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NEW PARTS OF HECKE RINGS

BENJAMIN LUNDELL AND RAVI RAMAKRISHNA

ABsTRACT. In this note, we use the deformation theory of an absolutely irreducible Ga-
lois representation to study certain Hecke rings. Specifically, we investigate the variation
in the rank of the new part of a completed Hecke ring as we vary the set of primes at
which the deformations are allowed to ramify.

1. Introduction

Let p > 5 be a prime number. Consider the Galois representation
_ = . _ x O
p: Gal(Q/Q) — GLy(F,), given by p = ( o ) ,

where Gal(Q/Q) is the absolute Galois group of the rationals and ¥ is the mod p
reduction of the p-adic cyclotomic character y. Let

Ey(r)=1 —24ix" Zd , o= e
n=1 d|n

be the the weight two normalized non-holomorphic Eisenstein series. For any prime
N, the weight two normalized Eisenstein series on I'g(N), Ea v = E2(7) — NE2(NT),
gives rise to a Galois representation lifting p which is unramified outside {N, p, co}.
It is natural to ask when we can find such a lift of p which does not arise from an
Eisenstein series.

When N = 1 mod p, Mazur showed in [8] that there exists a weight two normalized
cusp form f on I'g(N), defined over Q,, such that p; = p mod p, where p; is the Galois
representation associated to f, and p is the prime above p in the field of definition
of f. That is, he showed that completion of the Hecke ring acting on the weight
two cusp forms on I'g(N) at the p-Eisenstein ideal, Ty, ,, has rank at least one as a
Zp-algebra. This lead him to pose the question, “Is there anything general that can
be said about [this rank]?” ([8], p. 140)

In [1], Calegari and Emerton approached this question by studying the deformation
theory of the representation p. They were able to prove an ‘R = T’ theorem and relate
the rank of Ty, , to the p-part of the class group of Q(Nl/p). See Theorem 1.2 and
Corollary 1.6 of [1].

In this paper, we consider Mazur’s question for absolutely irreducible represen-
tations. Let S be a finite set of places containing {p,co} and Gg be the Galois
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group over Q of the maximal algebraic extension of Q unramified outside S. Let
p: Gg — GL2(F,) be a continuous, odd, absolutely irreducible representation that is
weight two in the sense of [13]. Such a representation is necessarily modular by the
work of Khare and Wintenberger on Serre’s conjecture ([4], [5], [6]).

Like Calegari and Emerton, we obtain our results by studying the deformation
theory of the representation p. Let Rg be Mazur’s weight two deformation ring
associated to p and T any finite set of primes disjoint from S. Consider the weight
two ring Rgyur associated to the representation Gsur — Gg LA GL3(F,) which we
also denote p. Since in our setting deformation rings with suitable conditions at p are
completed Hecke rings, we use the notation T for R.

Let Ado(ﬁ) be the 2 x 2 trace zero matrices over F, with Galois acting via p and
conjugation. In [11], it was proven that for a given p satisfying mild technical hy-
potheses, there exists a set of primes T such that 'H‘F‘g&,’few ~ Z,, where the superscript
“T — new” indicates the quotient whose characteristic zero valued points correspond
to cusp forms which are new at each of the primes in T. See Section 1 of [14] for
the formulation of techniques used here. That Tg;ﬁew ~ Z, is equivalent to the
restriction map

(1) H'(Gsur, Ad(p) = €D

veESUT

H'(Gy, Ad"(p))
Ny

being an isomorphism. The subspace N, of H'(G,, Ad’(p)) arises from a surjection
R, — Ry™, where R;™ is a suitable smooth quotient of the local deformation ring
R, associated to p|g,. The kernel of an H' map as above is called a Selmer group
and denoted H} (Gsur, Ad%(p)).

Throughout the remainder of the paper, we will make the following assumptions.

Hypothesis 1.
(1) p: Gs — GLy(F,) is continuous, odd, weight two, and onto;
(2) dim H}(Gs,Ad"(p)) = 1 (This is, Ts ~ Z,[[X]]/A(X))); and
(3) 1I5(Ad°(5)) = 0, where III5(Ad%(5)) denotes the kernel of the restriction
map Hl(GSa Ado(ﬁ)) - @UES Hl(va Ado(ﬁ))

Assumptions (2) and (3) are not too onerous. One can make a large Selmer group
one dimensional following [11] and [14], while one can make a trivial Selmer group one
dimensional following [2] or [12]. Assumption (3) can also be arranged by methods of
[11] and [14]. All of these procedures involve adding primes to the ramification set.

