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LOGARITHMIC COMBINATORIAL DIFFERENTIALS

DANIEL SCHEPLER

ABSTRACT. Given a morphism X — S of fine log schemes, we develop a geometric

description of the sheaves of higher-order differentials Q}/S for n > 1, as well as a

definition of the de Rham complex in terms of this description.

Introduction

Given a smooth morphism X — S of schemes, it is standard to define Qﬁ( /s =

I/1?, where I is the ideal sheaf of the diagonal in X xg X. One normally then defines
Qgc/s = N\? Qﬁ(/s for ¢ > 1. On the other hand, in [1], Breen and Messing give an
alternate definition of Q9% /s extending the geometric definition of Qﬁ( /s This paper
was inspired by similar definitions introduced by A. Kock in his study of synthetic
differential geometry [3], which in turn was an attempt to transpose the methods
in algebraic geometry, due to Grothendieck and others, of studying the concept of
infinitesimally close points to the setting of C'°°-manifolds.

For simplicity, let us assume that 2 is invertible on S. Let A}/S = XXxgXXg-+-Xg
X be the n+ 1-fold product, with the factors indexed from 0 to n. For 0 < ¢,7 < n, let
I;; be ideal of ﬁA}/s defining the partial diagonal {(zg,...,x,) € A’;(/S Px =Xk

Now let A™)_ denote the closed subscheme of A}/s defined by ZOSi,an Ifj, and 1:1-]-

X/
the image of I;; in () . Then
X/S
n n n n
[Hivi=NEwi=][li=li= () I
i=1 i=1 i=1 i=1 0<i,j<n

and this common ideal, considered as an &'x-module via any of the n 4+ 1 projections
(n)
Ay)s
instead gives the nth antisymmetric power of Qk / 5°)
Our first observation is that in the general case, we can fix this discrepancy by

starting with the divided power envelope D(n) of the diagonal in A% /8" In other
words, if we let A[;]/S be the closed subscheme of D(n) defined by >, i, 712

— X, is canonically isomorphic to 2% /s (In the general case, this construction

ij > and

fij the image of I_ij in 0 Alnl , then the five ideals above are once again equal, and are
X/S

canonically isomorphic to Q% /8" (In [1], Breen and Messing corrected the discrepancy
by expanding > o, i<, Ifj in a non-symmetric way.)

Log geometry provides a convenient language for discussing topics related to com-
pactification and singularities. Recall that a pre-log scheme X is a scheme X equipped
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with a sheaf of commutative monoids .#x and a morphism ax : #x — 05, where
0% is the multiplicative monoid of @x. (Note that we use additive notation for .Zx,
thus considering m € .#x to be a logarithm of a(m), and considering a to be an
exponentation map.) This is a log scheme if the induced morphism a3 (6% ) — 0% is
an isomorphism. A log scheme is called fine if locally the log structure is induced by a
pre-log structure P — 0’5 where P is the constant sheaf of a finitely-generated integral
monoid. Given a morphism X — S of log scheme, Kato [2] defines a universal sheaf
of relative log differentials Q%{/s with a log derivation (d,dlog) : (Ox, #x) — Qﬁ(/s.
This means that d : Ox — Q%{/s is an Og-derivation, dlog : .#x — Q%{/s is an
additive map annihilating the image of .Zg, and for m € .#x, we have

da(m) = a(m) dlogm.

For example, suppose X is a smooth scheme over a field k, and D is a divisor with
normal crossings on X. Let Y := X \ D, with open immersion 7 : ¥ — X. We
then define .#x := .05 N Ox, with ax the natural inclusion map. This defines
a log scheme, and the sheaf of log differentials Qﬁ( Jk is exactly the classical sheaf
Q% s (log D) of differentials with log poles along D.

Our aim in this paper is to extend Breen and Messing’s theory to give an intrinsic
geometric description of A"Q% /s for n > 1 in the case of log schemes. Thus, consider
a morphism X — S of fine log schemes. (Note that we do not require this morphism
to be log smooth.) Again, let A}/S = X Xg -+ Xg X be the n + 1-fold product.
Then there exists a right universal log scheme D(n) with an ezact closed immersion
X — D(n) defined by a PD ideal on D(n), and a morphism D(n) — A% g, factoring

the diagonal morphism X — A", /s [2]. Again, let Al be the closed subscheme of

X/s

D(n) defined by the ideal~zogi’jgn I_Z-[JQ-], Wl}ere I;; is the ideal of the partial diagonal

{z; = z;} in A(n), and I,; the image of I;; in O \im . Then we will prove that in
X/s

this more general case, once again the five ideals above are equal and are canonically

isomorphic to 0% /8" The proof we give here is an improvement on the proof given in
[1].

