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EQUIVARIANT DIXMIER-DOUADY CLASSES

MATHIEU STIENON

ABSTRACT. An equivariant bundle gerbe a la Meinrenken over a G-manifold M is known
to be a special type of S1-gerbe over the differentiable stack [M/G]. We prove that the
natural morphism relating the Cartan and simplicial models of equivariant cohomology in
degree 3 maps the Dixmier-Douady class of an equivariant bundle gerbe a la Meinrenken
to the Behrend-Xu-Dixmier-Douady class of the corresponding S'-gerbe.

1. Introduction

Recently, following Brylinski’s pioneering work [2], there has been increasing in-
terest in studying the differential geometry of gerbes. In particular, Murray defined
and investigated bundle gerbes [13], which were further studied by Chatterjee [4] and
Hitchin [9].

By definition, a bundle gerbe over a smooth manifold M is a central S*-extension of
the groupoid X x; X = X coming from a surjective submersion X = M. A class in
H3(M,Z) is associated to any bundle gerbe over M. It is called the Dixmier-Douady
(DD) class. The bundle gerbes over M are classified, up to Morita equivalence (a.k.a.
stable equivalence [14]), by their DD classes.

Moreover, like the Chern classes of S'-bundles, the DD classes can be expressed,
up to torsion elements, in terms of the 3-curvature. The equivariant counterparts
of bundle gerbes are called equivariant bundle gerbes [I1]. They are G-equivariant
central S'-extensions of a groupoid X x,; X = X associated to a G-equivariant
surjective submersion X = M. Meinrenken [12] and Gawedzki-Reis [7] studied ex-
tensively the equivariant bundle gerbes over simple Lie groups. In [12], Meinrenken
introduced the equivariant 3-curvature of an equivariant bundle gerbe. It is a closed
equivariant 3-form in Cartan’s model of equivariant cohomology. Its cohomology class
corresponds to the equivariant DD class of the gerbe.

Recently, Behrend-Xu studied S'-gerbes over differentiable stacks. From their
perspective, a G-equivariant bundle gerbe is an S'-gerbe over the quotient stack
[M/G], which is a Morita equivalence class of central S'-extensions of groupoids
H — H =% N, where H = N is Morita equivalent to the groupoid M x G = M.
From connection type data on such a central S!-extension, Behrend-Xu construct a
characteristic class in the degree 3 cohomology de Rham cohomology group Hi (H,)
of the corresponding simplicial manifold.

The purpose of this paper is to establish an explicit connection between equivariant
bundle gerbes & la Meinrenken and S*-gerbes over [M/G] & la Behrend-Xu. For this
purpose, we use an explicit map, obtained by Bursztyn-Crainic-Weinstein-Zhu [3],
between the Cartan and simplicial models of equivariant cohomology in degree 3. As
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a byproduct, we establish some further properties of the BCWZ-map and show that
it is indeed an isomorphism at the cohomology level. We hope that this result will be
of independent interest.

Our main theorem states that the BCWZ isomorphism maps the Meinrenken equi-
variant DD class of a G-equivariant bundle gerbe over a G-manifold M to the Behrend-
Xu-Dixmier-Douady (BXDD) class of the corresponding S!-gerbe over the quotient
stack [M/G].

The paper is organized as follows.

Section [3.1f recalls the definition of equivariant bundle gerbes and equivariant cen-
tral S'-extensions, while Section recalls how the Dimier-Douady (DD) class of a
G-equivariant bundle gerbe may be computed from connection type data.

Section gives a brief account of S'-gerbes X over a differentiable stack X and
their DD classes. The DD class of an S'-gerbe induces a degree 3 de Rham cohomology
class called BXDD class which can be computed from connection type data.

In Section we explain how an equivariant bundle gerbe over a G-manifold
M (in the sense of Murray and Meinrenken) produces an S'-gerbe over the stack
[M/G] (in the sense of Behrend-Xu). And we compute the BXDD class of the central
Sl-extension of groupoids presenting the S'-gerbe over [M/G] associated to a G-
equivariant bundle gerbe over the manifold M.

In Section[5.1], we discuss the explicit formula due to BCWZ relating the Cartan and
simplicial models of equivariant cohomology in degree 3 and detail some additional
properties of this map.

Sections (.2 and [5.3] contain our main result.

2. Preliminaries

We start by recalling a few definitions and conventions used throughout this paper.

Let G be a compact connected Lie group. A G-manifold is a smooth manifold M
endowed with a right action of G, which is denoted by the symbol x, M X G : (m, g) —
mxg. If M is a G-manifold and £ € g = Lie(G), then Edenotes the infinitesimal
vector field on M defined by the relation aw = %x * eté o Ve M.

