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LOCAL-TO-GLOBAL RESULTS IN VARIABLE EXPONENT
SPACES

Peter A. Hästö

Abstract. In this article a new method for moving from local to global results in vari-

able exponent function spaces is presented. Several applications of the method are also

given: Sobolev and trace embeddings; variable Riesz potential estimates; and maximal
function inequalities in Morrey spaces are derived for unbounded domains.

1. Introduction

During the last ten years function spaces with variable exponent and related dif-
ferential equations have attracted a lot of interest, cf. surveys [14, 38]. Apart from
interesting theoretical considerations, these investigations were motivated by a pro-
posed application to modeling electrorheological fluids [2, 36], and, more recently, an
application to image restoration [1, 8]. In this article we focus on the function space
aspect of variable exponent problems. For more information on the PDE aspect see
e.g. [3, 4, 6, 17, 19, 22, 24, 31, 39].

The study of variable exponent function spaces in higher dimensions was initiated
in a 1991 article by O. Kováčik and J. Rákosńık [26], where basic properties such
as reflexivity and Hölder inequalities were obtained. It was followed by only a few
articles in the 90s. The rapid expansion of the field started only in the beginning of
the current decade with the advent of techniques which allowed one to control the
Hardy–Littlewood maximal operator, and through it many other operators.

One way to describe the impediment to progress in the 90s is a lack of a Hölder
inequality for the modular, i.e. the integral form of the Lebesgue norm. In a classical
Lebesgue space the relation between the modular %(·) and norm ‖ · ‖ is very simple:

‖ f ‖Lp(Ω) =
(
%Lp(Ω)( f )

) 1
p where %Lp(Ω) =

∫
Ω

| f (x)|p dx.

In the variable exponent context we retain the form of the modular, but the norm is
defined in the spirit of the Luxemburg norm in Orlicz spaces (or Minkowski functional
in abstract spaces):

‖u‖Lp(·)(Ω) := inf
{
λ > 0 : %Lp(·)(Ω)

( u
λ

)
6 1
}

where %Lp(·)(Ω)(u) :=
∫
Ω

|u(x)|p(x) dx.
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Obviously, in this case no functional relationship between norm and modular holds,
i.e. ‖u‖Lp(·)(Ω) = F(%Lp(·)(Ω)(u)) does not hold for any F. In particular, we do not get a
Hölder inequality for modular from our inequality for the norm.

The major breakthrough came with L. Diening’s work [11] which contained the
following weak Hölder-type inequality for the modular:(?

B(x,r)
| f (y)| dy

)p(x)
.

?
B(x,r)
| f (y)|p(y) dy + 1

provided p is bounded away from 1 and ∞ and satisfies the local log-Hölder continuity
condition

|p(x) − p(y)| 6
c

log(e + 1/|x − y|)
for all x, y ∈ Ω. Using Diening’s result, one can easily prove the boundedness of the
maximal operator on bounded sets. However, the additive error prevents us from
adding up local estimates to obtain a global result on Rn. (Incidentally, the inequality
does not hold without the additive term unless p is constant [27].)

The next quest therefore was to prove a global version of the maximal inequality.
Diening [11] achieved this only under the additional, unnatural assumption that p
is constant outside some ball. However, it did not take long for D. Cruz-Uribe, A.
Fiorenza and C. Neugebauer [9] to show that the maximal operator is bounded on
Lp(·)(Rn) if the previous assumptions are complemented by a natural decay condition
at infinity:

|p(x) − p∞| 6
c

log(e + |x|)
for some p∞ > 1, c > 0 and all x ∈ Rn. A. Nekvinda [34] independently obtained an
even slightly stronger result; this result is explained in Remark 2.5.

The pattern described for the maximal operator was repeated a great many times
for instance with the Riesz potential operator, the sharp maximal operator, fractional
maximal operators, etc.: first one proves an easy local result, and then additional,
sometimes messy, optimization allows one to prove also the global version.

The purpose of this article is to introduce a simple and convenient method to pass
from local to global results. The idea is simply to generalize the following property
of the Lebesgue-norm:

(1.1) ‖ f ‖pLp(Rn) =
∑

i

‖ f ‖pLp(Ωi)

for a partition of Rn into measurable sets Ωi. Once the idea is stated, it is almost
trivial to carry out, cf. Theorem 2.4. Nevertheless, it proves to be a very powerful
tool, as the rest of the article tries to exhibit. Thus we take results by different teams
which have only been proven in bounded domains and extend them to unbounded
domains. As a simple “toy example” of how the method is applied we prove in the
second part of Section 2 a Hardy inequality in unbounded domains using a result in
bounded domains from [23].

In Section 5 we reprove the above mentioned boundedness of the maximal operator
in Rn in order to introduce in a simple setting some techniques that are then applied in
Morrey spaces. Apart from that, the problems treated are based on articles published
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in 2007–08 which had not been solved in the unbounded case, or solved only under
additional assumptions. Specifically, the following problems are considered:

Sect. 3: Sobolev inequalities
– in the case when p is not bounded away from 1, generalizing P. Harjulehto

and P. Hästö [21]; and
– in trace spaces, generalizing X.-L. Fan [18].

Sect. 4: Embeddings of Riesz potentials with weights, generalizing N.&S. Samko and
B. Vakulov [37].

Sect. 5: The boundedness of the maximal function
– in Lp(·)(Rn), reproving Nekvinda’s result [34]; and
– in variable exponent Morrey spaces, generalizing A. Almeida, J. Hasanov

and S. Samko [5] and Y. Mizuta and T. Shimomura [32].

