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THE OOGURI-VAFA METRIC, HOLOMORPHIC DISCS AND
WALL-CROSSING

Kwokwal CHAN

ABSTRACT. Recently, Gaiotto, Moore and Neitzke [6] proposed a new construction of
hyperkahler metrics. In particular, they gave a new construction of the Ooguri-Vafa
metric, in which they came across certain formulas. We interpret those formulas as
wall-crossing formulas that appear in the SYZ construction of instanton-corrected mirror
manifolds. This reveals the close relation between the Ooguri-Vafa metric and nontrivial
holomorphic discs with boundary in special Lagrangian torus fibers.

1. Introduction

This note grew out of an attempt to understand the relationship between the new
construction of the Ooguri-Vafa metric by Gaiotto, Moore and Neitzke [6] and the
wall-crossing formulas which appear in the instanton-corrected construction of mirror
manifolds in examples investigated by Auroux [1], [2].

In their recent beautiful work [6], Gaiotto, Moore and Neitzke proposed a new
construction of hyperkahler metrics on complex integrable systems. The simplest case
of this construction reproduces the Ooguri-Vafa metric.! This sheds new light on the
understanding of the metric. In particular, one is naturally lead to certain formulas
which resemble the wall-crossing formulas in Auroux’s examples of the construction
of instanton-corrected mirror manifolds [1], [2].

To connect these two constructions, we will study mirror symmetry for the Ooguri-
Vafa metric from the point of view of the SYZ Conjecture [17]. Recall that the naive
SYZ construction of mirror manifolds, namely, dualizing special Lagrangian torus
fibrations (or so-called T-duality in physics), in general does not give the correct
complex geometry of the mirror manifold. This is due to the presence of singular
fibers and nontrivial holomorphic discs with boundary on special Lagrangian torus
fibers. So we usually need to modify the gluing of complex charts of the mirror
manifold by disc instanton corrections, according to certain wall-crossing formulas.

In this note, we show that the formulas which appear in Gaiotto-Moore-Neitzke’s
construction of the Ooguri-Vafa metric are equivalent to the wall crossing formulas
which appear in Auroux’s constructions. In particular, we will be able to see how
the construction of the Ooguri-Vafa metric get contributions from corrections by disc
instantons, i.e. mnontrivial holomorphic discs with boundary in special Lagrangian
torus fibers.

At this point, we shall mention that the idea to use wall-crossing formulas (or
gluing formulas) to study the SYZ version of mirror symmetry was first suggested by

Received by the editors December 10, 2009.

IThe original construction by Ooguri and Vafa [16] was done by applying the Gibbons-Hawking
ansatz; see also Gross-Wilson [9].
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Kontsevich and Soibelman in [14] (see also [13]). These formulas were later generalized
and applied by Gross and Siebert [8] in their construction of toric degenerations of
Calabi-Yau manifolds and their mirrors from affine manifolds with singularities. The
wall-crossing formulas which appear here and in Auroux’s examples in [1], [2] are all
special cases of the gluing formulas used by Kontsevich-Soibelman and Gross-Siebert.

We shall also emphasis that in all cases, the wall-crossing phenomena are of the
same origin, although there are indeed two kinds of walls as distinguished by Kont-
sevich and Soibelman in [15]. The formulas which we are referring to here and those
in Auroux’s works correspond to crossing the wall of second kind (see p. 27 in [15));
while the formulas in Gaiotto-Moore-Neitzke [6] correspond to crossing the wall of
first kind (see p.30 in [15]).?

In fact, wall-crossing formulas of first kind, which describe the jumping behavior of
numerical Donaldson-Thomas invariants, play a key role in Gaiotto-Moore-Neitzke’s
construction of more general hyperkéhler metrics. However, in the Ooguri-Vafa case,
the numerical Donaldson-Thomas invariants do not jump (see Remark 3.2), so the
wall-crossing formula of first kind is trivial.® It is interesting to understand the rela-
tionship between wall-crossing formulas of first kind and the construction of instanton-
corrected mirror manifolds. In particular, it is desirable to know what the numerical
Donaldson-Thomas invariants are counting.

