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THE INTEGRAL CHOW RING OF THE STACK OF
HYPERELLIPTIC CURVES OF EVEN GENUS

DAN EDIDIN AND DAMIANO FULGHESU

ABSTRACT. Let g be an even positive integer. In this paper we compute the integral
Chow ring of the stack of smooth hyperelliptic curves of genus g.

1. Introduction

A natural question, inspired by David Mumford’s classic paper Toward an enu-
merative geometry of the moduli space of curves [13], is to compute the integral Chow
rings of the stacks M, and M, of smooth and stable curves of a given genus g.
In [6] the integral Chow rings of the stacks of elliptic curves My, and M 1, were
computed. In an appendix to the same paper Vistoli [14] computed the Chow ring
of My. However, for g > 3 almost nothing is known. The only positive result is the
computation of Pic(M,) and Pic(M,) by Arbarello and Cornalba [1] using Harer’s
computation of the second homology group of the mapping class group [11]. Even
rationally, the Chow rings of M, have been computed only up to to g =5 [7, 8, 12].

In this paper we turn our attention to hyperelliptic curves and obtain a result valid
for all (even) genera. To be precise, let H, denote the stack of smooth hyperelliptic
curves of even genus g defined over a field k.

Theorem 1.1. Assume that chark =0 or chark > 29+ 1. Then
A*(Hy) = Zler, 2]/ (2(29 + 1)er, g(g — 1)ef — 4g(g + 1)ea).

Remark 1.2. When g = 2, every curve is hyperelliptic and our theorem recovers
Vistoli’s presentation for A*(Mj). Theorem 1.1 also recovers Arsie and Vistoli’s
result [2] that Pic(H,,) is cyclic of order 2(2g + 1).

Remark 1.3. Note that the generators ¢;, co of A*(H,) are not in general tautological
classes. Gorchinskiy and Viviani [10] observed that Pic(H,) is not generated by A,
the first Chern class of the Hodge bundle, when ¢ = 0 mod 4. In Section 5.1 we
describe a natural vector bundle on H, whose Chern classes generate the Chow ring.

This theorem is quite surprising since it implies that integral Chow rings of stacks
of hyperelliptic curves of even genus have a remarkably simple structure. This is in
marked contrast to the situation in topology, where results about the additive struc-
ture of the cohomology of the hyperelliptic mapping class group are quite complicated
(cf. [4]). In parallel with topology, our theorem implies that A*(H,) is all primary
p-torsion for primes p < 2g + 1. This confirms a guess made Totaro in his review of
Arsie and Vistoli’s paper (MR2041774).
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Our techniques are purely algebraic and make essential use of results of Arsie and
Vistoli [2]. As observed in [2, Example 3.5] the stack H, may be identified as the
stack of double covers of P! branched at 2g+2 points. Theorem 4.1 of [2] then implies
that if ¢ is even H, is the quotient (stack) by an action of GLy on the open set in
A?913 corresponding to homogeneous binary forms of degree 2¢g+2 with distinct roots.
Using a basic result in equivariant intersection theory we then identify A*(H,) with
the GLg-equivariant Chow ring of this open set.

From this description it immediately follows from the basic exact sequence in Chow
groups that A*(H,) is a quotient of A¥; A?9"% = Z[cy, ¢o]. Because inclusion of an
open set does not induce a surjection on cohomology, the calculation in topology is
much more difficult. Note that this situation is reversed for M, where there seems
to be no algebraic way to get information about the Chow groups for general g.

Following a strategy employed by Vistoli in his calculation of A*(M3) the com-
putation of the equivariant Chow ring can be reduced to the calculation of the GLo-
equivariant Chow ring of P29t2 <\ A, where A; is the locus of forms divisible by a
square. Rather than tackle this problem directly, as Vistoli did for g = 2, we reduce
to the maximal torus T" C GLgy. The technical heart of this paper is the proof that,
for any N, A%(P(Sym™ E*) \ A;) is the quotient of A% (P(Sym”™ E*)) by an ideal
generated by two classes (Proposition 4.2), where F is the defining representation of
GLy. Because GLy is special' we can then recover the GLo-equivariant Chow ring.

2. Background on group actions and equivariant intersection theory

2.1. Group actions and representations. Let k be a field and let G be an al-
gebraic group over k. If V is a representation of G over k, then, when the con-
text is clear, we refer to the scheme Spec(SymV*) as V. With this convention if
x € Spec(Sym V*) is a k-valued point corresponding to a vector v € V then for any
g € G(k), gz is the k-valued point corresponding to the vector gv. If the action of G
on V commutes with the diagonal action of G,, on V then there is an induced action
of G on P(V) := Proj(SymV*). As a consequence, if d is positive integer then the
global sections H°(P(V), Op(y)(d)) correspond to the G-module Sym® V*.