In terms of this description, the de Rham complex becomes particularly simple,
in the form of an Alexander-Spaniel complex. First, for m,n > 0, consider A%/s as
a scheme over X via the last projection, and A’ /s as a scheme over X via the first
projection. Then we have a morphism

(5507 sy Ty e 7$m+n) — ((an cee 7xm)7 (xma cees zm—&-n))

This induces a map A[;L/gn] — A[;(”/]S X x A[)?]/S, which in turn induces the wedge

product. Similarly, given n > 0 and 0 < i < n + 1, define d; : A}*]; — A}/S to be
the map which forgets the ith component. This induces maps d; : A[;j'sl I A[;]/ Py

and the differential d : 0% /5™ Q?Jé is induced by

dy —di + -+ (=1)"dy g ﬁ&;}s = Oplntu.

X/s
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Finally, suppose X — S is log smooth. We observe that each A[;]/ g is an object in
the log crystalline site of X over S, and each d; is a morphism in this site. Therefore,
given a crystal E on this site, which corresponds to a module with quasi-nilpotent

connection (Ex,V), we have transition maps 04, : Etnj — E  n41. Here E () =~
Ax/s Ax/s Ax/s
Ex ®¢y ﬁA[n] via the isomorphism 0, : 75 Ex — E,m . We will show that the
X/S X/8
differential

V:FEx Koy Q}/S — Ex ®px Q}—i/_é'

in the de Rham complex of (Ex, V) is induced by

9d0*9d1+"'+(*1)n+19dn+1:EX Rex ﬁA — Ex ®oy O

Al

[n] [n+1
X/S X/S

1. Combinatorial Differentials

1.1. Local Construction. We begin in this section with a simplified situation: sup-
pose A is a ring, B an A-algebra, and Q — P a morphism of finitely-generated
integral monoids with compatible maps ¢ — A and P — B. Let S := SpecA,
X := Spec B, with the log structures induced by @ and P, respectively. Now let
A}/S = X Xg X Xg--- Xxg X be the n 4+ 1-fold product, with the factors indexed
from 0 to n. In other words, A’;(/S = Spec(B,,), where B,, := B4 ---®4 B, with log
structure induced by P, the quotient of P® P& - --® P by the congruence generated
by
(q70’... 7O) = (O,Q,"' )()) =...= (070’... 7q)

for ¢ € Q. Then PgP is the quotient of P8P & PeP @ --- & PP by {(q0,q1,.--,qn) €
Qgp@...@Qgp;q0_~_...+qn:0}'

Now the diagonal map X — A% /s corresponds to the product map B,, — B, and
it has a chart given by the sum map P, — P. Now let

P;f:{(pmplw-wpn)€P§p3p0+p1+...+pnep}7

B), := B, ®zp,| Z[P}], and Z, := Spec B;, with the log structure induced by P},. (For
p € P, we will use the notation e? for the corresponding element of Z[P], in order to
avoid confusion between addition in P and addition in Z[P].) Then the map X — Z,
corresponding to the sum map P — P is an exact closed immersion, and the map
Zn — A /s corresponding to the inclusion P, — P! is log étale. Therefore, Z,
may be used as the basis for constructing the log infinitesimal neighborhoods and the
divided power envelope of X in A% ¢ [2]. (Recall that a map g : Q@ — P of integral
monoids is eract if (¢8P)~!(P) = @, and a morphism X — S of fine log schemes is
exact if for every point x € X with image s € S, Ay, — Mx , is exact. A log
closed immersion f : X — Y is exact if and only if it is strict, i.e. f*#y — Hx is
an isomorphism, where f*.#y is the log structure induced by f~1.#y.)

For notation, let 7} : P — P/ be the ith inclusion map, corresponding to the ith
projection m; : Z, — X. Now for each pair i, 7 with 0 < 4,5 < n, we have a closed

immersion m;; : Z,—1 — Z,, corresponding to the map p;; : B), — B],_;,

(yo®---®yi®---®yj®~~-®yn)®e(m »»»»» PiseeesPjseess Pn),_>
(Yo® - ® Yiy; @R Q@ Un) @ e(PossPi DD Pn)
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Let I;; C Oz, be the ideal sheaf defining this closed immersion, and Ag?/)s the closed

subscheme of Z,, defined by ZOSMSTL 1'12] It is easy to see that I;; is generated by
elements of the form N
dp:=1® (PP —1) € B,
for p € P8P and
d"y = (mjy —my) ®1

for y € B. Let I~ij be the image of I;; in ﬁA(n) .