Although the proofs get a bit technical in the later section, it is worth pointing out
that the original, local case proofs of these results filled a total of about journal 100
pages, and a similar amount could be expected to be needed if the global results were
to be obtained by a direct method, case by case.

To conclude the introduction, let us consider perhaps the biggest advance in the
theory of variable exponent spaces since Diening’s trick. An extrapolation method
was introduced by D. Cruz-Uribe, A. Fiorenza, J.M. Martell and C. Pérez [10] which
allows us to pass from weighted, constant exponent spaces to variable, unweighted
spaces. Since there is a vast literature on weighted, constant exponent Lebesgue
spaces, this allowed them to directly derive results on a variety of topics, including
the sharp maximal operator, singular integral operators and multipliers. These results
are also directly obtained for the case of unbounded domains. Despite the impressive
record of their method, it does not work in every case. The main advantages of the
method presented in this paper over the extrapolation method from [10] are

• Extrapolation does not allow weights in the variable exponent case (cf. Riesz
potentials, Section 4).
• Extrapolation is not easy to adapt to other than the Lebesgue-norm (cf. Mor-

rey spaces, Section 5).
• Extrapolation requires that we know weighted results (e.g. this leads to ex-

traneous assumptions when dealing with multipliers).
• Extrapolation requires that p+ < ∞, whereas the new method can be extended

to cover this case, as well.1

Of course, extrapolation also has definite advantages:

• Our method requires a local, variable exponent result to start with.
• Our method requires a non-trivial proof; extrapolation follows by a one-line

argument, when all the right elements are in place.
• Our method requires that p is log-Hölder continuous, whereas extrapolation

works under the slightly weaker assumption that the maximal operator is
bounded.

1In [10] it is additionally assumed that p− > 1. It was pointed out by the referee that this condition

has been rendered superfluous by the advances of our understanding of the maximal operator in
variable exponent Lebesgue spaces.
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In view of these aspects, it is fair to say that the methods are complementary: if
extrapolation works and gives a sufficiently good result, then it is the method of
choice; when this is not the case, the new method is likely to provide an alternative
which is still much simpler than a direct proof.

Notation and conventions. The notation f . g means that f 6 cg for some con-
stant c, and f ≈ g means f . g . f . By c we denote a generic constant, whose value
may change between appearances even within a single line. By cQ we denote a c-fold
dilate of the cube Q. By fA and

>
A f dx we denote the average integral of f over A. The

notation A : X ↪→ Y means that A is a continuous embedding from X to Y. Omitting
the operator, X ↪→ Y, means that the identity is a continuous embedding.

By Ω ⊂ Rn we denote an open set. A measurable function p : Ω → [1,∞) is called
a variable exponent, and we denote for A ⊂ Ω

p+A := ess sup
x∈A

p(x), p−A := ess inf
x∈A

p(x), p+ := p+Ω and p− := p−Ω.

We always assume that p+ < ∞. We will denote by Plog(Ω) the class of variable
exponents which are log-Hölder continuous, as defined in the introduction.

The variable exponent Lebesgue space Lp(·)(Ω) consists of all measurable functions
u : Ω → R for which ‖ f ‖Lp(·)(Ω) < ∞. Equipped with this norm, Lp(·)(Ω) is a Banach
space. The variable exponent Lebesgue space is a special case of an Musielak–Orlicz
space. For a constant function p, it coincides with the standard Lebesgue space.

2. The local-to-global method

In this section we introduce the main tool of this article, Theorem 2.4, which allows
us to prove global results from local ones.

We need the following result by A. Nekvinda on equivalence of discrete Lebesgue
spaces. The space l(q j) is defined by the modular

%l(q j )
(
(x j)
)

:=
∑

j

|x j|
q j

and the norm is defined by ‖(x j)‖l(q j ) := inf{λ > 0: %l(q j )
(( x j

λ

))
6 1}.

Lemma 2.1 (Theorem 4.3, [33]). Let (q j) be a sequence in (1,∞). If there exists q∞
and c > 0 such that |q j − q∞| 6 c

log(e+i) , then l(q j) � lq∞ .

Definition 2.2. Let (Q j) be a partition of Rn into equal sized cubes, ordered so that
i > j if dist(0,Qi) > dist(0,Q j). Let p be log-Hölder continuous. We define a partition
norm on Lp(·)(Rn) by

‖ f ‖p(·),(Q j) :=
∥∥∥‖ f ‖Lp(·)(Q j)

∥∥∥
lp∞ .

Note that ‖ f ‖p,(Q j) = ‖ f ‖p if p is a constant, by (1.1). The only essential property
of the norm that we need for the next theorem is the following weak relationship
between norm and modular:

(2.3) min
{
%Lp(·)(Ω)( f )

1
p− , %Lp(·)(Ω)( f )

1
p+
}
6 ‖ f ‖Lp(·)(Ω) 6 max

{
%Lp(·)(Ω)( f )

1
p− , %Lp(·)(Ω)( f )

1
p+
}
.

The proof of this well-known fact follows directly from the definition of the norm.



LOCAL-TO-GLOBAL RESULTS IN VARIABLE EXPONENT SPACES 267

Theorem 2.4. If p ∈ Plog(Rn), then ‖ f ‖p(·),(Q j) ≈ ‖ f ‖p(·), where the cubes (Q j) are as
in Definition 2.2.

Proof. Define q j := p+Q j
and q∞ := p∞. Since p is log-Hölder continuous, we conclude

that |q j−q∞| 6 c log(e+dist(0,Q j))−1. Since the cubes are in increasing order of distance
to the origin, there are at most (2 j)n cubes at distance less than j times the side length
of Q0 from the origin. Hence |q j − q∞| 6 c̃ log(e + j)−1, so the condition of Lemma 2.1
is satisfied. It follows that

‖ f ‖p(·),(Q j) ≈
∥∥∥‖ f ‖Lp(·)(Q j)

∥∥∥
l(q j ) .

