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MODULAR UNITS AND THE ¢-DIFFERENCE EQUATIONS OF
SELBERG

AMANDA FoLsoM

ABSTRACT. In this paper we present a subgroup of modular units that arise naturally
from analytic solutions to higher order g-recurrence equations given by Selberg in his
work generalizing the Rogers-Ramanujan identities. Further, we express these modular
units in terms of Siegel functions as considered by Kubert and Lang, and show they
generate the group of all units of the modular curves X (¢) with cuspidal support on
7~ 1(c0), where 7 : X (£) — Xo(£) is the canonical projection.

1. Introduction.

For any ¢ € N, let F;, be the modular function field with respect to the principal
congruence subgroup I'(¢) = {v € SLy(Z) | v = 1 mod ¢} defined over Q(¢;), where
¢¢ = >/, The invertible elements in the integral closure of the ring Q[j] C F¢
form a group Uy, the modular unit group of level ¢, where

(1) J=j(7)=q "+ 744 + 196884g + - - -

is the classical modular invariant. In this paper we present a subgroup of modular
units for primes £ > 5

(2) U = ({rej(r) | 1< < (€-3)/2}) CUs

with generators r, ;(7), 1 < j < (¢ — 3)/2 defined in §2 using functional solutions to
higher order g-recurrence equations found in the work of Selberg [12]. These units
may be viewed as higher level analogues to a widely studied function, the Rogers-
Ramanujan continued fraction, defined by
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convergent for 7 in the upper half complex plane H. We develop this analogy in 1.2
and §2, but first discuss an algebraic characterization of the groups U .

1.1. Kubert-Lang. The work of D. Kubert and S. Lang during the latter half of the
1970’s, culminating in the book Modular Units [7], developed the algebraic theory,
as well as the function theory, of the modular units. For a historical account of the
Kubert-Lang theory, one may wish to see “Lang’s Work on Modular Units and Frobe-
nius Distributions” by D. Rohrlich in [6]. A major result of the Kubert-Lang theory is
the complete characterization of the modular units in terms of Siegel functions, which
we discuss in more detail in §3. In §4 we provide an expression for the modular units
7¢,; in terms of Siegel functions as considered by Kubert and Lang. We then use this
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expression to give a characterization of the unit group UZC as the group of all units of
the modular curve X (¢) with cuspidal support on 7~!(c0), where 7 : X (£) — Xo(¢)
is the canonical projection. Once we have established such a factorization in terms
of Siegel functions, our method of proof of this characterization of the groups UZC
follows in the spirit of methods of proof developed by Kubert and Lang in [7].

1.2. Rogers-Ramanujan. In addition to the algebraic characterization of the mod-
ular unit groups US, we also develop an analogy between the 7, ; and the Rogers-
Ramanujan function r(7), discovered first by Rogers in 1894 [9], and later indepen-
dently by Ramanujan in 1913, and Schur in 1917 [11]. Although we present the
Rogers-Ramanujan function here as an example of a modular unit, r(7) has more
notably been an object of study due to a wealth of associated analytic properties.
These include various related g¢-series identities, consequences within partition the-
ory, and far reaching combinatorial interpretations (see [2], for example). Many of
the fundamental properties associated to r(7) rely upon the fact that one may regard
r(7) as arising from the g-recurrence

(4) R(2) = R(2q) + 2qR(2¢").
That is, we may write
(5) r(r) = ¢"°R(q)/R(1).

The g-recurrence (4) has a known analytic solution [10] given by

(6) R(z) = 2"q" (g:9), ",

n>0

where (a;q), = H?;&(l —ag’) for integers k > 1, and (a;q)o = 1. A celebrated result
associated to r(7) is the pair of Rogers-Ramanujan identities,

(7) R =[[a - -

n>1

(8) Rl =] -¢" )1 - "%,

n>1

which give an infinite product representation for the series (6) evaluated at z = 1 and
z = q. Various proofs have emerged in the literature for the identities (7) and (8),
originally due to Rogers and (independently) Ramanujan, whose proofs rely upon the
use of theta functions [10]. The identities may also be interpreted combinatorially (see
for example [1]). By (5), (6), (7) and (8), one obtains a g-product expansion for (7).
With this, one may show that r(7) is in fact a modular function on I'(5), and also
a modular unit. In what follows, we consider the fields F,, £ > 5, and provide more
general proofs of the above facts about r(7) as a special case of the main theorem
in §4. We also point the interested reader to the 2005 work of W. Duke [3] on the
Rogers-Ramanujan continued fraction r(7), who proves some beautiful properties of
the function r(7), its special values, and related functions. In [5], we also examine
many other properties of the modular units r, ; of this paper.
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2. The ¢-difference equations of Selberg.