Under the first assumption of this hypothesis, Lemma 1.2 of [14] constructs a

Chebotarev set £ (see Definition 2 below) such that, for any ¢ € 9, we have that

Tg‘ﬁ&?ew ~ Z,. It is worth noting that the results of [11] and [14] apply in far more

general settings than Hypothesis 1. There, one starts with a representation satisfying
only (1) (or not necessarily that: [11] also deals with even representations), and
produces a finite set @ of primes such that Tg&sew ~ Z,. The set @ has cardinality
equal to dim H}-(Gs, Ad°(p)). We will define a second set of Chebotarev set of primes

£ (see Definition 15) and study the rank of Tg‘i;g}?ew as { varies for a fixed q.

For each ¢ € Q, let £, = {é € £ :rankg, (Tg‘ﬁg;?ew) > 1}. We obtain the

following density results.
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Theorem A. There exists a finite set & C Q of cardinality at most p — 1 such that
for any g € Q\G
p!dens(L)

pp"rl
Theorem B. There is a subset € of Q of cardinality at most \/2p + 1 such that for
any q € Q\€& we have

dens(£q) >

2,/pdens(£)

» .
Theorem C. If every element of the algebra of sets formed by the £, has natural
density, then there exists a finite set & C Q such that for any g € Q\&

(2 - 5) dens(£)

dens(£,) <

dens(£,) <
(£4) ’
As a reminder, we give two definitions.
Definition 1. For a set of primes § set
S N[l N[l
dens(F) = limsup §0[La] and dens(§) = lim inf §0[La]
and
o N[
dens(F) = mh—{I;o @)

when the limit exists.

Definition 2. A Chebotarev set is, up to finitely many elements, a set of prime num-
bers defined by an application of the Chebotarev density theorem in some extension
of number fields L/K.

Theorem 1.3 of [7] shows that Chebotarev sets have density as in Definition 1.

Remark. Given a nice prime /£, it is not hard to find a nice prime ¢ such that

H}V(Gsu{q},AdO(ﬁ)) = 0 and rankz, (Tg%i}q}?ew) > 1 or not as we wish. See Propo-
T —new

sitions 11 and 19. In [12], examples of Hecke rings T »“" with arbitrarily large rank
were produced, but in these cases the set T' was very large. We are interested in how
the rank changes when we add two primes to the level.

It is natural to compare the Hecke rings Tg‘ﬁ{qt}e}w and Tgﬁ{;?ew via the ring
homomorphism wéq) : Tg‘ﬁ{q%ﬁw — Tg‘ﬁ{(gew. The n-invariant for this map, denoted

(9) - : (9) (q) {q}—new . .
n,", is defined to be the ideal 7, (Annngu}{;l;}w (Ker(m,"))) of Tslqq andisadevice

for comparing these rings (the analog of the n-invariant for N in the reducible setting
discussed above is p”P(%)). It is known in our setting that there is a power series

PZ(Q) (X) such that T{S‘fjﬁ__l?ew ~ Zp[[X]]/(Pé(q)(X)). Wiles has shown in general that

deformation rings are finite and flat over Z,, so there is a distinguished polynomial
fl(q) (X) and a unit ugzq) (X) € Zp[[X]]* such that Pe(q) (X) = fe(q) (X)ufzq) (X). Tt is not
hard to see that fl(q)(O) = néq) as ideals of Z,. It seems that n-invariants only give
information about whether or not Tg%gﬁew is trivial, not about its rank when it is
nontrivial.
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We conclude by noting that we naively expect that
d £
dens(£,) = ens( )
p

Our heuristic is as follows: T{S‘fjﬁxew ~ Zp[[X]]/(Pé(q) (X)) where PZ(Q) (X) is a power
series with constant term n@q) divisible by p, but Pé(q) (X) is not divisible by p. Write
PZ(Q) (X) = n@q) + angX + angX2 + angX3 + ..., and assume that the agqé) € Z, are
random with respect to the normalized Haar measure on Z,. Then, the probability
that ang is the first ¢! not divisible by p is

il
) e
p p pr

—new . .1 1 . . . . .
This suggests rankz, (Tgﬁ% at ) > 1 with probability —. This, in combination with
’ p

Theorems A and B, leads to the following questions.

