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© International Press 2011NEW PARTS OF HECKE RINGSBenjamin Lundell and Ravi RamakrishnaAbstra
t. In this note, we use the deformation theory of an absolutely irredu
ible Ga-lois representation to study 
ertain He
ke rings. Spe
i�
ally, we investigate the variationin the rank of the new part of a 
ompleted He
ke ring as we vary the set of primes atwhi
h the deformations are allowed to ramify.1. Introdu
tionLet p ≥ 5 be a prime number. Consider the Galois representation
ρ̄ : Gal(Q̄/Q) → GL2(Fp), given by ρ̄ =

(

χ̄ 0
0 1

)

,where Gal(Q̄/Q) is the absolute Galois group of the rationals and χ̄ is the mod predu
tion of the p-adi
 
y
lotomi
 
hara
ter χ. Let
E2(τ) = 1 − 24

∞
∑

n=1

xn





∑

d|n
d



 , x = e2πiτbe the the weight two normalized non-holomorphi
 Eisenstein series. For any prime
N , the weight two normalized Eisenstein series on Γ0(N), E2,N = E2(τ)−NE2(Nτ),gives rise to a Galois representation lifting ρ̄ whi
h is unrami�ed outside {N, p,∞}.It is natural to ask when we 
an �nd su
h a lift of ρ̄ whi
h does not arise from anEisenstein series.When N ≡ 1 mod p, Mazur showed in [8℄ that there exists a weight two normalized
usp form f on Γ0(N), de�ned over Q̄p, su
h that ρf ≡ ρ̄ mod p, where ρf is the Galoisrepresentation asso
iated to f , and p is the prime above p in the �eld of de�nitionof f . That is, he showed that 
ompletion of the He
ke ring a
ting on the weighttwo 
usp forms on Γ0(N) at the p-Eisenstein ideal, TmN,p

, has rank at least one as a
Zp-algebra. This lead him to pose the question, �Is there anything general that 
anbe said about [this rank℄?� ([8℄, p. 140)In [1℄, Calegari and Emerton approa
hed this question by studying the deformationtheory of the representation ρ̄. They were able to prove an `R = T' theorem and relatethe rank of TmN,p

to the p-part of the 
lass group of Q(N1/p). See Theorem 1.2 andCorollary 1.6 of [1℄.In this paper, we 
onsider Mazur's question for absolutely irredu
ible represen-tations. Let S be a �nite set of pla
es 
ontaining {p,∞} and GS be the GaloisRe
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60 BENJAMIN LUNDELL AND RAVI RAMAKRISHNAgroup over Q of the maximal algebrai
 extension of Q unrami�ed outside S. Let
ρ̄ : GS → GL2(Fp) be a 
ontinuous, odd, absolutely irredu
ible representation that isweight two in the sense of [13℄. Su
h a representation is ne
essarily modular by thework of Khare and Wintenberger on Serre's 
onje
ture ([4℄, [5℄, [6℄).Like Calegari and Emerton, we obtain our results by studying the deformationtheory of the representation ρ̄. Let RS be Mazur's weight two deformation ringasso
iated to ρ̄ and T any �nite set of primes disjoint from S. Consider the weighttwo ring RS∪T asso
iated to the representation GS∪T ։ GS

ρ̄→ GL2(Fp) whi
h wealso denote ρ̄. Sin
e in our setting deformation rings with suitable 
onditions at p are
ompleted He
ke rings, we use the notation T for R.Let Ad0(ρ̄) be the 2 × 2 tra
e zero matri
es over Fp with Galois a
ting via ρ̄ and
onjugation. In [11℄, it was proven that for a given ρ̄ satisfying mild te
hni
al hy-potheses, there exists a set of primes T su
h that TT−new
S∪T ≃ Zp, where the supers
ript�T − new� indi
ates the quotient whose 
hara
teristi
 zero valued points 
orrespondto 
usp forms whi
h are new at ea
h of the primes in T . See Se
tion 1 of [14℄ forthe formulation of te
hniques used here. That TT−new
S∪T ≃ Zp is equivalent to therestri
tion map(1) H1(GS∪T ,Ad0(ρ̄)) →

⊕

v∈S∪T

H1(Gv,Ad0(ρ̄))

Nvbeing an isomorphism. The subspa
e Nv of H1(Gv,Ad0(ρ̄)) arises from a surje
tion
Rv ։ Rsm

v , where Rsm
v is a suitable smooth quotient of the lo
al deformation ring

Rv asso
iated to ρ̄|Gv
. The kernel of an H1 map as above is 
alled a Selmer groupand denoted H1

N (GS∪T ,Ad0(ρ̄)).Throughout the remainder of the paper, we will make the following assumptions.Hypothesis 1.(1) ρ̄ : GS → GL2(Fp) is 
ontinuous, odd, weight two, and onto;(2) dimH1
N (GS ,Ad0(ρ̄)) = 1 (This is, TS ≃ Zp[[X ]]/A(X))); and(3) X1

S(Ad0(ρ̄)) = 0, where X1
S(Ad0(ρ̄)) denotes the kernel of the restri
tionmap H1(GS ,Ad0(ρ̄)) →⊕

v∈S H
1(Gv,Ad0(ρ̄)).Assumptions (2) and (3) are not too onerous. One 
an make a large Selmer groupone dimensional following [11℄ and [14℄, while one 
an make a trivial Selmer group onedimensional following [2℄ or [12℄. Assumption (3) 
an also be arranged by methods of[11℄ and [14℄. All of these pro
edures involve adding primes to the rami�
ation set.Under the �rst assumption of this hypothesis, Lemma 1.2 of [14℄ 
onstru
ts aChebotarev set Q (see De�nition 2 below) su
h that, for any q ∈ Q, we have that