To define higher order modular unit groups analogous to U

(r(7)) generated by

the Rogers-Ramanujan continued fraction r(7), we seek other appropriate modular
functions on the curves X (¢) = (I'(¢)\'H)". Due to the fact that () has a continued
fraction expansion and may be viewed as originating from a certain g-recurrence, one
might hope that if analogous functions exist, that they exhibit similar traits. We in-
deed form such families for the curves X (¢) of higher genus g > 0 in what follows, yet
will see that these functions do not possess a continued fraction expansion, but rather
an expression that may be viewed as a generalization of a continued fraction expan-
sion. To describe this, we begin with the observation of Sylvester that a continued
fraction may be expressed as the limiting value of ratios of n'" order determinants.

That is,
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where the successive ratios of order n determinants are the partial convergents of the
continued fraction. One finds that the Rogers-Ramanujan continued fraction may be

expressed as
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To generalize this let A be the order n determinant with entries aij,1<14,5<n,
with B(") defined similarly. Provided the limit exists, definethe ratio of two infinite

determinants by

(10) lim AM™/BM .=

n—oo

With hopes of constructing analogous modular functions to (9)
form the infinite determinant S (z) of width k + 1
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(11)

Sk(z):= ?
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One may deduce from (11) the higher order g-recurrences satisfied by the functions

Sk(2)

k
(12) > skm-1(2)Sk(2¢™) =0
m=0
where we let si,_1(z) = —1. This can be done by first expanding Si(z) along the

top row, then simplifying the determinant minors that appear, making use of the fact
that columns eventually are of the form (—1,0,0,...)% In doing so, one will see that
these minors do indeed equal Si(z¢™), 0 < m < k, and that (12) holds. We must
define the functions s ;(z) appropriately so that (12) yields an appropriate analytic
solution S (z). To do so, let

sp.on(2) ==(—1)"2" "R (g; q),,
(13) [t ‘ o
xS0 A (), (gLF 0 g,
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for n > 01in (13), and n > 1 in (14), where

5(k,n)=(2k+1)"2+"_n{k+1J

2
2 - 1
(k) = (2 +1) " "+nv+ J
and

la] = max{n < a}

= 1 > .
[a] = min{n > o}
As given in (13) and (14), the functions s, (z) are due to A. Selberg [12]. In the

case k = 2, the g-recurrence (12) reduces to (4), with S2(z) = R(z). With this choice
of sy, 5, an analytic solution to the g-recurrence (12) exists, and is given in [12] by

ad n2+n7 n z2q;49)n _
(1) Sk(z) = 3 (~1)"ahngPRrD T ok (1_qu<2n+1>’“)4((—7 q;)* [Ta—zm
n=0 qaq n le

Selberg uses these functions to give certain identities that are analogous to the
Rogers-Ramanujan identities (7) and (8), and also to give various g-continued fraction
identities. In contrast to their use in [12], we use the functions s ;(z) and Si(z) to
define groups of modular units U, f .



MODULAR UNITS AND THE ¢-DIFFERENCE EQUATIONS OF SELBERG 287

2.1. Defining the r; ;. To define the modular units 7, ;, we first recall the Galois
action on the modular function fields F;. The natural action of the group I'(1) :=
SLo(Z) C M2(Z) on the fields Fy is given by

(16) v f(r) = f(y7I),
where f = f(r) € F;. The group GLy(Z/{Z) also acts on Fy as follows. Given
d € (Z)IZ)*, let va = (! 9) act on Q((r) by

va - G = ¢

o0
If f € Fy has ¢-series expansion given by f(7) = Z anq”/g, the action of v4 extends

to Fo by o
(17) Ya- f(T) = Z (Va - an)an

The matrices vq, d € (Z/0Z)*, together with SLo(Z/¢Z), generate GLo(Z/¢Z), and the
group actions given by (16) and (17) define a Galois action on the modular function
fields via the isomorphism

(18) Gal(Fe/F1) = GLo(Z/07)/{+1).

