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A SUPPORT THEOREM FOR THE RADIATION FIELDS ON
ASYMPTOTICALLY EUCLIDEAN MANIFOLDS

ANTONIO SA BARRETO

1. Introduction

We prove a support theorem for the radiation fields on asymptotically Euclidean
manifolds with metrics which are warped products near infinity. It generalizes to this
setting the well known support theorem for the Radon transform in R™ [4].

The type of support theorem studied here has possible applications to the problem
of reconstructing an asymptotically Euclidean manifold from the scattering matrix
at all energies [13]. The reconstruction of an asymptotically hyperbolic manifold from
the scattering matrix at all energies was studied in [14], and one would like to apply
similar methods in the asymptotically Euclidean case.

An asymptotically Euclidean manifold [7, 10] is a C°° compact manifold X with
boundary 90X, which is equipped with a C°° Riemannian metric g that in a collar
neighborhood of the boundary X can be written as

2
(1.1) o= %

where z is a defining function of X and h is a C*° one-parameter family of metrics
on 0X. The basic model of (X, g) is the radial compactification of the Euclidean R",
[10].

In this paper we will consider the class of metrics g which are warped product
metrics near 0X, see for example [9]. Near 0X, g satisfies

diL’2 ho

(1.2) g:Fqu(x)ﬁ, z € [0,¢),
where ¢ € C([0,¢)), ¥(z) >0, ¥(0) =1, and hg is a C*° metric on 0X.

Let Ay be the Laplace operator on X, and let u(t, z) satisfy the wave equation on
R x X, i.e.

in [0,€) x 0X,

x4

(D} — Ay )u(t,z) =0

(1.3) u(0) = f1, Dwu(0) = fa, with f1, fo € C5°(X).

Here and throughout the paper, C§°(X) denotes the space of C*°(X) functions whose
support does not intersect the boundary of X. The following is proved in [2, 3]:

Theorem 1.1. Let (X,g) be an asymptotically Euclidean manifold. Let x be the
boundary defining function for which (1.1) holds and let z = (x,y), y € 0X, be the
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corresponding boundary normal coordinates in a collar neighborhood of the boundary.
If u satisfies (1.3) then

n—1 1
vp(z,s,y) =2~ 2 u(s+ —,z,y) € C°(R;s x [0,¢), x 0X),
(1.4) z

n—1 1
v_(z,8,y) =2 2 u(s— E,I,y) € C®(Rs x [0,€), x 0X).

Friedlander [2, 3] defined the forward and backward radiation fields respectively as

(15) R+(f1af2) = st+(0,s,y) and R*(flan) = DSU*(OaSay)'

Lax and Phillips [8] proved that in R™ the forward (or backward) radiation field is
the modified Radon transform, that is if

Rf(s,w) = / f(2) do, do is the surface measure on (r,w) = s,

(z,w)=s

is the Radon transform, then
Ri(f1, f2)(5,0) = [Do| T Rfi(s,0) + [Du| T Rfa(s,w).

Helgason’s celebrated support theorem for Radon transforms [4] says that if f is a
rapidly decaying function in R™ and Rf(s,w) = 0 for |s| > |sol, and every w € S"~1,
then f is supported in the ball of radius |sg|. This is a result in control theory which
says that the support of a function can be exactly controlled by the support of its
Radon transform.

The following was proved in [12]:

Theorem 1.2. Let (X,g) be an asymptotically Euclidean manifold and let f €
CS(X). If R(0, f)(s,y) =0 for s < —-L, x5 € (0,¢), then f =0 if z < wo.

xo ?
This says that if there exists some z1 € (0,¢€), such that f(z,y) = 0 for z < z1,
but R+(0, f)(s,y) =0 for s < —ﬁ, and zg > 1, then in fact f(z,y) =0 if z < xo.
The purpose of this paper is to discuss the following

Question 1.1. Let (X, g) be an asymptotically Euclidean manifold, and let S(X) be
the space of functions in C*°(X) which are smooth up to 0X and vanish to infinite
order at 0X. If f € S(X) and R4(0, f)(s,y) =0 for s < *:ciov xo € (0,¢€), is it true
that f =0 if x < x0?

Due to the global nature of the operator R, the analogue of Theorem 1.2 for
non-compactly supported data, if true, should in principle, be harder to prove. For
example, the Radon transform Rf(s,w), consists of integrating f over a hyperplane
with normal vector w and whose distance to the origin is equal to |s|. Even if we
restrict ourselves to very large |s|, this transform will take into account the values of
f over large parts of the space. It is also important to point out that the assumption
that f is rapidly decaying cannot be removed. We recall Helgason’s example in R?,
[4]. Let 2 = x +iy € C, and let f(z) € C>(C) with f(z) = 27 if [2| > R, k € N,
k > 2. Cauchy formula shows that the integral of f along any line which does not
intersect the disk |z| < R is equal to zero, so Rf(s,w) = 0is |s| > R, but f is not
compactly supported.

When (X, g) is asymptotically hyperbolic the general support theorem was proved
n [14]. The main result of this paper is:
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Theorem 1.3. Let (X,g) be an asymptotically Fuclidean manifold of dimension
greater than or equal to 3. If g is a warped product metric near 0X, f € S(X),
and R4+(0, f)(s,y) =0 for s < —%, then f =0 if x < xo.