T
{q}−new
S∪{q} ≃ Zp. It is worth noting that the results of [11℄ and [14℄ apply in far moregeneral settings than Hypothesis 1. There, one starts with a representation satisfyingonly (1) (or not ne
essarily that: [11℄ also deals with even representations), andprodu
es a �nite set Q of primes su
h that T

Q−new
S∪Q ≃ Zp. The set Q has 
ardinalityequal to dimH1

N (GS ,Ad0(ρ̄)). We will de�ne a se
ond set of Chebotarev set of primes
L (see De�nition 15) and study the rank of T

{q,ℓ}−new
S∪{q,ℓ} as ℓ varies for a �xed q.For ea
h q ∈ Q, let Lq =

{

ℓ ∈ L : rankZp

(

T
{q,ℓ}−new
S∪{q,ℓ}

)

> 1
}. We obtain thefollowing density results.



NEW PARTS OF HECKE RINGS 61Theorem A. There exists a �nite set G ⊂ Q of 
ardinality at most p− 1 su
h thatfor any q ∈ Q\G

dens(Lq) ≥
p! dens(L)

pp+1
.Theorem B. There is a subset E of Q of 
ardinality at most √2p+ 1 su
h that forany q ∈ Q\E we have

dens(Lq) ≤
2
√
p dens(L)

p
.Theorem C. If every element of the algebra of sets formed by the Lq has naturaldensity, then there exists a �nite set G ⊂ Q su
h that for any q ∈ Q\G

dens(Lq) ≤
(2 − 1

p ) dens(L)

p
.As a reminder, we give two de�nitions.De�nition 1. For a set of primes F set

dens(F) = lim sup
x→∞

F ∩ [1, x]

π(x)
and dens(F) = lim inf

x→∞
F ∩ [1, x]

π(x)and
dens(F) = lim

x→∞
(F) ∩ [1, x]

π(x)when the limit exists.De�nition 2. A Chebotarev set is, up to �nitely many elements, a set of prime num-bers de�ned by an appli
ation of the Chebotarev density theorem in some extensionof number �elds L/K.Theorem 1.3 of [7℄ shows that Chebotarev sets have density as in De�nition 1.Remark. Given a ni
e prime ℓ, it is not hard to �nd a ni
e prime q su
h that
H1

N (GS∪{q},Ad0(ρ̄)) = 0 and rankZp
(T

{q,ℓ}−new
S∪{q,ℓ} ) > 1 or not as we wish. See Propo-sitions 11 and 19. In [12℄, examples of He
ke rings TT−new

S∪T with arbitrarily large rankwere produ
ed, but in these 
ases the set T was very large. We are interested in howthe rank 
hanges when we add two primes to the level.It is natural to 
ompare the He
ke rings T
{q}−new
S∪{q,ℓ} and T

{q}−new
S∪{q} via the ringhomomorphism π

(q)
ℓ : T

{q}−new
S∪{q,ℓ} → T

{q}−new
S∪{q} . The η-invariant for this map, denoted

η
(q)
ℓ , is de�ned to be the ideal π(q)

ℓ (Ann
T
{q}−new

S∪{q,ℓ}

(Ker(π
(q)
ℓ ))) of T

{q}−new
S∪{q} and is a devi
efor 
omparing these rings (the analog of the η-invariant for N in the redu
ible settingdis
ussed above is pvp( N−1

12
)). It is known in our setting that there is a power series

P
(q)
ℓ (X) su
h that T

{q,ℓ}−new
S∪{q,ℓ} ≃ Zp[[X ]]/(P

(q)
ℓ (X)). Wiles has shown in general thatdeformation rings are �nite and �at over Zp, so there is a distinguished polynomial

f
(q)
ℓ (X) and a unit u(q)

ℓ (X) ∈ Zp[[X ]]∗ su
h that P (q)
ℓ (X) = f

(q)
ℓ (X)u

(q)
ℓ (X). It is nothard to see that f (q)

ℓ (0) = η
(q)
ℓ as ideals of Zp. It seems that η-invariants only giveinformation about whether or not T

{q,ℓ}−new
S∪{q,ℓ} is trivial, not about its rank when it isnontrivial.



62 BENJAMIN LUNDELL AND RAVI RAMAKRISHNAWe 
on
lude by noting that we naively expe
t that
dens(Lq) =

dens(L)

p
.Our heuristi
 is as follows: T

{q,ℓ}−new
S∪{q,ℓ} ≃ Zp[[X ]]/(P

(q)
ℓ (X)) where P (q)

ℓ (X) is a powerseries with 
onstant term η
(q)
ℓ divisible by p, but P (q)

ℓ (X) is not divisible by p. Write
P

(q)
ℓ (X) = η

(q)
ℓ + a

(q)
1,ℓX + a

(q)
2,ℓX

2 + a
(q)
3,ℓX

3 + . . . , and assume that the a(q)
i,ℓ ∈ Zp arerandom with respe
t to the normalized Haar measure on Zp. Then, the probabilitythat a(q)

r,ℓ is the �rst a(q)
i,ℓ not divisible by p is

(

1

p

)r−1
p− 1

p
=
p− 1

pr
.This suggests rankZp

(T
{l,q}−new
S∪{l,q} ) > 1 with probability 1

p
. This, in 
ombination withTheorems A and B, leads to the following questions.Question. Let ρ̄ : GS → GL2(Fp) be 
ontinuous, odd, surje
tive, and weight two.Suppose that TS ≃ Zp, and let V be the Chebotarev set of primes su
h that ρ̄ isunrami�ed at v, v 6≡ ±1 mod p, and ρ̄(Frobv) has eigenvalues with ratio v. Let