The rest of this note is organized as follows. In the next section, we briefly review
Gaiotto-Moore-Neitzke’s new construction of the Ooguri-Vafa metric. In Section 3,
we proceed to explain why the wall-crossing formulas which appear in Section 2 can
be interpreted as wall-crossing formulas which appear in Auroux’s construction of
instanton-corrected mirror manifolds.

2. Review of a new construction of the Ooguri-Vafa metric by
Gaiotto-Moore-Neitzke [6]

This section is a very brief review of the construction of the Ooguri-Vafa metric us-
ing the method proposed by Gaiotto, Moore and Neitzke in their recent work [6]. For
more details and construction of hyperkéhler metrics on general complex integrable
systems, we refer the reader to the original paper [6].

Let B ={b € C: |b|] < r} be the open disc centered at the origin with radius
r >0, and let B’ = B\ {0}. Suppose that ¢ : M — B is an elliptic fibration with a
type I, singular fiber over 0 € B. Consider the local system I' = R'),Z — B’, the
generic fiber of which is given by I'y, = H'(M,,Z), where My = ¢~1(b) is the fiber
over b € B’. The monodromy of I' around 0 € B is nontrivial and given by

Ye(b) = 7e(b),
Tm(b) = Ym(b) + (D),
2In the physics literature, the wall of first kind is called the wall of marginal stability.

3In the language of Gross-Siebert [8], there are no scattering in the Qoguri-Vafa case, since there
is only one singular point, and hence one wall, in the base affine manifold.
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where {7e(b), ¥ (b)} is a symplectic basis of H'(M,,Z).* This basis extends to local
sections e, ¥m of I' over a small enough open subset U C B’. Since My = I'}; @y
(R/27Z), the sections 7., vy, define local fiber coordinates

0c, 0 : My — R/27Z,

so that we have [dfc|p,] = 277e(D), [dOm|r,] = 27mym(b). Note that 6. can be
extended to a global function on M, while 6,,, cannot because of the nontrivial mon-
odromy 6, — 0., + 0.

To construct a hyperkahler metric on M, we define a homomorphism Z : I' — C
by setting

Z(0) = b
Z20m() = 5e=(blog ” — )

2ms
Z is called the central charge in the physics literature. The functions Z, := Z(7.(b)),
Zm = Z(ym/(b)) are defined in this way so that they are compatible with the mon-
odromy of 6., 8,, respectively. Then, we can define two families of C*-valued functions

X5H(0), 38 (¢) locally on M:

Q) :

exp [:(Clze + CZe) + 0.

exp [W(C_lZm +CZp) +iOm

Xon (€) - :

parameterized by ¢ € C*. Here, ¢ > 0 is a constant. The functions x*(¢), x3f (¢)
give the so-called semi-flat local coordinates on M. Notice that the coordinate x3(¢)
extends to a global function on M, while X3! (¢) has nontrivial monodromy around
0 € B given by x3,(¢) — x&(O)x3n (0)-

Now, consider the two-forms

QSf(C) _ dXif(C) A dX:rfL(C)

XEQ) i)
on M.® In [6], it was checked that this family of two-forms {Q%f(¢) : ¢ € C*} satisfies
all the hypotheses in the theorem of Hitchin et al [12] (see also [10]) and concluded
that M x CP! equipped with {Q%(¢) : ¢ € C*} is the twistor space of a hyperkiihler
metric ¢*f on M (so that Q%(¢) is a holomorphic 2-form with respect to the complex
structure parameterized by ¢). However, since x5 (¢) is not globally defined on M,
this semi-flat metric g*! is singular at a point in the fiber over 0 € B.

