Math. Res. Lett. 16 (2009), no. 5, 881-894 © International Press 2009

POLYNOMIAL DECAY FOR DAMPED WAVE EQUATIONS ON
PARTIALLY RECTANGULAR DOMAINS

HisasHI NISHIYAMA

ABSTRACT. We consider the energy decay of a damped wave equation on the partially
rectangular domain. By using integration by parts, assuming that the damping only
exists near the boundary of non-rectangular part, we can prove the polynomial type
energy decay. We also give some examples which are not available in the literature.

1. Introduction

In this article, we consider the energy decay of the damped wave equation on the
partially rectangular domains. First we recall the setting of the problem. We consider
the following equation,

(02 — A+ 2a(z)0)u(t,z) =0, (t,z) € R x Q,
(1.1) u=0onR x9Q,

u|t:0 = Up € H&(Q)7 (')tu|t:0 =u € LQ(Q)
Here Q C R™ is a bounded domain with C1'! boundary; C"? means that the boundary
is C" and the hth derivative is Holder continuous with exponent §. The damping term
a is a non-negative function on € and continuous up to the boundary. A =3"" | 0?2
denotes the Laplacian where we write 0; = 0., = %. We assume that the Hilbert
space of the Cauchy data H = H{(Q) x L?(Q) is equipped with the following norm,

2
Uo
H<u1> H

We rewrite (1.1) as an evolution equation by using

= [VuolZz + [lur]|Z--

(1.2) A:(O Id): H —H, D(A) = (H}NH?) x H}.

A —2a
_ [Uo
t=0 C\w

Then we can write (1.1) as
u u u

B o (an) =4 om) (o)

Then applying the Hille-Yosida’s theorem, we know (1.1) has a unique solution

u(t,z) € COR; H(Q)) N CY(R; L*(Q)). For the solution u, we define its energy

E(u,t) by

2

1 1
Bt = 3 [0+ 9uras = 3 () €0
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The property of A is related to the energy of solutions. For example, we have F(u,t) <
E(u,0), t > 0 since A is dissipative operator;

Re(Av,v) <0, forallve D(A).

Moreover, by [5], it is known that E(u,t) — 0 as t — oo if a(z) Z 0. So we
are interested in the energy decay rate for the damped wave equation (1,1). To
this problem, Bardos, Lebeau and Rauch ’s work [1] is important, which says that
the energy decays exponentially with respect to the initial data under the geometric
control condition; there exists Ty > 0 such that any billiard trajectory in €2 of length>
Ty meets the set {z;a(z) > 0}, with some additional assumptions on a(z) and €. On
the other hand, Lebeau [5] shows that if @ Z 0, then the energy decays logarithmically
provided the initial data is sufficiently regular. The purpose of this article is to
show the polynomial type energy decay for some damped wave equation to which the
geometric control condition may not hold.

We assume that € is a bounded domain in R? with C''! boundary and € is the
partially rectangular domain. This means that {2 can be written 2 = RUW. Here R
is a rectangle {(z,y);x € [—, ],y € (-0, 8)} and the boundary of W can be written
as OW = {(z,y);z = {—a,a}, y € [-3,6]}UT, I'N R = 0. In what follows, we write
Tl =T,T2 =Y.

A famous example of partially rectangular domain is the Bunimovich stadium S.
This is a domain given by the union of rectangle R = {(z,y);z € [, a],y € [-3, 6]}
and wing W; the two semicircular domain centered at (+«,0) with radius 8 which
lie outside R.

To the partially rectangular domain, Burq and Hitrik [4] show that if a(x,y) > 0 on
W then the energy decays of polynomial order assuming the initial data is sufficiently
regular. Our result is an improvement of this fact. The first result is the following
one.

Theorem 1.1. Let Q be a partially rectangular domain with CY'boundary, Q =
RUW. Assume a(x,y) >0 on OW NIQ. Then for any k > 0 there exists a constant
Ch. > 0 such that

logt

(14) B0 < 0 (1) Qo) un) o

for all (ug,uy) € D(AF).

In three dimension, Phung [7] obtains a polynomial decay estimate on a partially
cubic domain assuming a > 0 near the boundary of non-cubic part though Phung does
not specify exact decay rate. Theorem 1.1 is correspondent to the Phung’s result and
the bound (1.4) is similar to the result of [4].