We point out for later use that GLy(Z/¢Z) has the following decomposition

(19) GL2(Z/lZ) = Ca()G oo (6),

where Cy(¢) is the degree two Cartan group (whose elements may be represented

by primitive pairs mod ), and G (¢) is the isotropy subgroup of the vector (1,0)".
Using (15), we first define the functions r¢1 and r¢ .

Definition. For prime ¢ =2k +1 > 5, let

(20)

k(1) Sk(l)7
Sk(q)

rea(r) = (=1)" g

and for prime { =2k + 1> 7, let

(21)

—eeenee=2 Sy(1) — ¢Sk (e?)
Sk(q)

rea(t) = (-1)" %

For m € (Z/{Z)*, we let
(22) om = (% 1) €n(Gal(Fe/F1))
and for ¢ = 2k + 1, let

- e n(r)
(23) Uy = Uy(7) := —q () Sk(q)-
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Next we define for any positive integer j satisfying 1 < j < (¢ — 3)/2, the functions
(24) rej(7) = Oy1-5 (1) /1T,

where the Dedekind 7-function (1) = A'/24(7) is the 24*® root of the Discriminant
function, and is given by

(25) n(r) =g [ —q").

n>1
We will see in §4 that the definition given in (24) coincides with (20) and (21) for
j=1,2

Remark. We remark that there is a way to appropriately define modular units 7, ;
for all j, 1 < j < (¢ —3)/2 when ¢ is odd and not necessarily prime. (See also [5].)

3. Modular units and Siegel functions.

3.1. The Kubert-Lang theory. A major result of Kubert and Lang in their de-
velopment of the theory of the modular units is the explicit characterization of the
modular units of prime power level ¢ in terms of Siegel functions. The Siegel functions
are constructed using the Klein forms, t7,(z), which are defined by a lattice L C C,
and are functions of z € C. Equivalently, we may write t;(z) = t,(7) if L = Z7 + Z,
and z = a17 + as € C, a1,a2 € R. With the latter notation, the Klein forms are
defined by

(26) ta(T) _ e_”a(T)“'(T’l)/Qaa(r),

where o, and 7, are the classical Weierstrass functions. Using known properties
of the Weierstrass o, and 7, functions, one can verify that the Klein forms
satisfy the following properties

(27) f)\L()\Z) = )\fL(Z),
(28) (e7 + d)ta(y7) = toy (7),
(29) torn(7) = €(a, b)ty (7).

In (27)-(29), A € C*, v € T'(1),b = (b1,ba) € Z?, and the constant €(a, b) is given by
e(a,b) = (—1)0b2tbrtb20((byay — bras)/2),
. We note in particular that (27) implies
ta(7) = —ta(7).
The Klein forms are used to define the Siegel functions, given by
(30) 9a(T) = ta(T)n(7)?,

where 7(7) is the Dedekind n-function. We point out the following transformation
law.

where e(w) := e?™w

Lemma 1. Let a = (a1, as) € Q% \ Z2. Then
g(al,a2)<71/7—) = 7Z‘g(a2,—a1)(7—)'
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Proof. Using the definition (30) of the Siegel function g,, the lemma follows from the
transformation properties

(31) n*(=1/7) = —itn*(7)
(32) Tt(ahaz)(_l/T) = t(az,—a1)(7—)'
O

We state the fundamental result of Kubert-Lang characterizing the modular units
in terms of Siegel functions in the following Theorem.

Theorem K. (Kubert, Lang) Let £ = p™, where p is prime, p # 2,3, n € N. Then
the modular units of level £ (modulo constants) consist of products

(33) [Tgr

where a = (%, %2) € 372, a ¢ Z2, and the exponents m(a) € Z satisfy the quadratic
relations

Zm(a)a% = Zm(a)ag = Zm(a)alaQ =0 mod/,

a a a

and the condition ), m(a) =0 mod 12.