To obtain a smooth hyperkéhler metric on M, Gaiotto, Moore and Neitzke argued
that we should modify the function x5! (¢) by instanton corrections. (We need not
correct the function x3f(¢) and thus we shall set x.(¢) = x3/(¢).) They did so by solv-
ing a Riemann-Hilbert problem which is described as follows. Consider the following

, CecCr

(R
e

4The subscripts and ”m” stand for ”electric” and ”magnetic” respectively, and T is called the
charge lattice in [6].
5The definitions of the holomorphic two-forms Q5f(¢) and ©(¢) here differ from those in [6] by

multiplication by the constant 75/471'2.
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rays in the (-plane.

I, = {CeC*:b/¢eRy},
I = {CeC*:b/CeRsp}.

These are called the BPS rays corresponding to the central charge Z.. The Riemann-
Hilbert problem then asks for a family of holomorphic functions {x,,(¢) : ¢ € C*} on
M, which are piecewise holomorphic in ¢ € C*, such that the following two conditions
are satisfied.%

(a) xm(¢) is discontinuous across the BPS rays I+ in the following way: Let
(Xm(C))lt, (xm(C));, be the limit of x,,(¢) as ¢ approaches I, in the clock-
wise and counter-clockwise direction respectively, and similarly, (X (¢)); .
(xm(¢)); be the limit of x,({) as ¢ approaches I_ in the clockwise and

counter-clockwise direction respectively. Then we require that

(2'1) (Xm(());+ = (Xm(C))lt(l + XG(C))a
(2.2) () = (em(O) (1 +x2H(Q)-
(b) Let
T(¢) = xm(C) exp [ g(cilzm + sz) .

Then we require that the limit of Y(¢) as ¢ — 0 and { — oo exists, and the
limits are related by

lim Y(¢) = lim Y(¢).

¢—0 (—o0

It is ingenious that Gaiotto, Moore and Neitzke were able to write down the following
beautiful and explicit formula for x,,(¢) in [6].7

_ sf L / C'+CCLC’
Xm(C) = Xm(C)eXp an l/l+ IOg(1+XE(C ))C/_C ¢!
_ n—1 C/+Cd7<,
/7 ]‘Og<1+X€(C) )leé- <—/ °

Now, the family of two forms

_dxe(Q) , dxm(Q)
Q(C) B Xe(C) " Xm(()

on M again satisfies the hypotheses the theorem of Hitchin et al, and hence defines
a smooth hyperkéhler metric g on M (which can be determined explicitly from the
family of two-forms Q((), ¢ € C*). Furthermore, Gaiotto, Moore and Neitzke verified

6See Section 4.4 in [6] for details; due to the choice of the monodromy, our formulas (2.1), (2.2)
differ from the formulas (4.52a), (4.52b) on p.16 of [6] by a sign.

"The generalization of this formula, which is an integral equation satisfied by the functions x~ (¢),
turns out to be the key in the general construction of hyperkahler metrics on general complex inte-
grable systems. In particular, one can obtain successive approximations of the desired hyperkéhler
metric by iteratively solving the integral equation.
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that this is nothing but the Ooguri-Vafa metric constructed by the Gibbons-Hawking
ansatz [16] (see also Gross-Wilson [9]).

3. Holomorphic discs, wall-crossing and SYZ mirror symmetry

In this section, we study mirror symmetry for the Ooguri-Vafa metric from the
viewpoint of the SYZ Conjecture [17] and interpret the formulas (2.1), (2.2), which
describe the discontinuity of the function x,,(¢) across the BPS rays Iy, as wall-
crossing formulas which appear in the SYZ construction of the instanton-corrected
mirror manifold, following the approach of Auroux (see Section 5 in [1] and Section
3 in [2]). These wall-crossing phenomena are special cases of those studied first by
Kontsevich and Soibelman in [14], which also played a crucial role in the foundational
work of Gross and Siebert [8].