The claim that we are trying to prove is homogeneous, and clearly holds when
‖ f ‖p(·) = 0. Therefore we may assume that ‖ f ‖p(·) = 1. Then ‖ f ‖p(·),(Q j) . ‖ f ‖p(·) follows
if we prove that

∥∥∥‖ f ‖Lp(·)(Q j)

∥∥∥
l(q j ) 6 c. Since q j is a bounded sequence, this is equivalent

to showing that

%l(q j )
(
‖ f ‖Lp(·)(Q j)

)
6 c.

Since ‖ f ‖Lp(·)(Q j) 6 ‖ f ‖p(·) = 1, it follows by (2.3) that

‖ f ‖
p+Q j

Lp(·)(Q j)
6 %Lp(·)(Q j)( f ).

Therefore,

%l(q j )
(
‖ f ‖Lp(·)(Q j)

)
=

∞∑
j=0

‖ f ‖q j

Lp(·)(Q j)
6
∞∑
j=0

%Lp(·)(Q j)( f ) = %Lp(·)(Rn)( f ) = 1.

To prove the opposite inequality, we set q j := p−Q j
and use the same steps, with the

other inequality in (2.3). �

Remark 2.5. A. Nekvinda has championed the cause of an integral decay condition
which is slightly weaker that the log-Hölder decay condition, see e.g. [35]. His condi-
tion on p may be stated as the existence of a constant c > 0 such that∫

{p,p∞}
c

1
|p(x)−p∞| dx < ∞.

In fact, Lemma 2.1 holds also for the discrete analogue of this condition provided
the cubes are properly ordered, and thus Theorem 2.4 actually automatically gives
slightly stronger results, with Nekvinda’s decay condition instead of the log-Hölder
decay condition. Hence all the results of this paper work directly under this more
general condition. Thus, if one prefers, the class Plog(Ω) can be interpreted throughout
the article as locally log-Hölder continuous exponents which satisfy Nekvinda’s decay
condition.
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3. Applications to Hardy’s and Sobolev’s inequality

In this section we present three examples of how the theorem of the previous section
can be applied to upgrade local results, proved only on bounded domains, to global
results, valid in all of Rn. These results involve variable exponent Sobolev spaces, and
to state them we need some definitions.

The variable exponent Sobolev space W1,p(·)(Ω) consists of functions u ∈ Lp(·)(Ω)
whose distributional gradient ∇u belongs to Lp(·)(Ω). The variable exponent Sobolev
space W1,p(·)(Ω) is a Banach space with the norm

‖u‖W1,p(·)(Ω) := ‖u‖Lp(·)(Ω) + ‖∇u‖Lp(·)(Ω).

Since the Sobolev norm is just a sum of Lebesgue norms, it is clear that Theorem 2.4
holds for this norm as well. We define the Sobolev space with zero boundary values,
W1,p(·)

0 (Ω), as the closure of the set of compactly supported W1,p(·)(Ω)-functions with
respect to the norm ‖ · ‖W1,p(·)(Ω) [20].

Hardy’s inequality.

Hardy inequalities have been studied by several authors in the variable exponent
setting, e.g. [7, 23, 25, 30]. Here we consider the following version of Hardy’s inequality
proved by P. Harjulehto, P. Hästö and M. Koskenoja [23]:

Lemma 3.1. Let Ω be an open and bounded subset of Rn. Let p ∈ Plog(Ω) with
1 < p− 6 p+ < ∞. Assume that there exists a constant b > 0 such that

|B(z, r) ∩Ωc| > b |B(z, r)|

for every z ∈ ∂Ω and r > 0. Then∥∥∥∥ u
δΩ

∥∥∥∥
Lp(·)(Ω)

. ‖u‖W1,p(·)(Ω)

holds for all u ∈ W1,p(·)
0 (Ω). Here δΩ(z) := dist(z, ∂Ω).

Using Theorem 2.4 we can easily remove the boundedness restriction.

Theorem 3.2. Lemma 3.1 holds without the assumption that Ω is bounded.

Proof. Let u ∈ W1,p(·)
0 (Ω). We consider u as a function on Rn by extending it by 0 to

Rn \ Ω. Let (Q j) be a partition of Rn into unit cubes which satisfies the condition of
Definition 2.2. Let Φ j be a Lipschitz function with Lipschitz constant 2 which equals
1 in Q j and is supported in 2Q j. Then Φ j u ∈ W1,p(·)

0 (2Q j) and Lemma 3.1 implies that∥∥∥∥ u
δΩ

∥∥∥∥
Lp(·)(Q j)

6

∥∥∥∥∥Φ j u
δΩ

∥∥∥∥∥
Lp(·)(2Q j)

6

∥∥∥∥∥ Φ j u
δΩ∩2Q j

∥∥∥∥∥
Lp(·)(Ω∩2Q j)

. ‖Φ j u‖W1,p(·)(2Q j) . ‖u‖W1,p(·)(2Q j).