As in [12, 14] the proof of Theorem 1.3 is based on the unique continuation for
solutions of PDEs. When the initial data is compactly supported, the proof Theorem
1.2 follows from an application of Hérmander’s theorem [Theorem 28.3.4 of [5]] and
Tataru’s theorem [15].

2. Energy Estimates

The first step in the proof of Theorem 1.3 is to obtain estimates the solution to
(1.3) up to z = 0 and s = —o0.

The Laplacian with respect to the metric (1.2) is, in a neighborhood of X, given
by

Ay = —2*0? + (n - 3)20, — v* A(2)0, + 22 (2) "  Ap,,

where A(z) = 9, log (w(x)%) , and Ap, is the Laplacian on X with respect to the
metric ho. In what follows it is convenient to get rid of first order terms of Ay, so we
n— _n—1
will work with Q = H(z) A, H (z), with H(z) = T (¥(x))” % . We get that
Q = —(2%0,)* + 2?¢(x)Ap, + 2°B(z), where

o) = @)™, Bl = D0 ZY

If F(z) =1/H(z) and w = F(x)u, the wave equation (1.3) is translated into
(07 — (220,)* + 22¢(z) Ap, + 22 B(2))w = 0,
w(0) = F(z)fi(z,y), 0w(0) = F(z)f2(z,y).

Instead of working with coordinates x and s, and the forward and backward radi-
ation fields separately, it is better to work with the forward and backward radiation
fields simultaneously. So we define

+$Bl($), Bl S COO([O,G))
(2.1)

1 1
(2.2) sy =t——ands_=t+—, z>0.
x x

Since we want to understand the behavior of w as sy ~ —oo, and s_ ~ oo, we
compactify R x X by setting

1 1
p=——andv=—.
S+ S_
We find that
2uv w—v 2uv )
2.3 s vy) =F , ,
(2.3) w(p, v, y) <M+V)U(M+V L
satisfies
(( +1)%9,0 —¢5<2/W>A w—B<2/W>)w—0
(2.0 VA Ve |

wlp, s y) = fi(y), (Ouw)(pmy) = f2(u.y),
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where

Fi(uy) = F(u) f1(p,y), and
Faie) = 53 P o) + 5F ()i 9) + 5F G o)
We will work with the following weighted Sobolev spaces.
Definition 2.1. Let T > 0 and Qp = (0,T) x (0,T). We define
H3((0,T) x 0X) ={f € L*((0,T) x 0X), p~/fe H*((0,T) x 0X)},
Hi(Qr x 0X) ={f € L*(Qr x 0X), (u+v)7fe H*(Qr x 0X)}.

The norm of f € H;((0,T) x 0X) is denoted by ||fl|s;, and if f € H; (Qr x 0X) its
norm is denoted by ||| fl||s.;-

The next step is to prove

Theorem 2.2. Let fj(u,y) € C™([0,T] x 0X), j = 1,2, be such that 8l’j]7j(07y) =0,
k=0,1,2,.... Let w satisfy (2.4) in Qp x 0X. Then there exists Ty > 0 such that w
has a C™ extension up to Qr x 0X, T < Ty.

By finite speed of propagation, w € C*®(Qr x 0X), we want to establish the
regularity up to the closure Q1 x 9X. We begin the proof with the following lemmas:

Lemma 2.3. Let 0 < u <b<T, and w € C°(Qr). Then for k € N,

(2.5)
b

b
/ (it )™ (s ) 2 d < 25 o, ) + 2D / 1+ ) By, )2 dv.
2 p
If0<a<v then

(2.6) / (p+v) " Hw(p, v)? du < 2w(v,v)|* + QV/ |0 w(p, v)|* du, k€ N.

a

Proof. For v > p we write

v

(2.7) w(n) = w(up) + [ Do s) ds.

N
The Cauchy-Schwartz inequality gives

v

(i, )P < 2w, )] + 200 — ) / B, )2 ds.

Since v > 0 and s < v,

b
[ ) Mt ) v <
w

b v
20— e P +2 [ [ (et s) ol o) dsdy <
p Jp

b

200 [w(p, ) + 2b/ (1 + 5)~*[Bsw(p, 5)|? ds.
m

The proof of (2.6) is very similar, and this ends the proof of the Lemma. O
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a w

FIGURE 1. The region €,

Lemma 2.4. Let Q,p C Q7 be the region defined by
(2.8) Qop={(p,v):v>p>0, 0<a<py, v<b}
see Fig. 1. Let F(u,v) € LY(Qr) and let ag < a <b. Then

(2.9) /b (/QabF(M, V) dudy) da :/Q (1 — ao)F (i, v) dudv.

agb
The proof is a straightforward application of Fubini’s theorem.