2.2. Some general facts about equivariant Chow groups. Equivariant Chow
groups are defined in the paper [6]. We briefly recall some basic facts and notation
that we will use in our computation.

Let G be a linear algebraic group defined over a field k. For any algebraic space X
we denote the direct sum of the equivariant Chow groups by A% (X). If X is smooth
then there is a product structure on equivariant Chow groups and we denote the equi-
variant Chow ring by A% (X). Following standard notation, we denote the equivariant
Chow ring of a point by Af. Flat pullback X — Speck makes the equivariant Chow
groups A% (X) into an A¢-module. When X is smooth the equivariant Chow ring
A% (X) becomes an AF, algebra.

The relation between equivariant Chow rings and Chow rings of quotient stacks is
given by the following result.

Proposition 2.1. [6, Propositions 17, 19] Let G be an algebraic group and let X be a
smooth G-space and let F = [X/G] be the quotient stack. Then the equivariant Chow

LThis means that every GLn-torsor is locally trivial in the Zariski topology.
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ring AL (X) is independent of the presentation for F and may be identified with the
integral Chow ring of F.

2.3. Equivariant Chow rings for GL, actions. Let 7" = G}, be a maximal
torus. Because GL,, is special the restriction homomorphism Ag; —— A% is in-
jective and the image consists of the classes invariant under the action of the Weyl
group W(T,GL,) = S,. Hence, we may view Ag as a sub-algebra of A7.. More
generally [6, Proposition 3.6] or [3, Theorem 6.7]) imply that if X is an algebraic
space then the restriction map A% (X) — AT(X) is an injective homomorphism of
Agy,, -modules. Likewise, if X is smooth, the restriction map Agy X — A7 X is an
injective homomorphism of Ag; -algebras. In both cases the images consist of ele-
ments which are invariant under the natural action of the Weyl group. If ASt»(X) is
a flat A&, module then [3, Theorem 6.7] also implies ? that AZM (X) = (AT(X))5.
The following result will be very useful in the proof of Theorem 1.1.

Proposition 2.2. Let G be a special algebraic group and let T C G be a mazimal
torus. If X is a smooth G-space then A (X) is (non-canonically) a summand in the
AL (X)-module A% (X).

Proof. Fix an integer i and let V' be a representation of G which contains an open
set U C V on which G acts freely such that V \ U has codimension > i. Then we
can identify AL (X) = AY(X x¢g U) and A% (X) = AY(X x1 U). The restriction map
AL(X) — AL (X) corresponds to the flat pullback 7: X x7U — X xgU. Let BO T
be a Borel subgroup. Since B/T is isomorphic to affine space we may also identify
A% (X) with AY(X xp U). Since G is special the G/B bundle p: X xgU — X xg U
is locally trivial in the Zariski topology. Hence by [5, Lemma 7], A*(X xq U) is
(non-canonically) a summand in A*(X xp U). O

2.4. Chern classes and equivariant Chow rings of projective spaces. If V
is a representation of G, then V defines a G-equivariant vector bundle over Spec k.
Consequently a representation V of rank r has Chern classes c1(V),...,c. (V) € A.
If X is a smooth algebraic space then we will view the Chern classes as elements of
the equivariant Chow ring AZ,(X) via the pullback Af — A%L(X).

Now let E be the defining representation of GL,,. The total character of the T-
module £ decomposes into a sum of linearly independent characters A\ + Ao +...4+ A,
and we get A% = Z[ty,...,t,] where t; = ¢1()\;). The Weyl group S,, acts on A% by
permuting the t;’s and as result Ag; = Zlcy,. .., cy) where ¢; = ¢;(E) is the i-th
elementary symmetric polynomial in ¢y, ..., ¢, [5].

If V is a representation of rank r of GL,, then the total character of the T-module
V' decomposes as sum of characters uq + ...+ pp. Let I; = ¢1(u;). We refer to the
classes l1,...,l, as the Chern roots of V and view them as elements in A%X. Any
symmetric polynomial in the Chern roots is an element of Agy X.

Let V be an (r + 1)-dimensional representation of GL,,. Since the action of GL,
commutes with the diagonal action of G,, on V there is an induced action of GL,, on
P(V') a canonical GLj-linearization of the sheaf Op(y/(1).