Remark 1. In fact, from our proof of Theorem 1.1, we can prove the polynomial
energy decay under the different damping assumption. We give two examples of this.

Ezample 1. On the Bunimovich stadium, by only assuming that a(z,y) > 0 near
the boundary of one side of the wing part, similar energy decay holds.

Ezample 2 . On the Bunimovich stadium, we assume that a(z,y) > 0 on some
band; Ry = {(z,y);z € [&,d],y € [0, 0]} for some —a < & < & < « then similar
energy decay holds.
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Example2 is correspondent to the result of Liu and Rao [6] to the polynomial
energy decay on the square.

In Theorem 1.1, the damping term exists in the rectangular part. Next we consider
the case that the damping term may vanish on the rectangular part. We introduce
distance function from rectangular part; w = max{|z| — a, 0}.

Theorem 1.2. Let Q be a partially rectangular domain with C™° boundary, Q =
RUW. Assume T =h+60—12> 1, and a(z,y) > Cw™x for some m > 0,C > 0.
Here x € C™(Q) is a non-negative function satisfying x = 1 near 0. Then for any
k > 0 there exists a constant Cy > 0 such that

15) B0t < 6 (1) ™ ogt)] o) o

for all (ug,u1) € D(AF). Here M = max{™L, m+3=T 1},

Remark 2. The methods of proving above theorems are refinements of the methods
of [3]. In fact, we can improve the result of [3] from the calculus to deriving this
theorem.

We state about this. On the Bunimovich stadium @ = R U W, we consider the

following equation

—A = Xu=y,
(L6) ( Ju=g
u|ag =0.

Here A € R, u € H}(Q) and g € L?(Q). In [3], for any u, g satisfying (1.6), they show
following two bounds

lullz2(0) < C'(>\4||UHL2(W) + )‘ZHQH%Z(Q))
ull L2 < CON®||ull 2wy + H9H%2(Q))

where C' > 0 depends only on « and 5. We can improve these estimates. We shall
show the estimate

(1.7) lull L2 o) < O()‘4HUHL2(W) + ||g||2L2(Q))
for u, g satisfying (1.6). Here C' > 0 depends only on « and 3.
Acknowledgements
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2. Preliminary to the proof of theorems

Following, [4], [5 ] We adapt the stationary approach and we will estimate the
resolvent (iA — A)~!. First by simple computation, we note following relation
1 RON(2a+iN) “R(\)
(2.1) (A—4)"" = (R(/\)(Qia)\ A1 —ixr(y)) AER

Here we write R(\) = (—A +2ida — A\?)~1, L2(Q) — L?(Q). From a result of [5], we
know that ¢A, A € R is not the spectra of A if a(x) # 0. From the bound of R(X), we
can deduce a bound of the resolvent (i\ — A)~! by using the following proposition.
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Proposition 2.1. Assume that
RN =0(NYH: L*Q) — LYQ), |\ >1,AeR, 1>0.
Then we have
A=A =0(A\"): H—H, |N>LAeRI>0.
Proof. This can be proved by similar argument as in [4]. Seeing (2.1), we can prove
this by showing the following bounds,
R(\) = O(\") 0 L? — H), R(\)(2ia\ —\?) —1=0(N""): H — L2,
22) R(\)(2a +i)) = O(\'"TY) . HY — HL.
Since (—A + 2ida — A2)R(A\) = Id we have
lullZz + IR ullZ2 > [((=A + 2ida = X*)R(N)u, R\ )u)]
> [VROul2: = N[ROull3z — 27@R(\)u, R(\u).

thus we have

(2.3) IRV ull7p < A IRNullZs + ulZs
for |A| > 1, A € R. This implies
(2.4 RO = O(AIY) : 12 — ),

and by duality,
RO\ =0\ : H™! — L2
Then we have
(2.5) R(\)(2ia) — A?) —1 = RI\)A = O(\"TY) : HY — L2

since A : H} — H~!is continuous. Inserting u = (2a + i\)v, v € H} in (2.3), we
obtain

IR (2a + iA)oll3 < ARV (2a +iMv]|2: + [[(2a + iAo
< [R(N)(2ida — X*)v[|72 + X*[lv]|Z
for |[A\| > 1, A € R. Using (2.5) and the Poincaré’s inequality, we have
(2.6) IRO)(2a+iX)olZs < CIAP2olly.
From (2.4), (2.5) and (2.6), we have proved (2.2). O

From this type resolvent estimate, we can prove Theorems by using the following
result. See [4] and [6].

