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CONTACT STRUCTURES ON 3-MANIFOLDS ARE
DEFORMATIONS OF FOLIATIONS

JOHN B. ETNYRE

ABSTRACT. In this note we observe, answering a question of Eliashberg and Thurston
in [2], that all contact structures on a closed oriented 3—manifold are C'°°-deformations
of foliations.

1. Introduction

In [2], Eliashberg and Thurston proved that foliations could be approximated by
contact structures. More precisely they established that any two dimensional C2-
foliation on a closed oriented 3-manifold M, other than the product foliation of S? x
S1, can be CY-approximated by a positive and negative contact structure. This result
brings up the natural question: Is every contact structure on a closed 3—manifold
“close” to a foliation? To make sense of “close” we could instead ask, as Eliashberg and
Thurston did in [2]: Is every contact structure on a closed 3-manifold a deformation
of a foliation? We say a contact structure ( is the deformation of a foliation ¢ if there
is a 1-parameter family of plane fields & such that &y = £,&; =  and & is a contact
structure for ¢ > 0. In this note we show that answer to this last question is indeed
yes.

Theorem 1. FEvery positive and negative contact structure on a closed oriented 3—
manifold is a C*°-deformation of a C*-foliation.

The proof of this relies on the connection between open books and contact struc-
tures discovered by Giroux [6]. Starting form open books it is not hard to prove this
theorem, but it does illuminate the nature of confoliations and the “boundary” of the
space of contact structures in the space of plane fields. In the last section we make a
few comments concerning the theorem and its proof.

2. Open books and contact structures

Recall an open book decomposition of a closed oriented 3—manifold M is a pair
(L,m) where L is an oriented link in M and 7: (M \ L) — S! is a fibration with
O(r=1()) = L for all § € S*. We call L the binding of the open book and the fibers
of 7 the pages of the open book. Given an open book we can describe M \ L as
the mapping cylinder of a diffeomorphism : ¥ — ¥ of a surface Y. Indeed, we can
recover M and the open book (L, 7), up do diffeomorphism, from this data (X,1)).
We call ¢ the monodromy of the open book. For more on open books see [3].

A contact structure £ is said to be supported by an open book (L, ) if there is a
contact 1-form « for £ such that a(L) > 0 and da is a volume form when restricted to
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each page of the open book. Thurston and Winkelnkemper, in [7], showed that any
open book supports some contact structure and it was observed by Giroux that this
contact structure is unique. Moreover, Giroux proved the following correspondence.

Theorem 2 (Giroux, 2002 [6]). If M is a closed oriented 3-manifold then there is
a one-to-one correspondence between oriented contact structures on M up to isotopy
and open book decompositions of M up to positive stabilization.

It is not important for our arguments what the definition of positive stabilization
is, so we do not define it here. Our main use of this theorem will be the facts that
(1) all contact structures are supported by open books and (2) the supported contact
structure is unique up to isotopy.

3. Proof of Theorem 1

To prove Theorem 1 we start with a positive contact structure ¢ on a closed oriented
3-manifold M and then choose some open book (L, ) for M that supports ¢. (The
proof for negative contact structures is similar. The details are left as an easy exercise
for the reader.) We will then construct a foliation on M associated to this open book
and show that it can be perturbed into a contact structure that is also supported by
(L, ). Thus the perturbed contact structures will have to be isotopic to ¢, confirming
the theorem. We will denote the page and monodromy of the open book by (X, ).

One can construct an obvious foliation with Reeb components by replacing neigh-
borhoods of the binding with Reeb components and then “spinning” the pages of
the open book so they limit to the Reeb components. We describe the proce-
dure more carefully. Let N be a neighborhood of one component of the binding.
Choose coordinates (1,0, ¢), so that the pages of the open book intersect N corre-
spond to constant # annuli and the binding corresponds to r = 0. Moreover assume
N = {(r,0,¢)|r <1+ 2¢} for some small fixed e. We now choose two functions A(r)
and §(r) so that A is zero on [0, %], one for r > 1, and strictly increasing on [%, 1], and
J is zero on [0, 1], one for r > 1 + € and strictly increasing on [1,1 + €]. Now set

A dr 4 (1= X(r)) do for r <1,
1 6(r)dO + (1 —6(r)) dr for r > 1.

