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AN OPTIMAL DIFFERENTIABLE SPHERE THEOREM FOR
COMPLETE MANIFOLDS

HoNG-WEI XU AND JUAN-RU GuU

Dedicated to Professor S.-S. Chern on his 100th anniversary

ABSTRACT. A new differentiable sphere theorem is obtained from the view of subman-
ifold geometry. We introduce a new scalar quantity involving both the scalar curva-
ture and the mean curvature of an oriented complete submanifold M™ in a space form
FntP(c) with ¢ > 0. Making use of the convergence results of Hamilton and Brendle for
Ricci flow and the Lawson-Simons formula for the nonexistence of stable currents, we
prove that if the infimum of this scalar quantity is positive, then M is diffeomorphic to
S™. We then introduce an intrinsic invariant I(M) for oriented complete Riemannian
n-manifold M via the scalar quantity, and prove that if I(M) > 0, then M is diffeomor-
phic to S™. It should be emphasized that our differentiable sphere theorem is optimal
for arbitrary n(> 2). Moreover, we generalize the Brendle-Schoen differentiable sphere
theorem for manifolds with strictly 1/4-pinched curvatures in the pointwise sense to the
cases of submanifolds in a Riemannian manifold with codimension p(> 0).

1. Introduction

The investigation of curvature and topology of Riemannian manifolds or subman-
ifolds is one of the main stream in global differential geometry. In 1897, Hadamard
[12] proved a classical sphere theorem which says that any oriented compact surface
with positive Gaussian curvature in B2 must be diffeomorphic to a sphere. It was seen
from the Gauss-Bonnet-Chern theorem [1, 10] that Hadamard’s sphere theorem could
be extended to the cases of compact Riemannian surfaces with positive curvature. A
natural problem is stated as follows.

Problem 1.1. Is it possible to generalize the Hadamard sphere theorem for com-
pact Riemannian surfaces to higher dimensional cases?

In 1951, Rauch [19] first proved a topological sphere theorem for positive pinched
compact manifolds. During the past six decades, there are many important progresses
on topological and differentiable pinching problems for Riemannian manifolds. The
most famous topological sphere theorem is Berger-Klingenberg’s quarter pinching the-
orem, which has been improved by many geometers [3, 6, 20, 26]. Recently Brendle
and Schoen [8] obtained a classification of compact and simply connected manifolds
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with weakly 1/4-pinched curvatures. Consequently, they obtained the following strik-
ing result.

Theorem A. Let M be an n-dimensional complete and simply connected Riemann-
ian manifold such that 1/4 < Ky < 1. Then M is either diffeomorphic to S™, or
isometric to a compact rank one symmetric space (CROSS).

Since the dimension of a complex projective space is always even, Brendle and
Schoen’s differentiable sphere theorem is optimal for even dimensional cases. More
recently Petersen and Tao [17] have improved Brendle and Schoen’s pinching constant
in Theorem A to i — &n, Where €, is a positive constant depending only on n. How-
ever, Petersen and Tao’s pinching constant is not yet optimal for odd dimensional
cases. In fact, the constant €, is not explicit.

The following important convergence result for the Ricci flow, initiated by Brendle
and Schoen [7], was finally obtained by Brendle [4].

Theorem B. Let (M, go) be a compact Riemannian manifold of dimension n(> 4).
Assume that

Riziz + A Rig1a + Razos + A2 Rogoq — 2AR1234 > 0

for all orthonormal four-frames {e1,ea,e3,e4} and all X € [-1,1]. Then the normal-
ized Ricci flow with initial metric gg

3] , 2
ag(t) = —2Ricyy) + ﬁ{rg(t)g(t)v
exists for all time and converges to a constant curvature metric ast — oo. Here 1y
denotes the mean value of the scalar curvature of g(t).

Let M™ be an n(> 2)-dimensional submanifold in an (n + p)-dimensional Rie-
mannian manifolds N**P, Denote by H and S the mean curvature and the squared
length of the second fundamental form of M respectively. Using nonexistence for
stable currents on compact submanifolds of a sphere and the generalized Poincare
conjecture for dimension n(> 5) proved by Smale, Lawson and Simons [16] proved
that if M™(n > 5) is an oriented compact submanifold in S™"*P, and if S < 2v/n — 1,
then M is homeomorphic to a sphere.