Theorem 2.2. Let A be a linear operator on Hilbert space H. Assume that
(H1). A generates a bounded C° semigroup e** on H.

(H2). iRNo(A) =0.

(H3). For somel >0, (iA—A)1=0(\"): H—H, [A\>1LIeR.
Then for any k > 0 there exist a constant Cy, > 0 such that

k
logt\ *
(2.7 ol < 01 () g leloa

for all z € D(AF).
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To obtain the bound of R(\), we consider the following equation,
(2.8) (A +2ida—N)u=f, ulsq=0.
Here f € L?, and u € H}. We write g = —2ilau + f and we have
(2.9) (-A—=X)u=g, N€R.

We will estimate (2.9) by using similar method to [3]. The following commutator
identity is mainly used.

Lemma 2.3. Let uw € H?(Q) N H(Q) and satisfy (—A — A ?)u =g, X € R. Then for
any vector field B whose coefficients are real and smooth up to boundary, we have

(2.10) (u, [(=A — \?), Blu)z> = 2Re(Bu, g) 1> + ((divB)u, g) 1> + /@Q((“)Nu)m ds.

Here we compute [(—A — \?), B in the sense of distribution and this is second order
operator.

Proof. This is proved by direct computation. First by using Green’s identity, we
obtain

(2.11) (—Au,Bu)r2 = (Vu, VBu) 2 — OnuBudsS.
a0

From now on we write B = by ()0, +- - ++bp(2)0z, , b = (b1, - ,by) and we compute

2Re(Vu,VBu) 2 = (Vu,VBu)r2 + (VBu, Vu) 2
= (Vu, > 0;(Vbju)) > — (Vu, V(divBu)) 2 + (VBu, Vu) 2

i
2/ b-v|Vul|?dS — E (0;Vu, V(bju)) 2
o -
J

— (Vu, V(divBu)) g2 + (VBu, Vu) 2.
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For the final identity, we use integration by parts and the Dirichlet boundary condi-
tion. We continue the computation
= (0, Vu, V(bju)) 2 — (Vu, V(divBu)) 2 + (VBu, Vu) 2
J
= — Z((Vb])ajvu, U)L2 — Z(@VU, ijU)L2
J J
+ (VBu,Vu) 2 — (Vu, V(divBu)) 2
== (V)0 Vu,u)r2 + Y _((Vby)dju, V)2 — (Vu, V(divBu))La

= Z(Vu,aj(Vbj)u)Lz + Z(aju, (Vb;)Vu) 2 — (Vu, V(divBu)) 2
= Z(w, (Vb;);u) > + Z(aju, (Vb;)Vu) 2 — (Vau, (divB)Vu) 12
=— Z(u, V(Vb;)d;u) > — Z(u, (Vb;)Voju) 2 — (u, —(divB)Au) 2

= (u, [-A, Blu) g2 — ((divB)u, —Au) .

By using the Dirichlet boundary condition, we note
/ b-v|Vul|?dS = / (Onu)BudsS.
a0 a0
By using Integration by parts and the Dirichlet boundary condition, we have
2Re(u, Bu)p2 = / Blu|?dz = ((divB)u, u) 2.
Q

Summing up these calculation, we have proved Lemma 2.3. O

The key lemma to estimating (2.9) is the following one.