The Cartan model for equivariant cohomology is the differential complex
(Q4(M),d¢) defined by

T ¥ 1 G
QG = P (S'e" @ (M)
2i+j=k
and
(daa)(€) = d(a(§)) — € Ja(§),
where £ € g and the element o of Q2 (M) is seen as an Q* (M )-valued polynomial on
g.
The multiplication of a Lie groupoid I'y = Ty is denoted by I's — I’y : (z,y) — z-y,
where 'y := {(z,y) € I'1 x I'1|t(x) = s(y)}.
By a G-groupoid, we mean a Lie groupoid I'y = I'y such that both I'; and I'y are
G-manifolds and all the structure maps (s,t,m,t,e) are G-equivariant. Recall that
any Lie groupoid I'y =2 I’y gives rise to a simplicial manifold

= _—
HFQ F]HFO
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where
Tp={(z1,...,x)|t(x;) = s(xi41), i =1,...,n—1}

is the set of composable n-tuples of elements of I'; and the face maps €' : I';, — I'yy—1
are given, for n > 1, by

58(:.5173527. o 71771,) - (5172, N ’In)
52($1,1’27. .. 7xn) = (xl, e 7xn71)
M1, T2, Tpn) = (T1ye oy i1y )y, 1<i<n—1,

and, for n = 1, by e} (x) = t(z) and e}(z) = s(x). They satisfy the simplicial relations
711 ol Vi < j.

See [I5], [6] for more details.
Given a Lie groupoid I'; = Ty, consider the double complex Q*(T,):

d d d

QQ(FO) _o. QQ(Fl) _9_ QQ(FQ) o .

d d d

QL(Ty) — 2= al(1y) —2= QY(Iy) 2 - -

d d d

QO(T) _9_ QO(Ty) _o. QO(T,) o ..

Its coboundary maps are d : QF(T,) — QFFL(T',), the usual exterior differential of
smooth forms, and 9 : Q¥(I',) — QF(I'y41), the alternating sum of the pullbacks by
the face maps:

(1) d=3 (-1)'(e])".
i=0
We denote the total differential by D = (—1)Pd + 9. The cohomology groups
Hig(T.) = H*(Q*(T,), D)

of the total complex () (T.), D) (where Qfp (T,) = Gaf:o QF=4(T;)) are called the
de Rham cohomology groups of the groupoid 'y = T'y.
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Now let I'; = I’y be a G-groupoid. We can consider the double complex Q¢ (T, ):

dg da dg

0% (Ty) —2> Q% (T)) —2= Q(Ty) L -+

da dg dg

OL(To) — 2 QL)) —2= QL (Ty) 2 ...

da da da

0%,(Ty) —2= Q%(ry) —2= Q% (T,) 2— ...

Its coboundary operators are dg : Q(T',) — QEFH(T,), the differential operator of
the Cartan model, and 9 : Q% (T,) — QF(Tp41), the natural extension of (I). We
denote the total differential by Dg = (—1)Pdg + 8. The cohomology groups

HET,) == H*(Qg(T.), De)
of the total complex are called the equivariant cohomology groups of the G-groupoid
I'y = To. See [10].
3. Equivariant bundle gerbes a la Meinrenken

In this section, we recall the notion of equivariant bundle gerbes and their equi-
variant Dixmier-Douady classes in terms of the Cartan model. We closely follow
Meinrenken’s approach [12].

3.1. Equivariant central S'-extensions. Assume that X 5 M is a surjective
submersion. Consider the Lie groupoid

(2) =X, with I' = X x 7 X,
the source and target maps s(z,y) =  and t(z,y) = y, and the multiplication
(@,9) - (y,2) = (z,2).

Then we have the Morita morphism [I]

(3) r—">
|

X "=

I

where 7’ : T' — M is the map (x,y) — w(z) = 7(y). Indeed T' = X is the pullback of
the trivial groupoid M = M to X through 7.

Furthermore, if G is a Lie group, X and M are G-manifolds and X 5 M is a
G-equivariant surjective submersion, it is clear that the Lie group G acts on I' = X
by groupoid automorphisms (i.e. I' = X is a G-groupoid) and that 7’ in is a
G-equivariant Morita morphism.
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Recall that a central S!'-extension of a Lie groupoid H = N consists of a
morphism of Lie groupoids

(4)

id

and a left S'-action on H, making p : H — H a (left) principal S*-bundle [17, [].
These two structures are compatible in the following sense:

(AM1Z) - (A20) = M2 (T - 9),

for all A, \g € S' and (7,7) € Hy := H x4 .5 H.

We will use the shorthand notation H ¥> H = N to denote the above central
Sl-extension.

A central S'-extension H 2 H =2 N is said to be G-equivariant if both H =% N
and H = N are G-groupoids, the groupoid morphism p : H — H in is G-
equivariant and the G-action preserves the principal S'-bundle H 2 H. That is, if
the following relations:

(@-g)*xg=(T*g) (Jxg)
p(T*g) =p(T)xg
(AZ) * g = A(Z * g)

are satisfied for all g € G, all composable pairs (#,§) in Hy and all A € S1.