Lemma 2.5. If v € C®(Qr), and for some m > 0, fOTu_m_2|v(u,,u)|2d,u and
Jo, (u+v)"™(0, — 9, )v|*dudy, are finite, then

T T
/ / (i + 1) 2 oPdpdy <
0 0

(2.10) T 1 T T
2 [ e dit [ )10, = 0,0 da

Proof. To see this it is better to rotate the axes p and v and use coordinates
r=p+v, T=V— SO
2.11 1 1
(2.11) /1425(7’—7')7 V:§(7‘+7).
In these coordinates 0, — 0,, = 20, and the diagonal u = v becomes 7 = 0. Let Q7.
be the image of Qr by this transformation and let w(r,r) = v(*5%, 57). We divide
Q. in four regions
Ri={0<7<r0<r<T}, Ry={-r<7<0, 0<r<T}
Ry={T<r<2Ty7+r<2T}and Ry ={T <r <2T,7—r > 2T}.

We begin with region R; and we write

w(r,r) =w(0,r) + /OT Osw(s,r) ds
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Using the Cauchy-Schwartz inequality and the fact that 7/r < 1, we have

7“_m_2|w(7'7 7")\2 < 2r_m_2|w(0,r)|2 + 27'7“_’”_2/ |85w(s,1“)|2 ds <
0

2r_m_2\w(0,r)|2 —1—27"_’"_1/ |8Sw(s,7ﬂ)|2 ds
0

T r
/ /7"_m_2\w(7',7“)|2 drdr <
o Jo
T T T
2 [t a2 [ [ o ds
o o Jo

The other three regions of Q. can be handled in the same way and we get

J

2

Therefore

2T
2 (T, r)\Q drdr < 2/ = Hw(0,r) | dr + 2/ r~ "0 w(T, r)|? dr dr.
0 Qr

Translating this back into coordinates p and v we get (2.10). d

Now we prove uniform energy estimates up to {uz = 0}, {¥ = 0}. When n > 3 one
can choose Ty such that if p < Ty and v < Ty, B > %. When n = 3, B is
not necessarily positive. In this case it is convenient to work with an eigenfunction
decomposition. Let ¢y, k € N, be the eigenfunctions of Ay, and let {\;}, k € N, with
0 = Ap—1 < A be the corresponding eigenvalues. Let w be the solution to (2.4) and
let wy = (w, Pr)r2(0x). When n =3 and k = 1, w; satisfies

2uv 2uv

20,0, — B
(4 vr0.0, - 2 by 22

w(p, 1) = q1(p), Opw(p, p) = q2(p),

(2.12) )) wy =01in (0,7) x (0,7),

with g1 = (f1,¢1) and ga = (f2, ¢1). It is clear that ||q1|s; < oo and ||ga||s; < oo for
every s and j.
We have

Proposition 2.6. Let Qr = (0,7) x (0,T) and let wy € C®(Qr) satisfy (2.12) in
Qp. Suppose that ||q1]|s,; < oo and ||g2||s,; < oo, for all s and j. Then there exists
To > 0 such that wy € C=(Qr), T < Tp.

Proof. The proof relies on the following energy estimates:
Lemma 2.7. Let wy; € C®(Qr) satisfy (2.12) in Qp. There exist Ty and a constant
C = C(Ty) > 0 such that if T < Ty,

T
for any fised p € (0.7), [ Duwr(u) P < Cllalf y + el ).
(2.13) L.
and for any fixred v € [0,T], / 0,01 (1, v)|2dp < C(qu'li% + ||q2|ﬁ%)

0
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Proof. To prove this we first multiply (2.12) by (u + v)~%(9, — 8, )w;. We obtain

1 . 1
500 (Ouwr)” + 2w+ v) 7 Brwt) = 50, ((Qwn)” + 2uv(u +v) " Brwi) -

1
S (pt+v) 2Bt =0,

where By = 4ﬁ+ZB + 4“(1;%;)2) B’ (3"1"/) After we integrate it in 4, we obtain,

1 /0 1
5 [ 10w + 20 Bafun ] (a,0)dv = 5 [ (et v) ? Bafun Pt
a Qab

: / (D) + 24w+ v) 7 Br o ] (w, b)dp =

1
_ 2, - ,-1p 2 .
2\f/ ( ) +q2+2u 1(u)q1> dp

Here we used that ¢ (p) = d,w(p, 1) + pw(p, i), and hence d,w(p, 1) = ¢; — qo.
We apply Lemma 2.3 to show that we can pick Ty such that for T' < Ty,

b b
[ i+ )3 Bl e, ) < 20702 a) + [ @ e, ana

b 1 b
/ 2y (s + 1) B fun ) (s, b < 2 3(b) + - / (Byw1)? (1, D).

4
Therefore
(2.14)
1 b 2 1 b 2 1 —2 2
1/@”1) (a7u)dV+4/(3 w)? (1 b)dﬂfg/ (44 v) | Bl jun [Pdpudv <
_ _ 1
@ + 70 + S [ (g Bl ) dn

If we drop the second integral from this inequality and integrate the remaining terms
in a, with ag < a < b, and use (2.9) we get that

i),
4 Jo

b b
~ T
q?(b)+/ n gt (pn)dp + (¢ — a2)* + a3 + a7 dpe.
a 2\/> ag

0

@rfidy— [ -+ )2 Ballun Py <
Q

agh agh

We can use Lemma 2.3 to show that

(2.15) /Q

and therefore, if Ty is small,

1
(2.16) : / @vun v < G0) + Iy + a2l ).
agb

b
@ )dv 27 [ 5 ) dn

ao

(p +v) " Hw:|Pdudy < 2T/

agb Qagp
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Now we substitute (2.16) and (2.15) into (2.14) and use that ||g1]|7~ < T'[q:[[] o and
deduce that

I I
1 [ @y 5 [ @b < CllanlR + el ).

