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GERSTENHABER-BATALIN-VILKOVISKI STRUCTURES ON
COISOTROPIC INTERSECTIONS

VLADIMIR BARANOVSKY AND VICTOR GINZBURG

ABSTRACT. Let Y, Z be a pair of smooth coisotropic subvarieties in a smooth algebraic
Poisson variety X. We show that any data of first order deformation of the structure
sheaf Ox to a sheaf of noncommutative algebras and of the sheaves Oy and Oz to
sheaves of right and left modules over the deformed algebra, respectively, gives rise to
a Batalin-Vilkoviski algebra structure on the Tor-sheaf Zor®x (Oy,Oz). The induced
Gerstenhaber bracket on the Tor-sheaf turns out to be canonically defined; it is indepen-
dent of the choices of deformations involved. There are similar results for Ext-sheaves
as well.

Our construction is motivated by, and is closely related to, a result of Behrend-
Fantechi [2], who studied intersections of Lagrangian submanifolds in a symplectic man-
ifold.

1. Introduction

1.1. Main result. Let C be a field of characteristic zero. We let C. := Cle]/(g?)
denote the ring of dual numbers and let all unlabeled tensor products stand for ®c.
Given an algebraic variety X, we write Ox for the structure sheaf, resp. Tx for the
tangent sheaf on X.

Fix a smooth algebraic variety X, over C, and P € H°(X,A?Tx ), a Poisson bivec-
tor. Thus, there is a Poisson bracket {—, —} : Ox x Ox — Ox given by the formula
{f,g} = (P,df A dg).

Let A be a sheaf of (not necessarily commutative) C.-algebras equipped with an
algebra isomorphism 4/e A4 = Ox so that A gives a flat deformation of the structure
sheaf Ox. We require, in addition, that the Poisson bracket induced by the commuta-
tor in A be equal to the bracket {—, —}. A particular example of such a deformation
is the sheaf A :=C. ® Ox = Ox @ €Ox, equipped with multiplication given by the
well-known formula f x g — fxg= fg+ 5{f, g}, for any f,g € Ox.

Let Z C X be a smooth subvariety. In this paper, we are interested in flat defor-
mations of the sheaf Oz, viewed as an Ox-module supported on Z, to either left or
right A-module C set theoretically supported on Z. Associated with such a deforma-
tion C to a left A-module, there is a transposed deformation C!, which gives a right
A-module, see section 4.1 for the definition of C*.

Next, let Y, Z C X be a pair of smooth subvarieties. Then, Y N Z, a scheme
theoretic intersection, is a closed subscheme of X with structure sheaf Oynz =
OY®OX Oy. More generally, we have Jorfx (Oy,0z), a coherent sheaf of super-
commutative graded Oynz-algebras. Similarly one has a sheaf &xtg, (Oy,Oyz) that
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comes equipped with the natural structure of a graded For®x (Oy, Oz)-module (the
module structure is recalled in Section 3.2).

Recall that a graded commutative algebra D = @, Dy equipped with an oper-
ator § : D. — D._; is called a Batalin-Vilkovisky (BV) algebra if § is a differential
operator of order < 2 (with respect to multiplication in D) and one has §2 = 0. In
this case, the formula (for z,y homogeneous):

(1.1.1) [2,y] := 8(x-y) —6(2)-y — (~1)%F72-8(y),
provides D. with a structure of Gerstenhaber algebra (i.e., odd Poisson algebra). See
e.g. [2] for more details on these definitions.

Similarly, given a graded D-module M = &, -, My, a BV-module structure on M
is the data of a linear operator & : M, — M._; such that (§')? = 0 and such that
0" has order < 2 in the sense that for any homogeneous xz,y € D and m € M, the
following equation holds

3(zy)m — (1) wd(y)m — d(x)ym = &' (xym)—
o (71)degzz§/(ym) o (71)degmdegy+degyy5/(xm) + (71)degz+degymy51(m)'

In such a case, an analogue of formula (1.1.1) (for ¢’ instead of §) gives a pairing
{—=,—-}: D® M — M that makes M a Gerstenhaber module over D.
The main result of this paper reads

Theorem 1.1.2. Let X be a smooth Poisson variety with Poisson bivector P, and let
A be a flat C.-deformation of Ox such that the commutator in A induces the Poisson
bracket given by P. Let Y, Z be a pair of smooth coisotropic subvarieties in X. Then,
we have

(i) Associated with the data of a flat C.-deformation of the sheaf Oy to a right A-
module B and of the sheaf Oz to a left A-module C, there is a second order differential
operator § : Tor®x (Oy,0z) — 90rf9_xl((9y,(’)z) that squares to zero (i.e. makes
Tor®x(0y,0z) a BV algebra) provided the first order deformations locally admit
extensions to second order deformations.

(i) The induced bracket (1.1.1) on For®x(Oy,Oyz) is independent of the choice
of deformations B and C.

(iii) Similarly, given an additional flat C.-deformation of Oz to a right A-module
C’, there is an associated second order differential operator ¢’ : &ty (Oy,0z) —
é":z:tb_Xl(Oy,OZ), such that (8')? = 0 if the first order deformations locally admit
extensions to second order deformations. If C' = Ct the corresponding operator &'
provides the sheaf &xty, (Oy, Oz) with a structure of BV-module over the BV algebra
TorPx(Oy,0z). Moreover, the resulting pairing

{—=}: TorPx(0y,0z) x Eaty (Oy,0z) — Exty (Oy,0z)
is independent of the choice of deformations B and C.

Since flat deformations exist locally, Theorem 1.1.2 yields the following corollary,
which is the second important result of the paper.

Corollary 1.1.3. Let Y, Z C X any pair of smooth coisotropic submanifolds of an
arbitrary smooth Poisson algebraic variety X. Then, on TorPx(Oy,0yz) there is a
canonical structure of Gerstenhaber algebra.
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Furthermore, the group &xty, (Oy,Oz) has a canonical structure of Gerstenhaber
module over the Gerstenhaber algebra Tor®x(Oy,Oz).

Several examples of such BV and Gerstenhaber structures are discussed in §5 below.

Our results above were, to a great extent, inspired by the work of K. Behrend and
B. Fantechi [2]. Behrend and Fantechi consider a pair Y, Z, of Lagrangian subman-
ifolds in a holomorphic symplectic manifold X. They show that one can equip the
graded algebra Zor®x (Oy, Oz) with a Gerstenhaber bracket, resp. the graded sheaf
&ty (Oy,Oz) with a BV type differential. The approach in [2] is based on reducing
the case of a general Lagrangian intersection to the special case where X = T*Y and
Z C T*Y is the graph of a holomorphic function on Y (and Y is identified with the
zero section of T*Y).