Ṽ ⊆ V be those v su
h that rankZp
(Tv−new

S∪{v} ) > 1. Is Ṽ a Chebotarev set? If not, isit still the 
ase that Ṽ has density as in De�nition 1? Finally, if the density exists, is
dens(Ṽ) =

dens(V)

p
? 2. Ba
kgroundDe�nition 3. For a �nite pla
e v of Q, let Gv denote Gal(Q̄v/Q), Iv ⊂ Gv the inertiasubgroup, and Frobv the Frobenius element whi
h topologi
ally generates Gv/Iv. Fora Gv-module M , denote the image of the in�ation map

H1(Gv/Iv,M
Iv ) → H1(Gv,M)by H1

nr(Gv,M). Now, let M be a Gal(Q̄/Q)-module and h ∈ H1(Gal(Q̄/Q),M). We
all h unrami�ed at a prime v if h|Gv
∈ H1

nr(Gv,M), otherwise we 
all h rami�edat v.De�nition 4. LetM be a Galois module annihilated by m. SetM∗ = Hom(M,µm).Fa
ts 5 and 6 below are standard.Fa
t 5. There is a 
anoni
al isomorphism
invv : H2(Gv, µm) → 1

m
Z/Z.Fa
t 6. Let M be a Gv-module annihilated by m. In the perfe
t pairing of lo
alduality,

H1(Gv,M) ×H1(Gv,M
∗) → H2(Gv, µm)

invv→ 1

m
Z/Z,the groups H1

nr(Gv,M) and H1
nr(Gv,M

∗) are exa
t annihilators of one another.In this paper m will always be the prime p and we will always identify 1

p
Z/Z with

Z/pZ.



NEW PARTS OF HECKE RINGS 63De�nition 7. Suppose ρ̄ : Gal(Q̄/Q) → GL2(Z/pZ) is given as in Hypothesis 1, (1).A prime v is ni
e (for ρ̄) if
• v 6≡ ±1 mod p
• ρ̄ is unrami�ed at v,
• the eigenvalues of ρ̄(Frobv) have ratio v.Fa
t 8. For ρ̄ as in Hypothesis 1, (1), the ni
e primes form a Chebotarev set. More-over, v is ni
e for ρ̄ if and only if av := Tr(ρ̄(Frobv)) ≡ (v + 1)2 mod p.Proof. That the ni
e primes form a Chebotarev set is Fa
t 5 of [2℄. To see the se
ondpart, one 
an 
ompute dire
tly the 
ongruen
e (remembering that det ρ̄ is the mod p
y
lotomi
 
hara
ter). �Let Z/pZ(r) be the group Z/pZ with Galois a
tion via χr, the r-th power of the mod

p 
y
lotomi
 
hara
ter. Sin
e the eigenvalues of ρ̄(Frobv) have ratio v, the eigenvaluesof Frobv a
ting on Ad0(ρ̄) are v, 1 and v−1 so there are Gv-module isomorphisms
Ad0(ρ̄) =

(

a 0
0 −a

)

⊕
(

0 b
0 0

)

⊕
(

0 0
c 0

)

≃ Z/pZ ⊕ Z/pZ(1) ⊕ Z/pZ(−1)and
Ad0(ρ̄)∗ =

(

a 0
0 −a

)∗
⊕
(

0 b
0 0

)∗
⊕
(

0 0
c 0

)∗

≃ Z/pZ(1) ⊕ Z/pZ ⊕ Z/pZ(2).Sin
e v 6≡ ±1 mod p the elements v, 1 and v−1 of Z/pZ are distin
t. Thus, in ea
h ofthe above de
ompositions the three terms are distin
t.Fa
t 9. Let v be ni
e for ρ̄. Then we have(1) H1(Gv ,Z/pZ(r)) = 0 for r 6= 0, 1,(2) Hi(Gv,Ad0(ρ̄)) ≃ Hi(Gv,Z/pZ) ⊕Hi(Gv,Z/pZ(1)) ≃ Hi(Gv,Ad0(ρ̄)∗),(3) Hi(Gv,Ad0(ρ̄)) and Hi(Gv,Ad0(ρ̄)∗) have dimensions 1, 2, and 1 for i =
0, 1, 2, respe
tively, and(4) H1

nr(Gv,Ad0(ρ̄)) and H1
nr(Gv,Ad0(ρ̄)∗) 
orrespond to H1(Gv,Z/pZ) in thede
omposition in (2).Moreover, there is a surje
tion from Rv, the lo
al deformation ring at v, to Zp[[X ]]that indu
es a one dimensional subspa
e

Nv = H1(Gv,Z/pZ(1)) ⊂ H1(Gv,Ad0(ρ̄)),whi
h, under lo
al duality, is annihilated by the one dimensional spa
e
N⊥

v = H1(Gv,Z/pZ(1)) ⊂ H1(Gv,Ad0(ρ̄)∗).Therefore, if either
f ∈ H1

nr(Gv,Ad0(ρ̄)) and ψ ∈ H1(Gv,Ad0(ρ̄)∗)\H1
nr(Gv,Ad0(ρ̄)∗)or

f ∈ H1(Gv,Ad0(ρ̄))\H1
nr(Gv,Ad0(ρ̄)) and ψ ∈ H1

nr(Gv,Ad0(ρ̄)∗)with f, ψ 6= 0, then invv(f ∪ ψ) 6= 0.