Using the product expansion for the classical A and o functions, one has the
following product formula for the Siegel functions:

ga(r)=—42 P2 e(ar(a1-1)/2) (1-q Te(P)) [T (- Te(P)) (10" Pe(- 7
(ot [T oo ) o o)
(34)
where By(z) is the second Bernoulli polynomial defined by

1
(35) Bg(z):z2—z—|—6.

One may verify by the Galois action described previously, the product formula (34),
and the action (28), that the Galois group Gal(Fy/F;) acts on the Siegel functions
by multiplication on the indices. That is, for o € Gal(F;/F1),

(36) gg =Ya-0o-

In statement i% of the main theorem in §4 we give an expression in terms of Siegel
functions of the forms rp ;.

3.2. Defining the unit groups U, ; . The final characterization with respect to the
forms r¢; we present in this paper (given in Theorem 1 #4) is the determination of
the modular unit groups they generate. To do so, we define the subset A, by

(37) Ac={8| 8 em;t(00)},

where 7y is the canonical projection

(38) s X(0) — Xo(0)
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where

(39)
(40)
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To(6) = {y= (0 5) €T(1) [y = (5 7) mod £}.

We use Ay to define the following subgroup of the modular unit group

(41)

U, == {f € Uy | supp(div(f)) € A},

where supp(z) denotes the support of x, and div(z) denotes the divisor of z.

4. The main theorem.

Theorem 1.

1.

(43)

(44)

For primes { = 2k + 1 > 5, the functions rp (1), 1 < j < (£ —3)/2, are
modular units of level £.

The modular units r¢ ; have the following expressions in terms of Siegel func-
tions:

. -1
i k(k—j
res0) = 0D (<EEI T iy 0) 00000
s=0

k
= (D T gtwrrssessn () /90050 (7)-
s=—k

For primes { > 5, the subgroup U," defined in (41) of the modular unit group
generated by those units with divisors supported at the cusps B € w[l(oo) 18
equal to the group UéC defined in (2) generated by the modular units r¢j,1 <
Jj < (—3)/2. That is,

US =Uf.

4.1. Proof of Theorem 1 i and 4i. To show the functions ry ; as defined in (20),
(21) and (24) are modular units of level ¢, we first establish the following Proposition.

Proposition 1. Let k > 2 be an integer, and let £ = 2k + 1. Then we have

(45)

(46)

(47)

B (1 _ th—k)(l _ an—(k—‘rl))(l _ qin)
Sk(l) _HIZI1 (1 _ qn)

- (1 o qénfl)(l o qlnf(ffl))(l o qfn)
Sk(Q) _nIZI1 (1 . qn)

— gtn—(k=1) — gin—( ) _ An
Se(1) — "' Sk(@®) =] [ LR )((11 —q;n) SRb LS ).
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One of the tools required to prove Proposition 1 is the following product identity
0 € L 1 € 2 e\e '\
y (T).—Ze slin+tsz)7+intsz)5)=
nez
’ 1—e¢

(48) e(Fa P T = a1 +e(3)aF) 0 +e(5)a" ),

n>1

where ¢,¢ € R. The identity (48) may derived from Jacobi’s triple product formula

oo ) o
(49) Z q" 22— H(l _ an)(l + q2n7122)(1 + q2n71272).
n=—00 n—1

(A proof of (48) appears in the book of Farkas and Kra, [4].)

Proof of Proposition 1. We first prove (45), which is straightforward. The proofs
of (46) and (47) below are similar, although are more involved. The proof of (46)
involves collapsing a sum of 4 sums on Z= into only one sum on Z, and the proof of
(47) involves collapsing a sum of 10 sums on ZZ into only one sum on Z.