Bundle gerbes were invented by Murray [I3] (see also [9,[4]). By definition, a bun-
dle gerbe over a manifold M is a central S'-extension of the Lie groupoid I' = X
(as in ) obtained from a surjective submersion X — M. There is a natural equiv-
alence relation on central S!-extensions [I} [I7], the so-called Morita equivalence (or
stable equivalence in [T4]), whose equivalence classes are classified by the cohomology
group H3(M,Z). The class in H3(M,Z) attached to a central S'-extension is called
its Dixmier-Douady class. Equivariant bundle gerbes are equivariant counterparts
of bundle gerbes. According to Meinrenken [I2], a G-equivariant bundle gerbe
over a G-manifold M is a G-equivariant central S'-extension of the groupoid I' = X
associated to a G-equivariant surjective submersion X — M as in .

3.2. Equivariant Dixmier-Douady classes. Below we recall Meinrenken’s defi-
nition of the equivariant 3-curvature and equivariant Dixmier-Douady class of a G-
equivariant bundle gerbell]

Definition 3.1. LetI' T = X be a G-equivariant bundle gerbe, where X = M is
a G-equivariant surjective submersion and I' = X X X is the resulting groupoid as

m .

IWhat Meinrenken called an ?equivariant connection” [12] consists of both an equivariant con-
nection and an equivariant curving in our terminology.
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(a) An equivariant connection is a G-invariant 1-form 6 € QY(I')C such that
0 is a connection 1-form for the principal S*-bundle T 2 T and satisfies
90 = 0.

(b) Given an equivariant connection 6, an equivariant curving is a degree 2
element Bg € Q%,(X) such that

(5) curvg(9) = 0Bg,

where curvg(0) denotes the equivariant curvature of the S'-principal bundle
T BT, ie. the element curvg(0) € Q4 (D) characterized by the relation

(6) dgl = p* curvg(0).

(¢) Given an equivariant connection and an equivariant curving (6, Bg), the cor-
responding equivariant 3-curvature is the equivariant 3-form ng € Q‘SG(M )
such that

(7) 7T*77G = ngg.

Here the coboundary operators associated to the groupoids I' =% X and I = X asin
(1) are denoted O and O respectively.

The following result seems to be standard (see [12] [16]). However, we could not
find a complete proof in the literature. For the sake of completeness, we will sketch a
proof below.

Proposition 3.2. Let FrLT=Xbea G-equivariant bundle gerbe over a G-manifold
M.

(a) Equivariant connections and curvings (6, Bg) always exist.
(b)  The class [nc] € HE(M) defined by the equivariant 3-curvature is independent
of the choice of 6 and Bg.

We need the following lemma.

Lemma 3.3. (a) Given a surjective submersion m: X — M, the sequence
8) 0— QM) s ofx) L k) Lk, L

15 exact.
(b) Given two G-manifolds X and M and a G-equivariant surjective submersion
m: X — M, the sequence

9) 0— QF(M)E ™5 b (x)E 2 b)) L ak(r,)¢ L

18 exact.
(¢) Given a G-equivariant surjective submersion m : X — M between two G-
manifolds X and M, the sequence

(10) 0— Qk(M) = ok(x) 2 obm) 2 ohmy) L

s exact.
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Proof. (a) This was proved in [13].
(b) As is customary, we use the symbol R, to denote the action (from the right)
of an element g € G on a G-manifold. Since the face maps of the simplicial manifold

—
(and X = M) are all G- equlvarlant R} commutes with 0 (and 7*). Hence @ is
a subcomplex of . Now 7* in @ is a restriction of 7* in , which is injective.
Therefore, 7* in (9) is injective. Finally, take w € QF(T,)¢ C QF(T,) such that
0w = 0. By (a), there exists v € QF(',_1) such that dv = w. Since the group

G is compact, we can choose a left-invariant Haar measure dg on G and define a
G-invariant k-form v/ which satisfies 9’ = w by

1 * k G

where V = [, 1 dg is the total volume of G.
(¢) For simplicity, we only consider the case k = 2. Since 7 is G-equivariant, it

induces a pair of maps Q2(M)% - Q*(X)¢ and (g* ®QQ(M))G =, (0" ® QQ(X))G

and thus also Q% (M) -, QZ%,(X). Because the face maps are G-equivariant, the
alternate sum of their pullbacks induces the pair of maps

@ (T,-1)7 % Q(T,)°
X G o ;4 G
(9 ® QO(prl)) - (9 ® QO(FP)) )
whose direct sum is the desired map
b
QQG(FP—I) - QQG(FP)-
Since is the direct sum of the exact sequence @ with k = 2 (which is exact) and
the cochain complex
« G ™ G o [ 4 G o /.« G 8
(7 @Q°(M))” " (" @ Q2°(X))” = (6" 22°T))" = (7@ ([y)” = -,
it suffices to prove that the latter sequence is exact. Let f be an arbitrary element of
(" ® QO(FP))G, ie.