2In [6] it was incorrectly claimed that if G is special and T is a maximal torus then for all G-spaces
X, AL(X) = (A%(X)W where W = W(G,T) is the Weyl group. The second author is grateful to
Reyer Sjamaar for pointing out this error.
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The following easy lemma is proved for torus actions in [6, Section 3.3] and follows
in general from the projective bundle theorem [9, Example 8.3.4].

Lemma 2.3. The GL,, (resp. T) equivariant Chow ring of P(V') has the following
presentation.

AGL, (B(V)) = Agy, [/ + Cie" + ...+ Crpa)

and

Ap(B(V) = A7 ¢/ (H(g + m)
i=1
where § = c¢1(Opv)(1)) and C1,...,C, € Ay, (resp. li,...,l.) are the equivariant
Chern classes (resp. Chern roots) of the representation V.

2.5. T-equivariant fundamental classes of invariant hypersurfaces. Let T be
a torus and let V' be a finite dimensional 7-module and let Op(y)(1) have the canonical
linearization induced by the action of 7" on V.

Lemma 2.4. Let H C P(V) be a T-invariant hypersurface defined by a homogeneous
form f € Sym®(V*) such that z - f = x~'(2)f for some character x: T — G,,. Then
in Ap(P(V)),

[H]r = ¢ (Opv)(d)) + c1(x)

Proof. On the invariant affine a; # 0, the ideal sheaf of H is generated by the T-
eigenfunction f/z;. Hence O(—H) = O(—d)®x ' where O(—d) is given its canonical
T-linearization. (]

Let V be a two-dimensional representation of 7" and choose coordinates so that
T acts by 2 - (ag,a1) = (xo0(2)ao, x1(2)a1). Let P! = P(V) and let A C P! x P! be
the diagonal. Then A is a T-invariant hypersurface for the diagonal action of T on
P! x P

Lemma 2.5. In A% (P! x P') we have the identity
[Apipr] = [0 x P + [P! x 0] + e1(xaxg )

Proof. Let zg,21 (resp. yo,y1) be coordinate functions on the first (resp. second)
copy of P'. Then Apiyp1 is defined by the homogeneous quadratic form zoy; — z1yo
while [0 x P!] 4 [P! x 0] is defined by the homogeneous quadratic form zoyo. Now
Toy1 — 1Yo is in the xglxl_l eigenspace of V* ® V* and zgyg while is in the Xa2
eigenspace. The formula now follows from the same argument used in Lemma 2.4. [

3. Arsie and Vistoli’s presentation H, as quotient stack

To reduce the computation of the A*(H,) to a calculation in equivariant intersec-
tion theory we recall the presentation for H, for g even given by Arsie and Vistoli in
[2].

Let k be a field of characteristic not equal 2 and assume that g is an even inte-
ger. Let E be the defining representation of GLy and let D: GLy — G, be the
determinant.
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Theorem 3.1. [2, Corollary 4.7] If g is even the stack H, is isomorphic to the
quotient
[(Sym**? E* @ D¥9 \ A1) / GLy)

where Ay is the closed subvariety of singular forms.

By Proposition 2.1 the Chow ring of H, may identified with the equivariant Chow
ring
AGL, (Sym* ™2 E* @ D\ A).
and the remainder of the paper is devoted to performing this computation.
Let P29+2 = IP’(SyszH'2 E*) be the projective space of forms of degree 2g + 2
and again let A; be the hypersurface corresponding to singular forms. Following the
argument of Vistoli [14] we may reduce to a calculation in P29+2.

Lemma 3.2. Let ¢ denote the first Chern class of Opze+2(1). Then the pull-back
Ay, (BPF2\A) 5 Ay (Sym™ P B @ DO9\A)
is surjective and its kernel is generated by gc; — &.

Proof. In general if Il : X — Y is a G-equivariant Gp,-bundle we consider the associ-
ated line bundle £. Then X is the complement of the 0-section and the localization
exact sequence for equivariant Chow groups implies that

Ag(Y)/er(L) = AG(X)

where the isomorphism is induced by IT*. In our case the associated line bundle is
D®9 @ O(—1) so the kernel of II* is gc; — t. O

From Lemma 3.2 we conclude that
(1) A"Hy = Ay, (PP7F2\A1)/(ger =€)
so we have reduced the problem to computing
AgL, (PPF\AY) = AGy, (P272) /1
where I is the ideal generated by the image of AST2(A;).