Proof of (45). Beginning with the definition of Si(2) in (15), we find

H(l o q")Sk(l) _ Z(il)nq(2k+1)(n2+n)/27kn

n>1 n>0
(50) + Z (_1)n+lq(2k+l)(n2+n)/2—kn+(2n+1)k.
n>0

We denote the two sums on the right hand side of (50) by ¥; and X2 (i.e. [[,,(1—
q")Sk(1) = X1 + X3). We replace n by —m — 1 in 35 and find

Yo = Z (—1)mg(2ht1Im(m+1)/2—km
m<—1

Thus,

(51) [T - amSe(1) = 3 (~1)mghtmemsn/2—km,

n>1 MmeEZL

Applying (48) to the expression in (51), we find

[T6 - se) = a0 | 1| r) = [T = a1 - g 4)(1 = g4,

n>1 n>1

t
Proof of (46). Again beginning with the definition of Si(2) in (15), we find

(52) H (1 _ q")Sk(q) _ Z(_l)quZ7L(n+1)/2 + Z(_1)7L+1q€n(n+1)/2+(£71)(7L+1)
n>1 n>0 n>0

+ Z (_1)n+1q€n(n+1)/2+(n+1) + Z (_1)ann(n+1)/2+Z(n+1),
n>0 n>0
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where (as above) we label the four sums appearing on the right hand side of (52) by
31, Y9, 23 and X,. Replacing n by —m — 2 in 31, and also in X3, one finds that

Y = Z (_1)mqém(m+1)/2+€(m+1)
m<—2

Yy = Z (_1)m+1qém(m+l)/2+(€71)(m+l)’

m<—2
so that
(53) Y+ Y= Z(_l)nqén(n+l)/2 +1
neZ
Yo+ g = Z(_1)n+1qfn(n+1)/2+(271)(n+1) 1
nez

We see that the sum inez(—1)”q€"("“'1)/2 appearing in (53) is in fact identically
zero: divide the sum into a sum o over non-negative integers and negative integers
9. For the sum oy over negative integers, replace the index of summation n by
—m — 1 to obtain a sum over non-negative integers which becomes —oy, so that
01+ 09 =01 —0o1 =0. Thus,

4
Z Y = Z(_1)n+1q€n(n+1)/2+(lf1)(n+1)
=1 nez

£=2
24-4/+2q1/2—1/2€—€/89|: { :| (E’T)

= [T —=a™ =g D)1 —gm ).

n>1
(]
Proof of (47). Using (15) we find
54)  JJ@—=q™ (Sk(1) = ¢" " Sk(e?))
n>1
— (_l)nq(2k+1)n(n+1)/2—kn(1 _ q(2n+1)k)
n>0
_ Z(_1)nq(2k+1)n(n+l)/2+kn+k71(1 o anrl)(l _ qn+2)(1 _ q2nk+3k)
n>0
10
= Z Ei7
i=1

where the ten sums ¥;, 1 < ¢ < 10, are formed by expanding the products (1 —
g tYk) and (1 — ¢"+t1)(1 — ¢"F2)(1 — ¢®"#+3F) appearing in (54). These sums are
defined by

Yii=r¢ Z(—1)"q(2’f+1)"("+1)/2+&(n,k)’
n>0
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where
—kn i=1
kn+k 1=2
kn+k—1 1=3
kn+k+n i=4

5:(n, k) = kn+k+n+1 2:25

kn+k+2n+2 1=26
3kn + 4k — 1 1=17
3kn+4k +n i=38
3kn+4k+n+1 =9
3kn+4k+2n+2 =10,

and

1 i=1,4,57,10
g 1=
-1 i=2,3,6,8,9.

From here, we will first pair the sums ¥; as we did in the proofs of (45) and (46)
above, and then show that 2321 33; becomes a sum of only three g-series which we
will then further manipulate.

