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THE p-ADIC LEFSCHETZ (1,1) THEOREM
IN THE SEMISTABLE CASE,
AND THE PICARD NUMBER JUMPING LOCUS

GO YAMASHITA

ABSTRACT. We prove a semistable version of the so-called p-adic Lefschetz (1,1) theo-
rem. As an application, we show a generalization of the Maulik-Poonen result on Picard
number jumping locus.

0. Introduction.

Let K be a complete discrete valuation field of mixed characteristic (0,p) whose
residue field & is perfect. Let X be a proper semistable model over S := Spec Ok,
Xk be its generic fiber X ®o, K, and Y be its special fiber X ®¢, k. For an
element [L] € Pic'8(Y) := H'(Y, (05)'8) := H' (Y, M¥) or [L] € Pic(Y), we have a
log-crystalline first Chern class

Carys([L]) € Heye (Y, My)/(W,N?)),

crys

where W is the ring of Witt vectors with coefficient k, and My and N© are log-
structures on Y and Spec W respectively (the precise meaning of notations will be
explained later). We also have Hyodo-Kato isomorphism ([HK])

prt Hi (Y, My) /(W N?)) @w K = Hijp (Xic/ K).

crys

This isomorphism depends on the choice of a uniformizer m € K. However, we
can show that pr(cerys([L])) is independent of the choice of 7w (Corollary 2.3). In this
paper, we first show the following generalization of the Berthelot-Ogus theorem ([BO,
Theorem (3.8)]):

Theorem 0.1. (=Theorem 3.1) The element [L] € Pic'°8(Y)q (resp. [L] € Pic(Y)g)
lifts to Pic'8(X)q (resp. Pic(X)q ), if and only if

pTF(CCI"yS([L])) € H§R(XK/K)
is in FVH2: (X /K).

Next, by using this theorem, we deduce a generalization of the Maulik-Poonen
result ([MP]) (see Section 4 for precise meaning of the notations):
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Theorem 0.2. (=Theorem 4.3) Let C be the completion of an algebraic closure of K,
and O¢ be its valuation Ting. Let B be an irreducible separated Ok -scheme of finite
type, and let f : X — B be a proper semistable morphism such that fr : Xk — Bg
is smooth (i.e., for any point b € B(Ok), the pull-back X, — Spec Ok is a semistable
model of the proper smooth variety X, ®o,. K ), where ()i ’s mean K®o, .

Then, the set

B(O¢)jumping = {b € B(Oc) | p(Xy ®0. k) > p(X7)}

is nowhere dense in B(O¢) for the analytic topology, where p’s mean (log) Picard
numbers.

In Section 1, we review Hyodo-Kato isomorphism, introducing some notations. In
Section 2, we study log-crystalline first Chern class and de Rham first Chern class.
In Section 3, we prove Theorem 0.1. In Section 4, we prove Theorem 0.2 by using
Theorem 0.1.

Notations.

Let K be a complete discrete valuation field of mixed characteristic (0,p) whose
residue field k is perfect. Let Ok denote the valuation ring of K. Let W be the
ring of Witt vectors with coefficient k, and Ky be its fraction field. Let o denote the
Frobenius on W or K. We use the convention that the subscript (),, of rings, schemes,
log-structures, etc. means ®Z/p"Z. Here, “log-structure” means the Fontaine-Illusie-
Kato log-structure ([K1]). When we use the word “log-structure” in this paper, then
this means fine saturated log-structure.

Let X be a proper semistable model over S := Spec Ok, Xk be its generic fiber
X®o, K,and Y be its special fiber X ®¢, k. Let M be the log-structure on X defined
by the special fiber Y, and My be the pull-back of M to Y. Let N be the log-structure
on S defined by its special fiber Speck. Let Nj be the pull-back of N to Speck,
and N? be the log-structure on Spec W, associated to I'(Speck, N1) — k o W,
where [-] is the Teichmiiller representative. We have a natural exact closed immersion
(Spec W,,, N?) — (Spec W41, N2, 1).

We will use the PD-structures v on (W,,, pW,,) and (Sy, pOs,y) etc. induced by the
unique PD-structure on (W, pW) and (S, pOg) etc. We abbreviate the log-crystalline
site (Y, My )/ (Wn, N2, pWh,7))i8, as (Y, My )/(Wn, NJ))$8, ete. If we abbreviate
the coefficient of crystalline cohomology, then it means that the coefficient is the
structure sheaf.