4. The equivariant Chow ring of the space of non-degenerate
homogeneous forms in N variables

Let E be the defining representation of GLy and let PN = P(Sym” E*) be the
projective space of homogeneous forms of degree N in two variables zy and z;. Since
the action of GLy commutes with homotheties, there is an induced action of GL5 on
PV with kernel the center of GLs.

Let A; C P¥ be the locus of forms which are divisible by a square over some
extension of the base field. This subvariety is GLo invariant and the goal of this
section is to compute the equivariant Chow ring A& (PY\A;) = A&y (PY)/I where
I'is the ideal in Agy, (PN) generated by the image of the equivariant Chow groups of
A;. We can then apply the results of this section when N = 2¢g + 2 to complete the
computation of the integral Chow ring of H, for g even. (Note, however, that in this
section we do not require N to be even.)
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For every r = 1,...,[N/2] we may define A, C Sym” E* as the closed subvariety
of forms divisible by the square of a polynomial of degree r over some extension of
the ground field k. The locus A, is the image of the map

7y s Sym” E* x SymY 2" E* —  Sym! E*
(f.9) = f%g
Passing to the associated projective spaces we obtain GLs-equivariant maps
(2) m  PT x PN pN

and A, will still indicate the image of =,

Proposition 4.1. (¢f. [14, Lemma 3.3]) If chark = 0 or chark > N then the image
of ASY2(Ay) in Agy, (PN) is the sum of the images of the homomorphisms

o ASL (BT X PY2) Az, (BY)

Proof. Let G be an algebraic group. Recall [6] that if X is a G-scheme then an equi-
variant envelope is a proper G-equivariant morphism f: X — X such that for every
G-invariant subvariety W C X there is a G-invariant subvariety W C X mapping
birationally to X. Lemma 3 of [6] together with [9, Lemma 18.3(6)] implies that
proper pushforward f,: Af(X') — A%(X) is surjective.

Let
N/2

T HIP’T x PN=2" 5 Ay
r=1

be the GLs-equivariant map whose restriction to P” x PV=2" is 7. By the above
discussion it suffices to prove that 7 is an equivariant envelope. Let K D k be a field.
The argument used in the proof [14, Lemma 3.2] shows that, when r < N/2, every
K-valued point point of A, is the image of unique K-valued point of P" x PN—2"
provided chark = 0 or chark > 2r + 1. Likewise, if » = N/2 (so N must be even)
then there is a unique K-valued point of PV/2 mapping to a K-valued point of AN
provided char k = 0 or chark > .

Let Z C Aj be a G-invariant subvariety and suppose that the generic point p of
Z lies in A, ~ A,;1. By Vistoli’s Lemma we know that there is subvariety Z C
Pr x PN-2r mapping birationally to Z. To complete the proof we must show that
we may take Z to be G-invariant. Now if g € GLy then the subvariety gZ also maps
birationally to V. Since there is a unique point of P™ x PN =27 mapping to the generic
point g, it follows that gZ and Z have the same generic point. Hence Z must contain
a G-invariant open set U. Taking the closure of U in P" x PN=2" gives our desired
G-invariant subvariety mapping birationally to Z. O

For any 7 let &, (respectively &x_o,.2) be the pullback to P x PN =27 of ¢&12(0O(1))
on the first (resp. second) factor. We have the following relation in A (P"xPN=2"):

(&) =261 + En—ar2-

Moreover, from Lemma 2.3 we have that /1! is a zero of a monic polynomial of

degree r+ 1 with coefficients in A&, . Therefore .. (Ag, (P" x PN~2")) is generated
as a Agp, (PN)-module by 7. (1), Tra (1), - - - s ﬂr*(fl’l).
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Forr=1,...,[N/2 and i =0,...,r set

A 7= Trx (fil)

The above discussion allows us to conclude that

G, (BYV\AL) = Ag, (PY)/({oni})

4.1. The ideal generated by Ax(A;) in A%(PY). The action of GLy on PV
restricts to an action of the maximal torus T' C GLs consisting of diagonal matrices.
The goal of this section is to prove

Proposition 4.2. If chark = 0 or chark > N then the image of AT (Ay) in A% (PV)
is the ideal (01,0, 01,1).

(Here we use the notation a,; to indicate the restriction of the same named classes
to AL(PN).)

The proof will require the introduction of alternate, but less symmetric classes
which generate the same ideal. The group T acts on P! by

z-(a:b) = A\ H(2)a: A\ (2)b).
Choose coordinates (Xo: X1: ...: Xx) on PV so that the coordinate function X is

the coefficient of a:év _ixﬁ in a homogeneous form of degree N. Then T acts on PV by
the rule

z-(Xo: ...t Xir o0 X)) = ()\I_N(Z)Xol s )\’i_N/\z_i(z)Xi: co )\Q_N(Z)XN).