Thus, the arguments in [2] rely in a crucial way on a version of Darboux theorem
saying that any holomorphic symplectic manifold is locally isomorphic to a cotangent
bundle. Such a result holds for holomorphic symplectic manifolds (equipped with the
usual Hausdorff topology) but it is totally false in the algebraic setting. Indeed, an
algebraic symplectic 2-form need not be locally exact, even in etale topology. The
corresponding argument, kindly communicated to us by A. Beilinson, will be given in
section 5.3.

1.2. Construction of the BV differential. Let A be any flat C.-deformation of
the sheaf Ox to a sheaf of associative C.-algebras equipped with an algebra isomor-
phism A/e A ~ Ox. Similarly, let B be a flat deformation of Oy to a right .A-module
and C a flat deformation of Oz to a left A-module. The flatness assumptions im-
ply that multiplication by e induces an isomorphism Oy = B/eB = B, and similar
isomorphism Oz = C/eC = eC.

The short exact sequence 0 — eC — C — C/eC — 0 induces a long exact sequence

. — Joris,(B,C/eC) — Tor{(B,eC) — Tor(B,C) — Tor{{(B,C/eC) — ...

Locally, we can choose a projective resolution P° of B with A-modules, such that
P*/eP* is a resolution of Oy with projective Ox-modules. Further, we have an
isomorphism of functors (1) ® 4 eC ~ () ® 4 Ox ®o, Oz and similarly for C/eC. We
deduce canonical isomorphisms

For{ (B,eC) ~ Tor®* (Oy,0z) ~ Tor(B,C/eC)

Using these isomorphisms, the connecting morphism in the long exact sequence
above yields a map

§: JorlX (Oy,07) — Jor{> (Oy,0z).

Similarly, suppose that we have a deformation C’ of Oz to a right A-module. Then
there is a long exact sequence

.= Ext' (B, C [eC!) — Extly(B,eC') — Ext'y(B,C') — Ext’y(B,C'/C’) — ...
In particular, one has a morphism
§ i Sty (B,eC') ~ Extly  (Oy,0z) — Extg Oy, 0z) = Ext’ 1 (B,C'/eC')

When both C and C’ are given we will assume that C' = C* or C’ is transposed to C.
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Notation. Given a vector bundle (a locally free sheaf) E, we write £V for the dual
vector bundle. Let Qx, resp. Tx = QY, denote the cotangent, resp. tangent, sheaf
on a manifold X. Let Nx/,y denote the normal sheaf for a submanifold Y C X.

We often abuse the notation and write Torz* (—, —) for Tor®* (—, —), and semilarly
for Ext’s.

1.3. A conjecture by physicists. Recall first that, for any (triangulated) category
%, one can define its Hochschild cohomology groups HH"® (%).
According to A. Kapustin and L. Rozansky one has the following

Conjecture 1.3.1. To each pair Y,Z C X, of smooth Lagrangian submanifolds of
a smooth algebraic symplectic variety X, one can associate a triangulated category
Catx (Y, Z), cf. [7], such that the Hochschild cohomology of the category €atx (Y, Z)
is given by
HH* (Catx (Y, Z)) = Tor’* (Oy,0y).

Moreover, the standard Gerstenhaber bracket on Hochschild cohomology goes, under
the isomorphism above, to the canonical Gerstenhaber bracket on TorPx (Oy,0z)
provided by Corollary 1.1.5.

If X = TVY is the cotangent bundle of Y and Z =Y is the zero section, then one
should have Fatx (Y, Z) = D*(CohY). In this case, we have

HH"(D"(CohY)) = H*(Y,A"Ty) = TorT ¥ (Oy, Oy).

so that the Gerstenhaber bracket is induced by the Schouten bracket on A*Ty .
More generally, let X = TVY and Y be the zero section as above, and let Z =

Graph(df) where f € C[Y]. Then %Fatx(Y,Z) should be the category of matrix

factorizations (F' = F' dod = f-1d = d’ - d), associated with the function f, cf. [11].

d

Remark 1.3.2. Observe that the sheaves Zor®x (Oy, Oz) are related to the hyper-Tor
groups Tory (Oy, Oz) via the local-to-global spectral sequence

H* (X, Tor®X(0Oy,03z)) = TorX(Oy,0y).

At the same time, the global hyper-Tor may also be calculated by applying RI to the
sheaf of DG algebras T. described in Section 3 below. Thus, we expect that there exists
a refined version of our results, in which Gerstenhaber or Batalin-Vilkovisky structures
on the cohomology sheaves of T., are replaced by their “strong homotopy” versions on
T. itself. In fact, the lemmas of Section 3.2 point towards such a refinement. Similar
remarks apply to the Ext groups (local and global), and the polydifferential version
of the resolution E* in Section 3.

2. Existence of first and second order deformations.

2.1. Algebraic setup. Following Gerstenhaber, a C.-flat deformation of an associa-
tive C-algebra A is given by a C.-bilinear associative product structure on the vector
space A. = A ® A defined by

(a1 ®0) % (a2 ®0) = ajas De - aalar,as), ai,a0 € AC A,
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with g : A® A — A a C-linear map. The associativity of the x-product is equivalent
to the equation
(2.1.1) ag(araz,a3) — aglar,azas) + aa(ar, az)as — ayas(as,as) = 0.

Fix a C.-flat deformation of A as above. Given a right A-module B, one may
consider C.-flat extensions of the A-module structure on B to a right A.-module on
B. = B ® eB. Explicitly, such an A.-module structure on B, is determined by a
bilinear map ap : B ® A — B. The corresponding right A.-action is given by the
formula

b®0)x(a®0)=ba®e-ap(ba), acAbeB.
The map ap : B® A — B must satisfy the associativity equation
(2.1.2) ap(bas,az) — ap(b,azas) + ap(b,az)as — baa(ag,asz) = 0.
Further, any pair of C.-linear automorphisms of the form
Ac = A, a—a®efa(a) and B. — B, b—b®efp(b),

where 54 : A — A and B : B — B are C-linear maps, induces equivalent deforma-
tions corresponding to cochains

(2.1.3) (a1,a2) — aalar, a2) + Balaraz) — a1Ba(az) — Ba(ar)az
(2.1.4) (byas) — ap(b, as) + B (bas) — bBa(as) — Bu(b)as

A deformation as above extends to Cle]/(g?) if and only if one has
(2.1.5) as(aa(ar,az),a3) — aaslar, aalag, az)) = dya(ar,as,as)
(2.1.6) ap(ap(b,ar),az) — ap(b,aa(ar, az)) = dyp(b, a1, az),

where v4 : A A — A, vg : B® A — B are some linear maps and dvya, dvyg are
defined similarly to the LHS of (2.1.1) and (2.1.2), respectively.