Let F"*P(c) be an (n+ p)-dimensional simply connected space form with nonneg-
ative constant curvature c. Putting

3 5 n(n—2)

2n—1)" 2(n-1)
we have ming a(n, H,¢) = 2y/n — le. Motivated by a rigidity theorem in [23, 24],
Shiohama and Xu [21] improved Lawson-Simons’ result and proved the following
topological sphere theorem.

aln,H,c¢) =nc+ Vn2H* 4+ 4(n — 1)cH?,

Theorem C. Let M"(n > 4) be an oriented complete submanifold in F™"P(c) with
¢ > 0. Suppose that sup,,; (S —a(n, H,c)) < 0. Then M is homeomorphic to a sphere.

The following differentiable sphere theorem for hypersurfaces follows from the
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convergence results for the mean curvature flow and parabolic flow due to Huisken
[14] and Andrews [2], respectively.

Theorem D. Let M™ be an n-dimensional oriented closed hypersurface in F"(c)
with ¢ > 0. If S < 2c+ fﬂz, then M is diffeomorphic to S™.

Recently, Xu and Zhao [25] proved a differentiable sphere theorem for submani-
folds of a sphere with codimension p.

Theorem E. Let M™ be an n(> 4)-dimensional oriented complete submanifold in
F™t?(c) with ¢ > 0. Then

(1) if 4 <n <6 and sup,; S < 2v/n — lc, then M is diffeomorphic to S™,

(ii) if n > 7 and S < 2v/2¢, then M is diffeomorphic to S™.

Motivated by Theorems C, D and E, we propose the following differentiable pinch-
ing problem.

Problem 1.2. Let M™ be an oriented complete submanifold in F™"TP(c) with ¢ > 0.
n’H? _ 20) < 0. Is it possible to prove that M must be

n—1

Suppose that sup,, (S —
diffeomorphic to S™?

Since any Riemannian manifold can be considered as a submanifold in the same
manifold with codimension zero, the following problem seems attractive.

Problem 1.3. Is it possible to generalize the Brendle-Schoen differentiable sphere
theorem [7] for manifolds with strictly 1/4-pinched curvatures in the pointwise sense
to the cases of submanifolds in a Riemannian manifold with codimension p(> 0)?

The purpose of the present article is to solve Problems 1.1, 1.2 and 1.3, and
prove some new differentiable pinching theorems for complete submanifolds and Rie-
mannian manifolds via Ricci flow and stable currents. More precisely, we obtain the
following results.

Theorem 1.1. Let M™ be an n-dimensional complete submanifold in an (n + p)-
dimensional Riemannian manifold N"*P. Denote by K(m) the sectional curvature
of N for tangent 2-plane w(C T,N) at point x € N. Set Kpyax = maxcr,n K(7),
Koin := mingcr, v K(7). If S < %(Fmin — %Xmax) + %, then M is diffeomorphic
to a spherical space form or R™. In particular, if M is simply connected, then M is
diffeomorphic to S™ or R™.

Remark 1.1. When M is a compact submanifold of codimension zero, Theorem
1.1 reduces to the differentiable pinching theorem of Brendle and Schoen [7].

Theorem 1.2. Let M™ be an n-dimensional oriented complete submanifold in
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F™*P(c) with ¢ > 0. If

n?H?
A(M) .=b}\14p(5— — —20) <0,

then M is diffeomorphic to S™.

We shall show in Example 4.1 that Theorem 1.2 is optimal for arbitrary n(> 2)
and p. It follows from the Gauss equation that the pinching condition in Theorem
1.2 is equivalent to

n?(n — 2)

p— H? — (n+1)(n—2)c| >0,

u(M) = =A(M) = inf [R -

where R is the scalar curvature of M.

For a complete Riemannian n-manifold M™, we set C := {p;p: M — F"*P(c)
is an isometric embedding for some constant ¢ > 0 and positive integer p } and
D:={p;0: M — R"P is an isometric embedding for some positive integer p }.
With the aid of the Nash embedding theorem, we get C D D # (). We define two
intrinsic invariants I(M) and Io(M) by

2
-2
I(M) := sup u(M, ) := sup inf [R— MHQ —(n+1)(n- 2)0}7
peC pec M n—1
Io(M) := sup u(M )':supinf[R—mHQ}
o(M) := sup u(M, ) : nf m— :

peD weD
Notice that I(M) > Io(M). We shall prove

Theorem 1.3. Let M™ be an oriented complete Riemannian n-manifold. If I(M) >
0, then M is diffeomorphic to S™. In particular, if Io(M) > 0, then M is diffeomor-
phic to S™.