X/S

We first note the following for future reference:

Lemma 1.1. Let 0 < 14,5, k, ¢ < n.
(1) Assume i < j and k < £. Then p;;(Ixe) = 0 if i = k and j = {; otherwise,
tij(Ixe) = Inrer, where

k, k < j;
kK =41, k= j;
k-1, k>j,
and similarly for ¢'. Hence p;; gives a well-defined map Oy — Open-1),
X/s X/S

and the same is true with ikg and jk/g/ m place Of Ikg and Iklgl.
(2) Lie C Lij + Ij.

Proof. The first statement follows from the fact that y;; acts the same on the gener-
ators d**y and 6%p of I,.

For the second statement, note that d‘y = d*/y + d’‘y for y € B. Similarly, since
1+ 8%p=1® " P ™P for p € PP we have

146 = (14 6"7p)(1 + 6""p).

Therefore, §%*p = §%Ip + §7¥p + (649 p)(67*p) € Ji; + Jj¢ also. O
Let Qg?/)s be the nth antisymmetric product of Qﬁ( /s We first define a map

Ny Toi — Q)

Proposition 1.2. There exists a unique A-linear map ¥,, : Bl, — T'(X, Qg?/)s) such
that for yo,...,yn € B, (po,...,pn) € P., we have
\Ijn[(y()@ e® yn) ® 6(1’0,‘.»’1771)] —

yoo(po + p1+ -+ pn)(dyr +y1 dlogpi) A=+ A (dyp + yp dlog pr).
(Here A denotes the product in the antisymmetric product algebra Qg()/s)

Proof. The uniqueness is clear. To see the map is well-defined, we have several things
to check:

e The above expression is A-multilinear in the variables yo,y1, .- -, Yn-
This is clear from the A-linearity of d.
e The expression above is independent of the choice of py,...,p, € P*SP.

This follows from the fact that pg + --- + p, € P is well-defined, and the
fact that dlog induces a well-defined map P&P/QeP — Qk /s
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e For p’ € P,
Val(yo ® - @ giar(p) @ -+ @ ) @ elPorebivebo)] =
Upl(yo @ @y @+ ® y) @ ePor Pt #lopn)]
For ¢ = 0, this is clear. Otherwise, for i > 0, this follows from the formula
d(yia(p')) = yid(e(p)) + a(p')dy; = a(p')[dy; + y; dlogp'].
O

Remark 1.3. In the case of trivial log structure, i.e. P = 0, the formula for ¥,, reduces
to

V(Yo @Y1 @+ @yn) = Yodyr A+ A dyn.
This is the isomorphism commonly used in synthetic differential geometry, for example
in [3].
Also note that if in fact pg,...,pn € P, then
(o ® 1 @ -+ @ yn) ® ePPP) = (yoa(po) @ y1a(p1) @+ @ ynar(pa)) @ 1,
and in this case the formula for ¥,, agrees with

yoa(po) d(yrc(p1)) A -+ Ad(yna(pn))-

Thus we may view the given formula for ¥,, as a natural generalization of the simpler
formula from the case of trivial log structure.

Proposition 1.4. The map V,, annihilates IZ-QJ- for each pair 0 <i,j5 <mn.

Proof. We first check the case i = 0. In this case, since d(y;y) = y; dy + y dy;, it is
straightforward to calculate that for z € BY,, y € B, we have

U, (2d"y) = (=1) " dy AV, 1 (o ;).
Therefore, if « € Iy;, then ¥, (z d®y) = 0. Similarly, for p € PP,
Wo(w6™p) = (1) dlogp A Wi (u0),

so again if x € Iy;, then ¥,,(z6%/p) = 0.
Now for the general case, by symmetry assume i < j. We observe that d/y =
d%y — d%y. Thus, if y,y’ € B, then

(1.1) (d™y)(d™y') = =[(d>'y)(d7y") + (d*'y)(d™y)]  (mod J§; + Jg;)-
However, since pq;(z(d%%y')) = (pojz)(d'y) for z € B),, we have
Uy (2(d™'y)(d™y') = (1) dy’ A W1 ((poj2)(d>'y))
= (=1)"™dy' Ady AW,,_s(poipo;x)-
Therefore, for z € B,
Uy (a(d™y)(d™y') = (=1)FHdy' Ady + dy Ady') A Vs (poiposz) = 0.