2.2. Deformation complex. The identities of the previous subsection can be refor-
mulated as follows. The A-module structure on B defines a homomorphism g : A —
Endc B of algebras over C, and deforming the algebra/module structure amounts to
deforming g to an algebra homomorphism A. — Endc_(B.). Observe that Endc,_ (B:)
is the trivial deformation of End¢ B. Thus, adjusting the definitions of [5], [4] (i.e. re-
moving the term responsible for the deformation of the algebra End¢ B) we introduce
a deformation complex C) 5 with terms

Ch p=C"(A,A) @ C" (A Endc B) = Home(A®", A) & Homg (A®"™Y, Endc B),
where C™(A,X) denotes the standard complex of Hochschild cochains of an A-
bimodule X. The differential in the complex C p is given by

(221) dA,B(aA & aB) =y, A @ (gaA - dHochaB)7

where d;__ stands for the standard Hochschild differential, cf. loc. cit. We put
Hj pi=H"(C} p)-

Equations (2.1.1), (2.1.2) say that & = a4 @ ap is a cocycle in C3 5. Equations
(2.1.3) and (2.1.4) say that the equivalence class of the deformation depends only on
the image of a in H} 5.
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To reinterpret integrability conditions recall that by loc. cit. H;{é has a structure
of graded Lie algebra such that H*~!(A4, A), the Hochschild cohomology with Ger-
stenhaber’s bracket, is a quotient Lie algebra of HA_é Explicitly, up to a choice of

signs, for ag @ ap € C% 5, &y ® o'z € C}' 5 one has

[aA D aB7a/A D QIB] = (aA o 044 _ (_1)(n71)(m71)a{4 o OéA)@
@ (apod +apUayg — (1) Dm0l 0ay +alz Uag))

where
n

apoay = Z(—l)(571)(7”71)045(1%(8_1) ®da, ® 1%(71—5))
s=1

m+n—1

and similarly for the other terms. The cup product ap Uy : B® A® — B is

the composition of ap @ /4 : B®A®"""" . B® A and the action map B® A — B.
Then, equations (2.1.5), (2.1.6) say that $[o, a] = da (7)), i.e. that [, o represents
the zero class in Hi,B-

Observe that C*~!(A, Endc B) is a subcomplex of C7 p, and C* (4, A) is a quotient
complex of C} . The corresponding long exact sequence of cohomology reads

(2.2.2) ...— Ext’y (B,B) - H} y — H"(A, A) % Ext’y(B,B) — ...

We see that an n-cocycle aa € C?(A, A) may be lifted to a class in Hi’B if and
only if the map goay : A X A — Endc B, that represents the image of the class of
a4 under the connecting homomorphism, gives the zero class in Exti (B, B).

Similarly, given another algebra homomorphism h : A — (Endc C)°P, one can
introduce a bigger deformation complex with terms

(2.2.3) Ckpo=C"(AA)®C" (A Endc B) & C" ' (A, Endc C).
The differential in the complex C} p - is given by
dA,Byc(aA ©ap® Oéc) = dHochaA D (gaA - dHochaB) @ (haA - dHochac)'

For the corresponding cohomology groups H}, . there is a long exact sequence

.— Ext"" (B, B) ® Ext, 1(C,C) — Hipec —
— HY(A,A) 2 Ext™ (B, B) @ Ext™(C,C) — ...

2.3. Local deformations. Let now X be a smooth affine variety and ¥ C X a
smooth closed subvariety. Write A := C[X], resp. B := C[Y], for the corresponding
coordinate rings.

A bivector P € H°(X,A?Tx) with a vanishing Schouten bracket gives a Poisson
structure on A. We will say that Y is coisotropic with respect to P if P projects to
zero in HO(Y, /\2NX/Y).
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Proposition 2.3.1. The map H} p — H*(A, A), in (2.2.2), is injective. Further-
more, for any 2-cocycle ay € C%(A, A) the following holds:

() Y is a coisotropic subvariety in X if and only if there exists ap : BQ A — B
that gives a first order deformation of B, i.e., if and only if there exists ap such that
the pair (aa, ap) gives a 2-cocycle in the compler C p.

(i) Assume that aa(ay,as) = 3(P,day A das) with P € H(X,N*Tx). Then, in
(i), one may choose ap : B® A — B to be a sum of a bidifferential operator of
bidegree (1,1) and a bidifferential operator of bidegree (0,2).

(iii) Assume, in addition, that the bivector P has a vanishing Schouten bracket
with itself: {P, P} = 0. Then, there exists a symmetric bilinear map y4 : AQ A — A
such that equation (2.1.5) holds. If, moreover, the canonical class of Y is trivial, then
there exist ap : BQ A — B and vg : B® A — B such that equations (2.1.2) and
(2.1.6) hold, i.e., the map (b,a) — ba + cap(b,a) + e2yp(b,a) gives a second order
deformation of B.

Proof. First, note that gas = d,,, , ap in C%(A, Endc B) means that (2.1.2) holds by
definition of the maps involved. This proves (i).

To prove (ii) let I C A denote the defining ideal of the subvariety Y.

First, we are going to construct a map a% : B ® I — B, the restriction of the
cocycle ag : B® A — B, that we are looking for, to B® I. Observe that the cocycle
equation (2.1.2) implies that, the map a% should satisfy the following two constraints:

a%(ba,z) — a%(b,ax) —baa(a,z) =0; —a%(b,za) + a% (b, 2)a — bay(z,a) =0,

foranybe B,a€ A, x € I.
We will define a% to be a map of the following form:

Ot%(b, .’L‘) = p(db,ac) + b"/}(x);

where p : QL ® (I/I?) — B is a B-bilinear map and ¢ : I/I?> — B is a first order
algebraic differential operator. In terms of p and ¢, the two constraints above translate
into the following pair of equations, for any a € A, x € I,

(2.3.2) Y(ax) — ap(z) = 1pax(a,x); pld(aly),z) =2 - 1pax(a,x).

We remark that the second equation in (2.3.2) determines p uniquely, since every
element of B is an image of some a € A. Observe further that, for a,xz € I, we have
aa(a,z) € I since Y is a coisotropic subvariety. Hence, in this case 1paa(a,x) = 0.
We see that we may (and will) use the second equation in (2.3.2) as a definition of p;
the resulting map p is well-defined.