f(Ad 5) (56’1,1727..., ) f(é-) (xl*gaxQ*ga"'7xp*g)7
forall £ € g, g € G and (z1,...,2,) € I',. And assume that 0f = 0. Choose a
basis (e1,...,e,) of g. Then f(e;) € Q%(T p) and 9(f(e;)) = 0. By (a), there exists

h(e;) € Q°(T'p—1) such that d(h(e;)) = f(e;). We can define h'(e;) € (g*®QO(Fp_1))G
by

h'(e;) = /RhAd -1 €;) dg.
Clearly, f(e;) = 0(h/(e;)) and thus

f(Z eil’) = a(Z K (e:)€"),

where 32, 1 (e;)€" € (" @ Q0(T, 1)) . O
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Proof of Proposition[3.2 (a) Take any connection 1-form ¢ € QLT for the S!-
principal bundle p : I — I'. Since G is compact, one can always take 6 to be
G-invariant, i.e. 8’ € Ql(f)G. It is simple to see that 0’ must be the pull back of a
G-invariant 1-form on I's under p : I's — I'y. That is 00 = p*a, where o € Q1(T'3)C.
It follows from 02 = 0 that da = 0. By Lemma (b)7 we have @ = 0A for some
A€ QY)Y Therefore § = 6’ — p* A is an equivariant connection.

Given an equivariant connection 6, @ implies that 0 curvg(6) = 0 since 90 = 0.
By Lemma c), there exists Bg € Q% (X) such that curvg(0) = dBg. That is, Bg
is an equivariant curving.

Assume that (0, B;,n¢) is another such triple. We have 0 — ¢’ = p*3 for some
B € QYI)E. And 98 = 0. By Lemma b), we have 3 = Jv for some v € Q(X)¢.
Now

0 :dG0 - dGH’ - p*dgﬂ
=p*(curvg(0) — curvg(0') — dedy)
=p*(0(Bg — Bg — dg))-

Therefore 9(Bg — By, — dg7y) = 0. Note that Bg — By, — dgy € Q%(X). Hence, by
Lemma c), there exists A € Q% (M) such that Bg — By, —dgy = 7*X. Applying dg
to both sides, we get dg(Bg— By —dag7y) = m*dg, which implies that ng —ng = dg .
The conclusion follows. O

The class [n¢] is called equivariant Dixmier-Douady class by Meinrenken [12].

3.3. Morita equivalence. Recall that two central S L_extensions H — H = N and
H' — H' = N’ are said to be Morita equivalent [I} [I'7] if there exists a H-H'-bitorsor
Z endowed with a (left) S'-action such that

Ar)-z-r'=r-Az2)-r" =r-z-(\)
whenever (\,r,z,7") € S1 x H x Z x H' and the products make sense.
Definition 3.4. Two G-equivariant bundle gerbes Fr4r=xadl’ &1 =

X' are Morita equivalent if they are Morita equivalent as central S'-extensions, the
equivalence bitorsor Z is a G-space and

(11) (r-z-rYxg=(rxg)-(zxg)-(r'xg), Vg e G
whenever (r,z,r") € T x Z x I and the products make sense.

A bitorsor satisfying is called a G-equivariant bitorsor.

Proposition 3.5. IfI' & T = X and I’ 25 I" = X’ are Morita equivalent G-
equivariant bundle gerbes with equivalence bitorsor Z, the S'-action on Z is free and
Z/SY is a G-equivariant T-I"-bitorsor. Hence I = X and I" = X' are Morita
equivalent G-groupoids. In other words, the G-manifolds M and M’ underlying the
bundle gerbes p and p’' are one and the same manifold.
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4. Behrend-Xu-Dixmier-Douady classes

4.1. General theory. In [I] (see also [I7]), Behrend-Xu developed a general the-
ory of Sl-gerbes over differentiable stacks in terms of central S'-extensions of Lie
groupoids. Roughly speaking, an S'-gerbe X over a differentiable stack X can
be thought of as a Morita equivalence class of central S'-extensions of Lie groupoids
H = N, where H = N is a presentation of the differentiable stack X. (One needs to
choose a suitable representative amongst all presentations of the differentiable stack
X, for not every presentation of the stack X can be extended to a presentation of the
stack X. See [1].) According to Giraud [§], the S'-gerbes over a differentiable stack X
are classified by the cohomology group H?(X,S'). Hence, there exists a natural map

{central S'-extensions of H = N} = H?(%,S").

Composing 7 with the boundary map H?(X, S') — H3(X,Z) associated to the short
exact sequence
exp

0—-2Z—-RZ2 810,
we get a map
{central S*-extensions of H = N} — H3(X,7) = H3(H,, 7).

The image of a central S'-extension under the above map is called its Dixmier-
Douady class in [I].

Behrend-Xu also proved that, similarly to the Chern classes of bundles, the Dixmier-
Douady classes of central S'-extensions can be computed, up to torsion elements, from
connection type data. Recall that a pseudo-connection on a central S'-extension
HY H = Nisasum

04+ eQUH)®Q*N) C Q3r(H.,)

such that 6 is a connection 1-form on the principal S'-bundle H 2 H [1]. Tts pseudo-
curvature

n+w+QeQ (Hy) @O (H)® Q3 (N) C Qr(H,)
is defined by the relation

DO+ )\ =p*(n+w+Q).
Theorem 4.1 ([I]). The pseudo-curvature n+w + Q is a 3-cocycle in QO (H,). Its
cohomology class [n+w + Q) is an integer class in H3x (H,), which is independent of
the choice of pseudo-connections. Under the canonical homomorphism H3(H,,Z) —
H3 . (H,), the Dizmier-Douady class of H 2> H = N maps to [+ w + ).