By symmetry this estimate also holds in the region below the diagonal. This proves
(2.13). O

Now we prove Proposition 2.6. For v > p we write

w1 (,U/v V) = wy (Ma I‘L) + / Oswy (/’6’ S)dS
m

By the Cauchy-Schwartz inequality,

v

s (1, ) 2 < 2Jun (s 1) 2 + 200 — 1) / 1By (1, 5) 2ds,
o

and we deduce from (2.13) that if (u,v) € Qp, with T < Tj small,

G+ 0) un ()P < 207020 +2 [ Ouwa( o) s < Ol + el ).
”w
By symmetry with respect to the diagonal,
1 Lo
wi(p, V)] < C((laallF y + llgallF 1) (n+v)2, in Q.

From now on we will use C(¢1,¢2) to denote a constant which depends on the norms
llq1lls,; and ||gz]|s,; for some s and j. We then go back to equation (2.12) and deduce
that if (ILL, V) € QT[),

9u,w1| = 120 (1 + v) " Brws| < Clar, go) (1 + )2,

Nl

thus
()] < [0 wr(v )|+ [ [0.B,w(s.)ds <

m
v

1Byw1(,)] + Cla, 2) / (44 5)"Fds < Clau, q2)(u + ).

Nl

A similar argument shows that
SR
|8Mw1(ﬂa V)| < Clqr,qq)(u+v)2, if v > p
By symmetry these estimates hold below the diagonal. This implies that
w1 (1, 0)] < Clar, g2) (p+v) ¥ in Q.
We then differentiate equation (2.12) and find that
0,0%w1 = [p2p —v)(u+v)"*By — 2pPv(u+ v) OBy w1 + 2uv(p+ v) "' Bi0,ws.
We deduce that

[N

10,05w1| < Clqr,q2)(n+v)~
which implies that

|8M8Vw1 (/Jﬂ V)' < C(qlv Qq)(M + l/)% |8§U}1(/1,7 V)| < C(Qh Qq)(ﬂ + V)%a in QTO‘
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A similar argument gives that

0w (. v)| < Clar, ag)(u+v)%, in Q.
hence we deduce that
D1 (1, )] < Clarag) i+ v)%, 10wn(1,v)] < Clar gq) (i + ).
This argument can be repeated to show that

|a}]465w1(:u7y)| < C(Qlaq2)<u + V)m7 j7k7m € Nin QTO‘

This implies the claim of Proposition 2.6. (|

Next we study the non-degenerate cases, i.e either n > 3 or if n = 3, faX w = 0,
i.e w is orthogonal to the first eigenfunction.

Lemma 2.8. Let Qr = (0,T) x (0,T) and let W € C*°(Qr x 0X) satisfy

9 B 2uv B 2uv
(4 v70,0, — o 2100, - B2

W, i, y) = q1(psy), OuW (1, p1,y) = a2(, y).

(2.17) )) W = G(u,v,y) in Qr x 0X

If n = 3 we assume that fax W = 0. Then there exists Ty > 0, depending on B and ¢,
and a constant C' depending on B and ¢ such that if |||G||]o,2 < 00, and ||g;||1,1 < oo,
J=12,

for any fixed i € [0,T]
T
/ / (W + (i + 1) 2 (Vo W2 + (W) (1, v, ) didyen,, <
0 0X

Clllallx + a2l 1 + MGG 2):

2.18
(2.18) and for any fized v € [0,T]

T
/ /8 (|6HW|2 + (N’ + V)72(|Vhow|2 + |W‘2) (M, v, y)d/‘dvolho S
0 X

Clllarl[F 1 + a2l 1 + NG 2)-

If llg;lly,s < oo, j=1,2, we also have
(2.19)
[ ) 20V 4 0V + (a+0) (9, W + (W v voly, <
QTXBX
CT (|l 5 + llaallF 5 + GG 2)-

If |lgjlli2 < 00, j =1,2 and |HG|||0§ < o0, then

(2.20) / (1 +v) (| Vi W2 + [W|?)dudvd voly, <
Qprx0X

(2.21) CllIGIlo,z + CT(llarllf 2 + lla2llF 2)-
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Proof. To prove these estimates we multiply (2.17) by (u + v)~"™(9, — 0,)W, with
m e R+

1 —m —m
30 [+ ) O W P + (i 4 v) " (9| Vn W + BIW )] —

1 —m —m
30 [ 42 OW P + (i 4 v) "™ (9] Vn W + BIW)] +

(14 2) (O — (0,W)?) + divi, [(+ 1) "GV, W (0, — B)W] +
(v = 1)+ )T W+ BIWP) = () (0, — 0,)WEC,

m—2
2

where ¢’ and B’ denote the derivatives of ¢ and B.