Question. Let p: Gg — GLy(F,) be continuous, odd, surjective, and weight two.
Suppose that Tg ~ Z,, and let U be the Chebotarev set of primes such that p is
unramified at v, v Z +1 mod p, and p(Frob,) has eigenvalues with ratio v. Let
0 C U be those v such that rankz, (Tg 7o) > 1. Is 0 a Chebotarev set? If not, is

Su{v}
it still the case that U has density as in Definition 17 Finally, if the density exists, is
- dens(U
dens(Y) = &()?
p

2. Background

Definition 3. For a finite place v of Q, let G, denote Gal(Q,/Q), I, C G, the inertia
subgroup, and Frob, the Frobenius element which topologically generates G,,/I,. For
a G,-module M, denote the image of the inflation map

HYG,/I,,M") - HYG,, M)

by H} (G,, M). Now, let M be a Gal(Q/Q)-module and h € H*(Gal(Q/Q), M). We
call h unramified at a prime v if h|g, € H}, (G,, M), otherwise we call h ramified
at v.

Definition 4. Let M be a Galois module annihilated by m. Set M* = Hom(M, ).
Facts 5 and 6 below are standard.
Fact 5. There is a canonical isomorphism

1
inv, : H2(Gy, pm) — —7Z]Z.
inv (Gos pim) = —Zf

Fact 6. Let M be a G,-module annihilated by m. In the perfect pairing of local
duality,

H (G, M) x H' (G, M*) — B (G i) ™ 222,
the groups H} (G,, M) and H} (G,, M*) are exact annihilators of one another.
In this paper m will always be the prime p and we will always identify 1Z/Z with
7./ pZ. P
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Definition 7. Suppose p: Gal(Q/Q) — GLo(Z/pZ) is given as in Hypothesis 1, (1).
A prime v is nice (for p) if

e v# +1modp

e p is unramified at v,

e the eigenvalues of p(Frob,) have ratio v.
Fact 8. For p as in Hypothesis 1, (1), the nice primes form a Chebotarev set. More-
over, v is mice for p if and only if a, := Tr(p(Frob,)) = (v + 1)? mod p.

Proof. That the nice primes form a Chebotarev set is Fact 5 of [2]. To see the second
part, one can compute directly the congruence (remembering that det g is the mod p
cyclotomic character). O

Let Z/pZ(r) be the group Z/pZ with Galois action via x", the r-th power of the mod
p cyclotomic character. Since the eigenvalues of p(Frob, ) have ratio v, the eigenvalues
of Frob,, acting on Ad’(p) are v, 1 and v~! so there are G,-module isomorphisms

(5 %)e(oo)e(c0)

Z/pZ & Z/pZ(1) ® Z/pZ(-1)

Ad(p)* = <8 _0a>*@<8 8)@<2 8)

Z/pZ(1) & Z/pZ & 7] pZ(2).

Since v # 41 mod p the elements v, 1 and v=! of Z/pZ are distinct. Thus, in each of
the above decompositions the three terms are distinct.

Ad°(p)

12

and

1

Fact 9. Let v be nice for p. Then we have
(1) HY(Gy,Z/pZ(r)) =0 for r # 0,1,
(2) Hi(Gy, Ad(p)) = H¥(Gy, ZpZ) & H'(Gy, Z/pZ(1)) = HI(Gy, A (5)°),
(3) H'(G,,Ad"(p)) and H'(G,,Ad’(p)*) have dimensions 1, 2, and 1 for i =
0, 1,2, respectively, and
(4) H! (G,,Ad%(p)) and H} (G,,Ad"(p)*) correspond to H(G,,Z/pZ) in the
decomposition in (2).
Moreover, there is a surjection from R,, the local deformation ring at v, to Z,[[X]]
that induces a one dimensional subspace