1. Review of Hyodo-Kato isomorphism.

First, we briefly review the Hyodo-Kato isomorphism ([HK]). We also prepare
some notations. Choose a uniformizer 7 of K. Let (V, My ) be the scheme Spec Wt]
with log-structure defined by the divisor “¢t = 0”. Let Iy be the Frobenius lift defined
by t — tP and 0. We have an W-exact closed immersion iy, : (S,N) — (V, My)
defined by t +— m. Let

Z'E",ﬂ' : (S'ruNn) — (E’IHMEn)
be the PD-envelope of iy, » := (iv,x),. The lifting Fy, := (Fy), induces a lifting of
Frobenius Fg, : (En, Mg,) — (E,, Mg,) The ring Rg, :=I'(E,, O, ) is isomorphic
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to W[t,t™¢/ml(m = 1)] @w W, where e := [K : Ko]. Put Rg :=lim Rp,. We also
have an W,-exact closed immersion iy, o : (Spec Wy, N?) — (V,,, My, ) defined by
t — 0. It induces a W,,-exact closed immersion

1B,,0 " (SpeCWmNr?) — (En, ME,).
We have a commutative diagram of exact closed immersions:

(Spec k, NO)—— (S,,, N,,)

7;En,W

(Spec Wi, NO) > (Ey, Mg,)
The morphism ig, . induces a homomorphism

pry ¢ Heyos (X, M)/ (Eny MR, ) — Heyys (X, My)/(Sn,y Ni))-

crys crys

The natural morphism (Y, My ) — (X,, M,) and ig, o induce a homomorphism

pro : Hiyo (X, M)/ (En, Mp,,)) — HEy (Y, My)/(Wa, N)).

crys crys

Here we have

Herys (X, M)/ (En; M, ) = Hey (X1, M)/ (En, M, ))

crys crys

and HZL (Y, My)/(Wy, Ny})) are equipped with o-semilinear endomorphism ¢, which
are induced by absolute Frobenius of X; and Y and lifting of Frobenius Fg, and o
respectively. Hyodo-Kato ([HK]) proved ¢ is a bijection after Q @ lim (for more
general log-schemes) by using the theory of de Rham-Witt complex (In the case of
crystalline cohomology, Berthelot-Ogus showed the analogous statement by the theory
of “gauges”. These bijections were essential for proving Berthelot-Ogus isomorphism

and Hyodo-Kato isomorphism respectively). Put

HEy (Y, My) [ (W, N%)) = lim H (Y, My )/ (Wa, N)),

crys crys
n

Helyo (X, M)/(S, N)) = lim Heyy (X, M)/ (Sns Nn)),

crys crys
n

Hey (X, M)/(E, Mg)) := lim He (X, M)/ (En, Mg, ).

crys crys

We have ([K1, Theorem (6.4)])
Hs (X, Mn)/(sm Np)) = H™(X,, QB(H/S” (log(Mp/Ny))),

crys
where H means a hypercohomology of a complex. So, we have

Helys (X, M)/(S, N)) = H™ (X, Q% (log(M/N)))

crys
since X is proper over S. Thus, we have
Q& Hyo (X, M)/ (S, N)) = H™ (Xk, %, /i) = Hig(Xi /K).
Lemma (5.2) of [HK] or Proposition 4.4.6 of [Tsu] tell us the existence of a Ky-linear
section of Q ® pr, compatible with ¢:
s Hey (Y, My)/(W,N°)) — Q@ Hiy (X, M)/(E, Mp)),

crys
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which induces an Rg-isomorphism:

Rp ®w H{y (Y, My)/(W,N%)) = Q@ Hz\ (X, M)/(E, Mg)).

crys

(Here, we need Q® to get the section s, because we need the inverse of ", where r
is an integer satisfying 77" € pOg. They used that the r-powered absolute Frobenius
Fg 51 — Sy factors through Sy ER Speck — S1, and X; X1,y S1 is isomorphic
t0 Y Xgpeck,f S1. See the proof of Lemma 2.5.) By using s and Q ® pr,, we have a
homomorphism

Q@ pryos: Hiy (Y, My)/(W,N%)) — Hg (Xx/K).

crys

the Hyodo-Kato theorem ([HK, Theorem (5.1)]) tells us that this induces a K-
isomorphism

pr+ K @w HE (Y, My)/(W,N®)) = Hig (Xi/K).

crys

2. log-crystalline and de Rham first Chern Classes.