Remark 1.2. In the case n = 2, Theorem 1.3 reduces to the Hadamard sphere
theorem for compact Riemannian surfaces. We shall give an example (Example 4.2)
to show that our differentiable sphere theorem for Riemannian manifolds is optimal
for arbitrary n(> 2).

Furthermore, we obtain some other differentiable pinching theorems for complete
submanifolds in Riemannian manifolds, which extend the sphere theorems due to
Huisken, Xu and Zhao [14, 25].

2. Preliminaries

Let M™ be an n(> 2)-dimensional submanifold in an (n+ p)-dimensional Riemann-
ian manifolds N™"TP. We shall make use of the following convention on the range of
indices.

1<ABC,...<n+p; 1 <i,jk,...<n;n+1<a,8,7,...<n+p.

For an arbitrary fixed point * € M C N, we choose an orthonormal local frame
field {e4} in N™*P such that e;’s are tangent to M. Denote by {wa} the dual frame
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field of {e4}. Let Rm and Rm be the Riemannian curvature tensors of M and N
respectively, and h the second fundamental form of M. Then

Rm= Y Rijuw; ®w; @ wy ®wi,

.5,k

Rm = Z Rapcpwa @ wp @ we @ wp,

A,B,C,D
h=Y " hijw ©@w; ® ea,
g
(1) Rijii = Riji + Z(hiak g1 = hiihS)-
(03

The squared norm S of the second fundamental form and the mean curvature H of

M are given by
1
S =3 (he)? H::’f heeql.
S H o= | D nte

a,%,]

Denote by K () the sectional curvature of M for tangent 2-plane 7(C T,,M) at point
x € M, K(r) the sectional curvature of N for tangent 2-plane 7(C T,N) at point
x € N. Set Ky := mingcr, v K(7), Kmax := max,cr,n K (7). Then by Berger’s
inequality (See e.g. [5], Proposition 1.9), we have

@ Rascnl < 2 (Ko~ Koin)
for all distinct indices A, B, C, D.

The following nonexistence theorem for stable currents in a compact Riemannian
manifold M isometrically immersed into F™*?(¢) is employed to eliminate the homol-
ogy groups Hy(M; Z) for 0 < ¢ < n, which was initiated by Lawson-Simons [16] and
extended by Xin [22].

Theorem 2.1. Let M™ be a compact submanifold in F™"VP(c) with ¢ > 0. Assume
that

n q
D D R2lhles er)* = (hlei,ei), hlex, ex))] < a(n — q)c
k=q+1 i=1
holds for any orthonormal basis {e;} of M, at any point x € M, where q is an integer
satisfying 0 < g < n. Then there does not exist any stable g-currents. Moreover,
Hy(M;Z)=H,_(M;Z)=0,
where H;(M; Z) is the i-th homology group of M with integer coefficients.

Corollary 2.1. Let M™ be a compact submanifold in F""P(c) with ¢ > 0. Assume
that

n

Z[2|h(61,€k)|2 — (h(er,er), hier,er))] < (n—1)c

k=2
holds for any orthonormal basis {e;} of M, at any point x € M. Then m (M) = 0.
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Proof. Suppose that 71 (M) # 0. Since M is compact, it follows from a classical
theorem due to Cartan and Hadamard that there exists a minimal closed geodesic
in any non-trivial homotopy class in 71 (M). However, by Theorem 2.1 we know
that there does not exist any stable integral currents on M. This contradicts the
hypothesis. Therefore, m1 (M) = 0. This completes the proof. O

3. Sphere theorem in dimension three

We first prove the following sphere theorem for submanifolds of dimension three.

Theorem 3.1. Let M?> be a 3-dimensional compact submanifold in a simply con-
nected space form F3TP(c) with nonnegative constant curvature c. If S < 2¢ + %HQ,
then M is diffeomorphic to S3.

