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SINGULAR YAMABE METRICS AND INITIAL DATA WITH
EXACTLY KOTTLER–SCHWARZSCHILD–DE SITTER ENDS II.

GENERIC METRICS

Piotr T. Chruściel, Frank Pacard, and Daniel Pollack

Abstract. We present a gluing construction which adds, via a localized deformation,
exactly Delaunay ends to generic metrics with constant positive scalar curvature. This

provides time-symmetric initial data sets for the vacuum Einstein equations with positive

cosmological constant with exactly Kottler–Schwarzschild–de Sitter ends, extending the
results in [5].

1. Introduction

There exists very strong evidence suggesting that we live in a world with strictly
positive cosmological constant Λ [10, 9]. This leads to a need for a better understand-
ing of the space of solutions of Einstein equations with Λ > 0. In [5] it has been
shown how time-symmetric initial data for such space-times, which contain asymp-
totically Delaunay ends, can be deformed to initial data with exactly Delaunay ends.
The resulting space-times contain regions of infinite extent on which the metric takes
exactly the Kottler–Schwarzschild–de Sitter form. Moreover, such ends can be used
for creating wormholes, or connecting initial data sets, provided the neck parameters
of the ends match. The object of this note is to show that generic constant positive
scalar curvature metrics can be deformed, by a local deformation, to constant positive
scalar curvature metrics containing asymptotically Delaunay ends. The method of [5]
is then used to obtain exactly Delaunay ends.

We further point out that the neck parameter of each new asymptotically Delaunay
end can be arbitrarily prescribed within an interval (0, ε0), for some ε0 > 0. This
flexibility in prescribing the neck sizes guarantees that the exactly Delaunay ends can
be matched to perform gluings.

2. Statement of the result

We begin with some terminology. A static KID is a function N satisfying

(1) DiDjN −NRij −∆gNgij = 0 .

We shall say that there exist no local static KIDs near p if there exist sequences
0 < ηi < δi →i→∞ 0 such that there exist no nontrivial solution of (1) on the annuli

Ap(ηi, δi) := B̄p(δi) \Bp(ηi) ,
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where Bp(r) is a geodesic ball centered at p of radius r. Observe that (1) forms a
set of overdetermined equations, it is natural to expect that for generic metrics on
M there will not be any local static KIDs at any point p ∈ M . Precise statements
to this effect have been proved in [1], both for unconstrained metrics, and for metrics
with constant non-positive scalar curvature.

It is well known that there exists a one parameter family of constant positive scalar
curvature conformal metrics on R×Sn−1. In the literature, these metrics are usually
referred to as Kottler–Schwarzschild–de Sitter metrics [5] or Delaunay metrics [8] or
even Fowler metrics [6]. This family of metrics is parameterized by a parameter which
is called the “neck size”. Let us describe these briefly since they are at the heart of
our result. We assume n ≥ 3 and we set

ε∗ :=
(

n− 2
n

) 4
n−2

.

For all ε ∈ (0, ε∗], we define vε to be the unique solution of

∂2
t vε −

(
n− 2

2

)2

vε +
n(n− 2)

4
v

n+2
n−2
ε = 0 ,

with vε = ε and ∂tvε(0) = 0. The parameter ε is called the neck size of the associated
Delaunay metric

(2) gε = u
4

n−2
ε dx2 = v

4
n−2
ε (dt2 + gSn−1) ,

where
uε(x) := |x|

2−n
2 vε(− log |x|) ,

and where dx2 denotes the Euclidean metric in Rn and gSn−1 denotes the canonical
metric on Sn−1. The metric gε has constant scalar curvature equal to R ≡ n (n− 1).
Observe that, without loss of generality, we can normalize the metrics we are interested
in to have (constant) scalar curvature equal to n (n− 1).

Building on the results in [2, 4, 5], and using a simple perturbation argument, we
prove the:

Theorem 2.1. Let (M, g) be a smooth n-dimensional Riemannian manifold with con-
stant positive scalar curvature R ≡ n (n − 1), n ≥ 3. Let p ∈ M and suppose that
there exist no local static KIDs near p. Then for any ρ > 0 there exists ε0 > 0 such
that for any ε ∈ (0, ε0] there exists a smooth metric with constant positive scalar cur-
vature R ≡ n (n− 1) which coincides with g in M \Bp(ρ) and which coincides with a
Delaunay metric gε with neck size parameter ε in a punctured ball centered at p.

As already pointed out, a generic metric will satisfy the “no local static KIDs”
property at every point. Since both our construction and that of [5] are purely local,
the construction can be repeated at any chosen finite, or countably infinite, collection
of points pi ∈ M to produce complete constant positive scalar curvature metrics with
a countable number of exactly Delaunay ends.