The de Rham class [n+w+ Q] € Hj (H.) will be called Behrend-Xu-Dixmier-
Douady class.

4.2. An Sl-gerbe over [M/G]. There is a natural correspondence between equi-
variant bundle gerbes over a G-manifold M in the sense of Murray and Meinrenken
and S'-gerbes over the stack [M/G] in the sense of Behrend-Xu [I, [16], [17].

The quotient stack [M/G] can be presented by the transformation groupoid M x
G = M, where t(z, g) = zg, s(x,g9) = z and

(z,9) - (y,h) = (x,gh), when y = 2 % g.
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Adopting the Behrend-Xu perspective, we note that an S*-gerbe over the stack [M/G]
can always be presented by a central Sl-extension H — H =% N of a Lie groupoid
H = N Morita equivalent to M x G = M.

Now consider, as in Section |3] a G-equivariant bundle gerbe r&r=x , where
X 5 M is a G-equivariant surjective submersion and I' = X x;; X. Since I' = X
(resp. I = X) is a G-groupoid, we can form the transformation groupoid I' x G = X
(resp. T x G = X).

IfI', = (I't = Ty) is a G-groupoid, its transformation groupoid I' = (I'y x G =
Ty) is the groupoid whose source map is s : (v,g9) — s(7v), whose target map is
t™ : (v, g) — t(v) x g and whose multiplication is given by

(71,91) - (72,92) = (71 - (2 * 91 1), 91.92),
for any 1,72 € 'y and g1, g2 € G such that ¢(y1) *x g1 = s(72).
Lemma 4.2. (a) The groupoids T' x G = X and M x G = M are Morita
equivalent.

(b) Setpe(v,9) = (p(7),9). Then I'xG 25 TG = X is a central S'-extension
of Lie groupoids.

Proof. (a) Since I' = X is Morita equivalent to the trivial groupoid M = M and the
Morita morphism mapping I' = X to M = M is G-equivariant, it follows that the
morphism

(12) IxG—>MxG
X p M
defined by

T(z,y,9) = (7(y),9), V(z,y) el =X xyX
is a Morita morphism of Lie groupoids.

(b) This follows immediately from the definition of G-equivariant central S*-extension.
O

Hence, the extension ['xG 2% T xG = X induces an Sl-gerbe over the quotient
stack [M/G] in the sense of Behrend-Xu.

We now compute the Behrend-Xu-Dixmier-Douady class of the central S*-extension
I x G 2% T x G = X. Note that we have the following commutative diagram

TuG—>TxG

r——7T
where pr and pr are mere projection maps rather than groupoid morphisms.
By 0 and 0™, we denote the coboundary operators associated to the Lie groupoids
I'G = X and T x G = X, respectively, as in .
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Lemma 4.3. Assume that § € Ql(f) is a G-equivariant connection for the G-
equivariant bundle gerbe I LT = X. Then© :=pr*f € Ql(f x G) is a connection
1-form for the principal S'-bundle pg : I'xG—T x G, hence a pseudo-connection
for the central S*-extension I xG25T xG= X. One has

070 = pC,
where ¢ € Ql((F X G)g) is defined by
(13) (P50 (vz, Lgs€), (wy, Lnun)) = & 10,

for any £n € g, g,h € G, vz € T:T and wy € Tgf such that t*,(vz, L&) =
57 (wy, Lrn).

Proof. Let t — g, and t — h; be paths in G originating from g and h respectively and
determining two vectors £ and 7 of g by the relations Lg.§ = %gt |O and Lp.n = %ht‘O'

Similarly, let ¢t — Z; and t — ¥; be smooth paths in r originating from Z and ¥,
respectively, with %ft‘o = vz and %gt’() = wy and such that, at any time ¢, the
target of T; x g; coincides with the source of y;. Then

(976 )(dt(xtagt)|0adt(yt7ht)’ )
= O(5 @ he)|y) — O (T - (W% 9: 1), 9eh)|,)
+0(5 @91y

= 0(5nl) = 0(5 @ @ex 9 )y) +0(557,) since © = pr* ¢
(dtyt‘(]) (5 t‘ ) = 05 @ * 9 )‘ ) +0(% t‘o) since 96 = 0
= (G Tily) = 0(H @ x 97 Nlo) = 0(HT* 9. lo)
= —0(Ly*(ge')” )‘ ) since 6 is G-invariant
=0(G*97")
= 9(%) since 6 is G-invariant.
The result follows. O

Proposition 4.4. Let 6 € Ql(f) be a G-equivariant connection on a G-equivariant
bundle gerbe I T = X over a G-manifold M. Then © = pr*f € Ql(f x G) is a
pseudo-connection for the central S*-extension I'xG 2T xGE = X, Its pseudo-
curvature is ( —pr*w € Z3((I' x G),), where  is given by and w is characterized
by d = p*w. Hence the Behrend-Xu-Dixmier-Douady class is [ — pr* w| € H%R((F X

G).).
Proof. Since

d® =dpr'0 =pr'dd = pr'p‘'w = p§ prw,
the associated pseudo-curvature is

D*0 = 9*0 —de = p5(¢ — pr* w).
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Remark 4.5. From Lemma we see that 0*© vanishes if, and only if, 90 = 0
and 0 is basic with respect to the G-action. In this case, © is a connection for the
central S'-extension I' x G 2% I' x G = X in the sense of Behrend-Xu [I]. See [16]
for details.