Lemma 2.4. Let u € H*(Q) N H(Q) and satisfy (—A — X2)u =g, A € R. Then we

have
(2.12) T c/ sron |y ul2dS + CllgZ.
o0
Here wy is the x1 component of the unit outer-ward normal.
Proof. In Lemma 2.3, we take B = x10,,. Then we note [A,219;,] = 202 and we
have
2 1 2
(ul'17u-'151) = _(u787;1u) = 5(”7 [_A - A ’xlal'l]u)
1 -
=3 ( ONuz1 0z, u dS + 2Re(210,,u, g) 12 + (u,g)Lz)
o0

By using the Cauchy’s inequality, We obtain

|2Re(210z,u, 9) 12 + (u, 9) 12| < e(l[ulFe + [|ua, [72) + Cllglz-
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We write 0, = wrOr +wn0On at each boundary point. Here Or means the tangential
differential to the boundary and dy is the normal differential. From the Dirichlet
condition, we note wrdru = 0 at boundary. So we have the following inequality,

ey [[Z2 < C/m v1wn|Onul*dS + e(|lullZ> + [lualZ2) + ClgllZ

By the Poincaré’s inequality we have [Ju||?. < C|lus, ||2.. So by taking e sufficiently
small, we deduce

s |22 < C /8 v lonulds + Clll
O

In the following section, we will give some bound to R(A) by estimating
Joq rwn|Onul?dS part by using Lemma 2.3 again. Next we need the following lemma.

Lemma 2.5. Let u € H*(Q) N H(Q) and satisfy (—A — X )u =g, A € R. Then we
have

(2.13) lully < C (INPllullZ> + IA2lglZ2) -

Proof. This can be proved by easy computation;

IVullZ: = (=Au,u)re = (Nu+g,u)r: < OO [lullz2 + [\ 7?]lglZ2)

3. Proof of Theorem 1.1
We will show the following proposition,

Proposition 3.1. Let Q be a partially rectangular domain with CY'boundary, Q =
RUW. Assume a(z,y) >0 on OW NOQ. Then we have

(3.1) R\ =0(\): L*Q) — L*Q), |\ >1, eR
where R(A) = (—A + 2ida — \2)~ L.

We can deduce this proposition from the following estimate,
(3-2) lullze < CO2llaullzz + [If72), A >1

for u € HE, f € L? satisfying (2.8).

First we will prove this by using Lemma 2.3. We assume that ¢ € L?(Q), u €
HYQ)NH?(Q) are satisfy (2.9).In Lemma 2.3, we take a vector field B as the following
form B = ¢(x,y)d,. Here we choose ¢ € C°(Q) as a real-valued function. Then by
using Lemma 2.3, we have

/{m wwN|8Nu|2dS = (u,[(—A - /\2), Blu)rz — 2Re(Bu, g)r2 — ((divB)u, g) 2.

The second term and the third term of the right hand side can be estimated by using
the Cauchy’s inequality and the Poincaré’s inequality;

2Re(Bu, g)r2| < elluall7z + Cllgllzz, |[((divB)u, g)rz| < ellusl|zz + Cllgll7a-
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To estimate the first term, we note

[A, Blu = 20, (Ytz) + 20y (Yytz) — (Yaz + yy)uz.
By using integration by parts and the Dirichlet boundary condition, we have

|(u, [A, B]U)L2‘ < 2|(u17 ¢xux)L2 + (uyv %%)Lﬂ + |(u7 (¢ZI + wyy)uL)L2|
We obtain
|(uwa 'L/)a:Uac)LZ =+ (uyv 1/)yu:c)L2 ‘ = ‘((axqz[})awu + (6y1/1)3y1t, aﬂcu)LQ |
< ellusllzz + ClIVY - Vull7e

and

|(, (Yaw + Wyy)tia) 12| < €lluallTe + ClllWoaullts + lyyullZs).
Next we will estimate ||V¢ - Vu||?.. First we note

2 2
IV Vul7: <23 [102,000,ul72 <2 |[tbe, Vul 7.

=1 =1

So we will estimate each ||¢,, Vul|2,. By using integration by parts and the Dirichlet
boundary condition, we compute

92, Vull 22 =07, Vu, V) 2 = —(V - (3, Vu),u) 2
=— (V2 Au,u)r2 — (V¥2) - Vu,u) 2
=— (V7 Au,u)re = 2, (Vr,) - Vu, u) 2
We can estimate the first term by using Au = \u — g,
| — (2, Au,u) 2] < [[¢w, gl 72 + (A + 1[0, u

The second term is estimated as follows,

|2
L2.