Proof. Notice that

k=q+ 11:1 k=q+1 =1
3 q q 3 q
® = Yl Y Yo () (- yom)]
a k=q+1 i=1 i=1 i=1 i=1
Putting
3 3
SO! = Z( i3/ > a:—Zh”, @ _Z(ha) )
1,7=1 1=1
we get ’
S=>3Sa >
and i
arSe = qr Z “4ar Z
=1 k= q+1
d 2 2
(4) > r(Dona) +af S hie)
i=1 k=q+1

where 7 := 3 — ¢. Substituting

q 3
Ta - Zh?z = Z h%k
=1

k=q+1

into (4), we obtain

g q
®) 3(Zh3>2_2qTaZh%+qT§—qr§ago.
i=1 i=1
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Set
q q

Za == (3o 0e) (Ta = Y- h3)-

i=1 i=1
It follows from (5) that

q

(6) 3724 + r—qTaZh —|—qT§—qu~’a§0.

Making use of the equalities

i=1 i=1

we obtain

2 S5 = ()X e B

So, we get

a - 2

o 3 -2 < B 5 ).
This together with (6) implies

O me s [ T

It follows from (3), (9) and the relations gr = 2 and |r — ¢| = 1 that

k=q+1 i=1
S 4,5 [Tl [272 T2
< e 2y ol _Za
= %:[S‘* 3 9T 3 3(5“ 3” 2c
- 1/ T2
< _ 2_9._ = Ta _la
< S—4H?-2 ZSQ+Z[18+3(SQ 3)]
9 o
(10) = §-SH -2
Then under the assumption, we obtain
3 q
(11) Z Z[2|h(ei,ek)|2 — (h(ei,e;), heg, er))] — gre < 0.

k=q+1 i=1

1117
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This together with Corollary 2.1 implies that w1 (M) = 0.
It follows from Proposition 2.1 in [21] and the assumption for S that

2
Ricy(X) > = [3c +6H? - S — iH(S — 3H?)1/?

- 3 \/6
2 27 3 3 1 3
= = —H*-* “H? + 2(S —3H?) — ——H(S —3H?*)'/?
3[(30—1—4 3S)+ (S = 3H?) = L H(S = 3H) }
> 0

holds for any unit vector X € T, M at each point x € M. From Hamilton’s convergence
result for Ricci flow in three dimensions [13], it follows that M is diffeomorphic to a
3-dimensional spherical space form. This completes the proof of Theorem 3.1. ]

Corollary 3.1. Let M be a 3-dimensional compact submanifold in the unit sphere
S3+P . Suppose that H > %\/ V2 —1. If S < 2v/2, then M is diffeomorphic to S>.

Proof. By a direct computation, we get
9
S<2+5H 2,

By Theorem 3.1, we conclude that M is diffeomorphic to S2. This proves Corollary
3.1. O

Up to now, the following problem proposed by Lawson and Simons [16] is still open.

Problem 3.1. Let M be a 3-dimensional oriented compact submanifold in the unit
sphere S3TP. Suppose that S < 2v/2. Can one prove that M must be diffeomorphic
to 8372

4. Differentiable sphere theorem in higher dimensions
The following lemma will be used in the proof of our differentiable pinching theo-

rems.

Lemma 4.1. Let M™ be an n-dimensional submanifold in an (n+p)-dimensional Rie-
mannian manifold N" P, and © a tangent 2-plane on T, M at point x € M. Choose
an orthonormal two-frame {e1,ea} at x such that m = spanf{ey,ea}. Then

1 n2E? « o
12) K(r) > 5(2Kmm + 2 S) + Y > (hg)%
a=n+1j>i,(i,j)#(1,2)

Proof. We extend the orthonormal two-frame {eq, e2} to {e1, -, enyp} such that e;’s

are tangent to M. Setting S, := Y7, (h$})?, we have

a3 () =1 [i(h%—)g N LN
1=1

, — n—1
i=1 i#£j
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Note that

(ihZ)Q < (= 1)|(h5 +h5)? + ;mzﬂ

= (- D[ D)+ 2m5hs).

=1

This together with (13) implies

a pa a2 (Z?:l hq)Q
(14) 2hT1h3y = Z(hz]) + Tlm — Sa-
i#£]

From the Gauss equation (1) and (14) we get

o n+p

K(r) = Ria+ Y [h§1h8y — (h5y)7]
a=n+1
fay 1 /n2H? —
> Y [ )+ Y (0| + 5 (g — ) + Ko
a=n+l  j>2 §>2 J>i>2

n+
1 P

(15) 2(2Fmin+”2Hi—s)+ DD DR (e

n—
a=n+1j>i,(i,5)#(1,2)

This proves Lemma 4.1. O

Lemma 4.2. Let M™ be an n-dimensional complete submanifold in an (n + p)-
dimensional Riemannian manifold N™"P. If sup,, (S — 2K in — "2H2) <0, then M

n—1

s compact.

