Math. Res. Lett. 16 (2009), no. 5, 849-859 © International Press 2009

AN L! ERGODIC THEOREM FOR SPARSE RANDOM
SUBSEQUENCES

PATRICK LAVICTOIRE!

ABSTRACT. We prove an L' subsequence ergodic theorem for sequences chosen by inde-
pendent random selector variables, thereby showing the existence of universally L!-good
sequences nearly as sparse as the set of squares. In the process, we prove that a certain
deterministic condition implies a weak maximal inequality for a sequence of ¢! convolu-
tion operators (Prop. 3.1).

1. Introduction

Let (X, F, m) be a non-atomic probability space and T' a measure-preserving trans-
formation on X; we call (X, F,m,T) a dynamical system. For a sequence of integers
n={n.} and any f € L*(X), we may define the subsequence average

1 N
AR fl@) = 5 D f(T"*a).
k=1

Given a sequence n, a major question is for which 1 < p < oo and which (X, F,m,T)
we have convergence of various sorts for all f € LP(X). An important definition along
these lines is as follows:

Definition A sequence of integers n = {ny} is universally LP-good if for every dy-
namical system (X, F,m,T') and every f € L?(X,m), A}im AS\';)f(x) exists for almost

every x € X.

Birkhoff’s Ergodic Theorem asserts, for instance, that the sequence ny = k is univer-
sally L'-good. On the other extreme, the sequence n; = 2¥ is not even universally
L*>-good (lacunary sequences are bad for convergence of ergodic averages in various
strong ways, see for example [10] or [1]). Between these extrema lie many results
on the existence of universally LP-good sequences of various sorts, beginning with
Bourgain’s celebrated result [5] that ny = k? is universally L2-good; see [6] and [3]
for extensions of this result to other sequences.

The most restrictive case p = 1 is more subtle than the others. A surprising illus-
tration of the difference is the recent result of Buczolich and Mauldin that ng = k2
is not universally L'-good [8]. Positive results in L' have been difficult to come by,
particularly for sequences which are sparse in N.
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Universally L'-good sequences of density 0 had long been known to exist, but these
were sparse block sequences, which consist of large 'blocks’ of consecutive integers,
separated by wide gaps. Bellow and Losert [2] showed that for any F': N — R, there
exists a universally L!-good block sequence {n;} with ny > F(k). To distinguish such
block sequences from more uniformly distributed ones, we recall the notion of Banach
density:

Definition A sequence of positive integers {nj} has Banach density ¢ if

N,N
i sup L € VN £}
m—0o0 N m

Note that block sequences with arbitrarily large block lengths have Banach density
1 (the sequences in [2] are all of this sort). The first example of a Banach density
0 universally L!'-good sequence was constructed by Buczolich [7], and Urban and
Zienkiewicz [13] subsequently proved that the sequence [k*] for 1 < a < 1+ 1555 is
universally L'-good.

Bourgain [5] showed that certain sparse random sequences were universally LP-good
with probability 1 for all p > 1. These sequences are generated as follows: given a
decreasing sequence of probabilities {r; : j € N}, let {{; : j € N} be independent
random variables on a probability space Q with P(§; = 1) =7;, P(§; =0) =1 —7;.
Then for each w € Q, define a random sequence by taking the set {n : £, (w) = 1} in
increasing order. (For ae > 0 and 7; = O(j~ ), these sequences have Banach density
0 with probability 1; see Prop. 4.3 of this paper.)

In this paper, we apply a construction of [13] to these random sequences and achieve
the following L' result:

Theorem 1.1. Let 0 < a < 1/2, and let &, be independent selector variables on §)
with P(&, = 1) = n~%. Then there exists a set Q' C Q of probability 1 such that for
every w € ', {n: &, (w) = 1} is universally L*-good.

Thus we prove the existence of universally L'-good sequences which grow more rapidly
than the ones obtained in [13] or [7], and which grow uniformly as compared to the
sparse block sequences of [2]. In particular, with probability 1 these sequences have
ny = QK17 (that is, c,k/1~*) < ny < C kY179 so Theorem 1.1 applies
to random sequences nearly as sparse as the sequence of squares.