64 BENJAMIN LUNDELL AND RAVI RAMAKRISHNAProof. See Se
tion 3 of [10℄ or Lemma 2 of [2℄ for the de
omposition of the lo
al Galois
ohomology groups. The statement about the non-vanishing of the invariants followsfrom Fa
t 6. �De�nition 10. Let Ψ ∈ H1(Gal(Q̄/Q),Ad0(ρ̄)∗) and v be a ni
e prime su
h that
Ψ|Gv

is unrami�ed. Consider
H1(Gal(Q̄/Q),Ad0(ρ̄)∗)

res→ H1(Gv,Ad0(ρ̄)∗) → H1(Gv,Z/pZ)where the �rst map is restri
tion and the se
ond arises from the de
omposition of the
Gv-module Ad0(ρ̄) in Fa
t 9. By Ψ(Frobv), we mean the evaluation at Frobenius at
v of the image of Ψ under the 
omposition above.Proposition 11. Let Ψ ∈ H1(Gal(Q̄/Q),Ad0(ρ̄)∗), and let V be the (Chebotarev)set of ni
e primes. Then the set of v ∈ V su
h that Ψ(Frobv) = α, for α ∈ Z/pZ, isa Chebotarev set having density densV

p
.Proof. Re
all from the dis
ussion following De�nition 7 that Ad0(ρ̄)∗ ≃ Z/pZ(1) ⊕

Z/pZ⊕Z/pZ(2) as Gv modules. The fa
tor with trivial a
tion is dual to the matri
eswhi
h are zero ex
ept of the upper right hand entry.Let K = Q(Ad0(ρ̄), µp), so that Ψ|Gal(K̄/K) is a homomorphism. Then the �eld
ut out by Ψ, LΨ, is a Galois extension of K with (abelian) Galois group Ad0(ρ̄)∗.By De�nition 10, Ψ(Frobv) = α is equivalent to Frobv 
orresponding to the dual ofa matrix with α in the upper right hand entry. Su
h matri
es a

ount for 1

p
of allpossibilities. The result follows. �Re
all a proposition of Wiles.Fa
t 12. Let T ⊇ S be a �nite set of pla
es. For v ∈ T let Lv ⊂ H1(Gv,Ad0(ρ̄))be a subspa
e with annihilator L⊥

v ⊂ H1(Gv,Ad0(ρ̄)∗). De�ne H1
L(GT ,Ad0(ρ̄)) and

H1
L⊥(GT ,Ad0(ρ̄)∗) to be, respe
tively, the kernels of the restri
tion maps

H1(GT ,Ad0(ρ̄)) →
⊕

v∈T

H1(Gv,Ad0(ρ̄))

Lvand
H1(GT ,Ad0(ρ̄)∗) →

⊕

v∈T

H1(Gv,Ad0(ρ̄)∗)
L⊥

v

.Then
dimH1

L(GT ,Ad0(ρ̄)) − dimH1
L⊥(GT ,Ad0(ρ̄)∗)

= dimH0(GT ,Ad0(ρ̄)) − dimH0(GT ,Ad0(ρ̄)∗)

+
∑

v∈T

(

dim(Lv) − dimH0(Gv,Ad0(ρ̄))
)(2)Proof. See Proposition 1.6 of [15℄ or Theorem 8.6.20 of [9℄. �



NEW PARTS OF HECKE RINGS 65The above groups are 
alled the Selmer and dual Selmer groups for the set
T and lo
al 
onditions Lv and L⊥

v respe
tively. The formula shows the di�eren
e indimension between the Selmer and dual Selmer groups for a set of pla
es T and lo
al
onditions Lv and L⊥
v 
an be readily 
omputed.Corollary 13. Let v0 be ni
e, and set U = T ∪ {v0}. Then

dimH1
L(GU ,Ad0(ρ̄)) − dimH1

L(GT ,Ad0(ρ̄)) = dimH1
L⊥(GU ,Ad0(ρ̄)∗)

− dimH1
L⊥(GT ,Ad0(ρ̄)∗)

+ dim(Lv0
) − 1.(3)Proof. This follows immediately from Fa
ts 9 and 12. �3. ResultsIn [11℄ and [14℄ lo
al 
onditions are pres
ribed for all deformation problems. These
orrespond to smooth quotients of the lo
al deformation rings. These quotients giverise to subspa
es Nv ⊆ H1(Gv,Ad0(ρ̄)) as des
ribed in Fa
t 9.Fa
t 14. Let T be a �nite set of primes and Nv ⊂ H1(Gv,Ad0(ρ̄)) be as in [11℄ and[14℄. Then

dimH1
N (GS∪T ,Ad0(ρ̄)) = dimH1

N⊥(GS∪T ,Ad0(ρ̄)∗).If the Selmer group and dual Selmer group are both trivial, then we have that
RT−new