Proof. From the assumption and Lemma 4.1, it follows that there exists an € > 0
such that Kj; > €. By the Bonnet-Myers theorem, we know that M is compact. This
completes the proof. O

Theorem 4.1. Let (M, go) be an n(> 4)-dimensional complete submanifold in an

(n + p)-dimensional Riemannian manifold N"*P. If sup,, [S — %(fmin — %fmax) —

n?H?

| <0, then the normalized Ricci flow with initial metric go

) 2
59(0) = —2Ricy() + —re9(1),
exists for all time and converges to a constant curvature metric as t — co. Moreover,
M is diffeomorphic to a spherical space form. In particular, if M is simply connected,
then M is diffeomorphic to S™.

Proof. By Lemma 4.2, we know that M is compact. When n > 4, suppose {e1, es, e3,
e4} is an orthonormal four-frame and A € R. From the Gauss equation (1) and



1120 HONG-WEI XU AND JUAN-RU GU

Berger’s inequality (2) we have

|Rizza| = |Russa+ ) _(h$3h5, — hiyhsy)]

2 __

(16) < 3 (Kmax - Fmin) + Z |h?3hg4 - htlx4h33 :

This together with Lemma 4.1 implies
Riz13 + A*Rig14 + Rogoz + A2 Rogas — 2\ R1234

(1+2?) <2Fmin + nzHi - S)

n —

DD I R DD SN (1

@ i<, (4,5)#(1,3) i<, (4,5)#(2,3)

S DD DR DI DR Y

a i<y, (4,5)#(1,4) o i<j,(4,5)#(2,4)

2 = T [y Ne [e By N
—2|A[| 3 (K max — Kmin) + Z |hi3h3y — hiyhss
3 [0

vV

8 (— 1— n?H?
1 Az |:7 (Kmin - 7Kmax)
(1+2%) 3 4 + n—1

3 [(05)% + X202 + (h5)? + X2 (1)

Y

3]

N IREAR YA

e 003 (R ) 0

4
(17) > 0.

It follows from Theorem B that M is diffeomorphic to a spherical space form. In
particular, if M is simply connected, then M is diffeomorphic to S™. This completes

-5

the proof of Theorem 4.1. O
Proof of Theorem 1.1. By the assumption, we have
8 /— 1— n?H?
S o (Kmin - 7Kmax)
< 3 4 * n—1
— n?H?
1 < 2Knin .
(18) - * n—1
So I
— H
2K min + r -S>0.
n—1

This together with Lemma 4.1 implies Kj; > 0.

When M is non-compact, a theorem due to Cheeger-Gromoll-Meyer [9, 11] says
that M must be diffeomorphic to R™.

When M is compact, we consider the following cases: (i) If n = 2, it follows from
the fact Ky > 0 that M is diffeomorphic to S? or RP2. (ii) If n = 3, Hamilton’s
theorem [13] shows that M is diffeomorphic to a spherical space form. (iii) If n > 4,
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the assertion follows from Theorem 4.1.
In particular, if M is simply connected, we conclude that M must be diffeomorphic
to S™ or R™. This completes the proof of Theorem 1.1. O

Theorem 4.2. Let M"™ be an n(> 4)-dimensional complete submanifold in an (n+p)-
dimensional simply connected space form F"VP(c) with nonnegative constant curva-

ture c. If sup,, (S - ﬂ) < 2¢, then M is diffeomorphic to S™.

n—1

Proof. Tt follows from Lemma 4.2 that M is compact. Put

n n n
Soi= Y _(h)?, To:=Y_hs, So:=> (h3)>.
i,j=1 i=1 i=1
Using the same argument as in the proof of Theorem 3.1, we get

n

Z[2|h(€1, ek)|2 — (h(e1,e1), hiex, ex))] — (n —1)c

k=2
S0 2(n-— _ 1. 1
< Yfso- - M m Ry (5 - B - e
3. _ _9)2 _ . 2
< Yfs- Sy B B (5 - o)) - - e

o

for all t € RT. Taking t = n — 2, we have

n

Z[2|h(€1, ek)|2 - <h(61, 61), h(ex, ek)>] - (n —1)e

k=2
n—3 - T2
< — =8, —=2) —(n—
< X (St g8 (e
n—1_ n?H?
1 < — —(n—-1
(19) S 5 S-—5— - -1

