3ng + 1| < |t|, whichever comes first. If n; = —1 comes first, then we have
t(F) > —2, which is a contradiction. This means that the procedure stops at an
integer ny < —2 with [3ng + 1| < |¢|. If [3ng + 1| < |¢|, then we can use the Imbalance
Principle to increase the twisting number of F', which contradicts our choice of F. So
|3n2 + 1| = |t|, which implies that ¢ = 3ng + 1 < —5.

Clearly, there is a positive integer m satisfying t = 1 — 6m, n; = 1 — 3m and
ny = —2m. Now connect 77 and T by a vertical convex annulus A with Legendrian
boundary intersecting the dividing curves of T1, T» efficiently. If A has 0-parallel divid-
ing curves, then we can use the Legendrian Realization Principle to find a Legendrian
regular fiber with twisting number greater than ¢, which contradicts our choice of t.
So every dividing curve of A connects one boundary component of A to the other.
Cut ¥ x S* along A and smooth the edges. We get a torus T isotopic to Ty with
dividing curves of slope —g-"=. If m > n, then

m n nng + 1

— > - > =
6m—1- 6n-1_ 2" (6n—1)nz+6
where s3 = —(&:Tfﬁ is the slope of dividing curves of T5. By [17, Proposition 4.16],

there is a torus isotopic to T3 with vertical dividing curves (isotopic to a regular fiber.)
By the Legendrian Realization Principle, we can again find a Legendrian regular fiber
with twisting number 0, which is a contradiction. This shows that m < n.
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The torus T separates —%(2,3,6n — 1) into two sides. One side is a solid torus
V isotopic to V3. The other side (—X(2,3,6n — 1)) \ V' is the union of V;, V2 and
a neighborhood of the annulus A. The dividing curves of A are unique up to an
isotopy of A fixing one boundary component since none of the dividing curves is 0-
parallel. Fix the dividing curves on A, since V; and V5 are standard neighborhoods of
Legendrian knots. it is easy to see that £|(_x(2,3,6n—1))\v is uniquely determined up to
isotopy relative to T'. When measured in the coordinates of V3, the slope of dividing
curves of T is m — n. So, by [17, Theorem 2.3], up to isotopy relative to T, there are
n —m tight contact structures on V satisfying the given boundary condition. Note
that, for each pair of possible dividing sets of A, there is an isotopy of —X(2,3,6n—1)
that maps one of them to the other. Thus, up to isotopy of —%(2,3,6n — 1), there
are at most n — m tight contact structures on —%(2, 3,6n — 1) with twisting number
1 — 6m. So the number of tight contact structures up to isotopy on —3(2,3,6n — 1)
is at most

n(n —1) i

) :Z(n—m).

m=1

d

It seems that the number of tight contact structures on —%(2,3,6n — 1) is exactly
@ since there are actually @ different Legendrian surgery constructions of
tight contact structures on —3(2,3,6n — 1). Before constructing these surgeries, we
need some preliminaries about tight contact structures on the small Seifert fibered
manifold M (—%, %, %), which is also the torus bundle over S* given by the monodromy
map v : T? — T? induced by

- 1 1Y\ .2 9
\IJ—<_1 O>.R — R~

Proposition 4.3. [18, Theorem 0.1] There is a sequence of pairwise non-isotopic
tight contact structures {&m}os_y on M(—%,%,%). Any tight contact structure on
M(—%, %, %) 18 isotopic to one of the &, s.

Proposition 4.4. [1, Propositions 15 and 16] There is a simply connected symplectic
manifold (W,w) that weakly fills (M (=3, %,%),&m) for V. m > 1.

Proof. Such a symplectic manifold (W,w) is constructed in [1, Propositions 15 and
16]. We only need to show that W is simply connected. Note that

(L )=(L90 1)

By the construction of W, there is a Lefschetz fibration W — D? which has exactly
two singular points. The vanishing circles of these two singular points induce a Z-basis
for w1 (T?) = H,(T?) = Z2. By [15, Proposition 8.1.9], there is an exact sequence

m(T?) — m (W) — m(D?)(= 0),

where the first map is induced by the inclusion of T2 into W as a regular fiber, and
the second is induced by the projection. It follows that 71 (W) = 0. O
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The point (0,0)” € R? induces the unique fixed point of v, and gives a closed orbit
Ky in M(—%, %, %), which is isotopic to the %—singular fiber of the Seifert fibration.
The torus bundle structure gives Ky a standard framing (c.f. [10]). For any Legen-
drian knot K in a tight contact manifold (M(—%, %, %), &) that is smoothly isotopic
to Ky, define its twisting number ¢(K) to be the index of its contact framing relative
to this standard framing. Denote by ¢(£) the maximum of all such twisting numbers.

