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EXPONENTIAL DECAY OF DISPERSION MANAGED SOLITONS
FOR VANISHING AVERAGE DISPERSION

M. BURAK ERDOGAN, DIRK HUNDERTMARK, AND YOUNG-RAN LEE

ABSTRACT. We show that any L2 solution of the Gabitov-Turitsyn equation describing
dispersion managed solitons decay exponentially in space and frequency domains. This
confirms in the affirmative Lushnikov’s conjecture of exponential decay of dispersion
managed solitons.

1. Introduction

Consider the one-dimensional non-linear Schrédinger equation (NLS) with period-
ically varying dispersion coeflicient

(1.1) g 4 d(t)uge + [u*u = 0.

It describes the amplitude of a signal transmitted via amplitude modulation of a
carrier wave through a fiber-optical cable where the dispersion is varied periodically
along the fiber, see, e.g., [3, 24, 27, 29, 32]. In (1.1) ¢ corresponds to the distance
along the fiber, z denotes the (retarded) time, and d(t) is the dispersion along the
wave-guide which, for practical purposes, one can assume to be piecewise constant.

In fiber optic cables, the information can be transmitted using localized soliton
pulses in allocated time slots; the presence of a pulse corresponds to “1” and the
absence of a pulse corresponds to “0” in binary format. Solitary solutions exist due
to a delicate balance between the dispersion and nonlinearity. In order to minimize
the interaction between the individual pulses, one needs to keep the pulses sufficiently
far apart. A draw-back of solitary solutions for this application is that the soliton so-
lutions with small support have large L? norm unless the dispersion constant is small.
The technique of dispersion management was invented to overcome this difficulty. The
idea is to use alternating sections of constant but (nearly) opposite dispersion. This
introduces a rapidly varying dispersion d(¢) with small average dispersion, leading
to well-localized stable soliton-like pulses changing periodically along the fiber. This
idea has been enormously fruitful (see, e.g., [20, 1, 8, 9, 14, 17, 18, 23, 26]). Record
breaking transmission rates had been achieved using this technology [25] which is now
widely used commercially.

To study strong dispersion management regime, it is convenient to write

d(t) = %do(t/s) td,,
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Here dy(t) is the mean zero part which we assume to be piecewise constant, and dyy
the average dispersion over one period , and ¢ is a small parameter. Rescaling t/¢ to
t, the envelope equation takes the form

(1.2) i 4+ do(t)Uge + Edaytipe + |u*u = 0.

Since the full equation (1.2) is very hard to study, Gabitov and Turitsyn suggested
to separate the free motion given by the solution of iu; + do(t)uyz, = 0 in (1.2), and
to average over one period, see [8, 9]. In the case’ when do(t) = 1 on [~1,0] and
do(t) = —1 on [0, 1] this yields the following equation for the “averaged” solution v

(1.3) 10 + Eday Uy + €Q(v,v,v) =0, where
1
(1.4) Q(v1,v2,v3) 1= / Tt (TrvlTrngTvg)ds,
0

and T, = 9% . In some sense, v is the slowly varying part of the amplitude and the
varying dispersion is interpreted as a fast background oscillation, justifying formally
the above averaging procedure. This is similar to Kapitza’s treatment of the unstable
pendulum, see [19]. This averaging procedure yielding (1.3) is well-supported by
numerical and theoretical studies, see, for example, [1, 31, 32|, and was rigorously
justified in [33] in the limit of large local dispersion, i.e., as & — 0.

One can find stationary solutions by making the ansatz v(t, z) = e*“! f(z) in (1.3).
This yields the time independent equation

(15) _Wf: _danLELE _Q(fu f?f)

describing stationary soliton-like solutions, the so-called dispersion managed solitons.
Despite the enormous interest in dispersion managed solitons, there are few rigorous
results available. One reason for this is that it is a nonlinear and nonlocal equa-
tion. Existence and smoothness of weak solutions of (1.5) had first been rigorously
established in [33] for positive average dispersion d,, > 0. In the case d,y = 0, the
existence was obtained in [15], also see [11] for a simplified proof. Smoothness in the
case dg, = 0 was established in [28].