One may easily check that a A da = 0 so & = ker « gives a foliation of N. The subset
Ny = {(r,0,¢)|r < 1} of N is a Reeb component. (We will denote by N, the set
{(r,0,¢)|r < a}.) Note we can choose A(r) and d(r) so that a defines a C'*°-foliation
on N. It is clear that in [1 + ¢, 1+ 2¢] x T2 the foliation is by constant # annuli. Thus
this foliation can be extended by the pages of the open book on M \ N to a foliation
of all of M. (Of course, we insert this standard model with a Reeb component for
each component of the binding L.) If we set dz to the pull back of the coordinate 9
on S! by the fibration 7: M \ L — S! then we can extend a by dz to get a 1-form
defining our foliation on all of M.

We now show how to perturb this foliation in to a contact structure supported by
the open book (L, 7). Again, we start by concentrating on the neighborhood N of a
component of the binding L. Here we set

ay = a+t(r?do + (1+ f(r)) do),
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where f: N — R is a function that is strictly decreasing, f(0) =0, f(r) > —1 for all
rand f(r) < =14 for all » > 1 and ¢ some small number. Now we compute

J (tf'(r) = N(r))dr Ndp + t2rdr ANdo  for r <1,
oy =
! (t2r 4+ 0'(r)) dr AdO + tf'(r) dr A d¢ for r > 1.

Thus we have

aANdoy =
tr(2[(1 = A(r) + (L4 f(r)] = r(tf'(r) = N(r)) dr AdO A do for r <1,
t(=f'(r)(0(r) +tr?) + (1 + f(r)(t2r 4+ 6'(r))) dr A dO A do for r > 1.

From this formula, it may easily be checked that a; is a contact from on NV for ¢ > 0.

We would like to patch this into a family of 1-forms on M \ Ny4.. To this end
we briefly recall the Thurston-Winkelnkemper construction of contact forms on open
books, [7]. We begin by thinking of M \ N14. as the mapping cylinder of ¢: ¥ — 3,
the monodromy of the open book. That is

M\N' =3 x[0,1]/ ~,

where (¢(z),0) ~ (x,1), and the coordinate on the [0, 1] factor is z. We then find a
1-parameter family of 1-forms A, on ¥ so that d), is a volume form on ¥ for all z and
each A\, = (1 + € + s) df near each boundary component of ¥, where we use “polar”
coordinates (s,6) near the boundary component and the boundary corresponds to
s = 0 and s is increasing into ¥. Moreover, the A, are chosen so that they descend
to give a form on M \ Ny4.. Note the 1-form dz, from the second paragraph of this
section, corresponds to dz in these coordinates. The 1-form 8; = dz + t\, will be a
contact 1-form on M \ Ny4. for small ¢ > 0.

To patch the two 1-forms together we consider the region A = N\ Ny;.. We use
the above coordinates on N as coordinates on A. Near the boundary of M\ N in A the
contact 1-form is B, = dz+t(1+€e+s) df. We use the map ¥(r,0,¢) = (r—1—e¢, —¢, )
to map A C N to a neighborhood of the boundary of M \ Nii.. It is easy to check
that this map is orientation preserving and when N is glued to M \ N using this
map we recover M. Pulling 3; back to A using this map we get ¥*3; = —tr d¢ + df.
We think of this form as defined only near T2, = ONjig in A. Similarly o =
(1 +tr?)dd +t(1 + f(r))d¢ is a form defined near Ty, = ONy4, in A. In order to
interpolate between these two forms we consider forms on A of the type

v =g(r)dé+ h(r)db.

This will be a contact form if and only if g(r)h'(r) — h(r)g’'(r) # 0, that is if we think
of (g(r), f(r)) as parameterizing a curve in R? then the position vector and velocity
vector can never be co-linear. If we take g(r) and h(r) to be defined by U*3; and «
near the boundary of A then we can clearly extend g(r) and h(r) to all of A so that
we have a contact form on A. Moreover, it is easy to check that we can choose g(r)
so that ¢'(r) < 0 in A.

Let a; be the 1-from on M that equals oy on Ny, S on M \ N and the from
g(r)dz + h(r)do just constructed on A. This gives a well defined form for all ¢ > 0.
Moreover, aq is the form « above that defines the foliation £ and for small ¢ > 0,
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ay defines a contact structure & = ker o;. Thus the contact structure & is clearly a
deformation of the foliation &.