This together with the assumption implies
(20) S 2lher, ex)l? — (hler,en), hlers ex))] — (n — e < 0.
k=2
It follows from Corollary 2.1 that w1 (M) =0, i.e., M is simply connected.
On the other hand, we see from Theorem 4.1 that M is diffeomorphic to a spherical
space form. Therefore, M is diffeomorphic to S™. This proves Theorem 4.2. O

Theorem 4.3. Let M™ be an n-dimensional oriented complete submanifold in an
(n + p)-dimensional simply connected space form F"VP(c) with nonnegative constant
curvature c. If S < 2c+ n’H® yhen M is diffeomorphic to S™ or R™.

n—1"7

Proof. From Lemma 4.1, we know that Kj; > 0. When M is non-compact, the
assertion follows from the proof of Theorem 1.1.

When M is compact, we consider the following cases: (i) If n = 2, from the Gauss-
Bonnet theorem we see that the genus of M is zero, and hence M is a topological
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sphere. Therefore, M is diffeomorphic to S2. (ii) If n > 3, it follows from Theorems
3.1 and 4.2 that M is diffeomorphic to S™. This completes the proof. O

Proof of Theorem 1.2. From Lemma 4.2, we know that M is compact. This together
with Theorem 4.3 implies that M is diffeomorphic to S™. This completes the proof
of Theorem 1.2. O

The following example shows that the pinching conditions in Theorems 1.2 and
4.3 are the best possible for arbitrary n(> 2) and p.
Example 4.1. (i) When ¢ = 0, let M := ™71 (%) xR! ¢ R"1 C R"P where H,

is a positive constant. Then H = Hy and § = %2 (ii) When ¢ > 0, without loss of

n—1

generality, we only consider the case ¢ = 1. Let M := S* (ﬁ) x §n—1 (ﬁ) -

Sntl c S"FP where A is a positive constant. We have H = L[\ — (n — 1)] and
S =X+ (n—1)%. Then S — @ —2={"=2 )2 Thus, for any & > 0 we can find

n— (n—1)
a submanifold M := S! (ﬁ) X S"’l( fiv) C S™*P satisfying S < 2+ ’iff +e.

Proof of Theorem 1.3. By the assumption, we put I(M) := gy > 0. There exists
an isometric embedding ¢ : M — F"P(c) such that

1
:LL(M7 SD> > 550 > 0.

Thus MM, ¢) < 0. It follows from Theorem 1.2 that M is diffeomorphic to S™. This
proves Theorem 1.3. (]

The following example shows that Theorem 1.3 is optimal for arbitrary n(> 2).

Example 4.2. Let M := S"! (Z—I}i) x R' ¢ R™*! € R™P, where Hy is a positive

constant. We consider the inclusion ¢ : M — R"*P. Following Example 4.1, we
have

(M, o) = —A(M, o) = 0.

This implies I(M) > Io(M) > 0. Since M is not diffeomorphic to S™, it follows from
Theorem 1.3 that In(M) < I(M) < 0. Hence I(M) = Io(M) = 0.

Finally we present the following differentiable sphere theorem for even dimensional
submanifolds in a general Riemannian manifold, which is an extension of Theorems
1.2 and 4.3 as well as the sphere theorems due to Huisken, Xu and Zhao [14, 25].

Theorem 4.4. Let M™ be an even dimensional oriented complete submanifold in
an (n + p)-dimensional Riemannian manifold N"TP. Then

(1) if S < %(Fmin - iFmaX) + Tifﬂ then M is diffeomorphic to S™ or R™.

17
(i1) if supyy, [S — %(?min — %Fmax> — "2H2} <0, then M is diffeomorphic to S™.

n—1
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Proof. (i) It follows from the assumption and Lemma 4.1 that Kp; > 0. When M is
non-compact, it follows from Cheeger-Gromoll-Meyer’s soul theorem [9, 11] that M is
diffeomorphic to R”. When M is compact, it’s seen from the assumption and Synge’s
theorem that M is simply connected. This together with Theorem 1.1 implies that
M is diffeomorphic to S™. Therefore, we conclude that M is diffeomorphic to S™ or
R".

(ii) From the assumption and Lemma 4.2, we see that M is compact. This together
with (i) implies that M is diffeomorphic to S™. This completes the proof of Theorem
4.4. O
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