Remark 1.1. By a weak solution we mean f € H! in the case d,, > 0, or f € L? in
the case du, = 0, such that

(16) _w<gvf>:dav<g/5f/>_<ng(f7f7f)>'

for all g € H'. Here (g, f) = [; g(z)f(x)dx is the usual scalar product on L*(R).
By a formal calculation, using the unicity of T} in L?, we have

(9, QU 1, 1)) = Qg /. f, ),

where
1

A7) Qfefutd = [ [TR@L LT REIT fi@)dsds.
0 R

The functional Q(f1, fa, f3, fa) is well-defined for f; € L?(R) due to Strichartz in-

equality, see [33, 10].

n fact, our method can be extended to more general dispersion profiles. We will address this
issue together with the case day > 0 in a later paper.
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The decay of the solutions was first addressed by Lusnikov in [21]. He gave con-
vincing but non-rigorous arguments that any solution f of (1.5) for d,, = 0 satisfies

blz|

(1.8) f(z) ~ |z|cos(apz? + arw + az)e” as ¢ — %oo

for some suitable choice of real constants a; and b > 0, see also [22]. In particular, he
predicted that f and fdecay exponentially at infinity. For d,, = 0, the first rigorous
a-space decay bounds were established in [10], where it was shown that both f and f
decay faster than any polynomial in the case da, = 0. In particular any weak solution
is a Schwartz function.
Our main result confirms Lusnikov’s exponential decay prediction:

Theorem 1.2. Assume that dg, = 0. Let f € L? be a weak solution of (1.5). Then
there exists p > 0 such that

[F@)l e (@IS e,
where f is the Fourier transform of f.
We have the following immediate corollary.

Corollary 1.3. Under the conditions of Theorem 1.2, both f and fA are analytic in
a strip containing the real line.

Remark 1.4. Weak solutions of 1.5 can be found with the help of a variational
principle. For d,, = 0 it is given by

(1.9) Py =sup{Q(f. £, £ /I I FII3 = A}
Note Q(f, f. f, f) = [y [1€"% f(z)|* dxdt = [P f||‘i?0y1]% and €9 f is the space-

time Fourier transform of a measure concentrated on the paraboloid {7 = k?} C R?
with square-integrable density f,

1

itd? _
" fla) = o

/ / RIS (7 — k2) f (k) drdk.
Since, by scaling, Py = Py\?, the variational problem (1.9) yields the best constant
in the L* Fourier extension estimate

i 2
(1.10) lle ta’”f”%ﬁ) "z < Pl”f“%?(R)'

for measure with an L? density on the paraboloid. Existence of maximizers for the
variational problem (1.9) was established in [15], see also [11]. Thus our Theorem
1.2 and Corollary 1.3 for any weak solutions of (1.5) for vanishing average dispersion
show, in particular, strong regularity properties for any maximizer of the Fourier
extension estimate (1.10).

The inequality (1.10) is, of course, closely related to the one-dimensional Strichartz
inequality

o2
(1.11) ||61t6’f||L§Lg < Sillfllzewy

for which the sharp constant and the maximizers have been classified in [4, 7, 12], and
the Fourier extension problem for the sphere for which the existence of maximizers
and their properties has recently been discussed in [6].
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In the proof of Theorem 1.2, the central idea is, as in [2, 13], to obtain suitable
exponentially weighted a-priori estimates for the weak solution. In [2, 13], the com-
mutator of the exponential weight with the Schrodinger operator is easily calculated
since the operator is local. Variations of Agmon’s method work also for relativistic
Schrédinger operators which are nonlocal. However, in these applications one relies on
the pointwise decay of the corresponding kernel. In our case, a major difficulty arises
since our operator @ is nonlocal and the kernel of the free Schrédinger evolution has
no pointwise decay. We overcome this difficulty by using the multi-linear structure
of @ and the oscillation of the kernel. This is done in Section 2, where we obtain
exponentially weighted multi-linear estimates for Q. Multi-linear refinements of the
Strichartz estimate where first established in [5] and later systematically studied in
[30]. The results of these two papers focus, however, on the Fourier side and do not
allow exponential weights. More importantly, we require bounds independent of the
exponential weights, see Theorems 2.2 and 2.3 below. Our bounds are refinements of
the z-space Strichartz estimates which were developed in [10] and used in conjunction
with well-known Fourier space Strichartz estimates to prove that any weak solution
is a Schwartz function. We would also like to note that our proof uses only the fact
that f € L? and as such does not require any of the previous smoothness or decay
results.