Lemma 2. With notation as above, we have

¥+ ¥ =1

Yo 4+ X9 = —¢

Y3 4+ X9 = qk —q '+ Znez(71)n+1q(2k+1)n(n+1)/2+kn+k71

Yy o4+ Bs o= =gl g Y (—1)ngBREDn(nd )24 kntkdn

Se + Br = —14g" T4+ Y (— 1)t lg@Rn(nt )/ 2kt 2ndkn 2,

Proof of Lemma 2. For the sake of brevity, we indicate in explicit detail how to
proceed in order to obtain these identities, leaving the details of the calculation to
the reader. First, we consider the sum ¥; + 35, and begin by replacing the index of
summation n in 35 by m—1. After simplifying the power of ¢ appearing, one sees that
N5 =, (1) gk m(m+1)/2=km - Adding to this ¥ one visibly sees that all
terms cancel except for the term coming from n = 0 in ¥, which is 1. One proceeds
in exactly the same way in considering the sum Yo + Xg, first re-indexing g9 by m—1.
All terms then visibly cancel, except the term coming from n = 0 in ¥, which is —¢*.
For the sum Y5 4 X, one replaces the index of summation n in ¥y by —m — 3, and
finds after simplifying that Y19 = Y ,(—1)"F1gktDmm+1)/2480mk)  Thus we
see when adding 23+ Y10 one obtains the sum y°, _, (—1)m+1g2ktD)m(m41)/2+63(m.k)
with the exception of the terms coming from m = —1 and m = —2, which are missing.
These two terms are —g*+¢~, which we subtract. The sums L4+ Xg and ¢+ X7 are
handled in an identical manner: one replaces n by —m — 3 in ¥g and X7. Upon doing
so one finds the expressions for ¥4 + ¥ and g+ 37 given in the statement of Lemma
2, where again the two terms being added to the infinite sum are the negatives of the
two terms coming from the indices m = —1 and m = —2. O
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Resuming our proof of (47), by Lemma 2, we have

10
(55) Zzi — Z(_1)n+1q(2k+1)n(n+1)/2(qég(n,k) _ q(§4(n,k) + qés(k,n)).
i=1 ne

Expanding (g% (%) — ¢%a(:k) 4 ¢86(k.n)) into the sum on the right hand side of (55),
one obtains three infinite sums which we denote by o1, o2, and 3. It is not difficult

to show that o1 + 02 = 0: replace the index of summation n in o7 by n = —r — 2.
After simplifying the power of ¢ that appears one sees that ;1 = —oy. Thus, we have
10
[T =a) (Se(1) = ¢F'Sk(e®) = > % = 0.
n>1 =1

Using (48), one sees that

3
ra = g0 | ] (r) = T )1 — gty 1 — g,

n>1

Thus we have finished the proof of (47) and hence Proposition 1. g

Armed with Proposition 1, we deduce that 7, 1(7) and 7,2(7) are modular units of
level £ by establishing an expression for these functions in terms of Siegel functions.
Applying the product expansions obtained in Proposition 1 to the definitions of the
definitions of 7, 1(7) and rg2(7) in (20) and (21), we find

L 3 1— qEn—k)(l _ qén—(k+1))
56 = (=1 k—1 k(k 1)/2@ (
(56) re1=(-1)""q nl;[l (1= 1)(1 = gn-E)
_ n—(k-1) 1— In—(k+2)
k=2~ —2)2e TT L — 4 )(1—g¢ )
(57) re2 = (—=1)""%q 1;[1 (1 — ¢fn—1)(1 — gtn—(-1)

Next, from (56), (57) and (34) we find the following expressions for the functions
re1(T), Te2(T):

-1
(58) rea(t) = (=1)F e (k(;l)> 11 /0500 (T)/gu/e,s/e)(T)
s=0

-1
(59) reo(T) = (—1)F 2 (W) Hg(kq/z,s/Z)(T)/9(1/&5/@) (7).
s=0

Thus, by Theorem K, the functions r,; and r¢ 2 are modular units of level £. To prove
this result for ry;,3 < j < (¢ —3)/2, and to prove ii, we will make use of Lemma 1.
In what follows for ease of notation, we may omit the variable 7 from the functions
9a(7) when the context is clear. We compute using the product expansion given for
Sk(q) given in Proposition 1 as well as the product expansion for the Siegel functions
given in (34) that

(60) Wy(r) = —e <£) 1T vases0-
s=0
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Next, applying Lemma 1 to the expression for ¥, given in (60) we find
-1