Our method is as follows: in Section 2 we define our notation and reduce the problem
(by transference) to one of proving a weak maximal inequality on Z for convolutions

with a series of random ¢!(Z) functions ,u%"). In Section 3, we use the framework of

[13] to prove this inequality under an assumption about the convolutions of ,ugf) with
their reflections about the origin; and in Section 4, we establish that with probability
1, these random functions do indeed satisfy that assumption.

2. Definitions, and Reduction to a Weak Maximal Inequality
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Let {7, : n € N} be a nonincreasing sequence of probabilities. Let Q2 be a probabil-
ity space, and define independent mean 7,, Bernoulli random variables {¢,, (w) : n € N}
on ; that is, P(§, = 1) =7, and P(§, =0) =1 — 7,,. Let

N
B(N) := Z Tn-

Definition For a dynamical system (X, F,m,T}) and f € L'(X), define the random
average

N
A f(z) = BIN) Y &u(w) f(T2)
n=1

and its L'(X)-valued expectation
N
AR f(x) = B(N) "' Y- maf(T"2).
n=1

Remark AE(,'J) f differs from the subsequence averages discussed before by the factor
N N
B(N)™? Z &, (w). However, if 3(N) — oo, then B(N)~! z &n(w) — 1 almost surely

n=1 n=1
in Q. This follows directly from the first Borel-Cantelli Lemma and from Chernoff’s
Inequality, which we will use elsewhere in this paper:

Theorem 2.1. Let {X,}\_, be independent random variables with |X,| < 1 and
N

EX, =0. Let X = Y X, and 0 = Var X =EX?. Then for any A > 0,
n=1

P(|X]| > Ao) < 2max(e_>‘2/47e—>\a/2)_

Proof. This is Theorem 1.8 in [12], for example. O

N
We restrict to the set of full measure Q; C Q on which 3(N)™! an(w) — 1.
n=1

The a.e. convergence of AS\?O) f () for every dynamical system (X, F,m,T) and every
f € LP(X) is then equivalent to the statement that {j € N : £;(wg) = 1} is universally
LP-good. We further remark that for a power law 7,, = n=%, we have N*"13(N) —
C € (0,00) for a < 1.

By Bourgain’s result in [5], there is a set Qo C €y with P(Q3) = 1 such that for
w € Oy we have a.e. convergence of A% f for all f € L2(X), which is dense in L'(X).
Theorem 1.1 thus reduces to proving on a set of probability 1 the weak maximal
inequality

(2.1) ||s1]¢p\A§$>f|||1,oo < Cullflh Vf € LN(X).
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As usual, it is enough to take this supremum over the dyadic subsequence {27 : j € N},

since 22775 < 2 and thus 0 < AY)f < 24%), f for f > 0 and 2 < N < 27+ As
in [4] and other papers, we can transfer this problem to the group algebra ¢!(Z).

Namely, if we define the random ¢!(Z) functions

(w)(n) = { /8(2]')715”(0))7 1 <n< 2j

Hj 0 otherwise

) L ﬁ(2j)_17—na 1<n< 27
Buj(n) = { 0 otherwise
vy n) = (n) — B (n),

then ,uE-w) and Eu; correspond to the operators Ag}}) and EMA;;)), respectively. By a

standard transference argument, it suffices to prove that with probability 1 in €2,
(22) Isup | * 15”100 < Cullglls ¥ € £1(2).
J

We will use 11 to denote the reflection of a function p about the origin; as the adjoint
of the operator given by convolution with y is a convolution with fi, this will be an
important object. (It would be standard to use the notation p*, but this becomes
unwieldy when using other superscripts as above.)