Next we apply Theorem 2.4 and this inequality:∥∥∥∥ u
δΩ

∥∥∥∥
Lp(·)(Ω)

≈

(∑
j

∥∥∥∥ u
δΩ

∥∥∥∥p∞

Lp(·)(Q j)

)1/p∞
.
(∑

j

‖u‖p∞W1,p(·)(2Q j)

)1/p∞
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Then we note that each cube 2Q j can be covered by 3n of the cubes Qk. Using this
and Theorem 2.4 a second time, we conclude that∥∥∥∥ u

δΩ

∥∥∥∥
Lp(·)(Ω)

.
(∑

j

‖u‖p∞W1,p(·)(2Q j)

)1/p∞
≈

(∑
j

‖u‖p∞W1,p(·)(Q j)

)1/p∞
≈ ‖u‖W1,p(·)(Q j). �

Sobolev’s inequality in Rn.
Using Riesz’ potential and the Hardy–Littlewood maximal function, one can easily

prove a Sobolev inequality in W1,p(·)(Rn). This was done by L. Diening [12]. How-
ever, this leads to the extraneous assumption p− > 1. P. Harjulehto and the author
[21] devised a method based on a weak-type estimate to circumvent this problem.
Unfortunately, it was not possible to get global results with this method:

Lemma 3.3 (Theorem 1.1, [21]). Suppose that p ∈ Plog(Ω) with 1 6 p(x) 6 c < n in a
bounded open set Ω ⊂ Rn. Then ‖u‖Lp∗ (·)(Ω) . ‖∇u‖Lp(·)(Ω) for every u ∈ W1,p(·)

0 (Ω). Here
the constant depends only on n, p and |Ω|.

As usual, p∗ denotes the point-wise Sobolev conjugate exponent, p∗(x) := np(x)
n−p(x) .

Note that p∗ is log-Hölder continuous if p is log-Hölder continuous and bounded away
from n.

Now for the local-to-global trick:

Theorem 3.4. Suppose that p ∈ Plog(Rn) with 1 6 p(x) 6 c < n in Rn. Then
‖u‖Lp∗ (·)(Rn) . ‖u‖W1,p(·)(Rn) for every u ∈ W1,p(·)(Rn). Here the constant depends only
on n and p.

Proof. Let u ∈ W1,p(·)(Rn). By homogeneity, it suffices to consider the case ‖u‖W1,p(·)(Rn) =

1. Let (Q j) be a partition of Rn into unit cubes which satisfies the condition of
Definition 2.2. Let Φ j be a Lipschitz function with Lipschitz constant 2 which equals
1 in Q j and is supported in 2Q j. Then Φ j u ∈ W1,p(·)

0 (2Q j) and Lemma 3.3 implies that

‖u‖Lp∗ (·)(Q j) 6 ‖Φ j u‖Lp∗ (·)(2Q j) . ‖Φ j ∇u‖Lp(·)(2Q j) 6 ‖∇u‖W1,p(·)(2Q j).

Next we apply Theorem 2.4:

‖u‖Lp∗ (·)(Rn) ≈

(∑
j

‖u‖p
∗
∞

Lp∗ (·)(Q j)

)1/p∗∞
.
(∑

j

‖u‖p
∗
∞

W1,p(·)(2Q j)

)1/p∗∞
.
(∑

j

‖u‖p
∗
∞

W1,p(·)(Q j)

)1/p∗∞
.

In contrast to the case of the Hardy inequality, we here end up with the wrong power
after the inequality for using Theorem 2.4: we would want the norm to be raised
to the power of p∞ instead of p∗∞. However, since ‖u‖W1,p(·)(Q j) 6 ‖u‖W1,p(·)(Rn) = 1 and
p∞ 6 p∗∞, we conclude that ‖u‖p

∗
∞

W1,p(·)(Q j)
6 ‖u‖p∞W1,p(·)(Q j)

. Then we can use Theorem 2.4
again:

‖u‖Lp∗ (·)(Rn) .
(∑

j

‖u‖p∞W1,p(·)(Q j)

)1/p∗∞
≈ ‖u‖p∞/p

∗
∞

W1,p(·)(Rn) = 1. �
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Sobolev embeddings for traces.
The trace of a function essentially means a restriction of the function to a lower

dimensional subset of its original domain of definition. Since Sobolev functions are, a
priori, only equivalence classes of measurable functions, some care is needed in making
this rigorous.

In the variable exponent Sobolev spaces traces have been studied in [13, 18, 29].
Since W1,p(·)(Ω) ↪→ W1,1

loc
(Ω), we know by classical theory that u|∂Ω ∈ L1

loc(∂Ω). X.-L. Fan
[18] studied Sobolev embeddings for the traces of Sobolev functions. His Theorem 2.1
reads:

Lemma 3.5. Let Ω ⊂ Rn be an open bounded domain with Lipschitz boundary. Sup-
pose that ‖p‖W1,γ(Ω) < ∞ and 1 6 p− 6 p+ < n < γ. Then there is a continuous boundary

trace embedding W1,p(·)(Ω) ↪→ L
(n−1)p(·)

n−p(·) (∂Ω).

X.-L. Fan also gave results in the unbounded case, however, these results were
based on a stronger assumption on the domain, which was assumed to satisfy a strong
Lipschitz boundary condition.

With our local-to-global result we can easily upgrade to local trace embedding to a
global result without the extra assumption on the boundary. In addition, we require
only that ‖p‖W1,γ(3Q) is uniformly bounded over unit cubes Q, whereas Fan needs to
assume that p ∈ Lp(·)(Rn) and p ∈ L∞(Rn). On the other hand, we need the decay
condition at infinity. As pointed out in [18, Remark 5.1], this does not follow from
the previous assumptions.

Theorem 3.6. Let Ω ⊂ Rn be a domain with Lipschitz boundary. Suppose that
‖p‖W1,γ(3Q∩Ω) is uniformly bounded over unit cubes Q, that p satisfies the decay con-
dition, and that 1 6 p− 6 p+ < n < γ. Then there is a continuous boundary trace
embedding W1,p(·)(Ω) ↪→ L

(n−1)p(·)
n−p(·) (∂Ω).