2. A-priori estimates for Q

We start with two alternative representations of Q inspired by the calculations in
[12].
Lemma 2.1.
(2.1)

Q(f1, f2, f3, fa) =

1
12 [ [ et ST o ) )8 — 2+ ) dnds
0 R4
(2.2)
Q(flaf27f3af4) =

1
1 _ o
o //6”("%7"%"27"2)13(771)f2(772)f3(773)f4(774)5(771 —n2 + 13 — n4) dndt
0 R4

Proof. Using the formula

Tof () = —

[t 30
it J

V4

we get

Ty fr(2) Ty f2(2) Ty f3(2) Ty fa(w) =

1

(4mt)? / trm ) () o it =0 GO F ) fo(ne) Fa () fa (ma) .
s
R4



EXPONENTIAL DECAY OF DISPERSION MANAGED SOLITONS 15

From which one obtains (2.1) by performing the z-integration.
Similarly, one obtains (2.2) by using the formula

T, 5(e) = = / i€ ~it€" Fe) de.
O

To obtain exponential decay of dispersion managed solitons we need the following
‘twisted’ dispersion management functionals

Quuc(hi, hay ha, ha) i= Q(eFr=XIpy e Fuepy o= Fuc(X)py o= Fu=(X)p 1)
éu,a(hla ha, hs, ha) i= Q(eFs P hy, e Fiue(PIpy e FuePlps o= FuePlp ).

Here X denotes multiplication by z and P = —id,, is the one-dimensional momentum
operator, and
el

(2.3) Fuc(x) = S o el

We have the following theorems which are rather surprising at first sight. They are
the basis for our proof of exponential decay of dispersion management solitons.

u,e > 0.

Theorem 2.2. There exists a constant C such that the bounds

4

(2.4) |Qpuc(ha, ha, hs, ha)| < C T Isllas
j=1
_ 4

(2.5) Qe (hn, ha, ha, ha)l < C T ksl
j=1

hold for all p,e > 0.

Theorem 2.3. There exists a constant C such that if for some I,k € {1,2,3,4}
7 = dist(supp (h;),supp (h)) > 1 then

4
C
(26) |Q;,L€(h17h27h37h4 7H|‘hj||2
for all yu,e > 0. Moreover, if T = dist(supp (h;), supp (h )) > 1 then also
(27) |Q;,L€(h17h27h37h4 | < —= HHh ||2

Remark 2.4. The point of Theorems 2.2 and 2.3 is that the constant in the bounds
is independent of u,e > 0. We explicitly allow ¢ = 0, which at first seems to be in
conflict with the fact that we need ef+°h; € L2. However, in this case we can restrict
ourselves to compactly supported functions h; and then use the a-priori bound and
the density of these functions in L2.

Let M be a multiplier in the variables 71,72, 13,74 and define the oscillatory func-
tionals

K]lw(hl, h’27 h’37 h’4) =
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// s n4)/(4t)M( Vi (n1)ha(12)ha(n3) ha(na)S(ny — n2 + ns — ma) dndt
0 Ri

K3;(h1, ha, ha, hy) ==

/ / =30 =02) N () oy V(12 )R 7V ha (1) (s — 12 -+ 73 — ma)
0 R4

Note that by Lemma 2.1, we can rewrite the twisted functionals as

1
= EK}VII%E (hlu h27 h37 h4)7

_ 1 P
Que(hi, ha, hg, ha) = ﬂKf/[M(hl, ha, h3, hy),

Qu.e(hi,ha,hs, hy)

where
M# 5(77) — eFu,E(nl)*Fu,E(nﬂ*Fu,s(773)*Fu,s(774)_

Note that by the triangle inequality the function M, . is bounded by 1 on the set
m —1n2+n3 —ng = 0 for any p,e > 0. Therefore Theorems 2.2 and 2.3 follow
immediately from the Propositions 2.5 and 2.6 below.

Proposition 2.5. Let M = SUDy), —1p 4175 — 72 =0 M(ni,m2,m3,m4) < co. Then K7,
n = 1,2, is well-defined for all hj € L*(R). Moreover,

4
(2.8) | K3y (ha, b, hs, ha)| S M IRl
j=1

where the implicit constant is independent of M and h;, j =1,2,3,4.