S∪T = TT−new
S∪T = Zp.Proof. For v ∈ S, the subspa
es Nv de�ned in [11℄ and [14℄, give

dimH1
N (GS ,Ad0(ρ̄)) = dimH1

N⊥(GS ,Ad0(ρ̄)∗).The �rst statement now follows from the de�nition for Nv for the ni
e prime v givenin Fa
t 9 and the formula in Fa
t 12. The se
ond statement is Lemma 1.1 of [14℄. �For most ρ̄, one 
an, following [11℄ and [14℄, add a ni
e prime to S to make theSelmer group one dimension smaller. Following [2℄ one 
an also add a �nite numberof ni
e primes to S to make the Selmer group larger.Re
all from Hypothesis 1 that
dimH1

N (GS ,Ad0(ρ̄)) = 1 = dimH1
N⊥(GS ,Ad0(ρ̄)∗).Let f and φ span H1

N (GS ,Ad0(ρ̄)) and H1
N⊥(GS ,Ad0(ρ̄)∗) respe
tively.De�nition 15. Let Q be set of ni
e primes q satisfying f |Gq

6= 0, φ|Gq
6= 0. Let L bethe set of ni
e primes ℓ satisfying f |Gℓ

6= 0 and ψ|Gℓ
= 0 for all ψ ∈ H1(GS ,Ad0(ρ̄)∗).Fa
t 16. The sets Q and L are Chebotarev sets. For q ∈ Q we have that

H1
N (GS∪{q},Ad0(ρ̄)) = 0.Proof. That Q and L are Chebotarev sets is Lemma 8 of [3℄. The se
ond part 
omesfrom the fa
t that the primes q ∈ Q are 
hosen to annihilate the dual Selmer group,

H1
N⊥(GS ,Ad0(ρ̄)∗) (see Lemmas 1.1 and 1.2 of [14℄ and the dis
ussion there). Ap-plying Fa
t 14 gives the desired result. �



66 BENJAMIN LUNDELL AND RAVI RAMAKRISHNAProposition 17. For any ℓ ∈ L,
dimH1

N (GS∪{ℓ},Ad0(ρ̄)) = 1 = dimH1
N⊥(GS∪{ℓ},Ad0(ρ̄)∗),

H1
N (GS∪{ℓ},Ad0(ρ̄)) is not spanned by f and H1

N⊥(GS∪{ℓ},Ad0(ρ̄)∗) is spanned by
φ.Proof. As φ|Gℓ

= 0, we have that φ ∈ H1
N⊥(GS∪{ℓ},Ad0(ρ̄)∗). In parti
ular, we may
on
lude that dimH1

N⊥(GS∪{ℓ},Ad0(ρ̄)∗) ≥ 1.As f is a 
ohomology 
lass for the group GS , it is unrami�ed at ℓ. Sin
e f |Gℓ
6= 0(by de�nition of the set L), Fa
t 9 implies f /∈ H1

N (GS∪{ℓ},Ad0(ρ̄)). Thus, anynon-zero element of H1
N (GS∪{ℓ},Ad0(ρ̄)) is rami�ed at ℓ.Let f1 and f2 be non-zero elements of H1

N (GS∪{ℓ},Ad0(ρ̄)). By Fa
t 9, there isa nontrivial linear 
ombination of f1 and f2 whi
h is unrami�ed at ℓ. This linear
ombination is in H1
N (GS∪{ℓ},Ad0(ρ̄)) and therefore zero by the previous paragraph.Thus, f1 and f2 are linearly dependent, and dimH1

N (GS∪{ℓ},Ad0(ρ̄)) ≤ 1. Theproposition now follows from Fa
t 14. �Proposition 18. For any ℓ ∈ L the kernel of(4) H1(GS∪{ℓ},Ad0(ρ̄)) →
⊕

v∈S

H1(Gv,Ad0(ρ̄))is one dimensional. Moreover, for any ni
e prime v, the in�ation map
H1(GS ,Ad0(ρ̄)∗) → H1(GS∪{v},Ad0(ρ̄)∗)has one dimensional 
okernel.Proof. To prove the �rst statement, set
Lr = 0, L⊥

r = H1(Gr ,Ad0(ρ̄)∗), for r ∈ Sand
Lℓ = H1(Gℓ,Ad0(ρ̄)), L⊥

ℓ = 0,so that
H1

L⊥(GS ,Ad0(ρ̄)∗) = H1(GS ,Ad0(ρ̄)∗).As any ψ ∈ H1(GS ,Ad0(ρ̄)∗) satis�es ψ|Gℓ
= 0, we have that

H1
L⊥(GS∪{ℓ},Ad0(ρ̄)∗) ⊇ H1

L⊥(GS ,Ad0(ρ̄)∗),and as L⊥
ℓ = 0, all elements of H1

L⊥(GS∪{ℓ},Ad0(ρ̄)∗) are trivial (and therefore un-rami�ed) at ℓ, showing
H1

L⊥(GS∪{ℓ},Ad0(ρ̄)∗) = H1
L⊥(GS ,Ad0(ρ̄)∗).Thus, Corollary 13 implies that

dimH1
L(GS ,Ad0(ρ̄)) + 1 = dimH1

L(GS∪{ℓ},Ad0(ρ̄)).As H1
L(GS ,Ad0(ρ̄)) =X1

S(Ad0(ρ̄)) = 0 by Hypothesis 1, the kernel of Equation (4)is H1
L(GS∪{ℓ},Ad0(ρ̄)). The �rst part follows.For the se
ond part set T = S ∪ {v}, and let

Lr = 0, L⊥
r = H1(Gv,Ad0(ρ̄)∗), for r ∈ T .