Secondly, I recall the definitions of crystalline first Chern class and de Rham Chern
class.

Let (0O%)°¢ and (Oy)'°¢ denote M®&P and M{P respectively (they can be re-
garded as log-version of multiplicative group). Put Pic°(X) and Pic'®5(Y) to be
HY(X,(0%)"°8) and H(Y, (O5)'¢) respectively. The inclusions O% < (Ox)°8 and
Oy — (03)°% induce Pic(X) — Pic'8(X) and Pic(Y) — Pic'°8(Y) respectively.
The inclusions O3 < (03)°8 and 0% — (0%)'°% induce Pic(Y) — Pic°#(Y) and
Pic(X) — Pic'8(X) respectively. By definition, we have M#P = Ox%,.- So, Pic'°8(X)
is nothing but Pic(Xg). When we choose a uniformizer, we have an isomorphism
(098 = §,05... - 72, where vsm(<, ¥) is the smooth locus of Y, and we re-
gard w(# 0) as living in My, which goes to 0 in Oy. So, we have an isomorphism
Pic'°8(Y) 2 Pic(Y®™). This isomorphism is independent of the choice of 7, since
changing 7 by ur (u € Oj) gives only a difference of principal divisor (u) = 0.
Let NS(Xg) be Pic(Xg)/Pic’(Xg), where Pic’(X ) is the isomorphism class of line
bundles of algebraically equivalent to 0. Let Pic'®?(Y") be the pull back of Pic®(Y*™)
under the isomorphism Pic'°8 (V') 2 Pic(Y™™), and NS'°8(Y") be Pic'°8 (V) /Pic'*8°(Y").
We call p(Xg) := rankNS(Xg), and p(Y) := rankNS"°8(Y), their Picard number.
The homomorphism Pic(Xx) = Pic'°8(X) — Pic'°(Y) induces a homomorphism

(1) NS(Xg) — NS“g(Y).
Let (O()(Y,My)/(wm]vg))log be a sheaf on the log-crystalline site

((Y, My)/(W,, N°, pW,,,~))\8

crys

defined by (5, (U7 My‘U) — (T’7 MT)) — Mflgap Let

iy, My ) (W N0 £ Yer — (Y, My )/ (Wh, ND))SE,

be the canonical morphism (we use similar notations i(_ _y,_ _y for log-schemes).
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Lemma 2.1. We have exact sequences

0= 14 Jivmty ) /W82 = (O anyyjcw o)) = Gv,0y ) (W, N9, (OF) 8 — 0,

and
0= L+ Tty )/ (WaN9) = O ayy j(wi vy = EviMy) /(W N9) < OF — 0

on (((Y, My )/ (W, N2))&5s)™ -

crys

Proof. The second one is classical. The first one comes from the exactness of the
closed immersion (U, My |y) < (T, Mr) for any

(6, (U, Mylv) = (T, Mr)) € (Y, My)/(Wa, NJ))e%

crys”

By using PD-structure on Jy,ary)/(w,,N0), We have an isomorphism

log : 14 Jey.ary )/ (w, N9) = J(vnay /(W N9)-
So, by combining the boundary map of Lemma 2.1, log and the inclusion
sty ) [ (W, N8) T Oy My ) /(Wi N9)

we get homomorphisms

. 1o)
Pic'8(Y) SHZy (Y, My )/ (W, N2), 1+ Jiv,py )/ (Wi N0))

crys

log
= HZ (Y, My )/ (W, N, (v, my ) j (W NOY)
5 HZ (Y, My) /(W ND)),

crys

and

. d
Pic(Y) S HZy (Y, My )/ (W, N2, Lt Ty, ) /w,,N9) )

crys

log
= He (Y, My )/ (W, N2, Jvaty )/ (Wi NO))
= HZyo (Y, My)/(Wy, NY)).

crys
We call them log-crystalline first Chern class homomorphism, and let c.ys denote
them. Here,

Pic(Y) Pic'°¢(Y)

Cerys
Cerys

H?rys((l/ﬂ MY)/(WTHNS))

is commutative, because

(O aty )/ (W n0))'E == (v vy ) (Wi NE) - (O5) 15

) J

(Y, My )/ (Wi NO) — G(v, My )/ (W, M) « Oy

is commutative.
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Proposition 2.2. The image of the map
Carys  PIC"E(Y) — HEy (Y. My)/(Wa, N)

crys
8 1n
HZ (Y, My) [ (Wi, NJ))#=PN=0,

crys

where N is the monodromy operator on it ([HK, (3.5)], [Tsu, §4.4]).