Proof. Let us denote p#(·) = (n−1)p(·)
n−p(·) . Assume as before that ‖u‖W1,p(·)(Ω) 6 1. Let (Qi)

be a partition of Rn as in Definition 2.2. By Theorem 2.4 we then obtain

‖u‖Lp#(·)(∂Ω) ≈

(∑
‖u‖p

#
∞

Lp#(·)(∂Ω∩Qi)

)1/p#
∞

.
(∑

‖u‖p
#
∞

W1,p(·)(Ω∩Qi)

)1/p#
∞

.
(∑

‖u‖p∞W1,p(·)(Ω∩Qi)

)1/p#
∞

≈ ‖u‖p∞/p
#
∞

W1,p(·)(Ω) = 1. �

4. Applications to Riesz potentials

In this section we consider the variable index Riesz potential on weighted Lebesgue
spaces with variable exponent. By a weight we mean a measurable, non-negative func-
tion. The weighted Lebesgue space is defined by the norm ‖ f ‖Lp(·)

ω (Ω) := ‖ fω1/p(·)‖Lp(·)(Ω).
The weighted modular is defined by

%Lp(·)
ω (Ω)( f ) :=

∫
Ω

| f (x)|p(x)ω(x) dx,

and it is clear that the following analogue of (2.3) holds:

min
{
%Lp(·)
ω (Ω)( f )

1
p− , %Lp(·)

ω (Ω)( f )
1

p+
}
6 ‖ f ‖Lp(·)

ω (Ω) 6 max
{
%Lp(·)
ω (Ω)( f )

1
p− , %Lp(·)

ω (Ω)( f )
1

p+
}
.
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We noted previously that Theorem 2.4 depends only on this property of the norm,
and hence we conclude that it holds also for weighted Lebesgue spaces with variable
exponent.

In a recent article, N.&S. Samko and B. Vakulov [37] studied mapping properties
of a variable Riesz potential in weighted Lebesgue spaces with variable exponent. The
potential operator is defined by

Iα(x) f (x) :=
∫
Rn

| f (y)|
|x − y|n−α(x) dy.

Assume that p and α are log-Hölder continuous. When Ω is bounded, they proved in
[37, Theorem A] that

Iα(x) : Lp(·)
ω (Ω) ↪→ Lp#(·)

ω# (Ω),

if supα(x)p(x) < n, where p#(x) = np(x)
n−α(x)p(x) , ω is a weight, and ω# := ωp#/p. We will

here not get into the details of which weights are allowed, and instead refer to [37,
Definition 2.2] for further discussion on this. Suffice it to say by way of example that
radial weights with appropriate exponents are allowed.

Note that one could equivalently study the operator

Iα(·) f (x) :=
∫
Rn

| f (y)|
|x − y|n−α(y) dy

where α(x) is replaced by α(y), since |x− y|α(x) ≈ |x− y|α(y) by the log-Hölder continuity
of α [11, Lemma 3.2].

For unbounded domains, N.&S. Samko and B. Vakulov needed to assume that α
is constant, in which case they proved that

Iα : Lp(·)
ω (Rn) ↪→ Lp#(·)

ω# (Rn),

if sup p(x) < n
α
, where the radial weight is controlled by polynomials at 0 and ∞. It

turns out that there is a good reason that they could not prove that Iα(x) : Lp(·)
ω (Rn) ↪→

Lp#(·)
ω# (Rn): this embedding does not hold in general, as we now show.

Example 4.1. Let R > 2 and let α : Rn → (0, n) be Lipschitz continuous with α|B(0,1) ≡

α0 and α|Rn\B(0,R) ≡ α∞. The exponent p is defined similarly with values p0 and p∞.
Set f (x) := |x|−βχRn\B(0,R)(x). For x ∈ B(0, 1) we find that

Iα(x) f (x) =
∫
Rn\B(0,R)

|y|−β

|x − y|n−α0
dy ≈

∫ ∞
R

r−β−n+α0+n−1 dr = ∞

provided α0 > β. On the other hand,

‖ f ‖Lp(·)(Rn) =
∥∥∥ | · |−β∥∥∥Lp∞ (Rn\B(0,R)) ≈

∫ ∞
R

r−βp∞+n−1 dr < ∞

provided n < βp∞. Therefore we see that there exists a function f ∈ Lp(·)(Rn) with
Iα(x) f ≡ ∞ in B(0, 1) provided α0 p∞ > n.

For functions p and α as before and f = χB(0,1), similar calculations show that
Iα(·) f < Lp#(·)(Rn) if (α0 − α∞)p′∞ > n.
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In view of the previous example, there is no point in investigating the global be-
havior of the potentials Iα(x) or Iα(·), even in the unweighted case. It is, however,
possible to obtain a global result which encompasses all the previous results. For this
we introduce the potential operator

Iα,∧ f (x) :=
∫
Rn

| f (y)|
|x − y|n−α(x)∧α(y) dy,

where a ∧ b denotes min{a, b}. As was noted before, |x − y|n−α(x)∧α(y) ≈ |x − y|n−α(x) ≈

|x − y|n−α(y) in a bounded domain. Therefore

Iα,∧ f (x) .
∫

B(x,1)

| f (y)|
|x − y|n−α(x) dy︸                     ︷︷                     ︸
=:Iα(x)
< f (x)

+

∫
Rn\B(x,1)

| f (y)|
|x − y|n−α(x)∧α(y) dy︸                               ︷︷                               ︸
=:Iα,∧> f (x)

.

Let us now investigate how the local-to-global result can be applied to prove the
general, variable α result in the global case. It suffices to study the mapping properties
of Iα(x)

< and Iα∞> separately. For the former we apply Theorem 2.4:

Lemma 4.2. Let p, α ∈ Plog(Rn) with supα(x)p(x) < n. Then

Iα(·)
< : Lp(·)

ω (Rn) ↪→ Lp#(·)
ω# (Rn),

where the weight ω satisfies the condition of [37, Theorem B].