To begin with, recall that we have a family of two-forms {Q(¢) : ¢ € C*} on M.
For each ¢ € C*, Q(() is holomorphic with respect to a complex structure J(¢{), and
there is a corresponding Kéhler form w(¢). We want to write down a formula for
w(¢). To do this, recall that, in the Gibbons-Hawking ansatz, the hyperkéhler metric
g on M is determined by a triplet of symplectic forms

w1 = dby Na+ Vdby A dbs,
Wy = de Na+ deg A dbl,
w3y = dbg N o+ del N dbz,

where b = by +iby € B, by = $= € R/eZ, V = V (b1, ba, bs) is a positive harmonic
function on (B x R\ {0} x €Z)/eZ, and « is a connection one-form on M (which can
be realized as a partial compactification of a circle bundle over (B x R\ {0} x €Z)/€eZ)
of the form dg;r” + A(by, ba, b3) which satisfies da = dA = *xdV. There are explicit
formulas for V' and «, see Remark 3.3. The symplectic form w(¢), which is Kéhler

with respect to J(¢), is then given by
4n? [i(m —Gw)+(1- |<|2>w3]

S = T1CP

where wy = wy £ iwy. We also have

(3.1 a) == l;l.@—m + Qo) g

€

Now, we shall fix ( € C* and denote by M(¢) the manifold M equipped with the
Kaéhler form w(¢) and the holomorphic two-form Q(¢). We want to study the SYZ
mirror symmetry for M(¢). The first step is to construct a special Lagrangian torus
fibration. Consider the S'-action on M given by rotating the angle coordinate 6,,:

eit : (b17b2a96a9m) = (blabQ;aeaem + t)

Lemma 3.1. This S'-action is Hamiltonian with respect to w(¢) when (| = 1, and

the moment map is then given by
2 _
gt = —Wlm(Cb) M —R.
€
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Proof. Tt is clear that the S'-action preserves w(¢). By a straightforward computa-
tion, we have

472

mozﬁ

€

df
M 1A
2 +

—2Im(Ch) + (1 — K5 | |
L+[CP

4r2 §
+ 7V dRe(Ch) A d
€

?HC%IWW@W

L+ [¢P?
Hence,
2r | 2Im(¢h) — (1 —[¢]*) 5=
L%W(O = ed[ 1+|¢|? )
which is exact when |¢| = 1, and the moment map is given by
27 -
psr = —Im(Ch).

€

In view of the above lemma, we shall from now on fix a ¢ such that |[¢| = 1.

Recall that we have a globally defined coordinate

2 _

“T Re(Cb) + if.
€

Xe(¢) = exp : M — C*,

which is holomorphic with respect to the complex structure J(¢).
Definition 3.1. For (s,\) € R?, define
TS)\ = {(blab279€a9’rH) €M: IOg ‘XE(C)‘ =S, us1 = )‘}
For (s,A) # (0,0), T, is a torus embedded in M, and T is nodal. Now, the

reduced space Myeqx = ,ugll (\)/S! is topologically an annulus, and from formula
(3.1), we can see that the reduced holomorphic volume form is given by

Q(C)red,)\ = Lﬁg(g) = —id log Xe(C)

Thus, by Theorem 1.2 in Gross [7], we have the following result (see also Proposition
5.2 in Auroux [1]).

Proposition 3.1. Fach Ty x is special Lagrangian in M with respect to w(¢),2(C).
Hence, the map ¥ : M(¢) — R? defined by

U = (log [xe(C)l; ps1)
gives a special Lagrangian torus fibration, with a single nodal fiber Tp .

In fact, we have

log [xe(0)] = T Re(), g1 = - Ton(CD),

and thus

v 27r§w7

€
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where v : M — B is the elliptic fibration that we start with. So the image of W is
given by 22B = {b € C: |b| < 22°}. We will abuse notations and use B to denote
{beC: b < 2}

Now, as the base of a Lagrangian torus fibration, B is a two-dimensional affine
manifold with a unique singular point at b = 0 € B. This is called the focus-
focus singularity in Hamiltonian mechanics (see for example Section 3 in Castano
Bernard-Matessi [3]). There are symplectic affine coordinates on B defined as follows
(see Hitchin [11] for details). First let {v¥,~%} be the basis of Hi(T; x,Z) dual to
{Ye,¥m} € HY(Ts x,Z). For every tangent vector v on B, lift it to a normal vector
field (which we again denoted by v) on T, . Then the 1-forms

we ()W) = /

on B are closed, and thus there are locally defined coordinates ¢.(¢), ¢m(¢) on B
such that do.(¢) = we(C) /27, dpm (¢) = Wy (¢)/27.8 These are called the symplectic
affine coordinates on B with respect to the basis {v¥, v, }.