Proof. First, we have

@(Cerys([L])) = Cerys(@([L])) = cerys([LP]) = Cerys(p[L]) = peerys([L]).

Next, we will show that N (cerys([L])) = 0. Let (Spec W{t], Ny [y)) be a log-scheme
whose log-structure is defined by “¢ = 0”, and (Spec W,(t), Nw, ) be the PD-
envelope of (Spec W,,, N?) < (Spec Whlt], Nw, ). We take an embedding system
(Y, Mylye) = (Z°%,Mge) for (Y, My) over (Spec W[t], Nyyq). Let (D5, Mps) be
the PD-envelope of (Y'*, My|ys) < (Z5, Mzs). Then, we have an exact sequence

. Adlog (t) . .
0= Ops @044 Wye v, | =1 = Ops ®0,4 Wy sy, — Os ©0 4 Wy i, 1y — 0

on (Y*)z, where wh, yp and wy. y, () denote

Q% jw, (log(Mzs)) and Q% 4y (log(Mzs /Nw, (t)))

respectively. The boundary homomorphism associated to the above exact sequence
after tensoring W,, over W,,(t) with respect to tll — 0 (i > 0) gives

Heyo (Y, My )| (W, O3y, ) = Hiyo (Y, My ) /(W N))

crys crys
O rrm
- Hcrys((Y7 MY)/(WTH Nr?))?
where @‘fvn is the trivial log-structure on Spec W,,. The above boundary homomor-
phism 9 is the monodromy operator ([HK, (3.6)], [K2, Lemma (4.2)])

N+ HE (Y. My) [ (Wa, Ni)) = Hy (Y, My )/ (W, Np)).

crys crys

So, it suffices to show that there is a lift of

Corys : PICB(Y) — HZ (Y, My)/ (W, N}))

crys

to Pic'8(Y) — H2 (Y, My)/(W,, Oyy.)). This can be done by a similar construc-

crys
tion of cerys, that is, the combination the boundary homomorphism of

X lo
0—1+ J(YvMY)/(ano;(Vn) - (O(Y,My)/(Wn,OVXV")) ¢
— Z.(Y,MY)/(Wn,O‘;/n),*(O;)log — 07

log
the isomorphism 1 + J(Y7MY)/(WTL7Oa/n) = J(Y’My)/(WmOVXV"), and the inclusion

Tty (wa,0%,) = Oty )/ (w05, )
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The commutativity of the following diagrams

X lo, . 1
(O a1 W0,)) = Tvaryyyw,.055,).4 (OF)' %%

l -

(O a1y ) W, w08 = iy, aay ) /W VD)= (OF)' %%,

and

L Jvanyjw,.05,) —o— a0,

| |

0 (L Ty My )/ (W N)) 1o Qo0 /090 N8

ensure that it’s a lift of ccpys, Where
a: (Y, My)/(Wa, ND))S5s = (Y, My )/ (Wa, O ) 3%

is the morphism induced by the log-forgetting morphism

(Spec Wy, Ny)) — (Spec Wi, OF, ).

Corollary 2.3. For any [L] € Pic'*5(Y),
pr(Cerys([L])) € Hip(Xx/K)
does not depend on the choice of .
Proof. For any u € Oj, pur is given by
pur = pr © exp (log(u)N)

by [HK, Theorem (5.1)] or [Tsu, Proposition 4.4.17]. Now, Ncays([L]) = 0 by the
Proposition. We are done. O

Next, let’s recall the de Rham first Chern class. We have a homomorphism of
complexes

O;;K — FIQ;(K/K[” — Q;(K/K[l],

where the first map is given by O)X(K > f—df/f € Qﬁ(K/K, and FlQ;(K/K is the

first Hodge filtration Q;(ZKl K So, this homomorphism induces a homomorphism
Pic(Xx) — H*(Xk, F'O% i) — Hig(Xk/K).