3. Calderon-Zygmund Argument

The proof of (2.2) uses a generalization of a deterministic argument from the paper
by Urban and Zienkiewicz [13], related to a construction of Christ in [9]:

Proposition 3.1. Let p; and v; be sequences of functions in (*(Z). Let rj :=
|supp ;| and suppose supp v; C [—Rj, R;]. Assume there existe > 0 and A, Ag, A1 <
oo such that ngk r; < Ari Vk € N and

(3.1) v * Dj(2)| < Agr; *o(2) + A R; Y, vz ez
If there exist p € (1,00] and C,C),, < oo such that for all p € (1(Z),

[ sup ¢ * |15 — vjl[l1,00 < Cllplli and [[sup [ * pilllp,c0 < Cpllellp,
J J

then there exists C' < oo such that
(3.2) [[sup @ * pjlll1,00 < C'llel Vo € £1(Z).
J

Proof. We will follow the argument in Section 3 of [13], which makes use of a Calderon-
Zygmund type decomposition of ¢ depending on the index j. We begin with the
standard decomposition at height A > 0: ¢ = g + b, where

e [lgllc <A
o b= Z bs, for some index set B C N x Z
(s,k)eB

o b, 1 is supported on the dyadic cube Qs = [k2°,(k+1)2°)NZ
o {Qs: (s,k) € B} is a disjoint collection
o [[bsklly < AlQs k| = A2°
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o Z Qs < §||<p||1 (C independent of ¢ and ).

(s,k)eB
Let by = Z bs - We will divide Z bs into two parts, splitting at the index
k s

s(j) := min{s : 2° > R;}.
We begin by noting
{z :supp*p;(x)] >4} C {sup|g*p;| > A} U {sup |b* (u; —v5)| > A}
j J J

) s(j)—1
U{sup| Z bs * vj| > A} U {sup| Z bs x vj| > A}
T s=s()) T s=0

— E,UE,UE;UE,.

CX lgll1; if p = oo, consider instead that {x : sup; [g * p;(x)| > CooA} = 0 since
l Sup; 19 t15]llo0 < Coollglloc < CocA.

By the weak (p,p) inequality (if p < o0), |E1| < CA™P|lg|[p < CAP||g|l5 gl <

Next, [b* (p; —vj)(x)] < |b] * |u; — vj|(x), so by the assumed weak (1, 1) inequality,
C C
1Bl < Houp b« sy — 51 > A} < S bl < S gl
j

To bound |E3|, note that for s > s(j), supp (bsx * v;) C Qs,x + [~ Ry, Rj] C QF 4, an
expansion of Q1 by a factor of 3. Thus

Es C U U supp (bsk *v;) C U Q% .k
J k€Z,s>s(j) kE€Z,s>s(j)
and
C
Bs| < ) 3lQuxl < 3 el
(s,k)eB

We have thus reduced the problem to obtaining a bound on |Ey|. We will attempt this
directly for heuristic purposes, and then modify our setup for the actual argument.
By Chebyshev’s Inequality,

s()—1 s()—1
{arsup| Y borwi(x)| > A < A2 sup| Y b))
J s=0 T J s=0
s()—1 2
<y Y e,
J s=0 02

A2 Z Z (bsy * Vj, bsy * j) 2
J

81,82 ¢
0 < s1,s2 < s(4)

and we will use our estimate on the convolution product v; * v;:
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Lemma 3.2. Let f,g € ¢ such that Z lg(x)| < X2°Y9) for all k, and assume

TE€Qs(j),k
the v; satisfy (3.1). Then

[(f *vj,9 % v)| < Aori HI(f, 9)1 + 10ANRS | f1-

Proof.

(f % v %75, 9)|
Aot )+ AR Y £l

[(f *vj, 9% v5)]

IN

We let fr = fx(Qs(j),x) and g = gx(Qs(j),); note that [lgifl; < A2°0) < 2AR;. If
|k — 1] > 2, then (fy * vj, g1 * v;) = 0 as the supports are disjoint; thus

2
[(Frvpgxvl < D03 [k x vy ger * )]
k 1=-2
2
< DD Aoy e greri)| 4+ 2A0AR5 | filla
k i=-2

< A 9 + 104 AR .

O
Therefore
|E4| < A2 Z Z AOT;1‘<b81 ) b52>| + 10A1)‘R;6Hb81 ”1
j 81,82
0 < 81,82 < s(j)
< AT Aory bsll3 + 1041 As(5) Ry €1bslls
J 0<s<s(j)
< AATD e Bl3 4+ 10407 log, (2R;) Ry b 1.
J J

The assumption ngk r; < Ar, Vk € N implies that r; and R; grow faster than any
polynomial; thus the second term is < $ |||, as desired. The first term does not,
however, give us that bound. We will therefore decompose these functions further.