Let H; C PV be the hyperplane defined by the equation X; = 0; in other words,
H; corresponds to forms f such that the coefficient of xévflxzi is 0. Let h; be the
T-equivariant fundamental class of H;.
By Lemma 2.4, we have that
@) hi = a(01)+a( A

= {— (N =)ty — ity

On P" we can consider the _hyperplane class h,; corresponding to degree r forms such
that the coefficient of zj ‘x% is 0. Again by Lemma 2.4 we have that h,; = .1 —
(r —i)t; —ite. It follows that the image of AT(A) is generated by the pushforwards
to A%(PN) of the classes Tps(hrg ... hpy) for 1 <7 < [N/2], 0 <m <r—1 as well
as the classes o .

Lemma 4.3. In A% (PN) we have the relations

(4) Q10 = 2(N — 1)h0 + N(N — 1)(t1 — t2)
— 2N -1)E— NN -1Dey
(5) a1 = hohi+tiaip
= 52 —clf—N(N—2)CQ

(Recall that ¢; = t1 + t2 and co = t1ts are the elementary symmetric polynomials
in the generators t1,t for A%.)

Remark 4.4. Note that the identities ;0 = 2(N — 1) = N(N — 1)¢; and a1 1 =
€2 — 16 — N(N — 2)cy also hold in Abr, (PN) since the restriction map Adr, (PN) —
A% (PN) is injective.
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Proof. The multiplication map p: (P)Y — PN is GLg-equivariant and hence T-
equivariant. It also commutes with the natural permutation action of Sy on (P*)¥V.
With this notation, the subvariety A; corresponding to homogeneous forms with
multiple roots is the image of Apiyp1 x (P1)V=2,
Consider the diagram
(Apixpr) x (PHNT2 —  (PYN
(6) L p Lp

i1

Al — PN

where p is the multiplication map and p; is its restriction to Apiyp1 x (P1)N =2, Since
p1 has degree (N — 2)! we see that

7 (N = 2)la10 = pu[Api et x (PYV2)
The torus T acts on P! by t(z: 21) = (\] '20: Ay '#1) so by Lemma 2.5
®) [Apen] = [0 x 1] x [0 x PY] + (1 — ) [P x P1].
Substituting the right hand side of (8) into the right hand side of (7) we obtain
(9) (V= 2laro = pu (10 % PL x (B)N=1] [P x 0 x (PYYY1] + (¢ — t3)[(P)])

The first two terms on the right hand side of (9) pushforward to (N — 1)!hg since the
map 0 x (P1)N=1 — Hj has degree (N — 1)! while the direct image of the second term
is N!(t; — t2). Thus we obtain the relation

(10) (N = 2)lago = 2(N — 1)lho + N1(t; — o)

Since A% (PY) is torsion free we can divide (10) by (N —2)! to obtain the first identity
in (4) and substituting hg = £ — Nt; yields the second.

As noted above we have hy g = &1 —t1 in AR(P). Thus a3 1 = mi.hio + t1[Aq].
Now (N —2)!h1 o9 = p1.([0 x 0 x PN=2]). Thus, after pushing forward to P we obtain
the identity

(N = 2)lig,mahio = (N —2)!p.J0x 0 x (PN 72
(N — 2)lhohy
Since 1.[A1] = 1,0 the first identity in (5) follows. Substituting ho = £ — Nt; and
h1 =&+ (1 — N)t; — ty yields the second. O

As an immediate consequence of the identities in Lemma 4.3 we obtain.
Lemma 4.5. (a1,0,01,1) = (1,0, hoh1) as ideals in A*T(]P’N).

If m > 0 let B, be the image of the class hyg...hpp in A% (P7).
Lemma 4.6. The class By, is a multiple of hoh;.