Proof. Let (Q j) be a partition of Rn into unit cubes which satisfies the condition of
Definition 2.2. For x ∈ Q j, Iα(x)

< f (x) is not affected by the values of f outside 3Q j. If
0 ∈ 3Q j, then the conditions of [37, Theorem A] are satisfied, and we conclude that

(4.3)
∥∥∥Iα(·)
< f
∥∥∥

Lp#(·)
ω# (Q j)

.
∥∥∥Iα(·)
< ( fχ3Q j )

∥∥∥
Lp#(·)
ω# (Q j)

.
∥∥∥Iα(·)
< ( fχ3Q j )

∥∥∥
Lp#(·)
ω# (3Q j)

. ‖ f ‖Lp(·)
ω (3Q j)

.

If 0 < 3Q j, then d(0, 3Q j) > 1 since the cubes Q j are unit cubes with integer co-
ordinates. Since ω satisfies the condition of [37, Theorem B] one easily checks that the
weight is locally constant in the sense that ω+3Q j

6 cω−3Q j
, with constant c independent

of j. Thus (4.3) follows in this case from the unweighted estimate. Now that we have
our local estimate in place, we use Theorem 2.4:∥∥∥Iα(·)

< f
∥∥∥

Lp#(·)
ω# (Rn)

≈

∥∥∥∥∥∥∥Iα(·)
< f
∥∥∥

Lp#(·)
ω# (Q j)

∥∥∥∥
lp#
∞

.
∥∥∥‖ f ‖Lp(·)

ω (3Q j)

∥∥∥
lp#
∞
6
(∑

‖ f ‖p
#
∞

Lp(·)
ω (Q j)

)1/p#
∞

.

By homogeneity we may assume that ‖ f ‖Lp(·)
ω (Rn) = 1, so that ‖ f ‖p

#
∞

Lp(·)
ω (Q j)

6 ‖ f ‖p∞
Lp(·)
ω (Q j)

.

Thus ∥∥∥Iα(·)
< f
∥∥∥

Lp#(·)
ω# (Rn)

.
(∑

‖ f ‖p∞
Lp(·)
ω (Q j)

)1/p#
∞

≈ ‖ f ‖p∞/p
#
∞

Lp(·)
ω (Rn)

= 1. �

We now continue with the other part of the Riesz potential, Iα,∧> .

Lemma 4.4. Let p, α ∈ Plog(Rn) with supα(x)p(x) < n. Then

Iα,∧> : Lp(·)
ω (Rn) ↪→ Lp#(·)

ω# (Rn),

where the weight ω satisfies the condition of [37, Theorem B].
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Proof. Let us here present a simple proof using the stronger, log-Hölder decay condi-
tion instead of the more general condition of Nekvinda (cf. Remark 2.5). It is possible
to adapt the proof for the more general condition using the techniques introduced in
Section 5.

The decay condition on α implies that |x|α(x) ≈ |x|α∞ for |x| > 1. Therefore |x −
y|α(x)∧α(y) . |x − y|α∞ , since 1 < |x − y| 6 2 max{|x|, |y|}. Hence Iα,∧> f . Iα∞> f . Since
Iα∞> : Lp(·)

ω (Rn) ↪→ Lp#(·)
ω# (Rn) by [37, Theorem B], we conclude that the same property

holds for Iα,∧> . �

Combining the previous two lemmas yields:

Corollary 4.5. Let p, α ∈ Plog(Rn) with supα(x)p(x) < n. Then

Iα,∧ : Lp(·)
ω (Rn) ↪→ Lp#(·)

ω# (Rn),

where the weight ω satisfies the condition of [37, Theorem B].

5. Applications to the maximal operator

Let us start by giving a new proof of the global boundedness of the maximal
operator in variable exponent spaces which is much shorter than the original one. It
is interesting to note that A. Lerner and C. Pérez [28] have also recently reproved the
result of Nekvinda [34]. Their proof is completely different from the one presented
here and is based on a general theorem which they prove in quasi-Banach spaces.

For this we start with the following trivial estimate:

M f (x) 6 sup
r∈(0,1)

?
B(x,r)
| f (y)| dy︸                   ︷︷                   ︸

=:M< f (x)

+ sup
r∈[1,∞)

?
B(x,r)
| f (y)| dy︸                    ︷︷                    ︸

=:M> f (x)

.

The part M< is easily handled by Theorem 2.4, as we see in Corollary 5.3. To deal
with the part M> we develop a new method.

We need the following lemma, which is due to L. Diening and S. Samko [16]. Their
version has Lp+ (Rn) in place of Lp∞ (Rn), so a short proof is given here for completeness.
Recall that the norm in X ∩ Y is given by ‖ · ‖X + ‖ · ‖Y .

Lemma 5.1 (cf. Lemma 4.5, [16]). Let p ∈ Plog(Rn). Then

Lp(·)(Rn) ∩ L∞(Rn) � Lp∞ (Rn) ∩ L∞(Rn).