Remark: It would be of interest to generalise this construction to general, not
necessarily time-symmetric, general relativistic initial data sets (M, g,K).
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2.1. Proof of Theorem 2.1: We choose p ∈ M and ρ > 0. There exists ρ̄ ≤ ρ such
that for all δ < ρ̄ the linear operator 1

L := ∆g + n ,

is injective on C̊2(B̄p(δ)), the space of C2-functions which are defined on B̄p(δ) and
which vanish on the boundary of this domain. The injectivity follows easily from
the fact that in geodesic normal coordinates the metric g can be expanded as gij =
δj
i +O(|x|2) and hence, for all δ > 0 small enough, we can estimate∫

B̄p(δ)

(1
2
|∇g̊v|2 − 2 n v2

)
dvg̊ ≤

∫
B̄p(δ)

(|∇gv|2 − n v2)dvg,

where g̊ denotes the Euclidean metric. But, if λ1 is the first eigenvalue of −∆g̊ on
the unit ball of Rn, we have

λ1

∫
B̄p(δ)

v2 dvg̊ ≤ δ2

∫
B̄p(δ)

|∇g̊v|2 dvg̊ ,

and we conclude that

0 ≤
∫

B̄p(δ)

(|∇gv|2 − n v2)dvg,

for all δ small enough. This clearly implies that L is injective. Since we have assumed
that there are no local static KIDs near p, by the arguments in [1] there exists 0 <
η < δ < ρ̄ such that there are no static KIDs on the annulus

Ap(η, δ) = B̄p(δ) \Bp(η) .

Therefore, we conclude that we can choose 0 < η < δ ≤ ρ such that there are no
static KIDs on the annulus Ap(η, δ) and the operator L is injective on C̊2(B̄p(δ)).

In B̄p(δ), we now deform the metric g to a family of metrics which are conformally
flat in a small neighborhood p and which still have constant scalar curvature equal to
R = n (n − 1) in B̄p(δ). The new metrics will match continuously the original ones
along the boundary ∂Bp(δ), but in general their derivatives will not agree there.

Lemma 2.2. There exists 0 < r0 ≤ η and a family of smooth constant scalar curvature
metrics gr, with r ∈ (0, r0], which are defined in B̄p(δ), have constant scalar curvature
R ≡ n (n− 1), are conformally flat in B̄p(r), the ball of radius r centered at p (radius
computed with respect to the metric g) and for which

(3) Lr := ∆gr + n

is injective on C̊2(B̄p(δ)). Moreover

(4) ‖gr − g‖L∞(Bp(δ)) + r ‖∇g(gr − g)‖L∞(Bp(δ)) ≤ c rγ ,

for any γ < 2, for some constant c = c(γ). Furthermore, for any k ∈ N, the sequence
of metrics gr converges to g in Ck-topology, on compacts of B̄p(δ) \ {p}, as r tends to
zero.

1Observe that our Laplacian is the sum of second derivatives.
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Proof. We agree that the geodesic balls, the gradient and norm are taken with respect
to the metric g. We consider geodesic normal coordinates x := (x1, . . . , xn) near p.
As already mentioned, in these coordinates, the metric g can be expanded as

gij = δj
i +O(|x|2) .

We choose a cutoff function χ which is identically equal to 1 in the unit ball of Rn

and identically equal to 0 outside the ball of radius 2. Given r ∈ (0, δ/2), we consider
a metric ḡr whose coefficients near p are given by

ḡr
ij := χ(·/r) δj

i + (1− χ(·/r)) gij .

Observe that

(5) ‖ḡr − g‖L∞ + r ‖∇g(ḡr − g)‖L∞ + r2 ‖∇2
g(ḡ

r − g)‖L∞ ≤ c r2 .

for some constant c > 0 which does not depend on r ≤ δ/2.
Let us denote by R̄r the scalar curvature of the metric ḡr and recall that R =

n (n− 1) is the scalar curvature of the metric g. We have R̄r = R in B̄p(δ) \ Bp(2r)
and R̄r = 0 in B̄p(r). Finally, in the annulus B̄p(2r)\Bp(r), we only have the estimate

‖R̄r‖L∞ ≤ c ,

for some constant c > 0 independent of r ≤ δ/2. This follows at once from the fact
that the expression of the scalar curvature in terms of the coefficients of the metric
involves the coefficients of the metric and their derivatives up to order 2 which, thanks
to (5), are bounded independently of r ≤ δ/2.