Observe next that the first equation in (2.3.2) is a condition on the map oy, : I/I?°®
QL — B, the principal symbol of the first order differential operator 1. Specifically,
the equation says that oy(a,z) = %(P\y, da A dzx) for any a € I,z € B. Again, we
may (and will) use the latter equation as the definition of oy. The resulting symbol
is well-defined since P sends I ® I to zero in B.

Recall next that, for any o, one may find a differential operator ¢ that has oy
as its principal symbol. Indeed, let @Sl(N)\é nE Oy ) denote the space of first order
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algebraic differential operators Ny, Y Oy . The variety Y being smooth and affine,
one has a short exact sequence, cf. [6],

0— HomOY(N)\é/SHOY) - QSI(N)\Q/XNOY) - HomOY(N)\é/Y Koy Q%”OY) — 0,

where the last arrow is the principal symbol map which is, therefore, surjective.
This completes the construction of the map a% : B® I — B.

It remains to extend a¥% to construct a cocycle ap : B® A — B. To that end, note
that since Y is smooth and affine we can choose a splitting of the short exact sequence

0= Nx/y — Qkly = Q5 — 0.

Such a splitting yields a B-linear map p : Q4 ®4 B — I/I%. Similarly, a splitting of
the projection T%|y —» T yields a B-linear map ¢ : Q5 — QY ®4 B.
Using the splittings, we define

ap(b,a) = p(db, p(da)) — %P(Q(dGIYL q(db)) + bip(p(da)).

It is clear that the resulting map ap is an extension of a%. Furthermore, an explicit
calculation using identities (2.3.2) shows that the map ap so defined satisfies the
requirements of part (i4) of the proposition.

To prove part (ii7) we need to recall an explicit version of the Hochschild-Kostant-
Rosenberg isomorphism for Hochschild cohomology.

The Hochschild complex that we are interested in is the complex with terms
C*(A,Endc B) = Homc(B ® A% B), equipped with the Hochschild differential
dpoch- The Hochschild-Kostant-Rosenberg theorem says that, for Y = Spec B smooth,
one has an isomorphism Alt : H*(C"(A,Endc B)) = H°(Y,A*Nx,y). The isomor-
phism is constructed as follows. Given, v € Homc(B ® A®* B), one obtains, by
restriction to the ideal of Y, a polylinear map B ® I®* — B. Let Alt(y) be the anti-
symmetrization of this map with respect to the last k& arguments. One shows, that
if v is a Hochschild cocycle, i.e. dpocny = 0, then Alt(y)(b,21,...,2x) = 0 whenever
x; € I? for at least one i = 1,...,k. It follows that the map Alt(y) descends to a
map Alt(y) : B&AE(I/I?) — B. Furthermore, the equation dyocny = 0 insures that
the resulting map is B-polylinear, cf. [10, Proposition 1.3.12] for a similar result in
the case of Hochschild homology. We conclude that the map Alt(+y) descends to a
well-defined B-linear map Alt(y) : A%(I/I?) — B. Giving such a map is the same
as giving a section of /\kNX/y, and we are done.

We can now resume the proof of part (iii). First of all, we note that the existence
of some 4 is well-known, cf. e.g. [8]. By skew symmetry of ay = %P is follows
immediately that 1 (va(a,b)-+~4(b,a)) solves the same equation (2.1.5). Hence, from
now on, we assume that the bilinear map v, is symmetric.

Assume now that the canonical bundle on Y is trivial and choose a trivialization,
that is, a nowhere vanishing top degree differential form w on Y. Let Liey(w) denote
the Lie derivative of w with respect to a vector field 0 on Y. The assignment 9 —
Lieg(w) - w™! gives a first order differential operator Ty — B. We compose this
differential operator with the B-linear map I/I? — Ty given by the restriction of the
bivector P to Y. This way, we obtain a first order differential operator ¢ : I/I?> — B
that satisfies the identity ¢(ax) — atp(x) = 1pax(a,z) (the first equation in (2.3.2)).
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We use the above operator i to construct a cocycle ap : B® A — B following the
procedure explained in the proof of part (ii). The resulting operator ap : BQ A — B
satisfies

(2.3.3) ap(ap(b,z1),x2) —ap(ap(b,x2),x1) —2ap(b,as(x1,22)) =0, x1,29 € 1.

To complete the proof, we have to construct an operator v : B® A — B that
satisfies the equation

(2.3.4) diocnyB(b,a,a’) = ag(ag(b,a),a’) — ag(b,aala,a’)) + bya(a,a’),

where the Hochschild differential dpoen : Home(B ® A, B) — Home(B® A® A, B)
is given by the formula dyechys(b,a,a’) := vg(ba,a’) — vp(b,aa’) + vp(b,a)a’.

Let n(b,a,a’) denote the RHS of (2.3.4). A straightforward computation shows
that n is a Hochschild cocycle, explicitly, one has

n(ba,d’,a") = n(b,ad’,a") +n(b,a,a’a”) +n(b,a,a’)a" = 0.

We claim further that n gives the zero class in Hochschild cohomology. To see this
we use the Hochschild-Kostant-Rosenberg isomorphism. Thus, we must restrict n to
B ® I ® I and compute Alt(n). But equation (2.3.3) says that the RHS of formula
(2.3.4) is symmetric in the last two arguments. We conclude that Alt(n) = 0. Hence,
7 is a Hochschild coboundary, and part (iii) follows. d

Remark 2.3.5. Here we sketch another proof of part (i7): Equation (2.1.2) says that
dap = aa - Idg holds in C?(A, Endc(B)). Let D* (A, Endc(B)) be a subcomplex of
the Hochschild complex formed by cochains given by multidifferential operators. The
arguments from [8], pp. 16-17 can be used to show that the cohomology groups of
the complex D*(A,Endc(B)) are A*Nx/y. Therefore, it follows from a version of
the Hochschild-Kostant-Rosenberg result that the imbedding 5: D*(A,End¢(B)) —
C*(A,End¢(B)) induces an isomorphism H*(7), on cohomology.

Now, the Poisson bivector on X gives a class as - Idg € D*(A, Endc(B)). Since Y
is coisotropic, j(aa - Idgp) € C%(A, Ende(B)) is a coboundary. By injectivity of H?(9)
the class as - Idp € D?*(A,Endc(B)) is itself a coboundary, i.e. dag = a4 - Idp for
some ap € D?(A,Endc(B)). A separate easy calculation shows that the principal
symbol of ap is a linear combination of maps SymZQA/(C — Band Q,,c®Qp/,c — B,
i.e. its component Sym2QB/C — B is actually zero.