2 2
‘(¢zl(vwzl) - Vu, U)L2| = | Z(wmt(ax]wwi)uz]’u)L2| = Z |(wwiuwjﬂ (azijiu)L2|

j=1 j=1
2 2
<D (ellw u, 72 + Cll(Da; twJullF2) = elltbn, VulFa + C Y (10, Ju 72
Jj=1 j=1
Taking e sufficiently small, we deduce
2
e, Vull72 < C(I%rgl72 + O+ Dltwullze + D 12,0, )ull72)-
j=1

Summing up these estimates, we have

Lemma 3.2. Let u € H%(Q) N HY(Q) and let v € C®(Q) is real-valued. Assume
that u satisfy (—A — X2)u = g, A € R. Then for any € > 0 and some constant C > 0,
the following inequality holds

/BQ Ywn |Onul*dS < elua||Z: + CllglZ2 + 1(V¥)glZ2
(3.3) 2
+ W DIVOulGe + Y IO, o, ¥)ulze).

ij=1
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Here wy is the x component of the unit outer-ward normal.

We will prove (3.2). Assume a(z,y) > 0 on OW N IN. Then we take (x,y) =
z¢(z,y). Here ¢ € C°°(Q) is a real-valued function satisfying supp(¢) C {(z,y) €
Q;a(x,y) > C} for some C > 0. Moreover we can assume ¢logwnaq = 1 since
a(z,y) > 0 on OW N IQ. We note wy = 0 on the boundary of rectangular part and

¢ = 1 on the boundary of the wing part. We have
(3.4) / rown|Onul?dS = / zwn |Onul?dS.
a9 a0

In Lemma 3.2, we can replace Vi, 8Zj¢ by az using a > C on supp(¢) D suppy for
some C > 0.

(3.5) / wgwn|OnuldS < C(llgll72 + (N + 1)lla2ul|Z2) + e]ug |72
o0

From Lemma 2.4, (3.4) and (3.5), for u € Hi () N H?(Q), g € L*(Q) satisfying (2.9),
following inequality holds,

a2 < Clglize + (A + 1)lazul72).
By using the Poincaré’s inequality, we obtain

lullzz < OO + DllazulEa + llg]72)-
For uw € H}(Q), g € L*(Q) satisfying (2.9), using global regularity of the Laplace
equation, since the boundary is C*!, we have u € H?(Q2) and the above inequarity
holds. Recall g = —2idau + f, so we have (3.2).

We will prove Proposition 3.1 from (3.2). To estimate A2[|azul|?, we multiplying
(2.8) by @ and integrate in 2. By using integration by parts and taking the imaginary
part, we have

2A|a®ul|7s = Tm(f,w)r2.
This gives us
(3.6) Mlazulz < Cllfllzallull 2.
So we have
lullze < COXIfllezllullce + 1£122) < CIAPIFIZ2 + ellullZz, [Al > 1A € R.

This shows Proposition 3.1. Applying Proposition 2.1 and Theorem 2.2 to this propo-
sition, we have Theorem1.1
We remark some improvement of Theorem 1.1.

Remark 1. In the estimate of faQ rwn|Onul?dS, we can abandon rwy < 0 part.
So in the proof of Proposition 2.4, we take ¢ > 0 satisfies ¢ = 1 on {(x,y) € OW N
00 zwy (x,y) > 0}. Then the same proof hold and we can deduce the polynomial
energy decay if we assume a(z,y) > 0 on {(z,y) € Q;zwy(z,y) > 0}.

For an application of this fact, we have Example 1 of the introduction. This is
because, by parallel transformation to x axis, we can assume zwy < 0 on the other
side of boundary where the damping term may vanish.

Remark 2. We use a(x,y) > C, for some C' > 0 on supp(¢) to estimate (3.3) but
the same estimate holds if we assume a(z,y) > C on supp(Vv).
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Using this we can prove the polynomial energy decay under the different type
damping assumption. For example, we will give a proof of Example 2 of the intro-
duction

Proof. We can assume S C {(z,y);x > 0} by parallel transformation to x axis. Then
zwy < 0 on the left hand side of the boundary of W. We choose real-valued smooth
function 9 such that 1 is constant function except Ry and ¢ = 1 on zwy > 0 region
and ¥ = 0 on 2wy < 0 region. Then, by Remark 1, we have