NEW PARTS OF HECKE RINGS 67The Selmer groups for S and T areX1s and the dual Selmer groups for S and T arethe full H1s. Then Corollary 13 gives
dim(X1

T (Ad0(ρ̄))) − dim(X1
S(Ad0(ρ̄))) = dim(H1(GT ,Ad0(ρ̄)∗))

− dim(H1(GS ,Ad0(ρ̄)∗)) − 1.(5)Hypothesis 1 guarantees that X1
S(Ad0(ρ̄)) = 0. Any element of X1

T (Ad0(ρ̄)) istrivial, and therefore unrami�ed, at v, so X1
T (Ad0(ρ̄)) ⊆ X1

S(Ad0(ρ̄)) = 0. Thus,Equation (5) be
omes
dim(H1(GT ,Ad0(ρ̄)∗)) = dim(H1(GS ,Ad0(ρ̄)∗)) + 1,the desired result. �The se
ond part of Proposition 18 implies H1(GS∪{v},Ad0(ρ̄)∗) 
ontains 
lassesrami�ed at v, for all ni
e primes v. Fix Φv ∈ H1(GS∪{v},Ad0(ρ̄)∗) rami�ed at vand normalized so that invv(f ∪ Φv) = 1 (Re
all invariants are normalized so theyhave values in Z/pZ). Note that f and any Ψ ∈ H1(GS ,Ad0(ρ̄)∗) are unrami�ed at

v, so Fa
t 6 implies invv(f ∪ Ψ) = 0. Thus, though there is ambiguity in 
hoosing
Φv, the image of Φv in H1(GS∪{v},Ad0(ρ̄)∗)/H1(GS ,Ad0(ρ̄)∗) and invv(f ∪ Φv) arewell-de�ned after this normalization.The �rst part of Proposition 18 implies that the kernel of Equation (4) 
ontainsan element gℓ whi
h is rami�ed at ℓ. By Proposition 17,

dimH1
N (GS∪{ℓ},Ad0(ρ̄)) = 1 and f 6∈ H1

N (GS∪{ℓ},Ad0(ρ̄)).Let fℓ span H1
N (GS∪{ℓ},Ad0(ρ̄)). As fℓ and gℓ are rami�ed at ℓ, we 
an argue asin the proof of Proposition 17. Fa
t 9 implies that some linear 
ombination of fℓand gℓ is unrami�ed at ℓ. The 
oe�
ients of gℓ and fℓ in this linear 
ombination arene
essarily nonzero. As fℓ, gℓ|Gv

∈ Nv for v ∈ S, this linear 
ombination is lo
ally in
Nv for all v ∈ S and so is in H1

N (GS ,Ad0(ρ̄)); that is, it is a multiple of f . Thus, aftersuitably s
aling fℓ, we have fℓ = aℓf + gℓ. Note that the 
oe�
ient aℓ is independentof the set Q.Proposition 19. Let q ∈ Q and l ∈ L. Then, H1
N (GS∪{q,ℓ},Ad0(ρ̄)) 6= 0 if and onlyif invq(fℓ ∪ Φq) = 0.Proof. Re
all that fℓ spans H1

N (GS∪{ℓ},Ad0(ρ̄)) and φ spans H1
N⊥(GS∪{ℓ},Ad0(ρ̄)∗).The de�nition of Q requires φ|Gq

6= 0, so Fa
t 9 implies φ|Gq
6∈ N⊥

q . The proof ofLemma 1.2 of [14℄ implies
H1

N (GS∪{q,ℓ},Ad0(ρ̄)) 6= 0 ⇐⇒ fℓ|Gq
∈ Nq.As fℓ is unrami�ed at q and Nq 
onsists of rami�ed 
lasses, we see

fℓ|Gq
∈ Nq ⇐⇒ fℓ|Gq

= 0.But, Φq is rami�ed at q by de�nition, so
fℓ|Gq

= 0 ⇐⇒ invq(fℓ ∪ Φq) = 0by Fa
t 9. �Proposition 20. Let q ∈ Q and l ∈ L. Then invq(fℓ ∪ Φq) = aℓ − invℓ(gℓ ∪ Φq).



68 BENJAMIN LUNDELL AND RAVI RAMAKRISHNAProof. Global re
ipro
ity implies
0 =

∑

v∈S∪{q,ℓ}
invv(gℓ ∪ Φq)

= invℓ(gℓ ∪ Φq) + invq(gℓ ∪ Φq),sin
e gℓ|Gv
= 0 for all v ∈ S. Thus, we have that

invq(fℓ ∪ Φq) = invq((aℓf + gℓ) ∪ Φq)

= aℓ invq(f ∪ Φq) + invq(gℓ ∪ Φq)

= aℓ − invℓ(gℓ ∪ Φq),sin
e invq(f ∪ Φq) = 1. �De�nition 21. Fix q ∈ Q, and set Lq,α = {l ∈ L| invq(fℓ ∪Φq) = α}. Note that Lq,0is the Lq in Theorems A, B, and C.Theorem A′. Let α ∈ Z/pZ. There exists a �nite set G ⊂ Q of 
ardinality at most
p− 1 su
h that for any q ∈ Q\G

dens(Lq,α) ≥ p! dens(L)

pp+1
.Proof. Let ǫ > 0, and suppose there are p elements qi ∈ Q su
h that

dens(Lqi,α) <
(p! − ǫ) dens(L)

pp+1
.Let C = ∩p

i=1L
c
qi,α, where Lc

q,α denotes the 
omplement in L of Lq,α. We immediatelysee that
dens(C) ≥

(

1 − p
p! − ǫ

pp+1

)

dens(L)