Proof. Let p̄(x) := min{p(x), p∞}. Then p̄ is also log-Hölder continuous on Rn, p̄ 6 p,
and p̄∞ = p∞. By [15, Proposition 6.4], Lp(·)(Rn) ↪→ L p̄(·)(Rn). On the other hand,
p̄ 6 p 6 ∞, so L p̄(·)(Rn) ∩ L∞(Rn) ↪→ Lp(·)(Rn). Combining these embeddings yields
the claim. (Incidentally, [15, Proposition 6.4] is written for log-Hölder continuous
exponents, but it also holds for exponents satisfying only Nekvinda’s condition.) �

To control M> we need some understanding of the convolution operator. Its bound-
edness on Lp(·)(Rn) is in general proven using the boundedness of the maximal operator.
Since we now want to reprove this fact, we must take a different route.
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Lemma 5.2. Let p ∈ Plog(Rn) and define p̌(x) := p−B(x,1) and A f (x) := | f |B(x,1). Then
p̌ ∈ Plog(Ω), p̌∞ = p∞ and A : Lp(·)(Rn) ↪→ L p̌(·)(Rn).

Proof. It is easy to see that p̌ satisfies the local log-Hölder condition and that p̌∞ = p∞.
The log-Hölder decay condition is also easily checked; if one works with Nekvinda’s
condition, some more effort is needed, see Lemma 5.4.

We start the estimate of A f (x) with a constant exponent Hölder inequality, followed
by Young’s inequality with exponent p(y)

p̌(x) :

A f (x)p̌(x) =
1
λ

?
B(x,1)

(
λ

1
p̌(x) | f (y)|

) p̌(x)
dy 6

1
λ

?
B(x,1)
| f (y)|p(y) + λ

p(y)
p(y)−p̌(x) dy,

where λ ∈ (0, 1). For sufficiently small λ, θ 7→ λ1/θ is convex on (0, p+]. Thus we have

λ
p(y)

p(y)− p̌(x) 6 λ
1

p(y)− p̌(x) 6 λ
1

|p(y)−p∞| + λ
1

| p̌(x)−p∞| .

Integrating the previous estimate now gives∫
Rn

A f (x)p̌(x) dx 6
∫
Rn

1
λ

?
B(x,1)
| f (y)|p(y) + λ

1
|p(y)−p∞| + λ

1
| p̌(x)−p∞| dy dx

=
1
λ

∫
Rn
| f (x)|p(x) + λ

1
|p(x)−p∞| + λ

1
| p̌(x)−p∞| dx

which is finite for sufficiently small λ, by Nekvinda’s condition for p and p̌. �

The following corollary is the globalization of Diening’s result [11, Theorem 3.5]
which says that M : Lp(·)(Ω) ↪→ Lp(·)(Ω) for bounded Ω.

Corollary 5.3. Let p ∈ Plog(Rn) satisfy 1 < p− 6 p+ < ∞. Then M : Lp(·)(Rn) ↪→
Lp(·)(Rn).

Proof. As noted above, we have M f 6 M< f +M> f . Therefore we study the operators
M< and M> separately. Let (Qi) be a partition of Rn as in Definition 2.2. Then, by
Theorem 2.4 and the local boundedness of M<, we obtain

‖M< f ‖Lp(·)(Ω) ≈ ‖M< f ‖p(·),(Q j) . ‖ f ‖p(·),(3Q j) ≈ ‖ f ‖Lp(·)(Ω).

For the other part we see start by noting that M> f ≈ M>(A f ) with A as in Lemma 5.2.
From Hölder’s inequality we infer that A f ∈ L∞(Rn). Thus, by Lemmas 5.2 and 5.1,

A : Lp(·)(Rn) ↪→ L∞(Rn) ∩ L p̌(·)(Rn) � L∞(Rn) ∩ Lp∞ (Rn).

Since ‖M> f ‖p∞ 6 ‖M f ‖p∞ . ‖ f ‖p∞ , we conclude that M> : L∞(Rn)∩Lp∞ (Rn) ↪→ Lp(·)(Rn).
Thus M> ≈ M> ◦ A : Lp(·)(Rn) ↪→ Lp(·)(Rn), as required. Combining the estimates for
M< and M> yields the result. �

Let us now get back to the technical part of Lemma 5.2, i.e. the case of Nekvinda’s
decay condition.

Lemma 5.4. Let p satisfy the local log-Hölder condition and Nekvinda’s decay con-
dition. Then p̌(x) := p−B(x,1) satisfies the same conditions.
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Proof. It remains only to check Nekvinda’s decay condition. Let α ∈ (0, 1) be such
that ∫

Rn
α

1
|p(x)−p∞| dx < ∞.

Let β ∈ (0, α); its value will be specified later. Since p̌(x) 6 p(x) we conclude that∫
Rn
β

1
|p̌(x)−p∞| χ{p̌(x)>p∞}(x) dx 6

∫
Rn
α

1
|p(x)−p∞| χ{ p̌(x)>p∞}(x) dx < ∞.

Thus it remains to consider points where p̌(x) < p∞. Let (Qi) be a partition of Rn into
unit cubes. Then∫

Rn
β

1
p∞− p̌(x) χ{p̌(x)<p∞}(x) dx 6

∑
β

1
p∞−p−3Qi

∣∣∣{x ∈ Qi : p̌(x) < p∞}
∣∣∣ 6∑ β 1

p∞−p−3Qi .

For each i let xi ∈ 3Qi be such that p(xi) = p−3Qi
. If p(xi) < p∞, then we conclude from

the local log-Hölder condition that p(y) < p∞ − 1
2 (p∞ − p(xi)) in a ball Bi centered at

xi with radius exp
{
−

2c0
p∞−p(xi)

}
, where c0 is the log-Hölder constant. Hence

α
2

p∞−p(xi ) e−
2nc0

p∞−p(xi ) ≈ α
2

p∞−p(xi ) |Bi| 6

∫
Bi

α
1

|p(x)−p∞| dx.

Since any given point can occur at most 4n times as a point xi we conclude by choosing
β = α2e−2nc0 that∑

β
1

p∞−p−3Qi 6
∑
α

2
p∞−p(xi ) e−

2nc0
p∞−p(xi ) 6 4n

∫
Rn
α

1
|p(x)−p∞| dx < ∞.