5. Linking Murray-Meinrenken to Behrend-Xu

5.1. The BCWZ morphism. In order to compare Meinrenken’s equivariant Dixmier-
Douady class with the Behrend-Xu-Dixmier-Douady class, we need an explicit formula
relating the Cartan and simplicial models of equivariant cohomology in degree 3. The
following result can be found in [3] (though the group acts from the left in [3]).

Proposition 5.1 (Proposition 6.10 in [3]). Let N be a manifold on which a Lie group
G acts from the right. Consider the map

¥ QG(N) = Qpr((V % G).)

mapping a € Q3(N) to itself (P(a) = a) and n € (g" @ Ql(N))G to the 2-form
¥(n) € Q3(N x Q) defined by

(14) () ((v1, L&), (2, Lygs2)) = n(E2) (v1 % 9) — 1(E1) (v2 % g) + 1(E2) (E1lwng)s

for allvy, vy € TyN, &1,& € g and g € G. The map v injects Z3(N)< into Z3 g (N x
G).). Moreover,

¥ (Z2(N)) = Z3r (N % G).) N (2P (M) @ Q*(N x G)).

Remark 5.2. One can check that the R.H.S. of does indeed change sign when
the indices 1 and 2 are permuted.

From , one easily deduces that, if ¢ : Ny — Ns is a G-equivariant map between
two G-manifolds N7 and Ny, then

(15) blo'n) = (0 x )70, Ve ("o (M)
The following lemma will be needed later on.
Lemma 5.3. Given f € (g* ® QO(N))G, then
(16) P(df) = dA,
where A € QY (N x G) is defined by the relation
Mg, Lgi&) = f(Ady &) (2), Yo, € TyN, £ €g, g€G.

Proof. Since f is G-equivariant, we have

(17) f(Ady€) (z) = f(§) (x % g).

Take g € G, &1,& € g and v1,v9 € T, N. Let t — x1(t) and t — x2(t) be two paths
in N originating from the same point « such that v; = %xl(t){o and ve = %xg(t)|0.
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From , we get
$(df) ((vi, Lg<&r), (v2, Lgu&a))
= P(df) (g (@1(t), 9¢")| s G (@2(t), 9¢™)] )
= & 1) (@1(t) % 9)|, — %S (&) (22(t) x 9], + £ /(&) (2 (ge'))],
= & f(Adg &) (21(1)], — [ (Adg &) (w2(1))|, + & F(Ady et 1) ()], by (7).
But f is linear in g. Hence the last term is equal to f(Adg[&1,&2]) (2).

— —
On the other hand, letting & and & be the left invariant vector fields on G
corresponding to & and s, respectively, and choosing two vector fields X; and X5
on N such that X;|, = v; and X3|, = v2, we obtain

(dN) ((v1, Lg=&1), (va, Lygut2))
= (01, Lgs1) M(X2, &) — (v2, Lgua) AN(X1, &) — M X1, Xola, [E1, E2])
= £ F(Adgeee, &) (21(1))|) — 4 F(Adgees &1) (22(1)) |, — f(Adg[ér, &) (2)
= EF(Adgere, &) (2)|) + £ F(Ady &) (21(1))|, — FF(Adgeres &) (7)),
— S F(Adg &) (22(1))], — fF(Adylé1, &) (2)
= £ f(Ady &) (21(1))|, — % f(Ady &) (w2(t)], + f(Adg[&r, &) (@)
The result follows. O

Lemma 5.4. Given B € Q(N)®, define Q € (g* ® Q'(N)) by Q(¢) = € 1B,
V¢ € g. Then ¥(Q) = —0* B, where 8% : Q?(N) — Q2(N x G) is the coboundary
operator 0* = t* — s* associated to the transformation groupoid N x G = N.

Proof. Note that for any v, € T, N and & € g,

S4(Vg, Lgsl) = vy and tu(Vg, Lgul) = v % g+ am*g.