Remark 2.3.6. It can be shown using the arguments of the proof above and those
of Section 4 below that the existence of a (not necessarily split) deformation for Oy
with Y coisotropic, is equivalent to the vanishing of a certain class in H*(Y, N X/y).
This class is the cup product of the Atiyah class in H*(Y, Q3 ®0, End(Nx/y)) with
the image of P in H(Y,Ty ® Nx,y). See Theorem 7 in [1] for more details.

3. An algebraic construction of BV operators

3.1. Complexes computing Tor(B,C) and Ext%(B,C). In this subsection we
fix a commutative algebra A and a pair of A-modules B,C. We have associated
algebra homomorphisms g : A — End¢ B, resp. h: A — End¢ C. Write T'(A) for the
tensor algebra of the vector space A.
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Recall that the A-module B admits a free bar resolution B ® T(A) ® A — B, cf.
[12]. Therefore Tor!(B,C) and Ext’y (B, C) can be computed as the cohomology of
complexes T, and E°, respectively, with terms

T, =B® A% ®C, E'=Homy(B® A%, C)
The corresponding differentials, d; and dg, respectively, are given by

dr(b®@a1 ®...®a;®c)=ba; ®@...Qa;@c+ (—1)'bRa; @ ... a;_1 @ ac+
1—1
+Z(—1)8b®a1®...®a8a5+1®...®a¢®c,
s=1
dE(b(b@ a1 ®...Q ai+1) = —¢(ba1 ®R...Q ai+1) + (—1)i_1¢(b® a1 Q... Q% ai)aiﬂ
i—1
Y (D) R ® ... @ 50541 ® ... ® aig1)
s=1

We consider deformations of the triple (A, B, C). Such a deformation is determined
by an element of the deformation complex CE\, p,c given by a cocycle (aa,ap,ac),
see §2.2. Working with 7. we always assume that ap gives a deformation of B to a
right module and a¢ a deformation of C' to a left module.

The triple (a4, ap, a¢) induces an operation d, : T; — T;—1 given essentially by
the same formula as dp where ba; is replaced by ap(b, a1), resp. asast1 is replaced by
aa(as,as41) and a;c by ac(a;, ). If, in addition ap, : C® A — A gives a deformation
to a right module, then the triple (a4, ap, af) induces an operation ¢, : E! — Eitl
given by a formula similar to dg; this time ¢(X)a; is replaced by o (¢(X), a;).

The following result is proved by direct computation

Lemma 3.1.1. Let §, be the operator on T. constructed from a triple (ca,ap,ac).

(1) If (aa,a) is a cocycle in CF g and (ca,ac) is a cocycle in C} then, we
have
adr + d1ds = 0.

(2) If (@a,aB) — (aa,ap) = d(Ba,BB) and (&, dc) — (aa,ac) = d(Ba, Bc)
then, we have

05 — 0y = dT(Sg + 5ﬂdT,

where

bR ®..®a,Qc)=00)Ra1®...0a, c+
Y ()R a ®...®Ba(a:) ... @, ®c+ (—1)"ThR a1 ® ... ® a, ® Bo(o).

(3) If (2.1.5), (2.1.6) hold (with similar equation and notation assumed for ac),
then, we have

(53 = dTé7 + (SydT.

Similar identities hold for the map ¢!, constructed from (aa,ap, o), with dp
replaced by dg. O
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We now interpret §, in the context of the long exact sequence of Section 1.2. Since
B¢ is flat over C. we can construct a bar resolution using tensor products over C.:
~_>B5®Ce A€®C5Ae_)Be®(CEA5_>Bs_’O
where the bar differential is defined using the deformed product A, ®c, A — A. and
the deformed action B. ®c, Ac — B.. In particular, Tor?g(BE, C.) is the homology
of the complex with the i-th term
Tf = B. ®c, AZ' @c, C. ~ [BR A®" @ C] @¢[B® A® @ C] =T, ® T,

It is easy to see that the differential of this complex is d. = d + €d,. The spectral
sequence of the filtered complex (with the two step filtration) 7. C T¢ boils down to
the long exact sequence

—— Hi(T.,d) — Hi(T,E,dE) — Hi(T.,d) — i_l(T.,d) — ...

By definition, we have H;(T.,d) = Tor!(B,C). The connecting differential & :
H;(T.,d) — H;—1(T.,d) is computed as usual: we take a representative z € T; C TF
and assume that dz = 0, hence d.x € €T; € TF. Then, we let §(x) be represented by
the element %dsm. Because of the definition of d. this is precisely d,.

In the case of Ext}y (B, C), we assume that both B, C are deformed as right modules.
Again, if (a4, o, o) satisfies the cocycle condition determining the first order de-
formation, the operation ¢/, descends to ¢’ on Ext} (B, C) defined in Section 1.2. In
fact, Extile (Be, C:) may be computed as the cohomology of the complex

Ef = Homy, (B. ®c, AZ*" @¢, A.,C.) = Home, (B. ®c, A2, C.)
= Homc_([B® A% @ ¢[B ® A¥"|,C @ £C)
= Homy (B ® A®",C) @ e Homy (B @ A®",C) =: ' @ ¢F".
The differential d. again splits into dg + £§,. Hence, the connecting differential
Ext’y (B, C) — Ext'y(B,C)

is induced by 47,.

Observe that for 8, resp. &', part (1) of the Lemma 3.1.1 implies that d,, resp. &/,
does descend to (co)homology. Part (2) says that the operator on cohomology does

not change if (a4, ap, ac) is replaced by (a4, ap, ac)+d(Ba, BB, Bc). Part (3) says
that integrability conditions imply 62 = 0, resp. (§')% = 0.

3.2. Multiplicative properties of T, and E°®. We begin with a general result.

Let (D, d) be a differential associative Z/2Z-graded algebra with an odd differential
d and an odd linear map ¢ : D — D such that §(1) = 0. We write |x| € Z/2Z for the
parity of a homogeneous element 2 € D, and introduce the notation [d, ], := dd+dd.
Define a bracket [—,—]: D x D — D as follows

[2,y] = 6(wy) — 6(x)y — (~1)"lxd(y) @,y € D.
Also, for any homogeneous elements z,¥,z € D, put
E(z,y,2) = 8(zyz) — (=1)"lwd(yz) - 6(wy)z — (1)W1 Vys(22).
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A straightforward computation yields the following result

Lemma 3.2.1. The following identities hold:

(1) dlzy] — [dw,y) — (—1)"[z,dy] = [d,d], (zy) — [d, 0], (x)y — z[d,d], (y)

(2) [x,yz] - [x,y]z - (_1)\y\|x|y[l,, Z] = E(l‘, Y, Z)
+ (=)W g8 (2) + (=) *lad(y)z + 6(x)yz.