/ wa|8Nu|2dS§C/ wwN\aNuPdS
o0 a0

and from Remark 2, we can prove the polynomial energy decay. O

4. Proof of Theorem 1.2

To prove Theorem 1.2, we will estimate | 90 TWN |Onu|?dS more carefully. By using
the parallel transformation, we can assume Q@ = RUW, R = {(z,y);z € [-2a,0],y €
[=8,08]}. Then [, zwn|dnul*dS becomes [, (x + a)wn|Onu|?dS. Let 9Q is C™,
h+6>2and a(x,y) > Cx™y, m > 0. Here x is a non-negative function satisfying
x = 1 near 9. We will estimate [, (z+a)wy|0nu|?dS assuming that u is a smooth
function, equal to zero on 02, and satisfy (2.9).

We only estimate on the right hand side of the region Wy = W N {(z,y);z > 0}
and the other side is same. As in [3], we decompose Wy to three regions; Region I:

1 1 B
0<z< (%) , Region 1II: (I%\) <z< %, Region I11: % < z for some § >0, C >0

and [ > 0. We will estimate [ zwy|Onu|?dS on each regions.

We start from Region III. We take ¢ as a real-valued smooth function satisfying
¢ =1ondWn{(z,y),z > %} and supp(¢) C {(z,y) € Q;a(z,y) > C} for some
C > 0. Then by similar argument in the proof of theorem 1.1, we have

(41) / ((ﬂ + a)wN|8Nu|2dS
oQNIIT
< C’(/ (z + Q)wn |Onul?dS + ||gl|3: + (A2 + 1)”@%11,”%2).
QN (IUIT)

Next we discuss on Region I. We take B as following form B = ¢(z)¢(y)0,. Here
o(x), ¥(y) are real-valued smooth function on R satisfies 0 < ¢(z) < 1, ¢(z) =1 on
0 <z < 55, supp(¢(2)) C {z,;a < < L} and ¢(B8) = 1, ¢(—B) = —1. We apply
Lemma 2.3,

(4.2)

652(3Nu)¢(x)¢(y)3yu dS = (u,[(~=A = A?), Blu)2 — 2Re(Bu, g)r2 — ((divB)u, g) 2.

Since 9, = On on (z,y) = (0,5), 8, = —dn on (x,y) = (0, —3) and the boundary is
CY1, we have

(43) | ovwd@itou s> 5 [ jovuas

00Nl
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by taking C sufficient large. Since [(—A — A?), B] is a second order operator using
the global regularity and —Awu = A\%u + g, we have

(44)  (u[(=A =), Blu)rz < (A + Dullal|ull 2 < CN?[[ullZ + llgll72)

for |A] > 1. By the Cauchy inequality and Lemma 2.5, we have

(45) 2Re(Bu, g)r2 + ((divB)u, 9)r2| < C([[ul|F2 + || Bull7= + ll9]72)

< CNlullz= +llgliz-)

for |\| > 1. Since the boundary is C"? and wy = 0 on rectangle part, we have
wy = O(|z|T) and we have wy = O ((%)”) on Region I. Here we write T = h+-6—1.
So from (4.2), (4.3) ,(4.4) and (4.5), the following inequality folds

/ wy|Onul?dS < C(8T AP ullZz + 67X 7T gl 7).
20Nl
We choose IT > 2 and § < 1, we obtain

(4.6) / wn|Onul?dS < e(ulZ + [lg]22)-
oONI

Finally we estimate on Region II. We wuse A depend vector field

B = [z[N o (2)Y(y)0y = ¢(2)(y)Dy,. Here ¢y(z), ¥(y) are real-valued smooth func-

tions on R. Assume that ¢)(z) and ¥(y) satisfy 0 < ¢r(z) < 1, ¢r(z) = 1 on
! !

v (%), @) =0onw < L(%), dn = 0and (@) = 1, w(-4) = -1,

Fy(y) = 0, [Y(y)] € C> and supp(pay) N Q2 C {x(z,y) = 1}. By using |z| ~ [A|”
on supp(d,$), we note 07 d(z) = O(|z|N~"). We take N satisfying N > m+3 — 2
and N > m + 1. We obtain by applying lemma 2.3,

Aﬂ(aNU)i(x)w(y)ayu dS = (u,[(~A = X?), Blu) 2 — 2Re(Bu, g)r2 — ((divB)u, g) 2.