We are left to show that & is supported by the open book (L,r). For this we
must see that o(L) > 0 and doy|page is a volume form on ¥. A component of L
corresponds to 7 = 0 in N and its positively oriented tangent vector is given by 8%5. So
at((%) = dqﬁ(%) =1 > 0. To check the second condition we consider the four regions
Ny, N14\ Ny, Aand M\ N. On N; the pages of the open book correspond to constant
0 annuli. The form doy restricted to this annulus is (¢f'(r) — A'(r)) dr A d¢. This form
is never zero and the coefficient is always negative in Ny, but the orientation on the
annulus that allows for L to be properly oriented corresponds to the form d¢ A dr. So
day is a properly oriented non-zero 2-form on the pages in N;. Now on Ny .\ N; the
pages are still constant 6 annuli and the 1-form restricts to ¢f/(r) dr A dé on these.
Thus oy is compatible withe the pages in this region. On A the pages are again
constant 6 annuli, so the form restricted to this is ¢’(r) dr A d¢. By the choice of g
above this is a properly oriented non-zero 2-form on the pages in A. Finally in M \ N
it is clear df; is a properly oriented non-zero 2-form on the pages by construction (see

[7])-

4. Comments

In [2] it was shown that any confoliation is isotopic through confoliations to an
overtwisted contact structure. Using Theorem 1 we can see other interesting facts
concerning isotopies of confoliations. Eliashberg and Thurston generalized the notion
of tightness to confoliations. They say a confoliation & is tight if for every disk D with
0D tangent to &, but D itself transverse to £ near 9D, there is a disk D’ with the same
boundary as D that is tangent to & everywhere and satisfies (e(£), [DUD']) = 0, where
e(§) is the Euler class of the plane field £. If € is a contact structure this agrees with
the usual definition of tight. If £ is a foliation the is equivalent to the foliation being
Reebless. Eliashberg and Thurston claimed that the perturbation of a tight foliation
is a tight contact structure (and in fact tight when pulled back to the universal cover).
While there seems to be a gap in their argument, see [1], the result is true, see [4].
We have the immediate corollary of Theorem 1.

Corollary 3. If £ is a tight foliation then we can isotop & through tight confoliations
to a foliation with Reeb components. In particular, a taut foliation is isotopic to a
foliation with Reeb components via an isotopy through tight confoliations.

In the definition of the foliation in Section 3 the reader may verify that the leaves
of the foliations coming from the pages of the open book spiraled towards the Reeb
component in a clockwise manner (as seen in a constant ¢ slice). We could have
considered a foliation that spiraled in the opposite direction or changed the direction
of the spiraling in the Reeb component itself. Making either of these changes (but
not both) would have resulted in a foliation that perturbs to an overtwisted contact
structure. (To see this take a meridional disk in N of radius slightly larger than
one. This will give a transverse unknot in the contact structure that violates the
Bennequin inequality.) So if the open book supported a tight contact structure then
this perturbed contact structure could not be supported by the open book. More



CONTACT STRUCTURES ARE DEFORMATIONS OF FOLIATIONS 779

generally, it is not too hard to see that the perturbed contact structure will never be
supported by the given open book.

Finally we observe that if a contact structure is virtually overtwisted (i.e. becomes
overtwisted when pulled back to a finite cover) then any foliation of which it is a
perturbation must contain Reeb components, since Reeblees foliations are tight and
perturb to tight contact structures. Thus the foliations constructed in the proof
Theorem 1 are as good as can be expected for most contact structures. However, if a
contact structure is universally tight (i.e. its pull back to the universal cover is tight)
then one may hope for better. In particular, we end with the following questions:

Question 4. If M has infinite fundamental group then is every universally tight
contact structure the deformation of a Reebless foliation?

Question 5. If M is atoroidal and has infinite fundamental group then is every
universally tight contact structure the deformation of a taut foliation?

The condition on the fundamental group is necessary since a theorem of Novikov
says that if the fundamental group is finite then there must be a Reeb component
in the foliation. The atoroidal assumption is necessary because Ghiggini [5] has con-
structed universally tight contact structures that cannot be weakly fillable and hence
cannot be perturbations of taut foliations.
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