(61) iWe(—1/7) = (=1)Fe(k?/0) H 9(s/,—1/0)
s=0

and thus

-1
. m km
n@0e(1/7) = (17 (=57 ) T atsecmer
s=0

where v, = (1 ) We use the fact that o, = (

o m

DY (') and apply Lemma

1 0

1 once more to conclude for ry 41—, as defined in (24),

reson(r) = (e (HU ) I [ (e

9d1/e,s/0)

(62) _ (—1)m H ( (my/t s/@)

e \N9(1/8,5/0)

where the last equality can be derived by using (29). This finishes the proof of ii,
as well as the proof of ¢ by Theorem K after verifying the quadratic relations for
the Siegel product in (62). We remark that the above calculations verify that the

definitions of 7,1 and r¢ 2 given in (24) , (20) and (21) are consistent. O
4.2. Proof of Theorem 1 iii. Theorem 1 iii will follow from Propositions 2, 3 and
4 below.

Proposition 2. For prime £ > 5,

(63) Rank US — |Ag|—1:€_71—1.

Hence,

(64) Rank US = Rank U,

and this rank is the same as that of the cyclotomic unit group E&Ce)*'

Proposition 3. For prime £ > 5, the groups UJ and Uzr are cotorsion free in Uy.
Proposition 4. For prime £ > 5,
(65) Ug Ccuf.

To prove Propositions 2-4, we make the following definition.

Definition. For fized { =2k + 1 € N, for any m,1 <m <k, let
(66) g(m) = [T 9ome.er0)
s=0

In the following proposition we will use a fact regarding the order of vanishing at
cusps of the functions g(m), where we let ord, f denote the smallest power of qt/t
appearing in the Fourier expansion about the cusp 3 of the function f.
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Proposition 5. Let £ > 5 be prime. Then for cusps 3, 3 not in Ay, and any integers
my,n, 1 <m,n<({—-1)/2,

(67) ord,g(m) = ord,, g(n).

Proof of Proposition 5. We make use of the one-to-one correspondence between
the cusps of X (¢) and the Cartan group C3(¢)/ + 1. The correspondence is given by
sending v € Cy(f)/ £ 1 to the cusp represented by 7 - co. (For more detail, see [7],
e.g.) Now suppose the cusp 3 ¢ A, corresponds to the element Xgl = (¢ 1) of the

1

Cartan group. Then ord,g, = ordoog?fﬁ = ordmga_xgl. Now (§ ¢ A, implies that

¢ £ 0 (mod ¢), for otherwise Xgl € T'g(¢), hence m,(8) is equivalent to co on Xo(¢),
contradicting our assumption. Using these facts, we compute

-1 —1 -1
X5—
ord,g(m) =Y ord,gim/es/ey = Y ordgih o0 = D 0T Gmy(s)/6.ma(5)/0)s
s=0 s=0 s=0

where the parameters m;(s), 1 < i < 2, are given by (m, s)Xgl = (m(s),ma(s)) =

(am + cs,bm + ds). We claim next that the numbers mq(s), as s ranges from 0 to

¢ — 1, must also range over all residues (mod ¢). This follows easily from the fact

that ¢ £ 0 (mod ¢). Finally, we note using (34) that ordwg(aTI ©) = By (%),
2Ry

and hence is independent of a;. Combining these things, we have that ordgg(m) =

L Zf;[l) Bs(s/¢), and this number is the same when m is replaced by another integer
n, 1 <n < (¢—3)/2, and the cusp 8 & Ay is replaced by another cusp 5’ ¢ A,. O

Proof of Proposition 4.
Using (62), this follows from Proposition 5. O

To prove Proposition 3, we will prove a series of Propositions below.

Proposition 6. For ¢ > 5 prime, the functions g(m) have mazimal rank, where
1<m < (¢—1)/2. That is, the divisors of the g(m) have rank |Ay|.