Ny = HY(Gy, Z/pZ(1)) € H'(Gu, Ad"(p)),
which, under local duality, is annihilated by the one dimensional space
Ny = HY(G,, Z/pZ(1)) € H' (G, Ad’(p)").
Therefore, if either
f € Hy (G, Ad"(p) and ¢ € H'(Gy, Ad"(p)")\H,,,.(Gv, Ad"(p)")
" f € H'(Gy, Ad’(p))\H,, (G, Ad’(p)) and ¢ € H,,.(G,, Ad’(p)")
with f,1 # 0, then inv,(f Uy) # 0.
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Proof. See Section 3 of [10] or Lemma 2 of [2] for the decomposition of the local Galois
cohomology groups. The statement about the non-vanishing of the invariants follows
from Fact 6. O

Definition 10. Let ¥ € H'(Gal(Q/Q),Ad’(p)*) and v be a nice prime such that
U|q, is unramified. Consider

H'(Gal(Q/Q), Ad’(p)*) ™= H' (G4, Ad"(p)*) — H' (G, Z/pZ)

where the first map is restriction and the second arises from the decomposition of the
G,-module Ad®(p) in Fact 9. By ¥(Frob,), we mean the evaluation at Frobenius at
v of the image of ¥ under the composition above.

Proposition 11. Let ¥ € H'(Gal(Q/Q),Ad"(p)*), and let BV be the (Chebotarev)

set of nice primes. Then the set of v € U such that U (Frob,) = «, for a € Z/pZ, is

densU
a Chebotarev set having density Sind
p

Proof. Recall from the discussion following Definition 7 that Ad%(p)* ~ Z/pZ(1) @
Z/pZ®7Z/pZ(2) as G, modules. The factor with trivial action is dual to the matrices
which are zero except of the upper right hand entry.

Let K = Q(Ad"(p), up), so that V|Gal(ik/K) 18 @ homomorphism. Then the field
cut out by ¥, Ly, is a Galois extension of K with (abelian) Galois group Ad’(p)*.
By Definition 10, ¥(Frob,) = « is equivalent to Frob, corresponding to the dual of
a matrix with « in the upper right hand entry. Such matrices account for 1 of all

p
possibilities. The result follows. (I

Recall a proposition of Wiles.
Fact 12. Let T D S be a finite set of places. For v € T let £, C H'(G,,Ad"(p))
be a subspace with annihilator L~ C HY(G,,Ad"(p)*). Define HE(GT,AdO(ﬁ)) and
HEL (G, Ad°(p)*) to be, respectively, the kernels of the restriction maps

1 (Gr A ) — @ O AP

L,

veT

and
e H'(G,, Ad°(p)*
1 (Gr, Ad () — @) TG 2T,

veT v

Then
dim H}(Gr,Ad°(p)) — dim H}, (Gr, Ad%(p)*)
= dim H°(G7, Ad"(p)) — dim H°(G7, Ad°(p)*)

(2) + 3 (dim(£,) — dim H*(G,, Ad°(7)))

veT

Proof. See Proposition 1.6 of [15] or Theorem 8.6.20 of [9]. O
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The above groups are called the Selmer and dual Selmer groups for the set
T and local conditions £, and L respectively. The formula shows the difference in
dimension between the Selmer and dual Selmer groups for a set of places 7" and local
conditions £, and £ can be readily computed.

Corollary 13. Let vy be nice, and set U =T U {vo}. Then
dim H}(Gy, Ad%(p)) — dim HE(Gr, Ad%(p)) = dim H}. (G, Ad°(p)*)
—dim H}. (Gr,Ad°(p)*)
(3) + dim(Ly,) — 1.

Proof. This follows immediately from Facts 9 and 12. O

3. Results

In [11] and [14] local conditions are prescribed for all deformation problems. These
correspond to smooth quotients of the local deformation rings. These quotients give
rise to subspaces N, C H'(G,,, Ad"(p)) as described in Fact 9.

Fact 14. Let T be a finite set of primes and N, ¢ H'(G,,, Ad"(p)) be as in [11] and
[14]. Then

dim Hj (Gsur, Ad°(p)) = dim Hyr. (Gsur, Ad%(p)*).
If the Selmer group and dual Selmer group are both trivial, then we have that
Rgor™ = Teor™ = Zp.
Proof. For v € S, the subspaces N, defined in [11] and [14], give
dim Hy (Gs, Ad%(p)) = dim Hy. (Gs,Ad°(p)).
The first statement now follows from the definition for A, for the nice prime v given

in Fact 9 and the formula in Fact 12. The second statement is Lemma 1.1 of [14]. O

For most p, one can, following [11] and [14], add a nice prime to S to make the
Selmer group one dimension smaller. Following [2] one can also add a finite number
of nice primes to S to make the Selmer group larger.