L (0), wm(Q)W) = / L (C),

*
Ym

*
e

Proposition 3.2. The symplectic affine coordinates on B with respect to the basis
{VvE, 5} are explicitly given by

on(Q) =~ ()

6e() = —Re

E(blogg - b)} .

Proof. Since |¢| = 1, we have

472 - 472 - -
w(C) = — 2 Tm(Cwy) = — —— dIm(Ch) A (dg—m + A) + 27V dRe(Ch) A df,.
€ € T
As V = V(by,ba,b3) and A = A(b1,be,b3) are independent of 6, (recall that bs =

€6./2m), it is easy to see that

Abn(C) = 22 = 2 g ),

where we use fv}; db,, = fv;j df. = 27. Hence, we can take ¢,,(¢) = —2ZIm((b).

On the other hand, as will be seen in Remark 3.3, we can decompose V and A into
sums of semi-flat and instanton parts, i.e. V = Vs 4 Vinst 4 = Asf 4 Alnst Apgd
observe that both V™t and A"t are periodic in 6, and have no constant terms in
their Fourier series expansions, so we have

/ Lw(C) = / Ly ( - 4—7r2dlm(fb) A AT 4 270V dRe(Ch) A d95>.
Ve Ve €

8We normalize the coordinates Pe, m so that the formulas appear later will be simpler.
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Now, by the explicit formulas for Vf and A%f in Remark 3.3, we compute
4’/T2 ~ sf sf ~
———dIm(¢b) A A% + 27V dRe(Ch) A df.
€

—1

= <10g L log b) dIm(¢b) A df, — 1 <10g b + log b) dRe(Cb) A db,
r r 2¢ r r

2¢
1 - b
= ——dRe|((blog— —b)| A db..

€ r

Hence,
_ we(€) _ _1 = é .
doe(¢) = o = 6alRe ((blog . b)},

and we can take ¢.(¢) = f%Re[E(blogg -b)]. O
Remark 3.1.

(1) Notice that the symplectic affine coordinates are of the form stated by Castario
Bernard-Matessi on p.511 in [3], as expected.

(2) In the same way, one can show that the complex affine coordinates (which cor-
respond to periods of the form Im(2(())), with respect to the basis {—~X, v},
are given by

2 Re(Gh) = Tog xe(©)l, +m[C(blog * )] = log |x3l(€)]

(8) The central charge Z : T' — C satisfies the following relations:

1 1
/w:n BT /v T

If we define Z : TV — C by setting Z (V%) = Zo and Z(y:) = —Zym, then Z
agrees with the definition of the central charge for a complex integrable system
given by Kontsevich-Soibelman in Section 2.7 in [15].

Having constructed a special Lagrangian torus fibration ¥ : M({) — B and com-
puted the symplectic affine coordinates on the base B, let us recall the construction
of the mirror manifold M(() (as a complex manifold) as suggested by the SYZ Con-
jecture [17]. First of all, consider the moduli space of pairs (T, V), where T 5 is
a nonsingular special Lagrangian torus fiber and V is a flat U(1)-connection on the
trivial complex line bundle over T, ». The mirror manifold M (¢) should be, at least
topologically, a partial compactification of this moduli space. More precisely, M )
should contain the quotient TB’/T of the tangent bundle of B’ = B\ {0} by the
lattice T' (while M (¢) contains T*B’/T") as a dense open subset. And, given the
symplectic affine coordinates ¢,,(¢), ¢.(¢) on B’ C B, the complex coordinates on
TB'/T c M(() are naturally given by exponentiating the complexified coordinates,
so we set

w = exp(¢m () + i), v = exp(—pe(¢) —ib.).
These give local complex coordinates on the open dense subset TB’/T in the mir-
ror manifold M(¢). However, while the coordinate w is globally defined on M((),
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the other coordinate u*f does not extend to a global coordinate due to nontrivial
monodromy around b = 0 € B: u*f — ufw.”