Thus, using the G-invariance of B, we obtain, for any vy,vs € T, N, &1,& € g and
g €G,

(0% B) ((v1, Lgs&1), (v2, Lgu&2))
= B(te(v1, Lgs&1), ta(va, Lgub2)) — B(5.(v1, Lgs&1), 54 (v2, Lygx&2))

= B(fl|w*g7v2 *g) + B(vy *97§2|w*g) + B(§1|$*g>§2|m*g)-
On the other hand, we have

¢(Q) ((Uh Lg*§1)7 (U2a Lg*£2))
= Q(&2)(v1 * g) — Q(&1)(v2 * g) + Q(E2) (E1lawg)
= B(Eolung v1 % 9) — B(E1longs v2 % 9) + B(E2lungs E1lang)-
The conclusion thus follows. O

As an immediate consequence, we have

Corollary 5.5. The BCWZ map 1 of Proposition maps the exact equivariant
3-forms BE.(N) to the coboundaries Biy (N x G).). Therefore v induces an isomor-

phism in cohomology: HZ(N) =N HEp (N xG).).
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Proof. The 1-form A € Q'(N x G) defined in Lemma [5.3 satisfies
(18) 9\ =

Indeed, since t, (vy, Lgi&) = s«(wy, Lp.n) if, and only if, y = xxg and w, = vx*g+§;*g,
making use of the linearity in g and the G-equivariance of f we obtain

8X/\((UT5 g*f)»(wvah*Tl))

= Mwy, Lnsn) = AM(va, Lghs(Adp-1 €+ 1)) 4+ A(vg, Lgi)

= f(Adnn) (y) = f(Adgn(Ady-1 &+ 1)) (2) + f(Adg€) ()

= f(Adnn) (xxg) — f(Ady(Adnn)) (z)

=0.
Since

DBN) = ()% & (g7 © (V).

any element of BE(N) = dg(Q%(N)) can be written as dg(B + f) for some B €
Q?(N)¢ and f € (g* ® QN ))G By definition, dgB = dB — @, where @ is defined
as in Lemma [5.4] and dg f = df. Therefore,

(4 (dG(B+f)) =¢(dB — Q + df)

=dB + 0" B + dA by Lemma [5.3] and
=D*(B+ \) by (18).

Thus ¥ not only maps closed equivariant 3-forms to cocycles of Q?I’)R((N X G),) (see
Proposition but also exact equivariant 3-forms to coboundaries of Q3DR((N X
G).). Hence 4 induces a homomorphism HZ(N) — Hig ((N x G).) in cohomology.
Actually, the latter is an isomorphism, for ¢ is injective on the level of cocycles
(according to Proposition and any 3-cocycle in Qf (N x G),) is cohomologous
to a 3-cocycle of the form o + 3, where a € Q3(N) and 8 € Q%(N x G). Indeed, since
N x G = N is a proper Lie groupoid, the sequence

QO((N % G)2) L5 QO((N % G)3) 25 QO((N % G)a)
is exact [B, Proposition 1] and, moreover,
QL ((N x G)1) L5 QLN % G)a) 25 QL (N % G)3)
is also exact [16, Lemma 1.5]. O

5.2. Main theorem. The Morita morphism

FNGL>M>4G

b

X—M
as in (12)) induces a map of cochain complexes

U (M % G).) T Qg (0 % G),)
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which gives an isomorphism in cohomology:
HEg (M % G).) = Hig (T x G).).
By the symbol p, we will denote both the composition
P ="
ZG(M) = Zig (M x G).) = Zpg((T % G).)
and the induced isomorphism
HE(M) = Hg (0% G).)

in cohomology.
The main theorem can be stated as follows.

Theorem 5.6. Let I 55T = X be a G-equivariant bundle gerbe over a G-manifold
M with equivariant connection 6, equivariant curving B and equivariant 3-curvature
ng. Then

pulnel = [¢ —pr'w]
mn H]%R((F X G),), In other words, the isomorphism p maps Meinrenken’s equivariant
Dixzmier-Douady class to the Behrend-Xu-Dizmier-Douady class.

’

Given two Morita equivalent G-equivariant bundle gerbes r4r=xandl’ %
I" = X’ over a G-manifold M, it is simple to see that T' x G 2% ' x G = X and
["xG 2% I"xG = X' are Morita equivalent central S'-extensions. Hence they have

isomorphic Behrend-Xu-Dixmier-Douady classes according to [I]. As a consequence
of Theorem we have

Corollary 5.7. Morita equivalent G-equivariant bundle gerbes have isomorphic equi-
variant Dixmier-Douady classes in Meinrenken’s sense.

Remark 5.8. The above corollary asserts the existence of a map

Morita equivalence classes o

G-equivariant bundle gerbes ¢ — H&(M,7Z),
over M

which is easily seen to be injective. It is not clear though if this map is surjective

since requiring that a gerbe be G-equivariant may seem too strong (see Remark 2.8 in

[12]). Recently, however, Tu-Xu proved that the above map is indeed also surjective
[16].