Recall from Hypothesis 1 that

dim Hp\/(Gs,Ad%(p)) = 1 = dim Hy,. (Gs, Ad%(p)").
Let f and ¢ span H} (Gs, Ad’(p)) and H},. (Gs,Ad"(p)*) respectively.
Definition 15. Let Q be set of nice primes ¢ satisfying f|q, # 0, ¢|q, # 0. Let £ be
the set of nice primes £ satisfying f|q, # 0 and |g, = 0 for all ¢ € H'(Gs, Ad°(p)*).
Fact 16. The sets Q and £ are Chebotarev sets. For q € Q we have that

Hj (Gsuggy Ad%(p)) = 0.

Proof. That Q and £ are Chebotarev sets is Lemma 8 of [3]. The second part comes
from the fact that the primes ¢ € Q are chosen to annihilate the dual Selmer group,
H}\/L(GS,AdO(ﬁ)*) (see Lemmas 1.1 and 1.2 of [14] and the discussion there). Ap-
plying Fact 14 gives the desired result. (]
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Proposition 17. For any { € £,
dim Hx (G suqey, Ad%(p)) = 1 = dim Hy,. (Gsuqey, Ad%(p)7),
H}\/(Gsu{g},AdO(ﬁ)) is not spanned by f and Hjl\/L (Gsu{g},AdO(ﬁ)*) is spanned by

Proof. As ¢|g, = 0, we have that ¢ € HJ{/L(GSU{Z},AdO(ﬁ)*). In particular, we may
conclude that dim H .. (Gsuey, Ad°(p)*) > 1.

As f is a cohomology class for the group Gg, it is unramified at £. Since f|g, # 0
(by definition of the set £), Fact 9 implies f ¢ H}\;(GSU{Z},AdO(ﬁ)). Thus, any

non-zero element of H}(Gsuisy, Ad”(p)) is ramified at ¢.

Let f; and fo be non-zero elements of HJ{/(GSU{g},AdO(ﬁ)). By Fact 9, there is
a nontrivial linear combination of f; and fs which is unramified at ¢. This linear
combination is in H}(Gsuge, Ad°(p)) and therefore zero by the previous paragraph.

Thus, f; and fy are linearly dependent, and dimH}\/(GSU{Z},AdO(ﬁ)) < 1. The
proposition now follows from Fact 14. O

Proposition 18. For any ¢ € £ the kernel of

(4) H'(Gsugey, Ad(p) — €D H' (G, Ad(p))
veS

is one dimensional. Moreover, for any nice prime v, the inflation map

H'(Gs,Ad%(p)") — H' (Gsugwy, Ad°(p)%)
has one dimensional cokernel.
Proof. To prove the first statement, set

L, =0, L} = HY(G,,Ad°(p)*), forr € S
and

Lo = H'(Ge, Ad(9)), Lf =0,
so that
Hy. (Gs, Ad(p)") = H' (G, Ad"(p)").
As any ¢ € H'(Gg,Ad"(p)*) satisfies ¥|g, = 0, we have that
Hp . (Gsupey, Ad°(p)") 2 HpL (Gs, Ad°(p)"),

and as £ = 0, all elements of HEL(GSU{g},AdO(ﬁ)*) are trivial (and therefore un-
ramified) at ¢, showing
H. (Gsugey, Ad°(p)") = Hp. (Gs, Ad%(p)").
Thus, Corollary 13 implies that
dim H}(Gs, Ad"(p)) + 1 = dim H} (Gsuqey, Ad°(p)).
As HE(Gs,Ad%(p)) = TT5(Ad°(p)) = 0 by Hypothesis 1, the kernel of Equation (4)

is Hé(GSU{g},AdO(ﬁ)). The first part follows.
For the second part set T'= S U {v}, and let

L,=0, L+ =HY(G,,Ad°(p)"),for r € T.