For each j, we decompose b 1, = bij,)c + ng,z, where b(j,l = by kX(|bs,x| > Ar;). Define

k) S7
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bgj ), ng ), b, BU) by summing over one or both indices, respectively. Then

s(3)-1 3() -1
{sup| Y boxvs|>30 C {sup| D b (1 —py) > A}
J s=0 J s=0
@1
Ufsup| Y 09 * iyl > A}
J s=0
@1
U {sup | Z BY x| > A}
J s=0
— BEyUEsUE;.

We control Fjs just as we controlled Ey, since [bU)| < |b|; and

Bol <Y o9 x py(@)] > 0} < Y Jsupp gyl - [{a : [b()] > Arj}|
i i

= ZrJZHx DA < [b(2)] < Mgt}

J k>3

= 3 Ha: dm < b@)] < A} S
k

i<k

A
< sz:)\rk\{l’ DA < [b(2)] < Arpga b

now since this sum is a lower sum for |b|, we have |Eg| < §||b||1 < %||g0||1

We proceed with E; just as we tried before, since Lemma 3.2 applies to the ng ) as
well as to the by. We thus find

|E7| < AN rMIBW3 + 104,071 " log,(2R;) Ry €| BY |y
J j
_ _ ; C
S AoA QZZT]”B(])(:E)‘Q'i—X”(PHl
@

Now er < Arp Vk € N implies N s.t. 74, > 2r;Vj € N,n > N, which implies
i<k
St < A'rp !t thus for each x € Z,

j=k"'j
S BY@P < Y r (@) < AXb(x))|
j Jiar; > [b(@)]

so |E7| < £|¢|l1 and the proof of Proposition 3.1 is complete. O

4. Probabilistic Lemma, Conclusion of the Proof

Having established Proposition 3.1, it remains to show that the random mea-

@) and ) satisfy the assumptions with probability 1. Note first that

sures fi; g
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rj = [supp p\| = Y cpens €n(w) = O(B(27)) = ©(20-99) on Qy, and R; = 27+,

We will prove the bound (3.1) on u§w) * ~](.w) via the following lemma:

Lemma 4.1. Let E C Z, and let { X} nep be independent random variables with
|Xn| <1 and EX,, = 0. Assume that )., .(Var X,,)* > 1. Let X be the random ('
function Y Xnop, and let Z* denote Z \ {0}. Then for any 6 > 0,

N
(41) P (”X * X||go 2y > H(Z(Var Xn)2)1/2> < A|E|? max(e~¢/16 ¢~ 0/4),

n=1

Proof. For k # 0,

X«X(k)= Y XoXopu=)» Yy
neENE—k nek

where EY,, = 0 and |Y,,| < 1 (of course YV, = 0if n+ k ¢ E). We want to apply
Chernoff’s Inequality (Theorem 2.1), but the Y;, are not independent.

However, we can easily partition F into two subsets Eq and Es such that E;N(E;—k) =
() for each i; then within each E;, the Y;, depend on distinct independent random
variables, so they are independent.

Now Z Y,, has variance 01-2 = Z Var X, Var X, < Z(Var X,,)? by Holder’s

nek; nekE; nek
Inequality. Chernoft’s Inequality states that for any A > 0,

P(| Z Yol > Aoy) < 2max(e_A2/4,e_>‘”i/2).
nek;

Take \; = 00, (3, cp(Var X,,)?)1/2; then Aoy = 6(3

A >0, so

neE neE(Vaan)2)1/2 > 60 and

2

P(IX « X (k)| >20()  (Var X,,)*)'/?) DP( D Yl = Nioy)

nek =1 nek;

4max(e‘02/4, e 0/2).