(3) [,y 2] + () 2] 2] 4 (—1) 10Dz, 2, 4]
= 8% (wyz) — 20%(zy) — 28%(yz) — yo°(22) + yz8°(x) + 228°(y) + 2y6°(2)
+ (S(E(l‘,y, Z)) - E((S(Z‘),y, Z) - (_1)|m|5(m75(y), Z) - (_1)\r\+\y\5(x, y,é(z))

Recall next that the algebra structure on Tor-groups may be defined using the
shuffle product. In more detail, according to [12], Exercise 8.6.5, Section 8.7.5 and
Lemma 8.7.15 (as well as a similar statement for Ext groups), one has

Lemma 3.2.2. (i) The algebra Torf‘(B, C) is isomorphic to the homology of the DG
algebra T., see §3.1, with the shuffle product @ : T; @ T; — Tj4; given by
(b®a1®...®ai®c)o(b’®ai+1 Q... Q ajyj ®C/) =

Z (=1)70b ® (1) @ ... ® Ag(itj) ® cC.
o€Sh(i,j)

(ii) The Tor2(B,C)-module Exty(B,C) is isomorphic to the cohomology of the
T.-module E* with the action o : T; @ B9 — EI~% given by
bRu®..0ac)e ¢l ®a1 ®@...Q0a;) =

Z (—1)U¢(bb/ ® ag(l) &...Q aa(i+j))c.
o€Sh(i,5)

In order to be able to apply Lemma 3.2.1 in the situation we are interested in, we
need the following result.

Lemma 3.2.3. Let (T =T.,d = dr) be the DG algebra computing the Tor groups
and let § = 64, be as in section 3.1. Then, the equation Z(x,y,z) = 0 holds for all
x,y, z if and only if, for all by,bs € B, a € A, the cochain ap satisfies

(3.2.4) ap(biba,a) — biap(be,a) — baap(by,a) + bibsap(l,a) =0

and the cochain ac satisfies a similar identity.
Let o, be the transposed deformation defined by the formula ay(c, a) = —ac(a,c).
Then, the above conditions also insure the following identity

(3:2.5) da(axy)m — wda(y)m — yda(z)m = 0 (xym) — 26, (ym) — yd;, (xm) + xydy, (m).
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Proof. Let £ =b, ® 21 ...21, ® ¢, and use the similar notation for y, z. If we plug in
the formula for ¢ into the definition of Z(x,y, z) we get three kinds of terms: those
which involve ap, o and ag, respectively. For instance, the terms in §(xyz) coming
from a4, will involved tensor factors of the type

aA(Ti, Tit1), aa(Yj Yjr1), a(Zs, 2s41),

aA(xia yj)v aA(Z/j? 'Ti)7 aA(‘Th 25), aA(ZSv xi)’ O‘A(yj7 25), aA(ZSv yj)
For x6(yz) we need to include only those terms in which a4 is applied to y; ans z,
but not to z;, and so on. Hence the terms in Z(x,y, z) which depend on a4 cancel
out by inclusion-exclusion formula. Looking at terms which involve ap we get for
d(z,y, 2):
ap(bgbyb., x1), ap(bgbyb., Y1), ap(bybyb., 21)
For zd(yz) we get
ba:aB (bybz7 yl) + ba:aB (bybz7 Zl)

and similarly for other summands in Z(z,y,z). Extracting the terms which only
contain z; we get

aB(bxbybz7 xl) - byaB(bbea 371) - bzaN(bxbya 331) + bybzaB(b:m xl) =0
For b, = 1 this gives (3.2.4). On the other hand, if (3.2.4) holds then

aB(bmbybz,xl) = byOéB(bg;bZ,l‘l) + bwszéB(by,l‘l) — bzbybzag(l,xl)
= byap(byb.,x1) + b. [byap(ny, x1) — byb.ap(1,21))
= byap(bybz,x1) + b: [ap(byby, 1) — byap(by, x1)]

as required.

The calculation for (3.2.5) is similar: for terms involving ap : B® A — B we get
precisely (3.2.4). Comparing the terms involving ac : AQC — Cand o, : C®A — C
we get the condition (3.2.4) for o, plus the equation

csac(a, crce) — czcaac(a, c1) = —ap(creacs, a) + caa(cics, a)

Since ay, is transposed to ac this equation can also be reduced to (3.2.4) for a,. O

4. Proofs of main results

4.1. The transposed deformation. Fix a flat C.-algebra deformation A, of Ox.
Associated with any deformation C, of the sheaf Oz to a left A-module, there is a
transposed deformation C?, which gives a sheaf of right .A-modules.

To explain the definition of C?, recall first that any deformation C admits local
C-linear splittings (in the Zariski topology) C ~ Oz ®eOy. So, locally, the deformed
module structure can be written in the form (a & 0) * (¢ & 0) = ac & ea(a, c). Fur-
thermore, by Proposition 2.3.1 the cochain «(a,c¢) can be chosen to be an algebraic
differential operator in each of its arguments (which satisfies an associativity condi-
tion recalled in Section 2). Thus, X has a covering by affine open subsets U; and on
each of them there is a splitting as above. It follows that, on each double intersection
U; N Uj, the corresponding splittings differ by an automorphism

c1 @ ecy = c1 @ e(Pij(er) + ca),
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where 1;; : Oy — Oy is an algebraic differential operator. The gluing condition for
the locally defined cochains «;(a, ¢) and «;(a, ¢) reads:
(4.1.1) a;(a,c) — aj(a,c) = aj(c) — ¥ij(ac).

Conversely, given a covering of X, a collection of «;’s describing a deformation of
Oy |y, to a left module over A|y,, and a set of operators 1;; such that (4.1.1) holds
and, moreover, such that for each triple (¢, 7, k), one has ¥;; + 1,5 = s, gives rise to
a deformation of Oz to a left A-module C if the above gluing conditions are satisfied.
A similar statement holds for right A-module deformations as well.

Now, given a left A-module deformation C, we define C?, the transposed right A-
module deformation, by gluing locall deformations given, on each U;, by the formula

(c®0)* (a®0) =ac® —cala,c), ie. weputailca):=—aa,c).

Here, the minus signs appear since the opposite algebra A°? may be viewed as a
deformation coming from the bivector —P. The above defined local deformations are
related, on double intersections, via the operators wfj = —j.

4.2. Proof of Theorem 1.1.2(i): BV differential. Given (A, B,C), a triple of de-
formations as in the theorem, we use the construction of the map 6 : For®x (Oy, Oz)
— yorfoj‘l (Oy,Oz) from section 1.2. The construction being local, the map d re-
stricts to a similar map on any open affine subset of X. Clearly, in order to verify
the required properties of d, it is sufficient to verify them for an open affine covering
of X.