Proof. By scaling, we can assume M = 1. Let a(n) :=n? — n2 + n2 — n2. We write

1
1 —le
Kl <[] [ e oo aarjaey ) T s (0150 -+ 15— )
0

R4 Jj=1
1 1 4
(2.9) < M/ ‘ / ge_i“(")/(4t)d7f‘ H |hj(m;)|6(m — n2 +n3 — na)dn.
j=1

Now we divide the t-integral into two pieces ¢ < |a(n)| where oscillations will be
important and ¢ > |a(n)|. More precisely,

min(L[a()]) .

e—ia(n)/(4t)
(2.10)  (2.9) /‘ / ——7—%4HMNme—m+m—mMn
0 =1
4
dt
(2.11) +/ / 7 H i(i)|6(n1 — m2 +n3 — na)dn.

Bt min(Lja(m))) 97!
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Let us introduce the following functionals, which, for later flexibility, we define in a
little bit more generality than needed at the moment. For any (measurable) subset
A CR* let

4
@12) By = [mind @] [T 10 ()lo0n — e+ m — na)dn

A g=1

1 4
1
@) RW= [ [ ST e+ - )t
0 An{la(m)<ty T
11 4
euy= 5 [ TLsIs0m = -+ m - nidnde = 1),
J |

To estimate (2.10) we employ the following bound, which follows by the change of
variable 7 = 1/t and then an integration by parts.

b
1, 8|b
(2.14) ‘/—e_w/(‘”)dt’ < 8l
t |al
0
Using this one sees
(2.10) < Li(RY),
hence
(2.15) (Kl S L(RY) + L(RY)

We start to estimate the second term. Since |a(n)| = 2(n1 — n2)(n2 — n3) on the set
N — N2 + 13 —ng = 0, we can estimate the n-integral in I(R*) by

4
LT 1750 18(n — n2 + ns — na)dn <
la(n)|<t 771
4
(2.16) / 1T 1750 16(ns = m2 + ms — ma)dn

i=1
In—m2| <V

4
+ / TT 1hs 160 — 2 + 15 — )i
[n2—ns3|<VE =1

The first integral on the right hand side of (2.16) can be bounded by
/ |ha ()12 (n2)|[hs(ns)|[ha(m — n2 + ns)|dnydnzdns
lm —na2| <Vt

< Illzlhall2 / o () ez (72) e

In1—n2|<Vt
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1/2 1/2
<lallalalls( [ alPdman) ([ ham)Pdmn.)
[ —n2| <V [ —n2| <V
= 2v/t||hu [l2]|h2l2[lha 2] a2,

where we used Cauchy-Schwarz inequality first in the dns integral, then in the dn;dns
integral. The second integral can be estimated similarly. Thus

L(RY) < 4][ha 2]z |l2]lhs]l2 ||h4||2/—dt—SthHthz||2Hh3|\2||h4|\2-

To estimate I;(R*) we split the n-integral into two disjoint regions
Ay i={neR*: jp —ma| <1or|n —mns| <1}
={neR:jm—m|<1U{neR :|n2 — s <1}
Ay :={neR*:|m —no| >1and |y —n3| > 1}.
Obviously, I (R*) = I; (A1) + I1(As). For I;(A;), we bound the minimum in (2.12)

by 1 and then estimate the remaining integral as in (2.16) but now for ¢ = 1. This
shows

I (A1) S l[hall2llh2ll2]l 3|2 (| hall2-
On the other hand

/ sl e, 45— g
)

[Py (n1)||h2(n2)||hs(n3)|[ha(n1 — 2 + 13)]
S dmdnadns
~ - Im — n2|[n2 — 13
217) e
h 2 1/2
< Ialalballalinale [ Pl )
|771 - 772| |772 - 773|
[n1—mn2l>1
[ng—ng|>1

S [hall2llhall2llhs]l2llPall2-
This finishes the proof for K3,. The proof for K3, is simpler. Using the inequality

1
(2.18) ‘/ei“tdt‘ < min(1, |a|~Y),

one realizes |K?2 <h R*) and then proceeds as in the bound of I; (R%). O
M

A refinement of this proposition, when at least two of the functions, say, h; and
hi, have separated supports, is