Similarly, since 1 + §Jp = 1 ® €™ P~ ™ P, we have 1 + §%Ip = (1 + 6%p)(1 + 6%7p).
Multiplying both sides by 1 — §%%p, this implies

L+6"p=(1+86%p)(1—48"p) (mod JG; +J§;),
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so 6%Ip = §%p — §%ip — (699p)(6%p). Therefore,

(12)  (8"p)(d™y) = ~[(8"'p)(d™y) + (d*'y)(6*7p)]  (mod Jg; + J;)

and

(1.3) (6"7p)(8™7p") = —[(8*"p)(8°7p) + (8°'p")(6™7p)]  (mod JG; + J5;).

From these formulas, the proof that ¥ annihilates x(6*/p)(d/y) and x(5%7p)(5*/p’)

proceeds as before. O

Therefore, since Qg?/)s is a quasi-coherent &x-module, ¥,, induces a map ¥, :

(n)
Oag), — Yxrs:

to defining a map in the other direction.

which we will restrict to the ideal ﬂ;-lzl foj of ﬁ&") . We now turn
X/s

Proposition 1.5. For each i with 0 < i < n, there is a unique B-linear map ¢; :
Qﬁ(/s — Io; such that ¢;(dy) = d®'y for y € B and ¢;(dlogp) = 6%'p for p € P#P.

(Here we consider Iy; to be a B-module via 75.)

{’roof. By the universal property of Q%{/S’ we need only check that (D, d) : (B, P9%?) —
Iy; defined by Dy = d%'y and ép = 6%%p is a log derivation over A. However, D is
clearly A-linear, and since
(dy)(d>'y") = d™ (yy') — (moy)d™'y' — (mgy)d>'y € I5;,
D is also a derivation. Similarly, for p € P, we have d*(a(p)) = (mja(p))d®ip.
Finally, to see that 4 is additive, since 1 + 6%ip = 1 ® ™ P~™0P  we have
14+0% (p+p) = (1+6%p)(1 +6%p) =14 %p+ 6% + (6%p)(6*'p").

Therefore, 6% (p + p') = 6%p + §%%p’ (mod J3,). O

Proposition 1.6. There is a unique map P, : Qg?/)s — H?Zl joj such that for

W1,W2,...,Wn € Q%(/S’
<I>n(w1 7\&)2 A /~\Wn) = (,251((4)1)9252((4}2) o ¢n(wn)

Proof. Since the formula above is clearly multilinear in w1, . . . ,w,, we need only check
it is antisymmetric. We claim that in fact, for w, 7 € Q}X/S’ 6i (W) (T)+¢i(T)d (w) =

0in O, . To see this, we refer again to the formulas (1.1) through (1.3). Thus, if
X/s

w=dy and 7 = dy’, then by (1.1),
(d*'y)(d™y") + (d*'y)(dMy) = —(d"Ty)(d™y')  (mod Jg; + Jg;),

50 ¢i(w)gi(T) + ¢i(T)pj(w) € J& + Jgj + ij Similarly, for the cases w = dlogp,
7 =dy and w = dlogp, T = dlogp’, we use the corresponding formulas (1.2) and
(1.3). O

We now show the two maps defined above are inverses.
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Theorem 1.7. (1) The composition

n
(n) @n F W o)
QX/S - H Joj — QX/S

j=1
1s the identity on Qg?/)s
(2) The composition
n _ o n (bn n n _
mJ —>Qg(/)s—> HJOJ s ﬂJOJ
j=1 j=1 j=1

is the identity map on (;_, Joj.-
Proof. For the first composition, it suffices to check for
w=dy, A---Ady; Adlogpii1 A -+ Adlogpy,
for y1,...,y; € B, pi+1,--.,0n € P8P. However,

P (w) = Z (D) (s @y1s @ Rys@1® -

SC{1,...,n}

e(P05:0,.,0,pi 41,55 ,Pns)
)

where:
d ZUOS:H1§j§i,jesyj§
e yis=y;ifj¢Sandy;s =1ifje S, 1<j<i;
® pPos = — Zi<j§n,j¢$pj?
e pig=pjifj¢Sandpg=0ifje S, i<j<n.

Therefore,

189

®1)®

U, (Dn(w) =Y tosdyrs A+~ Adyis Adlogpipa,s A+ Adlogpps.