=

(

1 − p! − ǫ

pp

)

dens(L).Next, 
onsider the set
D = {ℓ ∈ L|Φqi

(Frobℓ) 6= Φqj
(Frobℓ) for 1 ≤ i < j ≤ p}.Using Proposition 11, it is an exer
ise to see D is a Chebotarev set with density

p!

pp
dens(L).As 1 − p! − ǫ

pp
+
p!

pp
> 1, we must have C ∩ D 6= ∅; let ℓ ∈ C ∩ D. In parti
ular, wehave that(6) invqi

(fℓ ∪ Φqi
) = aℓ − invℓ(gℓ ∪ Φqi

) 6= αfor i = 1, 2, . . . , p, sin
e ℓ ∈ C.Next, for ℓ �xed, invℓ(gℓ ∪ Φqi
) depends only on the value of Φqi

at Frobℓ, sin
e
invℓ(gℓ ∪ Φv1

) − invℓ(gℓ ∪ Φv2
) = 0



NEW PARTS OF HECKE RINGS 69if and only if (Φv1
− Φv2

)(Frobℓ) = 0, for any ni
e primes v1, v2. Sin
e ℓ ∈ D thevalues Φqi
(Frobℓ) for i = 1, 2, . . . , p are all distin
t. Combining this with Equation 6gives a 
ontradi
tion. Thus,

dens(Lqi,α) ≥ (p! − ǫ) dens(L)

pp+1for all but p− 1 elements q ∈ Q. Sin
e ǫ is arbitrary, the result follows. �Remark. If we take α = 0 in the previous theorem, we re
over Theorem A from theintrodu
tion.Now that we have established that the sets Lq,α are in�nite (after possibly dis
ard-ing some �nite number of q), we turn our attention to showing that these sets are nottoo large.Proposition 22. Let α ∈ Z/pZ and q1, q2 ∈ Q be distin
t. Then
dens(Lq1,α ∩ Lq2,α) ≤ dens(L)

p
.Proof. Observe that

Lq1,α ∩ Lq2,α = {ℓ ∈ L| invq1
(fℓ ∪ Φq1

) = α = invq2
(fℓ ∪ Φq2

)}
⊆ {ℓ ∈ L| invq1

(fℓ ∪ Φq1
) − invq2

(fℓ ∪ Φq2
) = 0}

= {ℓ ∈ L| invℓ(gℓ ∪ (Φq2
− Φq1

)) = 0}, by Proposition 20,
= {ℓ ∈ L|(Φq2

− Φq1
)(Frobℓ) = 0}.By Proposition 11, the set of ℓ ∈ L satisfying (Φq2

−Φq1
)(Frobℓ) = 0 is a Chebotarevset with density dens(L)

p
. �Remark. The moral of Proposition 22 is that while we do not know how to 
ontrol

Lq,α by a Chebotarev 
ondition, we 
an 
ontrol the `di�eren
e' between Lqi,α and
Lqj ,α. Moreover, suppose for some q0 that invq0

(fℓ ∪ Φq0
) = α for all ℓ ∈ L; thatis, suppose that L = Lq0,α. Then, for any q ∈ Q, q 6= q0, invq(fℓ ∪ Φq) = α if andonly if invℓ(gℓ ∪ (Φq − Φq0

)) = 0, whi
h happens on a set of density 1

p
dens(L) byProposition 11. Thus, the largest deviation from what we expe
t for q0 implies theexpe
ted distribution for all other primes of Q.Proposition 23. Let Xi be sets of primes. Then,

dens
(

∪M
i=1Xi

)

≥
(

M
∑

i=1

dens(Xi)

)

−
∑

1≤i<j≤M

dens(Xi ∩Xj).Proof. Let ǫ > 0 be given. Set bi = dens(Xi) and y = dens(∪M
i=1Xi). For large x,

(y + ǫ)π(x) ≥ #
((

∪M
i=1Xi

)

∩ [1, x]
)

,

#(Xi ∩ [1, x]) ≥ (bi − ǫ)π(x), and
(dens(Xi ∩Xj) + ǫ)π(x) ≥ #(Xi ∩Xj) ∩ [1, x].
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lusion-ex
lusion, we have for all x
#
((

∪M
i=1Xi

)

∩ [1, x]
)

≥
(

M
∑

i=1

#(Xi ∩ [1, x])

)

−





∑

1≤i<j≤M

#((Xi ∩Xj) ∩ [1, x])



 ,so for large x
(y + ǫ)π(x) ≥

(

M
∑

i=1

(bi − ǫ)

)

π(x) −





∑

1≤i<j≤M

(dens (Xi ∩Xj) + ǫ)



 π(x),and the result follows. �Theorem B′. Let α ∈ Z/pZ. There are at most √2p primes qi su
h that dens(Lqi,α)

≥
√

2p dens(L)
p .Proof. Suppose there are M ≥ √

2p + 1 su
h qi, namely q1, . . . , qM . Proposition 23implies
dens

(

∪M
i=1Lqi,α

)

≥
(

M
∑

i=1

√
2pdens(L)

p

)

−





∑

1≤i<j≤M

dens(Lqi,α ∩ Lqj ,α)



 .Proposition 22 and the fa
t that Lqi,α ⊆ L imply(7) dens(L) ≥ dens
(

∪M
i=1Lqi,α

)