5.3. Proof of the main theorem. First of all, let us wrap off the conditions defin-
ing equivariant connections, equivariant curvings and equivariant 3-curvatures. Since

QLMD =M@ (9" ® QO(F))G7 the equivariant curvature decomposes as
curvg(0) = w + o,
where w € Q*(I) and ¢ € (g* ® QO(F))G. From (), we obtain

d9—&_10=p'w+ (p"0)(€), Veeg,
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which is equivalent to the pair of equations
df =p*w
~£10=("9)©), VEeq
Since Q%(X) = (X)) @ (g" ® QO(X))G, the curving decomposes as
Be =B+ f,
where B € Q?(X)% and f € (g" ® QO(X))G. From (), we obtain
w+¢=0(B+f)

or, equivalently,

(19) w=0B
¢ =0f.
Hence 5f =p*0f = p*¢ and
(20) (01)(€) = (" 8)() = ~£ 6.
Since Q% (M) = Q*(M) & (g* ® Ql(J\/[))G7 the 3-curvature decomposes as
ng = a+1,

where o € Q3(M)% and n € (g* ® Ql(M))G. From (7), we obtain
m™(a+n) =de(B+f)=dB—¢ IB+df
and it thus follows that
(21) "o =dB
(22) m*n=df —&_IB.
We will need a few lemmas.
Lemma 5.9. We have [(t*df) — (] = 0 in Hix (' x G).).
Proof. Since t : I' — X is G-equivariant, from and , we obtain
(23) Wt df) = (¢t x id)* (df) = (¢ x id)*d\ = dN,

where \' = (£ xid)*A € QY(T x G). More explicitly, ¥(vy, wy) € Tz T, £ €9, g € G,
we have

N ((vz, wy), L&) = Mwy, Lg:&) = f(Adg &)(y).
The multiplication in the groupoid I' x G = X is defined by
(24) ((z,9),9) - (@), h) = ((z,y' *g7"), gh),
provided yxg = 2/, where (z,y), (2',y’) € T(2 X xp X) and ¢, h € G. Tt thus follows
that

(0N ((vg, wy, Lgs€), (U, Wy, Lpsn))
= N (g, wy, L&) = XN ((0g, wy, L&) - (U, Wy, Lipwn)) + N (0, wlyr, Lpan).
But (24]) implies that
(Uﬂ% wyv Lg*g) : (U;:’ ) wlyH Lh*n) = (U;,c/7 w;/'*g—l ) Lgh* (Adh*1 5 + 7]))7
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-1

where v/ and w”, .g—1 are tangent vectors of X at z and y' *x g~ ! respectively. Hence

y
we get
A/((Ux’wy’LQ*g) : ( Ugr's Wyt 7Lh*77))
= f(Adgn(Adyp-1 £ +0))(y' *g77)
= f(Ady-1 Adgp(Ady-1 €+ 1) (Y) since f is G-equivariant
= f(§) (v) + f(Adnn) (¢) since f is linear in g.

Thus, we have

(0" X) ((va, wy, L&), (v, Wy, L)
= [(Adg&)(y) — (F(&) () + f(Adnn) () + f(Adrm) ()
= f(Adg ) (y) — F()(Y)
=f(©) (y*g) = f(©) ()
= f(©) (@) = f(&) ()
= — (9N @,y

Now, set z = (z,y) and 2/ = (2/,y') € T' = X x5 X and choose Z and Z’ € T such
that p(Z) = z and p(z') = 2. Moreover take vy € T5I' and vy € T3 T such that
PexVz = (Vg, wy) and pa.vy = (v, w ) Then

pG(0" X ((vz, Lgif), (vz, Lh*n))

= (6>4/\/)((vl7wy’[’g*§)v( Uty y 7Lh*77))
—(00)() (@)

= —p5((9£)(8)) ()
= — (N @)
=& 16 by
= (P50 ((vz, Lg€), (vz, Lnan)) by (L3).
Hence
(25) N = (.

From and , it follows that
(t*df) — ¢ =dN — "N,

Therefore we have [¢(t*df) — (] =0 in H (T x G).). O

Let Q € (g" ® Q1(X)) be defined by Q(¢) = £ JB, V¢ € g.

Lemma 5.10. 9B —pr*w = (t*)*B — (topr)*B = —¢(t*Q)
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Proof. The source and target maps of the groupoid I' x G = X are given, respectively,
by s*(v,9) = s(y) and ¢* (v, g) = t(y) * g. Using (19)), we obtain
"B —prfw=>")"B— (s)*B — pr*(9B)
=(t")*B— (s)*B —pr*(t*B — s*B)
=@{")*B — (topr)*B.

This proves the first equality.
For the second equality, note that, by and Lemma we have

P(*Q) = (t x 1)"¢(Q) = (t x 1)"(s5B — t;B).

Here sg and t( are the source and target maps of the transformation groupoid X xG =
X. Tt is clear that tgo (t x 1) = ¢ and sg o (t x 1) = t o pr. Thus the second equality
follows. O

Proof of Theorem (5.6, Using , we get
(26) pne) =7 Yla+n) = a+7"Y(n) =dB+7"¢(n).

And, since mot: I' — M is a G-equivariant map, we get

= ((rot)™n) by
=t n)
=yt (df — Q) by
(27) =(t"df) —¢(t"Q)
Therefore,
pu(ne) =dB + 7" ¥(n) by
=dB +¢(t"df) — v (t"Q) by
=dB + ¢(t*df) + 8" B — pr* w by Lemma [5.10

Hence, by Lemma [5.9

plne] = [dB + 0*B] + [(t*df) — pr* w] = [( — pr* w]. O
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