S

However, if S # (), then either y;5 = 1 or p;s = 0 for some j € S, so the corresponding
term is zero. On the other hand, for S = (), the corresponding term is exactly w.
For the second composition, let £ = (yo @ -+ ® ) ® ePoPr) € B! Then since

wfy; = mgy; (mod Jy;), we calculate that

Gi(dy; +yidlogp;) = iy @ 1 — my; @ L+ mly; ® (€7 Pimmor — 1)

=7y ® eTiPiT TP _ moy: ® 1 (mod Jgi).

From this we see that
n

b,00, = H(id —M;)
j=1
on ﬁﬁg?)s’ where

Mj[(yO ® Y1 R ® y] R ® yn) ® 6(p07p17'“apj7'“apn)] —
(yoyj QYRR Qy,) ® e(PoFP; 1550, pn)

However, M; factors through 1, so this implies that ®,, o ¥,, =id on ﬂ?:l foj. O
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Corollary 1.8. We have

n

ﬂ jOj = H jOj = m jij ~ Q.()?/)S
j=1

j=1 0<i,5<n

Proof. From the theorem, the inclusion map H?zl joj — ﬂ?:l joj must be surjective,
so it is the identity map and the two ideals are equal. Thus ®,, and V,, are inverse

isom0r~phisms between this common ideal and Qg?/)SN Noxif cleafly, m0§i,j~§n jij~§
ﬂ?:l Joj. On the other hand, if 0 S i,j S n, then J()j Q JOi + Jij, SO JoiJ()j Q Jl]
Therefore, []}_, Joj C No<ij<n Jij also. O

We now present another formulation of this ideal which is more useful in certain
situations. First, we note that
jo1 = j01;
Joz C Jo1 + Ji2;
Joz € Jo1 + Jiz + Jos;

Jon C Jo1 + Jig 4+ jnfl,n-

Therefore, [T7_; Jo; € [}y Jj—1,. Similarly, since J; 1 ; € Jo j—1+Jo ;, the reverse
inclusion also holds, and H?Zl Joj = H?:l Ji—1;-

In fact, since d*Jy = &’ =!Iy (mod Jy j_1) and 6%9p = 67~ 1Ip (mod Jy ;_1), while
Joj—1 € Jo1 +Ji2+ -+ Jj_2-1, we see that

D, (w1 A Awp) =1 (w1) - Pn(wn),
where 1;(dy) = d*~ Yy and ;(dlog p) = §*~1¢p. From this we may calculate that
D, 0V, = (id—M])o-- o (id—Mj)o (id —Mj).
Here
Mo ® -+ 41 ® 45 @+ @)  ePor--pitbiveers)]

=y ® - ® Y1y, 1@ ® Un) @ e(PossPj—14P;,0,0.,Pn)

However, M factors through p;_1,;, hence ®,, o ¥,, =id on ﬂ;lzl Jj—1,;. From this
we conclude that

n n n n
N Tivi=115 =i =T s = [ T
Jj=1 Jj=1 Jj=1 Jj=1 0<z,j<n

1.2. Globalization. Now let X — S be an arbitrary morphism of fine log schemes,
and let A?{/s = X Xg X Xg -+ Xg X be the n 4+ 1-fold product. Let A?{/s be
the log formal neighborhood of the diagonal immersion A : X — A% /s Then for

. . . . . n—1 n
0 <i < j < n, we have a closed immersion m;; : AX/S — AX/S defined by
mij(xo,...,xi,...,a:j_l,xj,...,xn_l) =

(.’E(),...,iEi7...,‘Z’j,h‘Thl'j,...,fEn,l).
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This induces a closed immersion A”7 — Ax/s Let J;; be the ideal of ﬁ’A;L(/S

defining this closed immersion, and let Ag?/)s be the closed subscheme of A’;{ /s defined

by > o<icj<n Jf] Finally, let jz-j be the image of J;; in ﬁAg?}S'

Theorem 1.9. We have
ﬂ H =V =]ID0i= 1
j=1 j=1 j=1 i :

and this ideal is canonically isomorphic to QX/S

k«x
k«x

Proof. Since the construction above is local with respect to both X and S, in proving
the first statement we may assume that X and S are affine and that we have a
chart (P — Ox,Q — Os,Q — P) of the morphism X — S. Then note that in the
construction of the previous section, the ideal J of the diagonal immersion X — A% /s
satisfies
JCJon+Jio+ -+ Jpoin-

Therefore, J"*1 C >, <ij<n J? 5> and in fact we could have used the nth log infinites-
imal neighborhood of the diagonal in place of Z,,. The same holds true for the global
construction above. Now it is easy to see that the global construction reduces to the
local construction of the last section in this case. From this we immediately see the
equality of the five ideals.