As in the proof of Lemma 2.4, we note that the left hand side is real-valued. So we
have

@0 [ (Ovui)io,u as
= Re(u, [(—A — )\2), Blu)rz: — 2Re(Bu, g)r2 — Re((divB)u, g) 2.

Since wy = O(|z|T) and (%)l < |z| < C on Region II, we have
1

[ @xiduo,uds = ¢ [ ol Trwjowulas
o C oQNII

(4.8) ]
> —Min{(|\) /N1, 1}/ rw|Onul?dS
C aQNIt

We will estimate fm(aNu)(;B(x)w(y)ayu dS by using (4.7). Because divB = ¢y, we
have

|((divB)u, g)r2| < N[l oyulf +A72|g]2-.
Since N > m + 1, we can exchange |q~5¢y|2

(4.9) (divB)u, g)r2| < OX*[la2u2s + A2 g||22.

to a(z,y)
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We compute
(=2 = X%), Blu = =20, (suy) — 20, (90y1ty) + Paztotty + Gibyyuty-
By integration by parts, we have
Re(u, [(=A = X%), Blu) 12 = 2Re($uhuy, uz) 12 + 2(thyuy, ) 2
+ Re(u, g?)mwuy),;z + Re(u, g?n/)yyuy)p.

We will estimate second part of the right hand side. Since (51/)1/ > 0, we add (éwyuw, Ug)
and using integration by parts, we obtain

(4.11)
(Gthyuyuy) L2 < (Syuy, uy) L2 + (Sthytua, ug) 2
= —(dthy Au, u) 2 — (Gyytty, w) 12 — (uthytiy,u) 2
< CONPI(Gy) 2ull3z + A 72]lgl132) — Re{(dyytuy, u)re + (Gathytiz, u)re}.

Here we use —Au = Au + g. The first part of right hand side of (4.11) can be
estimated by using N > m + 1 and exchange |¢1,|? to a(x,y)

(@) 7ullfz < Cllaul3a.

To estimate the third part and forth part of (4.11), we use the following identity
2Re(¢!~)wyy“yvu)m = (éwyyuya u)rz + (éwyy“v“y)Lz = _((M’yyyua u)re
2Re(Gathytia, ) 12 = (uthytta, W)z + (othyu, )12 = —(buathyu, u) 2.

Since |z|~F < C|A\]? on supp(¢y) and N + 2 — 2 > m, we have

| @y w) 2] = (2]~ Flal Gy, u)pe] < CINP|la w3
|(Basthyrisw) 2] = [(jo] o]t Guathyu, w) 2] < CINPllazull3s

The same estimate can be applied to the third part and forth part of (4.10).

2Re(U, Gasthtiy) 12 = —(u, Grathy) 2 < CAPla>ul 1
2Re(u, g’djyyuy)ﬂ = *(Uv(lgwyyyu)ﬂ < C’”CL%UHQL2

Next we estimate the first part of (4.10),

(Gatbrty, o) 2] = (@) S (Bo) i) 12 = (D) s (B) L) o
< 1@l a7 + 111012y 17

Here we write fi = max{f,0} and f_ = max{—f,0}. By using integration by parts,
we obtain

el Zunl2e + |Gt Fuyl2e = (Dultolts, tn) 12 + (du|¥|uy, uy) 2
< CON|u2ul|22 + [N 72[lgll22 — Re{(ult)lyuuy, u) 2 + (Gualthlue, u)r2}.
We have

(4.10)

X262 2 ull22 < ON?||aZulf2e,
~ ~ _2 2~ 1
2Re (o 9]y, 1) 2] = (G |9lyyrts w) 2| = |(|2] ™ F )T o]yt ) p2| < ON2[|aZ w2,
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byusingsz—i—landN—i—%—QZm. We also have

(4 12) |2Re(q~§xx|w|uxvu)L2| = ‘(&xmxhﬂuau)Lﬂ
= |(|2~ 7 |2| Guaa [, ) 2] < CNP[laul 2.