We integrate this expression in Qqp, with a < b < T. Since W (g, p,y) = q1(p, ),
0uq1(1t,y) = OuW (1, p1,y) + 0, W (i, i1, y), and since 9, W(u, p,y) = ga, we have
OW) (e, 1, y) = q1 (1, y) — g2(1, y). The divergence theorem gives

(2.22)
1
5/ [+ 2)> ™0, W[ + (u+ v) "™V, WP + BIW)] dudvoly, +
Y1 x0X
1
5/ o [(+v)>"™OW P + (n+ v)"™($| Vi W[ + BIW|*)] dud volp, +
Yo X
—_ / (1 + )" (0, W)? — (8, W)?)dudvdvoly, +
2 abXBX
/Q 8X(y — W) (p+v) (@ |V W + B'|W?)dudvd voly, =
b X
/ x G(p+v)""™(0, — 0,)Wdpdvdvolp, +
ab X
1 —m
7). 8X(2/~t) (402 ((42)* + () — 42)*) + ()| Vro@r|* + B(w)|q1]?)] dud voly,
3 X

Here, as pictured in Fig. 1,

(2.23)
Y1 =3%1(a,0) = {(a,v), a <v <b}, Tg=2%s(a,b) ={(b), 0<a<p<b}and

23223(%[7):{(/%”)’ u=v, OSGSMSI)}

When n > 3, and T is small, B is positive. When n = 3 this is not necessarily the
case. So when n > 3 we guarantee that the first two integrals in (2.22) are positive.
When n = 3, B(0) = 0. But we assumed that in this case [, Wdvol,, = 0 and
therefore [5 [Vi,W|?dvoly, > As [,y [W/[*dvoly, . Since Ay > 0, if Ty is small the
term in B|W|? can be absorbed by the term in |V}, W|?. So we may assume that the
second integral is positive. We drop it from (2.22) and integrate the remaining terms
in the variable a, which determines 37, with ap < a < b. Using (2.9) we obtain, for
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small T'
(2.24)

N =

[ T = = 2utet )] 0, Pddvd v, +
QaObXBX

1

- / (m —2)(u+v)' "™ (u — ao)|0,W *dudvdvoly,
2 JQu,x0x

1
+*/ (1 + )™ (6| Vi W|? + BIW|?)dudvd voly, <
4 anban

T(|lq1]

i% + ||Q2H§%) +/ G(p—ao)(p+v)""(0u — 0,)Wdudvdvoly, .
anban

When m = 2 this gives

/ 0P + (1 + 1)~ 2(6| Vi WI2 + BIW )] dyudvdvoly, <
Qa, b><6X
(2.25) 0

CT(llgall 1 + lla2lf 1) + CT/Q ) |G| (1+v) (0 — 0, )W dpdvd voly, .
agbX0X

Now we drop the first integral in (2.22) and integrate the remaining terms in b
with ag < b < T. Using (2.25) we obtain

/ [0, W[ + (n+v)"2(¢|Va,W|* + BIW|?)] dudvd voly, <
QGOTX6X

CT(lli 1 + llazll¥ ) + CT/Q oy [l V)"0 — 0,)Wldpdyd vol, .
agT X

We now set b =T in (2.25) and add these estimates

/ [0,WF 4+ 10,W 1% + (1 + 1)~ 2(8| Vi, W2 + BIW|?)] dudvdvoly, <
¢ aoTxBX

CTlalffy +llaelR) +CT [ GG+ v) 0, 0,)Wdpdvdvol, .
QQOT X 0X
By the Cauchy-Schwartz inequality
1
[ 16l )@, - ) Wdvivoly, < 316+
¢ a0T><8X

/ (|0, W)? + 10, W|?)dudvdvoly,
anTan

If one takes T small one gets
(2.26)

[ T0WE 418+ (a+0) 261V W + BIWP)] dudvidvoly, <
QaOTxBX

CT(|lqal13 1 + lla2lli 1 + G 2)-
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Then (2.22) with m = 2 and (2.26) show that for any a¢ € [0,7], 1 = X1(ao,T)
and 22 = 22 (ao, T)

/ (W + (n+ )72 (6| Vi, W|* + BIW?)] dvdvoly, +
21 xX0X

/ N0 W [+ (k+v)"2 (¢8| Vi W|* + BIW|?)] dud voly, <
EQXS.X
CT(llqr ] 1 + llaal 3 1 + GG )-
If one reverses the roles of (u,r) and uses the same argument, one finds that such

an inequality also holds below the diagonal. Putting these estimates together proves
(2.18).