In fact, this is a general phenomenon: When the special Lagrangian torus fibration
M — B admits singular fibers (Tp in our case), the local complex coordinates
on the open dense subset TB’/I" of the mirror M — B given by exponentiating the
complexification of the symplectic affine coordinates on the smooth part B’ of the base
B cannot be extended to the whole mirror manifold M due to nontrivial monodromy
around the singular locus A = B\ B'.

To obtain the correct complex coordinates on the mirror manifold, we must in-
corporate the information of the singular special Lagrangian fibers and nontrivial
holomorphic discs with boundary on the smooth special Lagrangian torus fibers (disc
instantons). More precisely, we need to modify the gluing of the local complex charts
on the mirror manifold by disc instanton corrections according to certain wall-crossing
formulas. This approach of constructing the corrected mirror manifolds was first sug-
gested by Kontsevich and Soibelman in [14] in the two dimensional case (K3 surfaces).
Later this was studied and generalized by Gross and Siebert [8] to higher dimensional
cases. Explicit examples which indicate directly the relation of the gluing formulas
to holomorphic discs instantons were first given by Auroux in [1], [2].

To carry out the construction of the instanton-corrected mirror manifold in our
case, we shall first determine which special Lagrangian torus fibers bound nontrivial
holomorphic discs. We have the following proposition (see also Lemma 5.4 in Auroux

[1])-

Proposition 3.3. The special Lagrangian torus Tsx bounds a nontrivial J(()-
holomorphic disc ¢ : (D? 0D?*) — (M (¢),Ts») if and only if s = 0.

Proof. Consider the map f; = x.(¢) : M — C*. Note that the image of f¢ is the
annulus {a € C : exp(—27r/e) < |a|] < exp(27r/€)}.

Now, suppose that Ti » bounds a nontrivial holomorphic disc ¢ : (D?,dD?) —
(M(C),Ts»). Then the composite map fc o ¢ : (D?,8D?) — (C*,{|a| = e°}) is
a holomorphic map. By the maximum principle, f; o ¢ must be a constant map.
Hence, the image of the holomorphic disc is contained in some fiber of f:. However,
for a # 1, the fiber f{ !(a) is biholomorphic to an annulus, and so cannot contain any
nontrivial holomorphic disc. So we must have e* =1 or s = 0.

Conversely, observe that f (1) is reducible and biholomorphic to the union of two
discs. Thus, for A # 0, Tp,» indeed bounds a nontrivial holomorphic disc which is
contained entirely in the fiber f- L). O

We remark that, for A > 0, the special Lagrangian torus Ty » boounds a nontrivial
holomorphic disc with symplectic area A\. Denote by (3 the relative homotopy class of

9Since the monodromy of 6,0, around b = 0 € B is given by the matrix 7" = ( (1) 1 ), the

monodromy of the dual coordinates e, 6, should be given by the matrix (T’l)t = 11 (1] ),

ie. Og — O, — ém, O, — O
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this disc. By deforming T ) continuously to T » and setting

23(Ts,x, V) = exp (— Aw(4)>h01v(3ﬁ),

we get a globally defined holomorphic function zg on M (¢) which is nothing but the
coordinate w given above. For A < 0, the holomorphic disc bounded by T » has area
—2, and the corresponding holomorphic coordinate on the mirror is z_g = zgl =w L

We can now construct the instanton-corrected mirror of M (¢) = (M,w(¢), 2(()),
following the approach of Auroux [1], [2]. By the above proposition, we know that
wall-crossing occurs at the wall {b € B : Re((h) = 0}. We remark that if we use
the complex affine coordinates on B, then the wall is the straight line in B invariant
under monodromy. Now, the wall divides B into two chambers: B; and Bs, as shown
in Figure 1.