This way, we reduce the proof to the case where X = Spec A, resp. Y = Spec B
and Z = Spec C. For affine varieties all the deformations involved are automatically
split over C. It follows that these deformations may be written in terms of certain
cocycles a4, ap, and ac, respectively, as in Section 2.1. Now, we are in the setting of
Sections 3.2-3.3. In particular, we may use the DG algebra (7., dr) and Lemma 3.2.2
for computing the algebra Tor?(B,C) and we may interpret the map & in terms of
the Bar construction.

Observe next that, thanks to Lemma 3.1.1(2), replacing deformations by equivalent
deformations doesn’t affect the conclusion of the theorem. Therefore, we may adjust
our cocycles using Proposition 2.3.1 to insure that: (1) the cocycle as be equal to
the Poisson bracket, in particular, it can be extended to a second order deformation
(a,7v4); and (2) the cocycle ap, resp. a¢, can also be extended to a second order
deformation and, moreover, it is given by a bidifferential operator, as in Proposition
2.3.1(i2). Here, the existence of extensions to second order deformations means that
there exist vp and v such that for a := a4 ® ap ® ag¢, in the deformation com-
plex 7 5 ¢, see (2.2.3), we have [a,a] = da p,c(v4 @ 7B ® 7c); in particular, the
second order deformations of B and C given by (ap,vp) and (ac,¢), respectively,
correspond to the same second order deformation of A given by a pair (aa,y4), as
guaranteed by Proposition 2.3.1 (7).

Recall that the existence of a second order extension of the deformation given by
(aa, ap) is equivalent to equations (2.1.5)-(2.1.6). Hence, we deduce [dr,d]+ = 0, by
Lemma 3.1.1(1). Also, equation 62 = 0 follows from Lemma 3.1.1(3). Further, the
constraints from Proposition 2.3.1(i7) on the order of bidifferential operators insure
that (3.2.4) holds, hence E(z,y,z) = 0 by Lemma 3.2.3. Thus, combining Lemma
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3.2.3 with Lemma 3.2.1, we deduce that the Poisson and Jacobi identities hold already
in the algebra T.. We conclude that these identities hold in the Tor algebra as well,
and the theorem follows. O

The proof of the properties of the differential 4’ on the Ext-sheaves is completely
similar and is left for the reader.

4.3. Proof of Theorem 1.1.2(ii)-(iii): Gerstenhaber structures. Let Y, Z be
smooth coisotropic submanifolds of a smooth Poisson variety X. We must prove the
following

Theorem 4.3.1. The sheaf of graded algebras Tor®* (Oy,Oz) admits a canonical
structure of a Gerstenhaber algebra, i.e. a graded symmetric bracket of degree (-1)
which satisfies Poisson and Jacobi identities.

Similarly, the sheaf &xtyy (Oy,Oz) has a canonical structure of a Gerstenhaber
module, i.e. a bracket [-,-] : Tor; @ Ext! — Ext!~F1 such that

degydegx

[zy,m]" = zly,m]' + (-1) ylz, ml';

degydegx

[z,ym]" = [z,y]m + (-1) ylz, m]’

[,y m)" = [, [y, m]']" + (=12 4y, [z, m] )

Proof. Let A be the standard (split) algebra deformation of the structure sheaf Ox
given by the formula f + g = fg+ 5{f, g}.

On X, we choose an affine open covering {U;} such that each open subset U; has
trivial canonical class. By Proposition 2.3.1(#ii), on each U;, we can find deformations
B;,C; which extend to second order deformations. Writing A;, resp. B;,C;, for
the corresponding algebras of global sections and applying Theorem 1.1.2, we get
a BV algebra structure on Tord (B;,C;). By Lemma 3.1.1(2), the corresponding
BV differential §; on the Tor algebra is unaffected by a change of cocycles a4, ap, ac
provided neither the cohomology class of a4 ®ap nor the cohomology class of as ®ac
is changed. In particular, we may insure that all the cocycles involved satisfy the
conclusions of Proposition 2.3.1.

Next, fix a double intersection U;NU;. We must show that the restrictions to U;NUj;
of the two BV differentials §; and J;, arising from the triples (a):, (ar):, (ac); and
(aa);, (aB)j, (ac); respectively, induce the same Gerstenhaber bracket on the sheaf
yOT?X (Oy, Oz) U;NU; -

To this end, we observe that the deformation A being globally defined and globally
split, on U; N Uj, we have (aa); = (aa);. Next, consider the complex C7 5, cf.
(2.2.1), associated with the algebras A;; = C[U; N Uj| and B;; = C[Y NnU; N Uj;].
The injectivity claim at the beginning of Proposition 2.3.1 implies that the cocycles
(aa)i ® (ac)i and (@a); ® (ac); give equal cohomology classes in H*(CY 5). We
conclude that there exist cochains ((84)ij, (65)i;) such that, in C3 p, we have

(4.3.2) (0@ (ac)i — (ac);) = da,s((Ba)i; © (BB)ij)-

We see that adjusting the restriction of the triple (aa):, (ag)s, (c)s to U; NU; by a
coboundary allows to achieve that (a¢); = (ac¢);.
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Remark 4.3.3. At this point, the reader should be alerted that, although an equation
similar to (4.3.2) holds for the difference 0 & (ap); — (ap); as well, that equation
may require a completely different choice of the cocycle (84)i;. Thus, on U; NUj, the
cocycles in the complex C g o, cf. (2.2.3), corresponding to (aa); ® ()i & (ac):
and (aa); @ (ap); ® (ac); respectively, do not necessarily give equal cohomology
classes, in general.

The arguments above show that we may assume, adjusting by coboundaries if
necessary, that we have (wa); = (a4); and (a¢); = (a¢); (but not also (ag); = (ap);
at the same time). Further, let C' 5 be the deformation complex for the pair (4, B).
Taking the difference of the cocycles (aa); ® (ap); and (a); ® (ap); yields a cocycle
in O} p of the form 0® (ap); — (ap);. Since the first component here is 0, the cocycle
condition says, cf. (2.2.1), that (ag); —(ag); : B®A — B is a Hochschild 1-cocycle.
But any Hochschild 1-cocycle has the form (b ® a) — b - &(a) for a certain derivation
& :A;; — A;j. Thus, the difference of two BV differentials §; —d; on U;NU; is induced
by the operator

(bR ®...0a;®c)=b-£(a1)Ra®...0a ¢

It is straightforward to verify that, since £ is a first order differential operator, any
operator 4 as above induces the zero bracket on Tor. Hence the brackets induced by
0; and d; agree on U; NUj;. This means that the Gersenhaber bracket is independent
on the local choice of ap and a¢, which finishes the proof of the first part of the
theorem.