Proof. Consider the diagram analogous to (6)
(Apiwpr)” x (PHN=2 (PN
(11) Lpr Lp
A, < PN
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Identifying Apiypr with P then A, ... h. ., is the equivariant fundamental class
of the image of the T-invariant subvariety

(0x0)x...x(0x0)x (Aplxpl)r—(mﬂ) x (BLYN-2r,

(Here the first (2m + 2) coordinates are 0). Let 6, ,,, be the equivariant fundamental
class of this T-invariant subvariety Thus, prs8,m = (N =2r)(r—m —1)h0 ... by .
On the other hand we may expand 6, ,, by replacing Api «p1 with the formula of (8)
to obtain a sum of classes which are permutations of classes of the form

(12) (ty — o)™ O x 0 x ... x 0 x (PHYN ]

where first [ coordinates are 0 and 2m +2 < < r+m+ 1. The action of T on (P1)¥
commutes with natural permutation action of Sy and the map p is Sy-equivariant
the pushforward p. of the classes in (12) we obtain the identity

m—+r+1
(13)  (r=(m+ )N =21 Brm = > (N =Dty —t2)" " hg by
1=2m+2

where the a;’s are positive integers. Since ! < m+r+1 it follows that (r—(m+1))!(N—
2r)! divides (N — I)!. (This follows because a!(N — b)! always divides (N — b + a)!

since % is a binomial coefficient, so a!(N — b)! divides (N — k)!'if K < b —a.)

Thus, since A%(PY) is torsion free a,.,, is an integral sum of terms of the form
(t; — to)™*F"H1=hy ... hy which is clearly a multiple of hgh;. O
Lemma 4.7. ag is in the ideal (01,0, hohi).

Proof. Since Ay is the image of the fundamental class of Apiyp1 X Apiypr x (P1)N 4
we see that

(14) 2N — 4)lazo = pu[Apixpr X Aprypr x (PN
Expand the first diagonal term as
P! x 0] + [0 x PY] + (t; — t2)[P* x P!]
and substitute this into the right-hand-side of equation (14) to obtain
(15) 2I(N —4)lagg = p.]0 x P! x Aprypr x (PN 4]
+ pu[P1 X 0 X Apisepr x (PH)V T + (N = 2)!(t1 — ta)ano

Since the action of T'on (P!)Y commutes with the permutation action of Sy the first
two terms in the right-hand side of (15) are equal. Now expand the remaining Ap1 yp1
as above so that the sum of the first two terms on the right hand side of (15) now
becomes

(16)  2(pu[P! x 0 x P! x 0 x (PHN =4 4 p,[P! x 0 x 0 x P! x (P1)N 4]

+ (t1 — t2)p[P* x 0 x P! x P! x (PH)N74))

Using the fact p, commutes with the permutation action of Sy we can combine the
terms coming from (16) with the last term on the right side of equation (15) to obtain

(17) 2'(N — 4)!0[2’0 = 4(N — 2)'h0h1 + 2(N — 1)!(t1 — tg)ho + (N — 2)!(t1 - tg)al,o
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Dividing through by 2!(N — 4)! and again invoking the fact that A% (PY) is torsion
free we obtain the equation
(18) g0 =2(N —2)(N —3)hoh1 + (N — 1)(N = 2)(N — 3)(t1 — t2)ho

+ W(h _ t2)a1’0

The first and third terms on the right-hand-side are clearly in the ideal (o109, hoh1).
The middle term is in the ideal because by (3) and (4)

(19) (N - 1)(N - 2)h0(t1 - tg) = hoOlLo - 2(N - 1)h0h,1

Our last lemma completes the proof of the proposition.
Lemma 4.8. If r > 3 then o, is in the ideal (1,0, hoh1).
Proof. As above we have
(20) rI(N = 2r)layo = po[(Apixpr)” x (BN 2]

Expanding out the first (r — 2) copies of the fundamental class of Apiypr in the
right-hand side of (20) we obtain that (Apiyp1)” x (P1)V~2" is the sum of

(t1 — t2)" 7 2[(Aprp)® x (PN
plus terms which are permutations of the (r — 2) classes
(tr = t2)" 2 7F[(0 X P1)F 5 (Apaypr)?] x (PN 2+
where 1 < k < r — 2. Since
P« [(Apiypr)? x (PHYN 71 = 2(N — 4)laa o
there are positive integers by, ...b,._o such that

(21) U (N —2r)la. 0 = 2(N — 4)!(t; — ta)" 2aay

r—2
+ Z bk(tl - tz)T_2_kp*[(0 X ]P’l)k X (AP1XP1)2 X ([[Dl)N_Q(k'i‘?)]
k=1

Now expand [(Apiyp1)?] in A%((P1)*) as
(22) ([P' x 0]+ [0 x P+ (ty — t2)[P* x P']) x ([P* x 0] + [0 x P'] + (¢1 — t2)[P' x P']).
When k > 2 we substitute (22) and use the permutation invariance of p, to obtain
(23)  pu[(0 x PYY* x (Ap1ypr1)? x (PN 722 — (N — k)(t; — t2)%ho ... g1