R,
u1}+I u‘}%
|
Bl >L B2
ust = ugf I ust = usfw
uE}uR
R_

FIGURE 1

On B\ {b € B : Re((h) = 0and Im((h) > 0} and B\ {b € B : Re((b) =

0 and Im(¢b) < 0}, we choose different branches of log, say log; and log,, so that
log, =log, on B; and log; = log, +27i on By. Denote by

b , ,
¢ﬂ0:—§%<wba;—w,ufzmeﬁo—wa

the coordinates corresponding to the branch log,, for kK = 1,2. Hence the gluing of
the complex charts of M () defined by the two sets of coordinates (w,us") and (w, us)
are given by
{ uff =usf  on By,
uf = usfw  on By,
and this clearly does not define a global holomorphic coordinate.
What we need to do is to modify the gluing across the wall Re(¢b) = 0 by disc

instanton corrections as follows. Consider the rays

R, = {b€ B:Re((b) =0 and Im(Cb) > 0},

R_ = {b€ B:Re((b) =0 and Im(Cb) < 0}.
Over the chamber By, let Ug, be the coordinate uif = u$f as b € B approaches Ry in
the clockwise direction, and u};, be the coordinate ujf = uf as b € B approaches R_
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in the counter-clockwise direction. Over the chamber Bs, let u§+ be the coordinate
u$ as b € B approaches Ry in the counter-clockwise direction, and uj be the

coordinate u5f as b € B approaches R_ in the clockwise direction. (See Figure 1.)
The corrected gluing should then be given by the following wall-crossing formulas.

(3.2) Up, = UE+(1+w),

(3.3) uf = up (L+w™h).

This defines a global holomorphic coordinate on M ().

Now, we claim that the wall-crossing formulas (3.2), (3.3) can naturally be identi-
fied with the formulas (2.1), (2.2) which appear in the construction of Gaiotto, Moore
and Neitzke. Indeed, by hyperkédhler rotation, we know a priori that the mirror of
the Calabi-Yau 2-fold M (¢) = (M, w(¢),Q(¢)) should be given by M(¢) = M(—i¢) =
(M, w(—i¢),2(—i¢)). Also, observe that we have

2T Re(iCt) = — 2T Tm(Ch) = 6 (0),

log [xe(—iC)

= 1Re

log [x;,(—iC))| -

1Im [z{(blog L b)
€ T

Zwbgﬁm]—¢ao.

Hence, the coordinates w and u*f can naturally be identified with the semi-flat coor-
dinates x.(—i¢) and x5! (—i¢) respectively. (More precisely, this means that we have
a canonical fiber-preserving diffeomorphism M — M, (b, ba, 0, 60,) — (by, b2, 0, =
0..,0. = —0,,) between M — B and M — B identifying the semi-flat local coordi-
nates; see also Remark 3.3.)

So the two sets of equations (2.1), (2.2) and (3.2), (3.3) are both defining a
global holomorphic coordinate on M (—i¢) by correcting the semi-flat coordinate
ut = x5t (—i¢), and the corrections involving w = y.(—i¢) are of the same form.
The only difference is that the BPS rays {y,[_ lie in the (-plane, while R, R_ lie in
B. However, we notice that the rays Ry, R_ can be rewritten as

Ry = {beB:b/(-i() € Reo},
R_. = {beB:b/(—iC) € Rxo}.

Now, when b approaches Ry in the counter-clockwise direction, the BPS ray I, =
{¢' : b/¢' € Ry} is rotating in the (-plane in the counter-clockwise direction and
approaching the fized —i(. Equivalently, —i(¢ is approaching [, in the clockwise
direction. Likewise, when b is approaching R, in the clockwise direction, —i( is ap-
proaching /4 in the counter-clockwise direction; and similarly for /_ and R_. We
therefore come to the main conclusion of this note:

Suppose that |C| = 1. Then the equations (2.1), (2.2), with ¢ replaced by —i¢, which
describe the discontinuity of the holomorphic coordinate X, (—iC) across the BPS rays
1, are equivalent to the wall-crossing formulas (3.2), (3.3) which appear in the con-
struction of the instanton-corrected mirror of M(¢) = (M,w((), 22(()).
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In particular, we now see clearly how disc instanton corrections (given by nontrivial
holomorphic discs with boundary on special Lagrangian torus fibers) contribute to
the construction of the Ooguri-Vafa metric.