We turn to the second part of the theorem concerning Gerstenhaber modules.
Observe that the module bracket can be defined via

[z,m] = & (xzm) — §(x)m — (—1)98 %z (m).

Since arbitrary C-linear maps B® A — B, etc., do not localize in general, we need
to work with the subcomplex of E* given by polydifferential operators (by the last
remark of Section 2 this subcomplex has the same cohomology). Observe that our
deformations of Y and Z are indeed given locally by bidifferential operators.

Now, both versions of Poisson identity are equivalent to (3.2.5). The Jacobi identity
on the module follows from (4’)? = 0, once the Poisson identity is established, cf.
Lemma 3.2.1(3). The remaning part of the proof is the same as for Tor. O

5. Examples.

The proof of the previous section shows that sometimes the BV structure on Tor
or Ext is well-defined globally. This is the case, for instance, whenever in the setting
of the proof of Theorem 4.3.1, the cocycles ac and ap, are defined globally.

Here is one such example.

5.1. Koszul bracket. Take X =Y x Y and view Y C X as the diagonal. Then,
one easily finds

TorPx(Oy,0y) = Qy;  Exty, (Oy,Oy) = A QY-.
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Proposition 5.1.1. For any Poisson bivector field P € H°(Y,N*Ty), the induced
BYV differential 6 on Q]B/k s given by the formula 6 = ipdpr + dprip, where the
de Rham differential dpr has degree +1, and where ip is a degree (—2) contraction
operation (with the bivector P). The BV differential &' on /\'Qg/k is given by the
Schouten bracket [P, —].

Proof. To simplify notation we will work in the affine case although all formulas make
sense globally. Thus we consider A = B ® B with the quotient map m: B® B — B
given by multiplication. Also, take C' = B. By standard results, e.g. [12], we have a
Hochschild cocycle on A:

1 1
as(r@ryey) = §P(dx Ndy) @2’y — a2y @ iP(dx’ A dy")

and the diagonal YA C X =Y X Y is coisotropic with respect to the corresponding
Poisson structure. We also have a right deformation of B induced by the cocycle

1 1
ap(b,r®y) = —§P(d(b:1:) Ady) + §P(db/\ dz)y: B® A— B

For the second argument of Tor,A(~7 -) we use the transposed map a; : A®@ B — B.
Our goal is to compute the induced BV differential on Q7 Ik To that end, we need
explicit quasi-isomorphisms between (2, Jk and T..

Observe that usually Q3 is identified with the cohomology of C. (A, A) = ABC+D
and the standard Hochschild differential. Our complex 7, is slightly different although
quasi-isomorphic to C.(A, A) by the map:

bRar ®...0a, @b — ('b) @m(a1) @ ... @ m(ay)

Combining with the Hochschild-Kostant-Rosenberg isomorphism we have a pair of
mutually inverse quasi-isomorphisms:

1 .
b®a1®...®an®b'l—>ab’b~dm(a1)/\.../\dm(an):T.—>QB/k

respectively the map
bodby = by @ (b1 ® 1) ©1: Q. — T

extended multiplicatively. For example, bgdb; A dbs A dbs maps to the antisymmetriza-
tion of

bo@(bl®1)®(b2®1)®(bg®1)®1€T3
in the three middle terms. The assertion follows from the above definitions of w4 and
ap and a straightforward computation.

The case of ¢’ is entirely similar. O

We observe here that the differential § of the above proposition was first constructed
from a Poisson bivector P by Koszul in [9]. Also, the differential ¢ (and not just
the induced Gerstenhaber bracket) is canonically defined since the two arguments of
Tor?(B, B) are taken with their conjugate deformations. We also remark that the
(co)homology of the differentials ¢’ and ¢ in this case are called Poisson cohomology
and homology, respectively.
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5.2. Self-intersection of a coisotropic submanifold. Let X be an arbitrary
Poisson variety, and let Y = Z, a coisotropic subvariety. In this case, we have
g:l?t.OX (Oy, Oy) =N (NX/Y)-

The proof of Theorem 4.3.1 shows that the differential §’ is well-defined globally:
although ap(b,a) exist in general only locally, on double intersections of an affine
cover the difference between two choices of ap is a coboundary (since B = C, where
B is the affine counterpart of Oy and C' is the affine counterpart of Oy, as usual).
Hence these two choices give the same §’ on cohomology.

The subsheaf K C A*(Tx) formed by vector fields which project to zero in
A (Nx /y), is a Lie subalgebra with respect to the Schouten bracket. Then C acts
on A*(Nx,y) since any Lie subalgebra acts on a quotient by itself. Note that P is a
section of IC.

Proposition 5.2.1. The BV differential on A*(Nx/y) is given by the action of the
Poisson bivector.

Proof. Tt suffices to prove the statement on an affine open subset. Observe that
Ext’ (B, B) is computed by the subcomplex

C""Y(A,Endc B) C C}y 5.
The differential &’ of v5 : A2("~1) — End¢ B is explicitly given by
§'(yB) = [aa ® ap,0®v5] : A" — Endc B

where [-, ] is the Lie bracket on C'} p introduced in Section 2.2. Now a straightforward
calculation finishes the proof. O

5.3. Symplectic 2-form need not be locally exact. The following construction
of a large class of examples of algebraic closed differential forms which are not locally
exact in etale topology was explained to us by A. Beilinson.

Let X be a smooth algebraic variety, and w a non-zero holomorphic i-form on
X. We assume, in addition, that for some compactification of X the form w has
logarithmic singularities at infinity (it is then automatically closed thanks to Deligne
results [3]). In any case, one can merely assume that X is itself a projective variety.

Claim 5.3.1. For any étale morphism w : U — X, the i-form wy = 7*w, on U, is
not exact.

Proof. Let X <— Z be a compactification such that Z \ X is a divisor with normal
crossings. By Hironaka’s resolution of singularities, one can find a similar compacti-
fication U < T such that the map 7w : U — X extends to a morphism T" — Z. It
is known that in such a case, the i-form wy has logarithmic singularities at 7'\ U.
Furthermore, this form is clearly non-zero since its restriction to U is non-zero. The
map sending a differential form § on T with logarithmic singularities at 7'\ U to
(8] € H'(U), the corresponding de Rham cohomology class, is known to be injective,
by [De]. So, the class [wy] € H(U) is non-zero. We conclude that wy; can not be an
exact form, as claimed. O

The above result produces examples of smooth symplectic varieties (e.g. X an
abelian surface) such that the corresponding symplectic 2-form cannot be made exact
by passing to any etale open subset.
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