Here we use N + % — 3 > m. Summing up above estimates, we have
(4.13) Re(u, [(~A = A2), Blu) 2 < C(IAP[la?ull7= + [lg]72)-
Re(Bu, g)r2 can be estimate by the same argument. First we obtain
Re(Bu, g)r2 < [[¢duyll72 + [lgl72-
To estimate |¢huy||2., adding ||¢1bu, |2, and using integration by parts, we have,
16uy (72 < COZ(|vullFz + A2 llgl 72 = (2 (07)yuy, u)rz = ((67)et?us, u)r2).
Applying the same argument to estimate (4.11), using N > m+1 and N+ % —2>m,

we have B )
[pvull7. < Cllazull7.,

_($2(¢2)yuyau)L2 - (($2)mw2uwvu)L2 < C/\2||G%UH%2
So we obtain

(4.14) 2Re(Bu, g)r2 < Clla>ull?: + |lg]|32.
From (4.7), (4.9), (4,13), and (4.14), we have
(4.15) /an(azvu)é(x)zb(y)ﬁyu dS < C(IAPlla2ull?s + gll32).

So we get from (4.1), (4.6), (4.8) and (4.15)
@16) [ awlouPds < CMax{(A) T 1} (APl ule + gl +elul-
92NWo

We can apply the same estimate to the other side of wings and by using lemma 2.4
and by the same argument as in proof of theorem 1.1, we have
(4.17) lufl 2 < QAN 7] 2

for u € H}(Q) and f € L?(12) satisfying (2.8). Here N >m+3—2, N > m+1 and

IT > 2. Taking [ = % and by using Proposition 2.1, we have

(4.18) (A=A =0(N*): H—=H, |A|>LAecRI>0.
Here K = max{2%,2} and N satisfies N > m +1and N > m + 3 —T. From this
estimate, we obtain Theorem 1.2 by using Theorem 2.2.

Remark. From above calculus, we can improve the result of [3]. In above estimate,
except (4.12), the same estimate holds only assuming N+2 —2 > m and N > m+1.
We replace the estimate (4.12) by assuming N + % — 3 > m as following

|2Re<éww|w|uw’u)lz2| = |(¢~5mm|¢|U,U)L2|
= (|2~ 2] Graltlu, w) 2] < CAY|aZul2..

Here we use |z|~1 < C|A| on supp().
On the Bunimovich stadium Q = R U W, since 0 is C1'!, we can take m = 0,
l=2and N =1. We take y as x =1 on W and x = 0 on R. In above estimate,
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we can exchange |lau|r2 to ||xu| 2 and we have the estimate (1.7) for u, g satisfying
(1.6).

References

[1] C. Bardos, G. Lebeau and J. Rauch, Sharp sufficient conditions for the observation, control
and stabilization of waves from boundary, SIAM J. Control Optim. P 30 (1992), 1024-1065.

[2] N. Burq, Décroissace de l’énergie locale de équation des ondes pour le probleme extérieur et
absence de résonance au voisinage du réel, Acta Math. 1980 (1998), 1-29.

[3] N. Burqg, A. Hassell and J. Wunsch, Spreading of quasimode in the Bunimovich stadium, Proc.
Amer. Math. Soc. 135 (2007), no. 4 1029-1037.

[4] N. Burq and M. Hitrik, Energy decay for damped wave equations on partially rectangular do-
mains, Math. Res. Let. 14 (2007), 35-47.

[6] G. Lebeau, Equation des ondes amorties, in Algebraic and Geometric Methods in Mathematical
Physics, A. Boutet de Monvel and V. Marchenko eds. (1996), 73-109.

[6] Z.Liu and B. Rao, Characterization of polynomial decay rate for the solution of linear evolution
equation, Z. Angew. Math. Phys. 56 (2005), 630-644

[7] K. D. Phung, Polynomial decay rate for the dissipative wave equation, J. Diff. Eq. 240 (2007),92-
124

[8] J. Rauch and M. Taylor, Ezponential decay of solutions to symmetric hyperbolic equations in
bounded domeins, Indiana J.Math. 24 (1974), 79-86.

DEPERTOMENT OF MATHEMATICS, OSAKA UNIVERSITY, 1-1 MACHIKANEYAMA-CHO, TOYONAKA,
OsAKA 560-0043, JAPAN
E-mail address: h-nishiyama@cr.math.sci.osaka-u.ac.jp