Now to establish an isomorphism between [ | j joj and Qg?/)s’ a similar proof to the
proof of 1.5 shows that there are unique maps ¢; : Q}(/S — Joi such that oi(dy) =
iy — gy for y € Ox, and ¢;(dlogm) = a(wim — wgm) — 1 for m € #5°. (Here,
since X — AT;{/S is exact and 7fm — mgm pulls back to 0 in .Z5°, we must have
Tim—mym € M ,;,(/S.) Therefore, there is a unique map ¢, Qg(/)s — H;:l joj such
that

(Wi A Awn) = ¢1(wr) - dnlwn)
for wi,...,wn € Qﬁ( /s (The map exists locally by the previous section, and the
uniqueness allows us to glue the local maps.) By the previous section, ®,, is locally
an isomorphism, so ®,, gives a global isomorphism ol X / g = H?:l joj. (|

1.3. The Divided Power Envelope. In this section, let D(n) denote the log PD
envelope of the diagonal in A%, /s As before we get closed immersions m;; : D(n —
1) — D(n). Let J;; C Op(n) be the PD ideal corresponding to m;, A" be the closed

X/

subscheme of D(n) defined by >, ; and J;; be the ideal of O corresponding
X

to jz]

Zj 7 /S

Theorem 1.10.
n n n n B N
ﬂ = H ﬂ -1, = H Ji—1 = ﬂ Jij,
j=1 =1 j=1 =1 0<i,j<n

and this ideal is canonically isomorphic to Q"X/S.
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Proof. First, observe that by the universal property of the PD envelope, D(n) ~

D(1) xx --- xx D(1), the product of n factors of D(1), each considered as a scheme

over X via the projection my. Therefore, A[;(]/S Xx +++ Xx A[)l(]/s is isomorphic to

the closed subscheme of D(n) corresponding to }; jo[i‘]- Also, it is easy to see that
N

Ay)s = Ay )g

Therefore, to see that the previous map V¥, induces a map O, — Q’;(/S, it
X/S

suffices to check that for 1 < i,7 < n, U, [z - (d%y)?] = U, [z - (6%7p)P] = 0 for

€ 0pm),Yy€O0x,p¢€ AP However, since dy = d%y — d%'y, we have
(@) = (@) 4 (@%y)P — (d%y) (@ y)
7 1 712 712
= —(d"y)(d™y) (mod Ji;' + JE),

Therefore,
W (@ - (d7y) ) = =0, (2(d'y) (d*y))
= (=1)"™dy A dy A V,,_o(poifto;r) = 0.
Similarly,
(6"7p)P = ~(8"p)(8°7p)  (mod Ji} + J§).
Therefore,

U, (z- (6"7p)P) = =W, (2(6%"p) (6°7p))
= (=1)" dlogp A dlogp A Wy, (poiiojz) = 0.

Similarly, we already know &, : Qg?/)s - H;L:1 joj is antisymmetric. Therefore,
to c~heck~<1>n induces a r{lap ay /s~ H?Zl Joj, it suffices to check that it annihilates
dy A dy A w and dlogp A dlogp A w. However, from the above, we see that in fact

(d*'y)(d*2y) = —(d" 2y (mod J§T + J),
so ¢1(dy)pa(dy) € j([)21] + j([)22] + j1[22], and this is zero in &, . The proof that

X/S

¢1(dlogp)g2(dlogp) = 0 in O, is similar.
X/s

Now since ¥,, and ®,, were induced from inverse maps, they are inverse isomor-
phisms, and the equality of the ideals follows as before. O

2. The de Rham Complex

We now describe the de Rham complex €0 /s in terms of our characterization of
Q}/s. We begin with the wedge product: thus, let m,n > 0. Then we have a map

Ag(l;rsn — ARs xx Ay,

(oy ey Ty e oo s Tngn) = ((Tos ooy )y Ty - ooy Tt
Here we consider A} /s as a scheme over X via the last projection m,,, and A% /s
as a scheme over X via the first projection mg. This induces a map D(m + n) —
D(m) x x D(n), which in turn induces a map

m—+n m
o AT = A

[n]

Xx AX/S'
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Locally, this map is also induced by the “smashing” map

B,, ®p B, =By,
(Yo ® - @ Ym) ® e(po,m,znm)] QY@ Y, ® e(pg,...,p;,)] s
(yo ® N ® ymy(l) ® “ee ® y:L) ® 6(p07“"pm+p6""7p;1)'
Remark 2.1. Although we also have a map D(m) xx D(n) — D(m + n), we do not
get an induced map A[)T/]S X x A[;]/ g A[;L/Jgn] in general. For example, the pullback

of j(g?'anrn does not correspond to anything from » o; ;.. ji[f-] Or D o< j<n ji[f-].