To prove Proposition 6, we first associate to each h € F; the order vector V(h) =
(... ord,h...), where 8 runs over all cusps of X (¢), and the order is taken to be the

1/¢

smallest power of ¢'/* appearing in the Fourier expansion of A about the cusp §. If

pp translates the cusp § to the standard cusp at infinity, then ordgh = ordaoh?s 1,
and

(68) V(h) = (... ordeh? ...),

where pg runs over the elements in the Cartan group as in (19). (See [7].) We define
the subgroup C'(¢)™ of the degree two Cartan group Co(¢) by

(69) ct={(%x)|me @)y},

and let ()" = C(£)* /{£1}. We use the following Proposition to prove Proposition
6.
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Proposition 7. The forms g(m) have mazimal rank if and only if for each character
x of C(€)" we have

(70) > x(Bordueg(B) # 0.

BeCc()*

Proof of Propositions 6 and 7.
We form the (£ —1)/2 row array with the order vectors V (g(m))

[ord,, g(m)] = [ord _g(m)”]

where for ease of notation we let § (rather than pg) run over the elements in the
full Cartan group C3(¢)/{£1}. Using (67), we form the order (¢ — 1)/2 minor with
columns determined by 3 € C(¢)" and denote this minor by

(71) [ordmg(m)ﬁ]"’.

Proposition 6 will follow from

Proposition 8.

(72) det[ord__ g(m)”]* # 0.

Proof of Proposition 8.

To prove Proposition 8, we will apply the Frobenius determinant relation, which
provides a closed form in terms of group characters for the determinant of matrix
whose entries are dependent on an Abelian group G and a complex valued function

fon G.

Proposition 9. (Frobenius determinant relation.) Let G be a finite Abelian group
and G the group of characters on G. For any function f : G — C,

(73) et f@™'8) = [T X xta

xe€G a€G

Proof of Proposition 9.
See [8] Chapter 21, §2. O

Using (66) we apply the Frobenius determinant relation (73) to find

(74) det[ord__g(m)P]T = H ZX Yordeog(8),

as x runs over the character group of C (E) and 0 over the group. This proves Propo-
sition 7. A short computation using the product expansion for the Siegel functions
(34) shows

(75)  ordag(m) = Y ordug,., = > iBa((m/0) = LBa((m/0)).

SEL/IT s € /0T
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Thus, we have

> x@ordug(d) =5 Y x@Ba((3/0) =1 Y x(ABa((5/0)),

BeCc(o)*t Bec ()t pec)*

which is precisely a multiple of a generalized Bernoulli number of Leopoldt, B, ,.
The characters on C(f)" extend to even characters on C(£)F those for which
x(—=1) = 1, by defining x(3) = x(—08). We use the known fact that when B,, and x
have the same parity, B,, , # 0. This establishes Proposition 8. O

Proof of Proposition 2.
By Theorem 1 ¢ we have

(76) reacom = (17 (<22 gt g0

where 2 < m < k. For any fixed n, the quotient g(m)/g(n) is a modular unit (up
to appropriate constant) for all m # n. The modular units 74 41—, have maximal
possible rank |A4¢| — 1 because the functions g(m) have maximal possible rank |.Ay|
by Proposition 6. This gives Proposition 2. O

Proof of Proposition 3.

The result follows easily for the group U; . For suppose for some h € Uy,
h* € U} for some k€ Z*. Then ordgh® = kordgh, so that ordgh =0 for all
B¢ A, Thus h e UZF. For the group Uf, we again suppose for some h € Uy,
hk e U, 7. It is enough to establish the result for prime k, by factoring. We may
write

(77) Hg ).

To proceed, we will use a result found in [7]. Although this result is not stated as a
Lemma in [7], we do so here.

Lemma 3. ([7] p.91) Let k be a prime number. If

(78) Wt =T]gw
and ba = £b =0, then k divides n(a) — n(b).

For each g(p,/¢,s/¢) in the product for h*. we pair the element 9(0,s/¢), and write their
respective exponents n(m, s) and n(0, s). Here n(0,s) = 0 as g(g,s/¢) does not appear
in the product, and we will write n(m,s) = n(m). Lemma 3 shows that for each
9(m/e,s/0) appearing in the product for h¥, the exponent k divides n(m, s) = n(m), so
that h has an expression

(79) h=]]g(m

The fact that >, n(m) = 0 shows that Y n'(m) = 0, and since h € U;, we must
have h € U7 . Thus, we have the desired characterization of the modular units Uy. [0
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