When m = 3 equation (2.24) gives

N | =

/ (1 + 1)1 — a0)|BW|? + 1|9, W ) dudvd voly, +
anbXBX

1
—/ (1 + )OIV W + BIW|?)dudvd voly, <
4 QaObXBX
T(||Q1H%% + ||QQH§%) —I-/ ) |G (1 — ao)(p + v)2(0,, — 0,)W|dudvd voly, .
Qags XX

Using that v > p and the Cauchy-Schwartz inequality we find that
/ |G — ao)(p + v)3(0,, — 0,)W|dudvd volp, <
anbxax

1 _
2GR+ 5 [ = an)n-t ) (B + 10, ) dpd voly, <
agb

Qag
1 _
2TYGIR, + 5 [ (ot )2 = o) |90V + 010, W dpdvd ol

agb

Thus we obtain

[ o) = a0 +vIo,WP)dudvdvols, +
anban

/ (1 + )39V, W + BIW|?)dudvd voly, <
anbe)X

0,2)-

OT (il 5 + lleall? 5 +11IC

Since C' does not depend on ag, letting ag — 0 and b = T gives (2.19) in the region
Qor. By symmetry this estimate holds below the diagonal and we obtain (2.19).
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Now we consider the case m = 4. We deduce from (2.24) that for small T

(2.27)
1
- / [(v+ 1) ((v = WIOW]* + 2(1 — a)|0, W |*) dudvd voly, +
anban
1
= / (1 + )PV, W + BIW|?)dudvd voly,, <
4 anbxc‘)X
T(larlit+ el o)+ [ 1618 ao) )@ — )W ldpdvdvol,

QaObXaX

Again we use the Cauchy-Schwartz inequality and get that

/ 1GI(1 = a0) (1 + v)~|(8,, — B)Wdpadd volp, <
anban

1 _
2|||G||\§’g+1/ 12+ )2 (10, W 2 + 0, W[2)dpdvd voly, <

agb

1
2GR+ 5 [ () 2 @i0WE + 210, W) dudvd ol

anb

and from (2.19) we get that
/ (Glia(i+ 1)~ 1/(8, — 8,)W|dudvdvoln, <
QaObXBX

ClIGIIIG 5 + CT(all¥ 2 + [la2llf 5 + NG 2)-

By substituting this into (2.27) we find that

1
[ [0 (- IO + 20 - a0) 0,V ) dudvd v, +
2 Ja, xox
1
(2.28) - / (o + 1)~ (@i W + BIW [?)dpdvd voly, <
2 Quoban

T(lqall? 2 + a2l 5 + NG 2) + GG 5

Letting ag — 0, and b = T (2.28) gives (2.21) in Qgr. By symmetry this also holds
below the diagonal, and we get (2.21). This proves Lemma 2.8. U

Now we are ready to prove Theorem 2.2.

Proof. We will concentrate on the cases not covered by Proposition 2.6. So we assume
that if n = 3, [, w dvoly, = 0.

We can then apply Lemma 2.8 to equation (2.17) with G = 0. From (2.21) we get
that the solution w to equation (2.4) satisfies

(2.29) llwlllo.2 < C(f1, f2).

Since Ap, commutes with the equation, we also have

(2.30) 1Ak, wlllo2 < C(f1, f2), k=0,1,....
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Now we differentiate equation (2.4) with respect to the vector field 9, — 0,. Let
W, = (9, — 9,)?w. We find that W; satisfies, in Qr x 0X,

(G290, = 622 )0, = B2 ) Wh =200 = )+ 0) 7 (6, — B

Wi, i, y) = Qupesy), 0uWalp, pyy) = Z1 (1, y)

where Q1,71 € C*°([0,T1]), depend on fl and ]72 and satisfy

94Q1(0,y) =0, 95Z1(0,9) =0, k=0,1,2,...

Let Gh =2(v—p)(p+v) (¢ Apyw — B'w). In view of (2.29) and (2.30), |||G1][lo2 <
C(f1, f2). Then (2.19) in Lemma 2.8 guarantees that [|[Willlz < C(f1,f2). So
Lemma 2.5 implies that

But then [[|G1|l[o,;s < C(f1, f2) and Lemma 2.8 guarantees that

(2.32) 11Willlo2 < C(f1, fa).

Then Lemma 2.5 gives that

(2.33) llwlllos < C(f1, f2), [IIAR wlllos < C(f1, f2), & € No.

Now we differentiate (2.4) again with respect to 9, — 0,. We find that W5 satisfies
the following equation in Q7 x 0X.

2uv 2uy _
(4 vP00, — 62y, = B ) 92—

(2.34) 2(v — ) (p+v) (¢ Ang — B)Wi+
[—4(p+v) " (¢'Any — B) +4(u—v)* (u+v) " (¢" Ap, — B") ] w
Wa(ps s y) = Q21 y), 0uWalp, 1y y) = Za(p, y),

where (2 and Z; vanish to infinite order at y = 0. Let G2 be the right hand side
of (2.34). In view of (2.32) and (2.33), |||G2llloe < C(f1, f2), but then it fol-

lows from (2.19) in Lemma 2.8 that ||[Wl[|oz < C(f1, f2). Then Lemma 2.5 im-
plies that [[|[W1]llgs < C(fi, f2), and so [[[wlllo,z < C(f1, f2). This implies that
in fact [||Galllo,s < C(fi, f2), and therefore |||Wa|llo2 < C(f1, f2). By Lemma 2.5

Willlo.s < C(f1, f2). Now we differentiate the equation again and repeat the argu-
ment. We find that