Proposition 2.6. Assume that M := SUD,, pytms—na—o M (N1, M2,13,1m4) < 00 and
that there exist I,k € {1,2,3,4} with 7 = dist(supp (h;), supp (h)) > 1. Then,

M
(2.19) |K%, (R, ha, hs, hy)l 7H|hj||2, n=1,2.
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Proof. Again we can assume M =1. For A C R* let
1 ) 4
@20) 1y [| [ Ge @ ] [T hs)lotn - e+ = nodn
A 0 J=1

Let J7), == {n € R*: |; — | > 7}. Then |Kp,| < I(J],). By symmetry in (2.20), it
is enough to consider the cases (I, k) = (1,2) and (I, k) = (1,3). First we consider the
case (I, k) = (1,2).

Recalling the definitions (2.12) and (2.13), we can, as in the proof of Proposi-
tion 2.5, bound I(J{,) by
(2'21) I(JlT,z) 5 Il(JlT,2) + I2(J17,2)

In the integral defining Io(J7 5), we have t > [a(n)| = 2|n1 —n2|n2 —n3| > 27|02 — 3],
which implies |92 — ng| < t/7. This yields

4
1
Az:;/; LT 15 018001 — 2 + s — )
0

1
In2—ns|<St/7 7

1
S Zlihall2llzlizlislizliRall2,

where we obtained the last line as in the estimate of (2.16) with /¢ replaced by t/7.
To estimate I (J7 5) let

(2:22) AT ={Im —me[ =70 {In2 —ms| < 1}
(2.23) A7 = A{|m —me| =7} 0 {|n2 —ms| > 1}.
Then, obviously,

$1(J{5) = I (A7) + 11 (A3).

)

Similar to (2.17), we bound I (A%) by

|hs(n3)]? 1/2
I (A3) SRzl hz||2] ha 2( / dmdnzdns)
(43) S ol el
[m1—m2l=>T
[n2—mng|>1

[hall2llhell2llAsll2 (| hall2

< \/_
For estimating I; (A7) we bound the minimum in (2.12) by |a(n)|=*/? to see
1 4
IAT§/ hi(m)|6(m — m2 + 73 — ma)d
1( 1) T |771_772|1/2|772_773|1/2j1;[1| J(T]J)| (771 T2 3 774) n
|1 (n1)ha(n2)ha(n3)ha(m — n2 + n3)]
\772 n3|<1
< Iall2[all [ha(n2)hs(ns)l
>~ \/; |772 _773|1/2 T2a13

[n2—n3]|<1



20 M. B. ERDOGAN, D. HUNDERTMARK, AND Y .-R. LEE

|1 ll2][hall2 |hs(n3)|? dnadns \ 1/2 |ha(n2)]?dnadns \ /2
- VT 2 — 13| '/2 12 — n3|1/2
[n2—n3]|<1 [n2—n3|<1

< \/—thl\ 2|22l |2l hall2,
where in the third inequality we used the Cauchy Schwarz bound with respect to dn;
and in the forth inequality with respect to the measure |y — 93| ~*/2dnodns. This
finishes the proof for K},.

Again the proof for K32, is simpler. Using (2.18) and the separation condition
|m — n2| > 7 for all (771,772) in the support of hyi(n1)ha(n2) one sees |K3;| < Ii(J7,)
and then proceeds as in the bound of Iy (J7 ).

Now we prove the case (I, k) = (1, 3), that is, we assume that the supports of hq
and hg are separated by 7. In this case we have |K ;| < I(J]3) and |K3,| < I'(J] 3).

The triangle inequality yields J7 ;3 C J; T/ >U J2 7/2 , as subsets of R*, hence
T T/2 T 2
I(J5) < ICI) +1(155) £ —= H 1Rz,

and similarly for I 1(Jf) 3). This finishes the proof of the proposition. O

3. Proof of exponential decay.
Let f be a weak solution of the dispersion management equation. Let

(3.1) 1F e := ™= fl2,

with F), . defined in (2.3). The main step in our argument is to show that for some
positive i, || f||,,e is bounded in € > 0.
Fix 7 > 1 and define, for an arbitrary function f,

J< = fXi=r/3,7/3p J<:=IXrmy [>=Xerme foi=f<— f<
Lemma 3.1. Let [ be a weak solution of the dispersion management equation for
some w >0 with || f|| =1. Then

T T 1 T 1
Wl e 15 N5 e+ U5l (2 0l ) + 7 (= + 151,

where the implicit constant does not depend on u, €, and 7.