Proposition 2.2. We have a commutative diagram

*

m 7 n 7 Smn m—+n
Niz1 Ji-1 ®ox iz Ji—15 ——— ;=1 Jj-1

\I/m,®\llnl: ‘I’m+nl2
O o ® on A Qmtn
X/8 ¥O0x x5 ’ X/S -

Proof. Our first task is to verify that s,
To see this, note that

» actually induces a map as in the top row.

(mjflyj’id) O Sm—1,ns J<m;

Smn OMj—145 = . .
(1d7mj7mfl,jfm) OSmmn—1, J > m.

*
j—1,5> WE

image of sj,,, is annihilated by each mj_, ; and is thus in each kernel J;_ ;.
Now to check the commutativity, we first reverse the vertical arrows and replace

them by ®,, ® ®,, and ®,,,,, respectively. Now, from the fact that

<I)n(wl AREN /\wn) = %(wl) : '-%(wn%

where ;(dy) = d?~1Iy and 1;(dlogp) = 67 ~1Ip, the commutativity is clear. O

Therefore, converting to dual statements in terms of s} ,, and m we see that the

*
mn

We now turn to the differential map in the de Rham complex; thus, fix n > 0.
Then for 0 < j < n+ 1, we have maps

AT;(J/F;, — A?(/S’ (iE(), . ,{Ej, e ,CEnJrl) > (LU(), e 7£i'j, N ,.’En+1).
These induce maps D(n + 1) — D(n), which in turn induce maps

. Aln+1] [n]
dj : AX/s - AX/s-

Locally, these maps are also induced by the insertion maps
B, — By,
(Yo ®  Quyn) ® e(Posepn) (Y@ 10 - Qy,) @ e(P07---,07---7pn)7

with insertion in the jth position.
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Proposition 2.3. We have a commutative diagram

7 dg—di+-+(=1)""dn 7

n n+1
Nj=1 Ji-1.5 NjZ1 Ji-1,
\I/nl: \D7L+1l2
o -4, Q!
X/8 X/S"

Proof. Let ey := df —di +--- + (=1)"*'dr | : Op)  — Ojinrn). Again, we first
x/s X/s
need to check that e,, induces a map as in the top row. To see this, note that

Mmi_o;—10dj, j<it—1;
djom;_1,; = 1 id, j=1—1or73;
mi—1,;00d;-1, j >t
*
i—1,i
Now it follows formally from the appropriate identities that e, 41 o e, = 0, corre-
sponding to the requirement that d o d = 0. Furthermore,

From this, it is easy to check that the image of e, is annihilated by each m

Emtn O Soon = S:n+1,n o (e, ®id) + (fl)msfnm+1 o (id ®ey,,),
which corresponds to the requirement that d(wA7T) = dw AT+ (—1)"wAdr. Tt is easy
to see that ey agrees with d : Ox — Qﬁ( /s Therefore, all that is left is to verify that
e1(dlogp) = 0 for p € #5. We calculate locally, where dlogp = 1®(e-PP) ~1) € B,
for p € P&P. Thus,
ei1(dlogp) =1® e0=Pp) _ 1 @ el-P0p) | 1 gel-rP0) _1g1.

Now by the definition of Wo, the last three terms are annihilated, and the first gets
mapped to —dlogp A dlogp = 0. [l

Remark 2.4. In the case of trivial log structure, we have an easier proof: we see that
W, 41 annihilates the image of dj for j > 0, while locally,

Vo1 [d5(yo @ - Qyn)] =dyo A - ANdyn = d[¥p (4o @ - @ yn)].

However, to extend this proof to the case of log schemes, we must verify that

dlyoa(po + -+ + pn)(dyr +y1 dlogpr) A -+ A (dyn + yn dlog p,) =
a(po + - 4 pn)(dyo + yo dlogpo) A -+ A (dyn + yn dlog py).

While this can be done, we prefer to give the more conceptual proof above.
Remark 2.5. By taking the corresponding maps on the antisymmetric powers Qg()/ S
of Qﬁf /g0 We can define a natural complex. However, from the above calculations,
we see that we get d(dlogm) = dlogm A dlogm, instead of 0. This illustrates why
in defining the logarithmic de Rham complex such that d(dlogm) = 0, we need the
full alternating product instead of just the antisymmetric product. (This requirement
appears in the need to check that d?a(m) = d(a(m)dlogm) = 0.)