Proposition 4.5. [10, Lemma 3.5] t(&,) = —m.

Performing a (—n)-surgery along the %—singular fiber of M (—
to the standard framing, we get —3(2,3,6n — 1) = M(—%,
{1,--+,n—1}, let Kém) be a Legendrian knot in (M(—%, %, %
to Ko with t(K\™) = —m. If we stabilize K{™ n —m — 1 times, and then perform a
Legendrian surgery on resulted Legendrian knot, we get a weakly fillable tight contact
structure on —%(2,3,6n — 1). (It is actually strongly fillable since —3(2,3,6n — 1)
is an integral homology sphere, c.f. [6].) There are n — m ways to perform such an

, +) with respect

11
273
™). For each m €

1
37 6n—1
), &m ) smoothly isotopic

iterated stabilization of Kém) depending on the number of positive stabilizations used
in the process. Denote by &, , the tight contact structure on —3(2, 3, 6n—1) from the
iterated stabilization of Kém) with p positive stabilization and n —m — p — 1 negative
stabilizations. This gives us a tight contact structure on —3(2,3,6n — 1) for each pair
(m,p), where 1 <m <n—1,and 0 < p <n—m—1. Altogether, we get @ tight
contact structures on —X(2,3,6n — 1). The hard part is to show these tight contact
structures are pairwise non-isotopic. Using Theorem 1.4, we have following partial
result.

Proposition 4.6. If 0 < p1,p2» <n—m —1 and p1 # pa, then &y p, and &, p, are
not isotopic.

Proof. This is a straightforward consequence of part (1) of Theorem 1.4 and the fact

that the symplectic filling (W, w) of &,, is simply connected. O
Proof of Theorem 1.5. Let V be the cobordism from M (-3, %, %) to —%(2,3,6n— 1)

induced by the (—n)-surgery along the $-singular fiber. Then, from Theorem 3.2, we
know that Fyf (¢t (&m)) = ¢*(&r). Ghiggini [10] showed that ¢*(&1) # ¢™(&). So
&1,p, and & p, are non-isotopic for 0 < p; < n—2 and 0 < p; < n — 3. Combine
this with Proposition 4.6, we know that £10, -, &1,n—2, &0, -, &2.n—3 are 2n — 3
pairwise non-isotopic tight contact structures on —3(2,3,6n — 1). O

The author hopes that, by a more careful computation of the Ozsvath-Szabd con-
tact invariants, we can strengthen Theorem 1.5 and show that &, ,, and &, p, are
not isotopic when my # ms, which would complete the classification of tight contact
structures on —%(2,3,6n — 1).

5. An example where our method does not apply

The author was informed of Example 5.1 by Ghiggini, which was proposed by
Stipsicz.
Example 5.1. Consider the Stein fillable contact structure on S$% x S'. Let K be
any Legendrian knot that is smoothly isotopic to an S!-fiber. Perform a Legendrian
surgery on K, we get a Stein fillable contact 3-manifold, where the underlying smooth
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3-manifold is S3. To see this, note that S? x S' can be constructed by performing a
0-surgery on an unknot in S3, and an S!-fiber comes from another unknot that links
once with the surgery unknot. So, topologically, the result of performing a Legendrian
surgery along K is the same as performing a surgery along a Hopf link in S®, where
one of its components has coefficient 0, and the other has an integer coefficient. This
clearly gives S2. But there is only one tight contact structure on S3. This means the
result of the Legendrian surgery here does not depend on the choice of the Legendrian
knot.

Ghiggini further remarked that, in the setting of Theorem 1.4, if [K] is a primitive
element of Hy (M), then H?((M x I) Uy, Ha) = H?(M), and there is a unique Spin®-
structure on (M x I) Uy, Hs that extends the SpinC-structure on M given by the
contact structure. So it is not possible to use SpinC-structures on the cobordism
to distinguish between contact structures resulted from the Legendrian surgeries on
stabilizations of K. Clearly, in the weakly fillable case of Theorem 1.4, if [K] is a
primitive element of H1(W), a similar remark applies. (These examples correspond
to the situation when d = 1 in Theorem 1.4. And Theorem 1.4 does not give any
information about the result contact structures when d = 1,2.)
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