Now, we explain how to solve the equation

(6) ∆ḡr u− n− 2
4(n− 1)

R̄r u +
n (n− 2)

4
u

n+2
n−2 = 0 ,

for r small enough. Once this equation is solved and assuming that the function
u > 0, the metric

gr := u
4

n−2 ḡr ,

will be a constant scalar curvature metric equal to R ≡ n (n− 1) defined in B̄p(δ).
We set u = 1 + v and rewrite the above equation as

Lv = (∆g−∆ḡr ) v+
n− 2

4(n− 1)
(R̄r−R) (1+v)−n(n− 2)

4

(
(1 + v)

n+2
n−2 − 1− n + 2

n− 2
v

)
.

For short, we denote by Nr(v) the right hand side of this equation and we assume
that the function v is small enough, say ‖v‖L∞ ≤ 1/2, so that 1 + v > 0.

We fix ` > n/2. Using the fact that R̄r −R is supported in Bp(2r) and is bounded
in this set, it is easy to check that there exists a constant c > 0 (which does not
depend on r ∈ (0, δ/2)) such that

‖(R̄r −R) (1 + v)‖L` ≤ c (1 + ‖v‖L∞) rn/` ,

and
‖(R̄r −R) (v − v′)‖L` ≤ c rn/` ‖v − v′‖L∞ .

Similarly,

‖(1 + v)
n+2
n−2 − 1− n + 2

n− 2
v‖L` ≤ c ‖v‖2

L∞ ,
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and

‖(1 + v)
n+2
n−2 − (1 + v′)

n+2
n−2 − n + 2

n− 2
(v − v′)‖L` ≤ c (‖v‖L∞ + ‖v′‖L∞) ‖v − v′‖L∞ ,

provided ‖v‖L∞ ≤ 1/2 and ‖v′‖L∞ ≤ 1/2.
Thanks to (5) we also check that

‖(∆g −∆ḡr ) v‖L` ≤ c r ‖v‖W 2,` .

with perhaps another constant c > 0 which again does not depend on r ∈ (0, δ/2).
Indeed, the difference between these two operators involves a second order differential
operator whose coefficients can be estimated by the difference of the coefficients of the
two metrics and a first order differential operator whose coefficients can be estimated
by the gradient of the difference between the coefficients of the two metrics.

By hypothesis, the operator
L := ∆g + n ,

is an isomorphism from W̊ 2,`(Bp(δ)) into L`(Bp(δ)) (Recall that W̊ 2,`(Bp(δ)) is the
completion of the space of smooth functions on Bp(δ) which vanish on ∂Bp(δ) with
respect to the usual W 2,`-Sobolev norm).

Collecting these we find that

‖L−1 Nr(v)‖W 2,` ≤ c
(

rn/` + (r + rn/`) ‖v‖L∞ + ‖v‖2
L∞

)
,

and

(7) ‖L−1 (Nr(v)−Nr(v′))‖W 2,` ≤ c
(
r + rn/` + ‖v‖L∞ + ‖v′‖L∞

)
‖v − v′‖L∞ .

Using the embedding W 2,`(Bp(δ)) −→ L∞(Bp(δ)), we conclude, from the fixed point
theorem for contraction mappings, that the nonlinear operator

v 7→ L−1 Nr(v)

has a (unique) fixed point vr in the ball of radius 2 c rn/` in W 2,`(Bp(δ)), provided
r > 0 is small enough, say r ∈ (0, r0]. Note that the constant c = c` depends on `
since it depends on the norm of the Sobolev embedding. This completes the proof of
the existence of a positive solution of (6). The fact that vr (and hence ur := 1 + vr)
is smooth follows from classical elliptic regularity.

The metric which appears in the statement of the result is

gr := (1 + vr)
4

n−2 ḡr .

The first estimate in (4) follows from the construction itself and the embedding
W 2,`(Bp(δ)) −→ L∞(Bp(δ)) when ` > n/2, while the second estimate in (4) fol-
lows from the construction and the embedding W 2,`(Bp(δ)) −→ W 1,∞(Bp(δ)) when
` > n.

Perhaps, it is now time to comment about the choice of `. Observe that functions if
W 2,` are in L∞ provided ` > n/2 while their derivatives are in L∞ provided ` > n. In
order to estimate the nonlinearities in the equation it was easy to work with bounded
functions, this is the main reason why we have chosen ` > n/2. Now, in the statement
of the result, we claim L∞ bounds both on the solution itself and its partial derivatives;
to obtain those, it would have been tempting to work directly with ` > n. However,
with this latter choice we would have obtained the desired L∞ estimate for the partial
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derivatives of the solution, but we would not have obtained a good estimate for the
L∞ norm of the solution itself; this is where ` > n/2 was necessary. Observe that, in
principle, the solution of the fixed point problem does depend on `. However, if `′ > `
and v′r and vr are the respective fixed points, it follows easily from (7) that v′r = vr

for all r small enough.
Finally, reducing r0 if necessary, we claim that the operator

∆gr + n ,

is injective for all r ∈ (0, r0]. To do so, simply use (5) which implies that the coeffi-
cients of gr − g and their derivatives are bounded in L∞-norm by a constant times
rγ−1. This implies that

‖(∆g −∆gr ) v‖L` ≤ c rγ−1 ‖v‖W 2,` .