IN

IN

Since this holds for each k # 0 and |supp X * X| < |E|?, the conclusion follows
(replacing 260 with 6). O

Corollary 4.2. Let I/J(-w) be the random measure defined as before, 0 < a < 1/2 and
k> 0. Then there is a set Q3 C Qo with P(Q3 = 1) such that for each w € Qg,

(4.2) 4 % 5 ()] < CuB(27) () + CuB(27) 225
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Proof. For the bound at 0, we use the fact that

i w 0) = BTN (Enw) = T)?
2i
= BE)7Y (R - &) + (1 - ) &(w))
B2 Y (1n+ &n(w))

n=1

IA

= 28(2) 7 +8(2) ) (n(w) — )

n=1
so that

27

P« 54(0) > 36(2) ) < P | Y (alw) — ) > B(27) | < 2exp(—%ﬁ(2j>)

n=1

for j sufficiently large, by Chernoff’s inequality. The Borel-Cantelli Lemma implies
that 1/](.‘”) *DJ(-“))(O) < 38(27)~ ! for j sufficiently large (depending on w), so there exists
C,, with 0 < 1)+ 5 (0) < C,B(27) " for all j.

For the other term, we note that Varé, < 7,, so we set § = 2/ and apply Lemma
4.1:

27
P | B2l s« 75 ey > 29 (D 72)Y2 | <422 exp(—2%7 /4)

n=1

which sum over j. The Borel-Cantelli Lemma again proves the bound holds with
probability 1. O

27
Note that Zrﬁ = ©(2017293); thus for a < 1/2 and k +€ = 1/2 — a,

n=1
j z 1 3 .
ﬁ(2ﬂ)‘2(z 72)1/29m1 — O(2(=3FatR)i) = O(R;(He)).
n=1

Therefore the measures ) satisfy the bound (3.1) , for all w € Q3. Since u(-w) —

J j
l/](-w) = Epu; is a weighted average of the regular ergodic averages, sup; [ * Ep;| <

Csupy | * N~1x[1, N]| so that Birkhoff’s Ergodic Theorem implies the needed weak
£' bound; and the /> maximal inequality for M§w) is trivial. Thus Proposition 3.1

implies the weak maximal inequality (2.2), and we have proved Theorem 1.1.
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Remark This argument does not require 7,, to obey a power law. If 7, is decreasing
2i

ZTEL < 0270495 for some € > 0,C < oo and all j, the sequence
n=1

{n : &, (w) = 1} will be universally L'-good with probability 1.

and if 3(27)72

It remains, finally, to note that {n : &, = 1} indeed has Banach density 0 (with
probability 1) if the 7,, decrease more rapidly than some power law. Conveniently
enough, a converse result also holds:

Proposition 4.3. Let {7,,} be a decreasing sequence of probabilities, and let &, be
independent Bernoulli random variables with P(§, = 1) = k=%, Then if 7, = O(n™%)
for some a > 0, the sequence of integers {n : &, = 1} has Banach density 0 with
probability 1 in Q); otherwise, it has Banach density 1 with probability 1 in 2.

Proof. 1t is elementary to show that

r(n+1)—1
(4.3) 27y <SP Y g Em| <2rm
j=rn

(We majorize or minorize the §; by ii.d. Bernoulli variables and use the Binomial
Theorem.) Then if 7, = O(n™%), let K > 0 and fix m,r € N such that ma > 1
and r > mK; the probabilities above are then summable, so the first Borel-Cantelli
Lemma implies that on a set Qg of probability 1 in ), there exists an M, such that
for all n > M, Z;gﬁ;l)_l & <m < %; then it is clear that {n : &, = 1} has Banach
density less than 3K 1. Let Q' = g Qk; then P(Y) = 1 and {n : & = 1} has
Banach density 0 on .

For the other implication, note that if 7, # O(n~'/%), there exists a sequence ny,
with ngy1 > 2ny such that 7, > nlzl/R; then

o) foe) 0o 0o )
S B Al S e me el 2 B S L e
n=1 n=2 k=2 k=92

Thus the probabilities in (4.3) are not summable in n, for m = r = R. Since the
variables &, are independent, the second Borel-Cantelli Lemma implies that there is
a set Qg of probability 1 on which {n : &,(w) = 1} contains infinitely many blocks of
R consecutive integers. Therefore if 7(n) # O(n=%) for every a > 0, let Q' =, Qr;
on this set of probability 1, {n : &, = 1} has Banach density 1. O
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