NEW PARTS OF HECKE RINGS 67

The Selmer groups for S and T are III's and the dual Selmer groups for S and T are
the full H's. Then Corollary 13 gives

dim(ITT(Ad% () — dim(IIT§ (Ad°(p))) = dim(H" (G, Ad°()"))
(5) — dim(H'(Gg,Ad’(p)*)) — 1.
Hypothesis 1 guarantees that II15(Ad%(5)) = 0. Any element of IITL(Ad%(p)) is
trivial, and therefore unramified, at v, so IIIL(Ad%(p)) C IIL(Ad°(p)) = 0. Thus,
Equation (5) becomes

dim(H' (G, Ad"(p)")) = dim(H' (G, Ad(5)")) + 1,

the desired result. O

The second part of Proposition 18 implies Hl(GSU{U},AdO(ﬁ)*) contains classes
ramified at v, for all nice primes v. Fix ®, € Hl(GSU{U},AdO(ﬁ)*) ramified at v
and normalized so that inv,(f U ®,) = 1 (Recall invariants are normalized so they
have values in Z/pZ). Note that f and any ¥ € H'(Gg, Ad"(p)*) are unramified at
v, so Fact 6 implies inv,(f U ¥) = 0. Thus, though there is ambiguity in choosing
®,, the image of @, in H(Gguqyy, Ad°(p)*)/H(Gs,Ad’(p)*) and inv,(f U ®,) are
well-defined after this normalization.

The first part of Proposition 18 implies that the kernel of Equation (4) contains
an element g, which is ramified at ¢. By Proposition 17,

dim Hyr(Gsuqey, Ad°(p)) = 1 and f & HA{(Gsugey, Ad°(p)).

Let f, span H}\[(GSU{Z},AdO(ﬁ)). As f; and gy are ramified at £, we can argue as
in the proof of Proposition 17. Fact 9 implies that some linear combination of fp
and gy is unramified at ¢. The coefficients of g, and f, in this linear combination are
necessarily nonzero. As fy, g¢lg, € N, for v € S, this linear combination is locally in
N, for all v € S and so is in HA-(Gs, Ad"(p)); that is, it is a multiple of f. Thus, after
suitably scaling fy, we have fr = asf + g¢. Note that the coefficient ay is independent
of the set Q.

Proposition 19. Let ¢ € Q and [ € £. Then, HJ{/(GSU{ql},AdO(ﬁ)) # 0 if and only
if invg (fe U @) = 0.

Proof. Recall that fy spans H}\[(Gsu{g}, Ad°(p)) and ¢ spans H}\,L (Gsugey Ad°(p)").
The definition of Q requires ¢|g, # 0, so Fact 9 implies ¢|¢q, & qu_ The proof of
Lemma 1.2 of [14] implies

H/{/(GSU{q,Z}vAdO(ﬁ)) #0 <= f€|Gq € Nq'
As fy is unramified at ¢ and N, consists of ramified classes, we see
fil, € Ny = file, =0.
But, ®, is ramified at ¢ by definition, so
felg, =0+ invy(fr UPg) =0
by Fact 9. O

Proposition 20. Let ¢ € Q and | € £. Then invy(f, U®,) = ar — inve(ge U D).



68 BENJAMIN LUNDELL AND RAVI RAMAKRISHNA

Proof. Global reciprocity implies

0 = Z inv,(ge U @)

veSU{q,l}
= inve(ge U ®q) + invy(ge U D),

since g¢|g, = 0 for all v € S. Thus, we have that
invg(feU®q) = inve((aef + g0) U @g)

aginvy(f U ®y) + invy(ge U D)
= ay— iIlVg(gg U (I)q),

since invy(f U ®y) = 1. O

Definition 21. Fix ¢ € 9, and set £, = {l € £|inv,(fr U®,) = a}. Note that £,
is the £4 in Theorems A, B, and C.

Theorem A’. Let o € Z/pZ. There exists a finite set & C Q of cardinality at most
p — 1 such that for any ¢ € Q\&

S pldens(£
dens(£4,0) > Tl()

Proof. Let € > 0, and suppose there are p elements ¢; € Q such that

(p! — €) dens(L) '

dens(£q;.a) < pres

Let € = ﬂleﬂghm where £ , denotes the complement in £ of £, ,. We immediately
see that

pl—e¢
dens(€) > (1 —-p prEs > dens(£)

- <1 - p'p_‘> dens(2).