LOGARITHMIC COMBINATORIAL DIFFERENTIALS 195

3. Coefficients

In this section, we will assume that X is log smooth over S, and (E,V) is an
Ox-module with quasi-nilpotent integrable connection. Then this corresponds to a
crystal E of O'x;g-modules on the log crystalline site (X/S)cris. Recall that an object
of (X/S)eris is a tuple (U, T, i,6) where U is an open subscheme of X, i : U — T is an
exact log closed immersion, and ¢ is a PD structure on the ideal of i. (For convenience
of notation, we often use T to represent this object.) Then a morphism ¢ : T3 — T
in this site is a morphism respecting the closed immersions and the PD structures,
and a covering (Ux,Tx,ix,0x)ren of T is a family such that (7)) is a Zariski open
covering of T. Giving a sheaf F on this site is then equivalent to giving a sheaf Er
on T for each object T of (X/S)eris, along with transition maps 6, : g~ ' Ep, — Ep,
for each morphism g : 71 — T» in the site, satisfying the compatibility relation

Ohg = 0509 04

for the composition of g : Ty — Ty, h : Ty — T3. We define Ox,g to be the sheaf with
(Oxs)r == Or, and a sheaf E of Ox,g-modules is a crystal if for each morphism
g :Th — Ty in (X/S)eris, the induced transition map 6, : ¢*Er, — Ep, is an
isomorphism. For more details, see [2].

We note that by construction, each A[;]/S is an object of (X/S)cris, and each

d; Al Al

X/s X/ is a morphism in this site. We thus get transition maps

Gdj : d;EA[n] = EA[n+1].

X/s X/s

Here we will consider F

E. .
Axys

Also, since the map

Alp] 38 being identified with F ®4, ﬁA[n} via O, : 75 Ex —
X/S X/S

A["]

n
y . n ~ ~. .
inco @, Uy g — ﬂijLj‘—> ol
=1

is a split injection (with splitting ¥y,), so is the map id ®(inco ®,) : E®g, Oy, g —
E®e, ﬁA[n] . Furthermore, we see that the image is equal to the intersection of the
X/S

m — B, imy1y. We will treat id @®,, as
AX/s Ax/s
identifying E ®¢, Q}/S with this submodule of £ ®¢4, €

[n] -
Ays

kernels of the transition maps equ,j : B

We now give a characterization of the de Rham complex with coefficients in E, in
terms of the transition maps 64, and the above identifications.
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Proposition 3.1. We have a commutative diagram

— 5 B Rex ﬁA[n] — E Re6x ﬁA[n-H] -
X/s x/s

Oy l: Oy l:

0ag—0ay+-+(=1)""0a,,
_ E i E i1 i
X/s x/S

Proof. Let e € E, w € %, g € O, . If j > 0, then since the composition of
X/s

X/8
d; : A[;j_sl] — A[;]/S and g : A[;]/S — X 1is equal to 7 : A[an_sl] — X, we see that
04, (e ®w) = e ® djw. Therefore, all we need to do to finish the proof is to show that
04, (e®@w) = e®diw+0s,, (Ve®w). Then since mg o s1, = 7o, s, (Ve®@w) = VeAw,

and it immediately follows that for w € Q% /85
(Ogy —0q, +--- 04, )(e®@w) =VeAw+e®dw=V(e®@w).
However, by definition,

V =0z =0, : E—> EQgy U/ = E®oy Op
x/S

Hence by the linearity of 0, 0, (e ® w) = e @ w + (Ve)w for e € E,w € O,
X/S
Now considering the map (mp,71) : A[}?]/S — A[)l(]/s, we must have 0., = 0y ) ©
(70, m1)*0r,, SO
Or (e@w) =e@w+ [O(ry,m)(Ve)w

foree BE,we O . But since mg o dy = 71, we now get

[n]
Ax/s

a4, (e @ w) = O, (e ® dyw) = € @ dyw + [0(ry,x,)(Ve)]dgw
=e@djw+0s, (Ve®w).
O

Remark 3.2. Tt is easy to see, independently of the above calculation, that Zj (fl)jﬁdj

induces maps E®g Q}/s — EQepy Q}j}q forming the differential maps in a complex.

We thus have an alternate proof that the standard formula V(e®w) = Ve Aw+e® dw
gives a well-defined complex, and in fact we see in this way that this is a natural
generalization of the usual de Rham complex (€2 /s d).
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