110u = 0, Af,wlllos < C(frs fa), 4.k € No
and by Lemma 2.5 we conclude that

(2.35) lwlllo; < C(f1, f2), AR wlllo; < C(f1, f2), 4.k € N
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We still need to get regularity in d,, and 0, separately. We then go back to equation
(2.22) and apply it to the solution w to (2.4). In this case G = 0 and we obtain

(2.36)
1
7/’ [+ )2 ™Dyw]? + (4 v) "™ (S| Vigwl? + Blw]?)] dvdvoly, +
2 21><8X
1
5 [ Lt P 0wl () ATl + BIWE)] dudvoln, +
2 EQX@X

-2
n-: / (1 +v)""(0,w)? — (9,w)?)dudvdvoly, +
2 Qaban

[ it ) gl + Bl dpdvd voly, =
QapX0X

[ B A+ (o= B+ @) T i + BGIFP)] dudvol,
Ygx0X 2

The term

[ ) (@) - (0w dudvidvol, =
Qupx0X
[ ) (@ 0,000 + 0, u)dudvidvoly, <
Qn,bXé}X
2/ (1 +v)*2™(9,, — 9y )w|*dudvd voly, +
Qaban

2/ (8, + 0, )w|?dudvdvoln, < C(fi, f2),
Qab xX0X

and from (2.35) we have that

/ (v — ) (p+ v) TP [ Vigw]? + B'|lw]?)dpdvdvoly, | < C(fi, fa).
Qap X0X

Therefore we conclude that

(2.37)

1
5 [ ) [k vl + (@Y, uf + Blul)] dvdvol, +
2 Js,xox

1 o
5/ (+ )" [(n+ v)?0pw|* + (6| Viow|® + BIW[?)] dudvoly, < C(f1, f2).
Yo x0X

Now we write, for m > 2,

(a4 ) )] < 20 s )] + 20042 [ ol 9)Pds <
“w

24 w1, )] + 2 / (it 8™ D 5)|2ds < C(Fi, Jo).
“w

(2.38)

Now we argue as we did in the case of wy, and conclude that w € C*°(Qr x 0X).
This ends the proof of Theorem 2.2. O

To prove Theorem 1.3 we need the following:
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Lemma 2.9. Suppose that f € S(X) and R4(0, f)(s,y) =0 for s < so << 0. Let u
be the solution to (2.1) and let w be the function defined by u in (2.3). Then

1 1
(2.39) hw(0,v,y) =0 if v < - OFw(p,0,y) =0 if u < -0 k € No.
0 0

Proof. Suppose R4 (0, f)(s,y) = 0 for s < sp. Since the initial data is of the form
(0, f), the solution u of (2.1) is odd in time, and therefore R_(0, f)(s,y) = 0 if
s > —sg. Since w is smooth up to {u = 0} and {v = 0}, this means that

1 1
Ow(0,v,y) =0 ifv< 0 and J,w(p,0,y) =0 if g < 0
0 0
We know from (2.38) that w vanishes to infinite order at {x = v = 0}. Therefore
1 1
w(0,v,y) =0 fvr<—— w0,y =0 ifp——.
So S0

From the equation (2.4), we conclude that

if p#0, 9.0,w(p,0,y) = p~((0)An, + B(0))w(p,0) =0
if v #0, 0,0,w(0,v,y) = v 2(¢(0)Ap, + B(0))w(0,v) = 0.
Using that w vanishes to infinite order at {y = v = 0}, we deduce that
Opw(0,v,y) =0 ifr < ,i’ Ow(p,0,y) =0 if pu < fi.
50 50
Now we differentiate equation (2.4) with respect to 1 and we find that
(1 +v)2020,w + ¢AR, 0w + BO,w + 2(p + v) 0,0, w+
VA4 v) 2 Apgw + v (p+v) " 2B'w =0
Hence, if v # 0, aial,w((), v,y) = 0. Since w is smooth, and vanishes to infinite

order at p = v = 0, it follows that aﬁw(o, v,y) = 0 if v < —L. By symmetry,

sp”
w(p,0,y) = 0 if p < —é. Since away from {g = v = 0} the coefficients of (2.4)
are smooth, we can repeat the argument to prove that all derivatives of w vanish at
{r=0, ug—i}u{z/zo, ug—i}. O

3. Carleman Estimates

Let w be a solution to (2.4) with fl =0 and ]?2 = f: 2I%F(u)f(u, y), and let

(3.1) wi(p,v) = (W, v, y), k(Y)) L2 (0X dvoly, ) »

where ¢, k = 1,2, ... are the eigenfunctions of Ay, with eigenvalue Ag, where 0 =
A1 < Ag, and A, < Mgy, for B > 1, and A\, — oo. Then wy, € C([0,T] x [0,T])
satisfies

((n+v)?0,0, + Fi(p,v)) wp = 0 in [0,T] x [0, 77,

Here Fi(u,v) = Aeop(p, v) + B(p, v).
By assumption w vanishes to infinite order at {y = 0} and {v = 0}. Thus so does
wi(p,v), k=1,2,... We will prove that under these assumptions there exists ¢ > 0,
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independent of k such that wy(u,v) = 0 if g < e and v < e. In particular fk(u) =0,
k=0,1,2,...if u <e¢, and hence f(z) =0if x <e.