Next, consider the set
D = {l € £|®,, (Froby) # @, (Froby) for 1 <i < j < p}.
Using Proposition 11, it is an exercise to see ® is a Chebotarev set with density
p dens(£).
PP

| — |
As1- P " ‘ —i—% > 1, we must have €ND # 0; let £ € €ND. In particular, we
D

have that
(6) invg, (feU®y,) = ap—inve(ge U Py,) #

fori=1,2,...,p, since £ € €.
Next, for ¢ fixed, inv,(ge U @, ) depends only on the value of ®,, at Froby, since

iIlVg(gg U (I)Ul) — ian(gg U (I)Uz) =0
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if and only if (®,, — ®,,)(Froby) = 0, for any nice primes vy, vs. Since £ € D the
values @4, (Froby) for ¢ = 1,2,...,p are all distinct. Combining this with Equation 6
gives a contradiction. Thus,

(p! — €) dens(L)

dens(£y; o) > oot

for all but p — 1 elements ¢ € 9. Since € is arbitrary, the result follows. (I

Remark. If we take o = 0 in the previous theorem, we recover Theorem A from the
introduction.

Now that we have established that the sets £, . are infinite (after possibly discard-
ing some finite number of ¢), we turn our attention to showing that these sets are not
too large.

Proposition 22. Let o« € Z/pZ and q1,q2 € Q be distinct. Then
dens(£)

dens(€4,.0 NLys.a) < )

Proof. Observe that

LraNlpa = {£€llinvg (feUPy)=a=1invy,(fr UPg)}
C {{ellinvg (fe UPy) —inve, (feUP,,) =0}
= {le &linvy(g¢ U (P4, — P4, )) = 0}, by Proposition 20,
= {le L|(Py, — Py, )(Froby) =0}.

By Proposition 11, the set of ¢ € £ satistying (@4, — @4, )(Froby) = 0 is a Chebotarev
dens(£) 0

N

set with density

Remark. The moral of Proposition 22 is that while we do not know how to control
£4,a by a Chebotarev condition, we can control the ‘difference’ between £, . and
£4,.a- Moreover, suppose for some o that invy, (fe U ®4,) = o for all £ € £; that
is, suppose that £ = £, . Then, for any ¢ € 9, ¢ # qo, invy(fe U ®4) = « if and

only if invy(g, U (&, — ®4,)) = 0, which happens on a set of density — dens(£) by
p

Proposition 11. Thus, the largest deviation from what we expect for ¢y implies the
expected distribution for all other primes of Q.

Proposition 23. Let X; be sets of primes. Then,

dens (U le <Zdens >— Z dens(X; N X;).

1<i<j<M
Proof. Let € > 0 be given. Set b; = dens(X;) and y = dens(U}, X;). For large z,

(y+e)m(z) > # ((Ui]\i1X¢) N[, :C]) ,
#(X;n[lL,z)) > (b—e)n(z), and
(M(XiﬂXj)-i-E)ﬂ'(,T) > #(XiﬂXj)ﬂ[l,Ji].
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From inclusion-exclusion, we have for all x

M
# (UM, X)) N [1,2]) > (Z#(Xi N [1,1:]))

=1

| ¥ #xinx)npa].

1<i<j<M

so for large z

M
<y+e>w<x>z<z<m—e>)w<x>— S (@ens (X, X)) + ) | w(a),

i=1 1<i<j<M
and the result follows. O

Theorem B'. Let o € Z/pZ. There are at most \/2p primes q; such that dens(Ly, o)
> vV2p dens(£)
Y

Proof. Suppose there are M > /2p + 1 such ¢;, namely q1,...,qa. Proposition 23
implies

— M \/%dens(il)> B —
dens (U2, £4,.a) > (; — 1Si<ZjSM dens(Lq; .0 N Ly .a)
Proposition 22 and the fact that £,, o C £ imply
M> V2pdens(£) (M) dens(£)
1 p 2 p
The right hand side of Equation (7) is a quadratic in M that is maximized at

1 1 1
M= +/2p+ 7 At M = /2p+ 373 v/2p, the inequality becomes dens(£) >

1
(1 + F) dens(£). This would lead to a contradiction if 1/2p were an integer.
p

As quadratics are symmetric about their extrema, we get the same inequality for

1 1
M = +/2p + B + i v/2p + 1. Plugging the integer in the interval [/2p,/2p + 1]

into Equation (7) gives a contradiction. O

(7 dens(£) > dens( i:lgqi,a) > <

Remark. If we take @ = 0 in the previous theorem, we recover Theorem B from the
introduction.
It remains to prove Theorem C. We begin with a generalization of Proposition 22.