+4(N = (E+1)(t1 —t2)ho ... b +4(N — (K +2))ho ... hgt1.
When k£ = 1 we use the same expansion to obtain that
(24)  p.([0 x P! x (Apiyp1)? x (PYYN7O)) = 4(N — 3)!hohyhy

+4(N = 2)!(t; — ta)hohy + (N — 1)!(t; — t2)%hg

Since r > 3, the first term on the right-hand-side of (21) is divisible r!/(N — 2r)lasg o
and thus is an element of 7!(N —27)!(aq 0, hoh1) by Lemma 4.7. Likewise, each of the
three terms on the right-hand-side of (23) is divisible r!(N — 2r)!hgh as are the first
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two terms on the right-hand-side of (24). Finally by (19) we know that (N — 1)(N —
2)(t1 —tg)ho € (051’0, hohl). Hence (N— 1)!(t1 —tg)ho is in (N—3)!(041,0, hohl). Since
r >3, rl(N —2r)!|(N —3)!, so (N —1)!(t1 —t2)ho is in r!(N — 27)!(a1,0, hoh1). Hence
all of the terms appearing on the right hand side of (24) are in r!(N —2r)!(a1,0, hoh1).
Since A% (PY) is torsion free we conclude that a,.g € (a1 0, hoh1). O

4.2. The ideal generated by the image of AS'2(A;) in Ay (PY). We are now
in a position to prove our main result

Theorem 4.9. Ifchark = 0 or chark > N then the image of AS™2(Ay1) in Agy, (PY)
is the ideal I = (01,0, 01,1).

Remark 4.10. When N = 6 this result was previously obtained by Vistoli [14] for
his calculation of A* M.

Proof. Since GLj is special, A5y (PY) is (non-canonically) a summand in the

Afp, (PV)-module A%(PYN) by Proposition 2.2.  Thus we may decompose the
Agp, (PY)-module A% (PY) as A5 (PY) = A& (PY) & M where M C AL (PY) is
a complimentary submodule.

Now suppose that f € A& (PV) is in the image of AS>(A;). Since the inclusion
of Ay, (A1) in A%(A1) commutes with the direct image map i,: Ay — P, we may
view f as being in the image of A%(A;). Thus by our previous proposition we may
write f = aay o + bag 1 for some a,b € A%(PY). Using the decomposition above we
may write a = a5 + ay, b = bs + b, with as,bs in Agy, (PV) and ay, b, in M. Thus

f=asa10+bsar1 + ayaip + buor 1.
Since f € Agy, (PY) it follows that a,aq o+ by 1 is an element of MnN A, (PN) =
{0}. Hence f = aso1,0 + bsay 1, so f is in the ideal of Af; (PY) generated by a1,
and Q1. O
5. Proof of Theorem 1.1
We can now easily complete the proof of Theorem 1.1. By Theorem 4.9
A, (P22 — Ay) = Ay, (PP72) (a0, 01,1)

where

(25) arp = 2(29+1)§—(29+2)(29 + 1y

(26) o = &€ —&—(29+2)(29)cs

If C4,...,Cy443 are the GLj-equivariant Chern classes of the representation
Sym?972 E* set

(27) P=¢29%3 L 0162 4 4 Cogrn

so that Ag (P2972) = Z[c1, ¢o][€]/P by Lemma 2.3. Let ay,0(gc1), o,0(ger), P(ger)
be the polynomials in ¢;, co obtained by substituting & = gec; in (25)-(27) then by
Lemma 3.2,

A*(Hy) = Z[cx, e2]/(a1,0(ger), a11(ger), Pger))
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where
a1o(ger) = —2(29+1)ar
ari(ger) = —glg—1)c +4g(g+ e
The theorem then follows from our last lemma.
Lemma 5.1. The polynomial P(gc1) is in the ideal (aq,0(gcr), on,1(gcr)).

Proof. Using the same arguments as in Section 4.2 it suffices to show that the re-
striction of P(gcy) to A% is in the ideal generated by the restrictions of aq o(ge1) and

a1,1(901)~
The Chern roots of E are
{=(29+2)t1, =29 + 1)t1 —to, ..., —t1 — (29 + 1)ta, —(29 + 2)ta}
SO
2g+2
(28) P(gcy) = H (ge1 — (29 + 2 — i)ty — ita)
i=0

Pairing off the 2¢g terms (gcy — (29 + 2 — 9)t; — it2) and (ge; — it1 — (29 + 2 — i)ta)
and observing that if i = g + 1 then gey — (29 + 2 — i)ty — its = —c¢; we can rewrite
(28) as

(29) P(ger) = a1 [ (—(9 = )9 — j +2)6 +4(g + 1 — j)%e2)
7=0

The product of the j =0 and j = 1 terms on the right hand side of (29) is

Qler,ea) = ((9—D(g+ 1) —4g°ca)(9(g +2)¢] — 4(g + 1)%¢a)
= (ar0(gcr))’c2 + a10(ger)ona(ger)er + (ara(ger))?