It is convenient to work with coordinates r and 7 defined in (2.11). The main
ingredient of the proof is

Lemma 3.1. Let U be a neighborhood of (0,0). Let
Py, =202 — r20% + Fy(1,7),

where Fy(r,7) = Ak¢(7'22_;2) — B(’“Z‘;z ). Then there exists C' > 0, independent of k,

and vo = Yo(k) such that for every v > o, and every u € C5°(U), which is supported
in{(r,r): r>0and —r <7 <r},

(32)  [r7 2P| 2 O (VPrT 0l A2l T 0wl P A T Rl ?)
Here || - || denotes the L*(U) norm.
Proof. Let P, = r~7"2P,r7. Hence

P =1r"2P,+ 2y 10, +y(y — 1)r 2

The support of u is contained in {r > 0} and {r > 7 > —r}. So we write
w=r"v, and r 7 ?Pou = P, pv.

We have

(3:3) 1Pyl = [[r =2 Piol]* + 49 [r = 0,0l [* + 92 (y = 1)?[lr 0l P+

4y(r=2 Prv, 171 0,0) 4+ 29(v = 1)(r~ 2 Pro,r %) + 49° (v = 1) (r 1 9p0, 7 20).
Now we integrate by parts to compute the inner products
(r2Pyu,r10,), (r ?Pyv,r v) and (r~'0,v,r v).

We begin with
(r=tow, r—%v) = %/T_gaﬂﬂdrdr = g||r_2v||2_
(r=2Pyv,r~19,v) has two terms:
(92 = 2)v,r~tov) = %/r—lar(a,v)%rdr — /r_lazarvdrdr -

1 1
§||T_18TU||2 + 5”7“_1871)”27
and
1 1
(r2Fyv,r o) = i/r_SFkarvzdrdT =3 /(37‘_4Fk — 730, Fp)vidrdr >
—C(Ak +1)|Jr 20| %
{(r=2Pyv,r~2v) also has two terms:
(07 = 02)v,r~20) = 3[|r 20| ” = [|r~19,[[* + ||~ Orv] 2.
and

(r2Fpu,r 20) > —C(\x + 1)||r 2]
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Putting these estimates together we find that
1Py vl = (297 + 4)lr 1000l 2 + 2(y* + )|l 0] [P+
(VP(y = 1)* + 677 (7 = 1) + 69(y — 1) = 2C (N + 1)(v* + 7)) [[r 0] *.
Thus, if vg >> C(Ar + 1),
1Py x0l|? = COP 10?4+ 22l 0rl” + 4~ 20]?).

Since v = r~7u and Py, = r~7"2Pyr? this implies (3.2). O

4. Proof of Theorem 1.3

Since R(0, f)(s,y) = 0 for s < 59 = —%, we know from Lemma 2.9 that the
solution w to (2.4) vanishes to infinite order at the wedge {4 =0,0 <v < zo}U{v =
0,0 < p < x0}. Let wy, be as defined in (3.1). Then wy, also vanishes at this wedge,
and after changing coordinates (u,v) to (r,7), we can apply Lemma 3.1 to x(r)w,
with x € C*°(=T,T), T < o, such that x(r) = 1if [r| < L and x(r) = 0if |r| > L.
As a consequence of (3.2),

[l 72 Pexwr|* = Cy* e w1,

Since Prwy = 0,
Pux(r)wy = r2x" (r)wy + 2r2X' (1) 0pwy,
and therefore Pyx(r)wy, is supported in £ <r < Z. Thus

T

—2v—4
I 2ol < Ol (T)

But since x(r) =1 if r < T/4,

T —2vy—4
—y—2 2 —y—2 2 2
Il 2 b ey 2 (7)o

where ||wi|[12(p(,z)) is the L? norm of wy on the ball centered at (0,0) and radius

%. So we have
Cx,wg) > 074Hwk||i2(3(07%))7 Y Z Yo-

We let v — oo and get that |[wg|[2(p,z)) = 0. Since T does not depend on k we

conclude that w = 0 in B(0, £). In particular this shows that f(z) = 0if 2 < T,
Therefore f is compactly supported. Then Theorem 1.3 follows from Theorem 1.2.

Notice that the weight in the Carleman estimate depends on the eigenvalue .
The bigger the eigenvalue, the larger the parameter v has to be. O

It is useful to understand this construction in R™. If one views r = p + v as the
distance in polar coordinates and 7 = u — v as time, equation (2.4) reduces to the
wave equation in R"™, and this shows unique continuation across the surface of the
light cone. It shows that a C'*° solution of the wave equation which vanishes inside the
light cone must be equal to zero near the tip of the cone . This had been established
by Friedlander [1] using properties of the analytic wave front set of the solution of the
wave equation.
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If g is not warped this proof fails because the eigenfunctions will depend on x. In
this case perhaps one can hope to adapt the methods of Tataru [15], Hérmander [6]
and Robbiano-Zuilly [11], but it is rather unclear if one can do that because their
methods require the operator to be analytic in some variables, and the surface not
characteristic. On the other hand, if g is not warped, it is possible that the support
theorem could be true, even if the unique continuation for the analogue of (2.4) is
false.
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