Proposition 24. Let « € Z/pZ and q1,...,q- € Q be distinct. Then
dens(£)

pr—l '
Proof. The proof is similar to that of Proposition 22, except here

Mi—1Lgi.a C{l € L|(Py, — Py, )(Froby) =0, i =2,...,7}.

The conditions (@4, — @, )(Frob,) = 0 are independent Chebotarev conditions as the
cohomology class ®,, — D, is ramified at g;. Thus, the set {®y, — Py,,..., Py — Py, }

dens(Ni_1 £g;,0) <



NEW PARTS OF HECKE RINGS 71

gives r — 1 independent Chebotarev conditions by Lemma 8 of [3]. The result follows
from Proposition 11. (I
For the remainder of the paper we will assume:
Hypothesis 2. All subsets of £ in the algebra formed by the sets £, have density.
Proposition 25. Let « € Z/pZ and s > 0. For each 1 <t < p*, let
D=Ly N--NELy,

where {q1,...,qs} C Q and no £, occurs in more than one intersection ®,. Fiz e >0
and suppose dens(D;) > 2—4;6 dens(L) for all 1 <t < p*. Then for at least one pair
(t.w) ’

2+ 2+ 172—5

dens(D; N D,,) > per

dens(£).

2+ 2+ 2

Proof. Suppose dens(D; ND,,) < 5 P~ dens(g£) for all 1 <t < u < p*. Propo-
p S

sition 23 implies

pS
dens(£) > dens(Ué’;Dj) > Zdens(Dj) - Z dens(®; ND,)
j=1

1<t<u<ps

This becomes

s s\ 2+ 2+ 2
dens(£) > (p )2—t€ dens(£) — (p )7;) dens(£).
p

1 2 p25
Simplifying,
1
dens(£) > (1 + =+ i) dens(£),
p=  p°
a contradiction. [l

Theorem C’. Let o € Z/pZ. There are only finitely many ¢ € Q with dens(£4,4) >
(2- %) dens(£)

p

Proof. Suppose there are infinitely many such ¢;. Let & C Q be this exceptional set.
Let {¢1,...,qp} C ®. We will show some that for some 1 < ip < jo < p that

dens(L£q,, .0 N Lq;,.0) = o dens(£). Suppose otherwise; that is, assume

2
(8) dens(£q,,a N Ly ,a) < o dens(£)

for all 1 <14 < 7 < p. Proposition 23 implies

P
dens(£) > dens(UY_; L4, o) > (Z dens(Sqi,Q)> - Z dens(Ly;,0 N Ly;.a)
i=1

1<i<j<p
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Using Equation 8 and simplifying, this becomes
1
dens(£) > (119) w - (g) I% dens(£) = dens(£),
a contradiction. Thus, given p elements qi,..., g, of & there are iy, jo with 1 < iy <
Jo < pand dens(£4, o N L4, ,a) > I%dens(i)).
Using the hypothesis that & is infinite and grouping & into disjoint subsets of p
elements, we get infinitely many 2-fold intersections with density at least 32 dens(£)

and no repeated ¢; among the indices. Applying Proposition 25 with s = 2 and € = 0,

2
we get infinitely many 4-fold intersections with density at least 4p2 dens(£) and
p
no repeated ¢; among the indices.
2
Now repeatedly apply Proposition 25 starting with 4-fold intersections and ¢p = —;.

p
The key point is that the the ‘discrepancy from 2’ more than doubles in Proposition 25.
For m > 2 there are infinitely many 2"-fold intersections with density greater than
24 2m2%¢ . . .
TO dens(£) and each £,, occurring in at most one 2"-fold intersection. Note
p

for large enough m that 2 + 2™ ~2¢q > p. Thus, there is a 2™-fold intersection with
density greater than % dens(£). This contradicts Proposition 24.
p

The original supposition that the exceptional set & is infinite is false. (]

Remark. If we take @ = 0 in the previous theorem, we recover Theorem C from the
introduction.
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