5.1. Tautological classes. The identification, for g even, of
Hg - [(A2g+3 AN Al)/ GLQ]

means that the defining representation of GL, determines a vector bundle on H,
whose Chern classes generate the Chow ring. Using an observation of Gorchinskiy
and Viviani we can obtain a functorial geometric description of this bundle.

If 7: X — S is a family of smooth hyperelliptic curves of genus g let W C X be
the divisor of Weierstrass points of the fibers of m and let w be the relative canonical
line bundle. Then Ox (W) has relative degree 2g + 2 and the line bundle w29? &
Ox((1 — g/2)W) restricts to a g3 on the fibers of 7. Since = is flat, it follows that

Ve = m (w892 @ Ox ((1 — g/2)WV)

is rank 2 vector bundle on S. Let V; be the rank two bundle on the stack H, which
restricts to to Vi on a family of hyperelliptic curves X = S.

Proposition 5.2. Under the identification Hy, = [(A%73  A;)/ GLs] the vector
bundle V, corresponds to the defining representation of GLo. In particular the Chow
ring of Hy is generated by the Chern classes of V.
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Remark 5.3. When g = 2, then V; is the Hodge bundle and we recover Vistoli’s
result [14] that A*(M3) is generated by the Chern classes of the Hodge bundle.

Remark 5.4. As observed in [10] the Chern classes of V; are not tautological classes.
Gorchinskiy and Viviani show that the first Hodge class A equals (g/2)c;. In principal
the methods of their paper could be extended to give formulas for all of the tautological
classes in terms of ¢; and ¢, but we do not pursue this here.

Proof. Following [2] and [10] we know that given a family of hyperelliptic curves

m: X — S the map 7 factors as m = po f where p: P — S is a Brauer-Severi variety

and f: X — P is a double cover. Then f,.Ox = Op @& L where L is a line-bundle

such that £2 = Op(—D) where D C P is the ramification divisor. Since f is a double

cover, the family of elliptic curves is uniquely determined by the data (p: P — S, £).
The identity f*£~! = Ox (W) and the Riemann-Hurwitz formula imply that

Fo (W20 Ox((1 - g/2)W) =wp/s®92 @ L7 @ (Op & L)

Since the restriction of w%%2 has degree —g we see that

T (@292 ® Ox (1= g/DW) = pu(wpfd’ © L7,

As noted in [2, Remark 3.3] we may identify H, with the stack Hj , ,,; whose
objects over a k-scheme S consists of the data of a Brauer-Severi variety p: P — S
together with a line bundle £ of relative degree —(g+1) and an injection i: £2 < Op.

From the previous paragraph we see that we may identify V, with the bundle whose

restriction to P — S is the vector bundle p*(w%%2 ® L71).

Let Hi,4+1 be the stack whose objects over S consists of a pair (P 2 S, L)
together with an isomorphism ¢: (P, £) — (Pk, Opi(—g — 1)). The action of GLg :=
Aut(P',O(1)) on the pair (P',O(—g — 1)) has kernel y,_1 and by [2, Theorem 4.1]
Hi.9.4+1 is represented by the scheme A2973 < A and the forgetful map Hy o 441 —
Hi1,2,9+1 is & GLa /pig41-torsor.

The vector bundle V, pulls back to the vector bundle which assigns to the trivial
family p..: PL — S the vector bundle p, (wﬁgﬁ@(’)ﬂm (9+1)). Asnoted in [10, Equation
(4.4)] the Euler sequence for the tangent bundle of P! implies wp:1 is GLa-equivariantly
isomorphic to the bundle O(—2)®det E where E is the defining representation of GLg.
Thus,

Po(wi?? @ Opi (g +1)) = (det E)®9/? @ E.

Now (det E)®9/2 @ E is the pullback of F via the map a: GLy — GLy, A —
(det A)9/2A. As noted in [2] ker & = p441, so under the identification of

GLg /g1 = GLg,
(det E)®g/ 2 ® E corresponds to the defining representation E. O
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