Thus we have shown that p̌ satisfies Nekvinda’s condition with constant β. �

The maximal operator in Morrey spaces.
Variable exponent Morrey spaces have been studied in [5, 32]. The Morrey space

is defined by the modular

%Lp(·),ν(·)(Ω)( f ) := sup
z∈Ω,r>0

r−ν(z)
∫

B(z,r)
| f (x)|p(x) dx.

As usual, ‖ f ‖Lp(·),ν(·)(Ω) := inf{λ > 0: %Lp(·),ν(·)(Ω)( f /λ) < 1}. In [5, Lemma 2], it is shown
that

min
{
%Lp(·),ν(·)(Ω)( f )

1
p+ , %Lp(·),ν(·)(Ω)( f )

1
p−
}
6 ‖ f ‖Lp(·),ν(·)(Ω) 6 max

{
%Lp(·),ν(·)(Ω)( f )

1
p+ , %Lp(·),ν(·)(Ω)( f )

1
p−
}
.

In [5, Lemma 3], an alternative expression for the norm is provided:

(5.5) ‖ f ‖Lp(·),ν(·)(Ω) = sup
z∈Ω,r>0

∥∥∥r− ν(z)
p(·) f
∥∥∥

Lp(·)(B(z,r)).

For (Q j) as in Definition 2.2 we define a partition norm on Lp(·),ν(·)(Rn) by

‖ f ‖p(·),ν(·),(Q j) :=
∥∥∥‖ f ‖Lp(·),ν(·)(Q j)

∥∥∥
lp∞ .

We now have all the ingredients that were needed in the proof of Theorem 2.4, and
may therefore state the following version for Morrey spaces. Being the same, the
proof is omitted.

Corollary 5.6. If p ∈ Plog(Rn), then ‖ f ‖p(·),ν(·),(Q j) ≈ ‖ f ‖Lp(·),ν(·)(Ω).
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In [5, Theorem 2] the following result is proven. Theorem 3.3 of [32] contains
a different version of the result, with slightly more general spaces, but also more
restrictive assumptions on p.

Lemma 5.7. Let Ω ⊂ Rn be bounded and open, p ∈ Plog(Ω), and let 0 6 ν− 6 ν+ < n.
Then M : Lp(·),ν(·)(Ω) ↪→ Lp(·),ν(·)(Ω).

Using our trick, we now generalize this as follows:

Theorem 5.8. Let p ∈ Plog(Rn) and let 0 6 ν− 6 ν+ < n. Then M : Lp(·),ν(·)(Rn) ↪→
Lp(·),ν(·)(Rn).

Proof. As before, we have M f 6 M< f + M> f . Therefore we study the operators M<
and M> separately. Let (Qi) be a partition of Rn as in Definition 2.2. Then, by
Corollary 5.6,

‖M< f ‖Lp(·),ν(·)(Rn) ≈ ‖M< f ‖p(·),ν(·),(Q j) . ‖ f ‖p(·),ν(·),(3Q j) ≈ ‖ f ‖Lp(·),ν(·)(Rn).

We next consider M>. For B = B(z, r) with r > 1 we use Young’s inequality:?
B
| f (x)| dx =

∫
B

[
r−

ν(z)
p(x) | f (x)|

]
r
ν(z)
p(x)−n dx 6

∫
B

r−ν(z) | f (x)|p(x) + r
ν(z)−np(x)

p(x)−1 dx

6 r−ν(z)
∫

B
| f (x)|p(x) dx +

∫
B

r
n(1−p(x))

p(x)−1 dx 6 %Lp(·),ν(·)(Rn)( f ) +C.

Hence M> f ∈ L∞(Rn). Since ν < n, it follows that

sup
z∈Ω,r∈(0,1)

r−ν(z)
∫

B(z,r)
|M> f (x)|p(x) dx 6 (1 + ‖M> f ‖∞)p+ 6 c.

Hence we need only consider the Morrey norm over r ∈ [1,∞). As in Lemma 5.2 we
obtain ∫

B
A f (x)p̌(x) dx 6

1
λ

∫
2B
| f (x)|p(x) + λ

1
|p(x)−p∞| + λ

1
| p̌(x)−p∞| dx

for B with radius at least 1, where A f (x) := | f |B(x,1). Thus we conclude that

r−ν(z)
∫

B
A f (x) p̌(x) dx . (2r)−ν(z)

∫
2B
| f (x)|p(x) dx +C,

and so it follows that A : Lp(·),ν(·)(Rn) ↪→ L p̌(·),ν(·)(Rn). In view of (5.5), an analogue
of Lemma 5.1 holds for Morrey spaces. Hence we conclude as in Corollary 5.3 that
M> f ≈ M>(A f ) and

A : Lp(·),ν(·)(Rn) ↪→ L p̌(·),ν(·)(Rn) ∩ L∞(Rn) � Lp∞,ν(·)(Rn) ∩ L∞(Rn).

Since ‖M> f ‖p∞ 6 ‖M f ‖p∞ . ‖ f ‖p∞ , we conclude using (5.5) that ‖M> f ‖p∞,ν(·) 6 ‖ f ‖p∞,ν(·).
Hence

M>Lp∞,ν(·)(Rn) ∩ L∞(Rn) ↪→ Lp(·),ν(·)(Rn) ∩ L∞(Rn) ↪→ Lp(·),ν(·)(Rn).
Thus M> ≈ M> ◦ A : Lp(·),ν(·)(Rn) ↪→ Lp(·),ν(·)(Rn), as required. �
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