Finally, the claim then follows from a simple perturbation argument since L is an
isomorphism between W̊ 2,`(Bp(δ)) and L`(Bp(δ)) for any ` > 1.

The fact that, for any k ∈ N, the sequence of metrics gr converges to g in Ck-
topology, on compacts of B̄p(δ)\{p}, as r tends to zero follows from elliptic regularity
theory since, for all r ∈ (0, r̄], the function vr is a solution of

∆g vr + n vr +
n (n− 2)

4

(
(1 + vr)

n+2
n−2 − 1− n + 2

n− 2
vr

)
= 0

in B̄p(δ) \Bp(r̄) which vanishes on ∂Bp(δ) and is bounded by a constant times rγ in
L∞-norm. �

The following result is essentially borrowed from [2]:

Theorem 2.3. Let (M0, g0) be a compact Riemannian manifold with smooth boundary
∂M0. Assume that the scalar curvature is constant equal to R = n (n − 1), and that
the operator

∆g0 + n ,

acting on functions W̊ 2,`(M0) is injective. Further assume that the metric g0 is locally
conformally flat in a neighborhood of a point p ∈ M0. Then, there exists ε0 > 0 and
for all ε ∈ (0, ε0] there exists a complete constant scalar curvature metric defined in
M0 \ {p} of the form

g̃ε = eφε g0 ,

where φε = 0 on ∂M0. Furthermore, φε converges to 0 on compacts subsets of M0\{p}
in any Ck-topology, for k ∈ N.

Finally, in the neighborhood of p where g0 is conformally flat and where we can
use coordinates x ∈ Rn with x = 0 at p, the metric g̃ε can be written as

g̃ε = ũ
4

n−2
ε dx2 ,

where the function uε satisfies

ũε(x) = |x|
2−n

2 vε(− log |x|+ tε) (1 +O(|x|)) ,

for some tε ∈ R, where the error term O(|x|) depends on ε.
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Remark 2.4. In addition, reducing ε0 if this is necessary, the solutions constructed
are “unmarked nondegenerate” (see section 6 of [2] or Proposition 10 in [7] for a
proof). We refer to [8] for the definition of unmarked nondegeneracy. In particular
this implies that one can use p ∈ M0 and ε as coordinates on the unmarked moduli
space.

Proof. Existence follows from Theorem 1.1 in [2]. The fact that the construction is
possible for any small value of the parameter ε is not explicit in the statement of
Theorem 1.1 in [2] but it is implicit in the proof (see bottom of page 1184). The
expansion of the metric close to p follows directly from the construction in [2] but
also follows from general results such as [3] and [6] (see (9) page 241 and Theorem 1
page 235 of [6]). �

Finally, we recall the result of [4, Theorem 5.9]: Choose some k > n/2+4. If there
are no static KIDs on the annulus Ap(η, δ), then there exists ζ > 0 such that if g̃ is a
constant scalar curvature metric metric on the annulus B̄p(δ) \Bp(η/2) satisfying

‖g − g̃‖Ck(Ap(η,δ)) ≤ ζ

(recall that Ap(η, δ) = B̄p(δ) \ Bp(η)), then there exists a constant scalar curvature
metric ĝ on M which coincides with g in M \ Bp(δ), and which equals g̃ in B̄p(η) \
Bp(η/2).

We are now in a position to prove Theorem 2.1. We first apply Lemma 2.2 and fix
r ∈ (0, r0] such that

‖g − gr‖Ck(A) ≤ ζ/2 .

At this stage r is fixed and we next apply Theorem 2.3 with M0 = B̄p(δ) and g0 = gr

to obtain a family of asymptotically Delaunay metrics g̃r,ε, with neck size ε ∈ (0, ε̃0].
Now, gr,ε converges to gr in Ck(A) as ε tends to zero. Therefore, reducing ε0 if
necessary, we can assume that

‖gr,ε − g‖Ck(A) ≤ ζ ,

and [4, Theorem 5.9 and Corollary 5.11] apply to produce a smooth constant scalar
curvature metric g̊r,ε which coincides with g away from Bp(δ), and coincides with gr,ε

on Bp(η). Observe that this metric is asymptotic to a Delaunay metric as explained
in Theorem 2.3. Finally, applying Theorem 3.1 of [5], the metric g̊r,ε can be deformed
to a constant scalar curvature metric which is exactly Delaunay in the asymptotically
Delaunay region. This completes the proof of our result.
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