≥
(

M

1

)√
2pdens(L)

p
−
(

M

2

)

dens(L)

p
.The right hand side of Equation (7) is a quadrati
 in M that is maximized at

M =
√

2p +
1

2
. At M =

√

2p +
1

2
− 1

2
=
√

2p, the inequality be
omes dens(L) ≥
(

1 +
1√
2p

)

dens(L). This would lead to a 
ontradi
tion if √
2p were an integer.As quadrati
s are symmetri
 about their extrema, we get the same inequality for

M =
√

2p +
1

2
+

1

2
=
√

2p + 1. Plugging the integer in the interval [
√

2p,
√

2p + 1]into Equation (7) gives a 
ontradi
tion. �Remark. If we take α = 0 in the previous theorem, we re
over Theorem B from theintrodu
tion.It remains to prove Theorem C. We begin with a generalization of Proposition 22.Proposition 24. Let α ∈ Z/pZ and q1, . . . , qr ∈ Q be distin
t. Then
dens(∩r

i=1Lqi,α) ≤ dens(L)

pr−1
.Proof. The proof is similar to that of Proposition 22, ex
ept here

∩r
i=1Lqi,α ⊆ {ℓ ∈ L|(Φqi

− Φq1
)(Frobℓ) = 0, i = 2, . . . , r}.The 
onditions (Φqi

−Φq1
)(Frobℓ) = 0 are independent Chebotarev 
onditions as the
ohomology 
lass Φqi

−Φq1
is rami�ed at qi. Thus, the set {Φq2

−Φq1
, . . . ,Φqr

−Φq1
}
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onditions by Lemma 8 of [3℄. The result followsfrom Proposition 11. �For the remainder of the paper we will assume:Hypothesis 2. All subsets of L in the algebra formed by the sets Lq,α have density.Proposition 25. Let α ∈ Z/pZ and s > 0. For ea
h 1 ≤ t ≤ ps, let
Dt = Lq1

∩ · · · ∩ Lqs
,where {q1, . . . , qs} ⊂ Q and no Lq o

urs in more than one interse
tion Dt. Fix ǫ ≥ 0and suppose dens(Dt) ≥

2 + ǫ

ps
dens(L) for all 1 ≤ t ≤ ps. Then for at least one pair

(t, u),
dens(Dt ∩ Du) ≥

2 + 2ǫ+ 2
ps

p2s
dens(L).Proof. Suppose dens(Dt ∩ Du) <

2 + 2ǫ+ 2
ps

p2s
dens(L) for all 1 ≤ t < u ≤ ps. Propo-sition 23 implies

dens(L) ≥ dens(∪ps

j=1Dj) ≥





ps

∑

j=1

dens(Dj)



−





∑

1≤t<u≤ps

dens(Dt ∩ Du)



 .This be
omes
dens(L) >

(

ps

1

)

2 + ǫ

ps
dens(L) −

(

ps

2

)

2 + 2ǫ+ 2
ps

p2s
dens(L).Simplifying,

dens(L) >

(

1 +
1

p2s
+

ǫ

ps

)

dens(L),a 
ontradi
tion. �Theorem C′. Let α ∈ Z/pZ. There are only �nitely many q ∈ Q with dens(Lq,α) >
(2 − 1

p ) dens(L)

p
.Proof. Suppose there are in�nitely many su
h qi. Let G ⊆ Q be this ex
eptional set.Let {q1, . . . , qp} ⊂ G. We will show some that for some 1 ≤ i0 < j0 ≤ p that

dens(Lqi0
,α ∩ Lqj0

,α) ≥ 2

p2
dens(L). Suppose otherwise; that is, assume(8) dens(Lqi,α ∩ Lqj ,α) <

2

p2
dens(L)for all 1 ≤ i < j ≤ p. Proposition 23 implies

dens(L) ≥ dens(∪p
i=1Lqi,α) ≥

(

p
∑

i=1

dens(Lqi,α)

)

−





∑

1≤i<j≤p

dens(Lqi,α ∩ Lqj ,α)



 .



72 BENJAMIN LUNDELL AND RAVI RAMAKRISHNAUsing Equation 8 and simplifying, this be
omes
dens(L) >

(

p

1

)

(

2 − 1
p

)

dens(L)

p
−
(

p

2

)

2

p2
dens(L) = dens(L),a 
ontradi
tion. Thus, given p elements q1, . . . , qp of G there are i0, j0 with 1 ≤ i0 <

j0 ≤ p and dens(Lqi,α ∩ Lqj ,α) ≥ 2

p2
dens(L).Using the hypothesis that G is in�nite and grouping G into disjoint subsets of pelements, we get in�nitely many 2-fold interse
tions with density at least 2

p2
dens(L)and no repeated qi among the indi
es. Applying Proposition 25 with s = 2 and ǫ = 0,we get in�nitely many 4-fold interse
tions with density at least 2 + 2

p2

p4
dens(L) andno repeated qi among the indi
es.Now repeatedly apply Proposition 25 starting with 4-fold interse
tions and ǫ0 =

2

p2
.The key point is that the the `dis
repan
y from 2' more than doubles in Proposition 25.For m > 2 there are in�nitely many 2m-fold interse
tions with density greater than

2 + 2m−2ǫ0
p2m dens(L) and ea
h Lqi

o

urring in at most one 2m-fold interse
tion. Notefor large enough m that 2 + 2m−2ǫ0 > p. Thus, there is a 2m-fold interse
tion withdensity greater than p

p2m dens(L). This 
ontradi
ts Proposition 24.The original supposition that the ex
eptional set G is in�nite is false. �Remark. If we take α = 0 in the previous theorem, we re
over Theorem C from theintrodu
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