We end this note by a couple of remarks.

Remark 3.2. As we mentioned in the introduction, in the case of the Ooguri- Vafa
metric, the Kontsevich-Soibelman wall-crossing formula of first kind is trivial. This
is because the wall of first kind is empty and thus the numerical Donaldson-Thomas
invariants, which are given by an integer-valued function Q : T' — 7Z, is constant.'®
More precisely, we have, for all b € B, Q(v.) = Q=) = 1 and Q(y) = 0 for
any v € {£7.}. In turn, this should be interpreted as the fact that only £~v., now
regarded as elements in Hy(M(C)y, Z), bounds nontrivial holomorphic discs in M(C)
with boundary on the dual special Lagrangian torus fibers. This is closely related to the
comment stated in 1.5(2) on p.16 in [15], where Kontsevich-Soibelman speculated that
the numerical Donaldson-Thomas invariants () should be counting certain holo-
morphic discs in M(C) "near infinity”. As pointed out to me by Yan Soibelman, one
interesting question is to interpret the wall-crossing formulas in terms of 3d Calabi-
Yau categories.

Remark 3.3. [The Ooguri-Vafa metric and SYZ mirror transformations] In [6],
Gaiotto-Moore-Neitzke decomposed the positive harmonic function V- = V(by, ba, bs)
and the 1-form A = A(by, by, bs) into a sum of semi-flat part and instanton part (see
also [16]). More precisely, we can write

Vv o= vIpyinst
A _ Asf‘i’AinSt,
where
v — _1<1ogb+log>,
4dme r
. 1 27 ;
inst inbe
v zmszemoe’
n#0
; b b
A% = [ 10g2 —log 2 | db.
82 ( 8 r o8 7“) ’
Ainst 47Te(bB)z:(&qn?”b)ll’ml(e|”b>6 ",
n#0

and Ko, K1 are modified Bessel functions. Accordingly, we can decompose the holo-
morphic two form Q(¢) and the symplectic form w({) into a sum of semi-flat and
mstanton parts.

Q<) = QY(¢) + ™),
W) +w™ Q).

10Caution: Do not confuse the § here with the holomorphic two-form Q(¢).
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It is straightforward to show that we have

IO, )
XIQ) Q)
which agrees with the formula in Section 2.

In the case |¢| = 1, we compute the semi-flat parts Q(¢) and w*(C), and they are
respectively given by

Q(¢)

Q7(¢)

(2:dRe(Cb) + id95> A <2:dRe(CZm) + id9m>,
wi(¢) = —%”dfm@b) A dbpy + %dfm(fzm) A db..,

Now, if we set 0, = —0pm,0,, = 0, (they are the dual fiber coordinates on M = M),
then

wi(—i¢) = ngfm(ifb) Ad(—0,,) + Q?Wdfm(z‘C_Zm) A db,
= ngRe(Zb) Adf, + Q?WdRe(ZZm) A dBy,.
We can then show that
FlE"9) = 0¥,
(FHHONQ) = 0,
where F* is the semi-flat SYZ mirror transformation introduced in Chan-Leung [4],

[5]. Moreover, since V™St and A™" are periodic in . and have no constant terms in
their Fourier series expansions, we have

(FNH@m0) = 0.

It is thus very natural to ask whether one can construct an SYZ mirror transformation
F such that

F(e9) = (),
(F)HQQ) = e,

This is related to the question of writing down the Kdhler structure on the mirror
manifold in terms of the holomorphic volume form on the original manifold. We hope
to return to this in a later paper.
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