Proof. Since f is a weak solution of the dispersion management equation for some
w > 0, we have

wlp, f) = Q. f. f, f), for any ¢ € L.

Using this with ¢ = e?fi= f5 | we obtain
Wllfslie = Qe fs, £ £, F)
- Q,u,s (eFMYEf>a eFMYEfv eFMYEfa eFMYEf)'

Let h := efie f. Then
wllh>]* = Que(hs, b h, h).
Writing A = hs + h<, and using the multilinearity of Q,, ., we obtain

(3.2) wllhs|? = Quelhs,hs,hs hs) + Que(hs, ha,he he)
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+ Que(hs,hs,hs, he)+ Que(hs, hs, he, he)
+ (similar terms with permutations of the last three entrees)
Note that by Theorem 2.2, we have
1Que(hs, hs, by hs)l S IR,
1Que(hs b hs s ho )| S (s Pl A< -

To estimate the remaining terms, we will further split one of the h. they contain into
h<< + hNZ

|Que(hs,hasha, h)| < |Qpc(hs, haha s he)| +|Que(hs, hey he s h)]

1
< —=lhs lh<Plhll + 12 IR < 12,

T

using Theorem 2.2, Theorem 2.3, and the fact that the supports of h~ and h are
separated by 27/3. Similarly,

|QH>8(h>7h>7h<uh<)| S |QM7€(h>7h>7h<7h<<)| + |QM7€(h>7h>ah<7h~)|

1
< —=lhs PIa< il + 1> [Pl A<

T

Similar estimates hold for the permutations. Using these estimates in (3.2), we obtain

1
(33)  wlhs|? < hsl* + 1hs 1P A<l + Fllh>ll2llh<llllh<<|| + s [P Ih< 1l

1
+ —=lhs lh< P Ih<ll + 1P IR <[P [ Al
\/F

(3.4)
Dividing both sides by ||hs|| and using |h<|, |h«]| < e*T|f], |ho] < € T|f~|, and
Il = 1, we obtain
T T 1 T 1
llhsll S s+ Wi e + s 27 (= 10 1) + €7 (= + 1171,
which finishes the proof. O

Proof of Theorem 1.2. Step 1. We will first determine 7 > 1 and we pick p so that
el = 2. We can rewrite the bound from Lemma 3.1 as (with the notation v = ||h~||)

35) (0= <= = Clliul)y = 0 = € < (= + 1441

Step 2. Let G(v) = Jv — Cv? — Cv3. Let vpyax be the maxima of G on RT.
Step 3. Let 1y = Vmax/2, and pick 7 > 1 so that

. 1 .
) Oz + I4~1) < mine/2, GOw)),
i) [[f> 1 < wo/2.

With this choice, we rewrite (3.5) as

(3.6) G f>lue) < Gwo),
which is valid for any ¢ > 0. This is depicted in figure 1.
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0 1Z0) Vmax L1
[0, v0] U [r1,00) = G71([0, G(w)])
FIGURE 1. Graph of G(v) and the trapping region G~*([0, G(1)]).

Step 4. Note that by ii) above and our choice of p in step 1, we have

||

(3.7) 15 llna < Ne" T [[oo |l f5 | < ev0/2 < v

Finally, since || f> ||, depends continuously on ¢ for ¢ > 0, and (3.7), the inequality
(3.6) shows that || f> ||, is in the same connected component of G~1([0, G(1)]), that
is, || f> ||y € [0,10] for all € > 0. This implies, by monotone convergence theorem,

/51

1,0 = Sup || f> || pe < o,
e>0

which shows eIl f € L2. With the obvious change of notation, a similar argument
using Theorems 2.2, 2.3 for Q%E shows that eﬁ"‘fe L2, for some fi > 0. Finally, the
pointwise exponential bounds follows from the one-dimensional Sobolev embedding
theorem, or simply by the following

JArICIRE

<2 / 91 ()| 1£(3)lds < 2l £ 1 7] < .

e“‘””‘|f(:c)|2 — et

Similarly one gets pointwise exponential decay of f (|
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