The composite is the first de Rham chern class, and let cqr denote it.
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Proposition 2.4. The following diagram is commutative:

Pic(Y) Pic(X)

| i

Piclog(y) - Piclog(X) = o PiC(XK)

lccrys \LcdR,

K @w Hiy (Y, M)/(W,N?)) > Hip (XK /K).

The non-trivial part is the bottom square.

We needs some preparations. Let cZ‘f;}s be the composition

Pic8(X) — Pic5(Y) "5 HZ (Y, My)/ (W, NY)).

crys
We can define
cEn :Pic8(X) — H2, ((Xn, M,)/(En, Mg,))

crys crys
and
CS" : PiClOg(X) — H2 ((XnaMn)/(S’naNﬂ))

crys crys

by the same way as cerys. By the commutativity of the following diagrams

lo, . e}
(O, 2,/ (B M) == 1% M) /(B M, ) (O, )

| |

(8,00« (O(y a1y y (w80 % = (iB, 0)wi (v My ) /(W N9« (OF)'°5,

Lt T M) /(B M, ) — o> (X0 M) /(B0 M)

l l

(i£,,0)+(1 + Jov,aty) /(W D)) 1:? (1B,,0)J (v, My )/ (W NO)»

(O 20 /(0 Mg, ) F (X, M) /(B M, ). (O, )1

| o

(iEn,n)*(O(XxnyMn)/(sn,Nn))log - (iE.,“‘n')*Z'(Xn,Mn)/(Sn,Nn),*(O;((n) )

and

Vot T M) (B M) —— 0 (X0 M) /(B M, )

| |

(08w ) (L4 T, 000)/(50,80)) 157 @B )2l (X0 M) /(80N
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the following diagram is commutative:

Piclog(X)
(:X;/;Ls lcggs CcsrT;zs
ngys((Yv MY)/(WTH Ng)) W ngys((Xnv Mn)/(ETh MEn)) W ngys((Xnv Mn)/(‘s"7 Nﬂ))
Here,

ig,.0 (Y, My)/(Wa, N1)) 8% — (Xa, My)/(En, M) &5

crys crys?
and
iE,° ((XmMn)/(Sn»Nn))lc(;%s - ((Xn»Mn)/(EmMEn))IJES
are morphisms induced by (Y, My) — (X,,M,) over ig, o : (SpecW,,N2) —
(En, Mg,) and (X,,, M) id (X, My,) over ig, » : (Sp, N») — (En, Mg,) respec-
tively (we use the same symbols by the abuse of notations. the author hope that
there would be no confusions).

Lemma 2.5. the following diagram is commutative:
Picl8(X)
w
Cliys lcﬁys

crys

Proof. We recall the definition of the section s ([HK, Lemma (5.2)], [Tsu, Proposition
4.4.6]). Let r be an integer satisfying 77" € pOg. Then, the r-powered absolute
Frobenius Fg :S1 — S; factors through 5q EN Speck — Si. Thus, X, X1, Fy, S is
isomorphic to Y Xgpeck,r S1. Consider the following commutative diagram:

Xy I y¢© X1

L,

S1 . Spec k—— S,

b,

E, — > Spec Wy (t) — E,,

where ¢ is defined by t — t*" and 0", and three composite horizontal arrows are
r-powered absolute Frobenii. The left big squre with ¢’s and the morphism

(Spec Wy, (t), Nw,, () — (Spec Wy, NS)
defined by 1" — 0 induce
g+ (X1, My)/(En, ME,))&lss — (Y, My) /(Wi t), Nw, (1)) ) eres
and
B+ (Y, My )/ (Wolt), Nw, ) ergs — (Y, My )/ (Wi, NJ)) %
respectively (we use the same symbol g by the abuse of notations).
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Then, we have isomorphisms ([HK, Lemma (5.2), Lemma (5.3)]):

R @w Hcrys«Y My)/(W,N°))g £ R @gr w HEyo (Y, My) (W, N°))g

= Rpy @,av () Hityo (V. My) /(W {8), N )

:RE ®4PT RE Crys((leMl)/(E ME))
)

S HE (X0, M) /(B, Mi))g = HL (X, M)/ (E, ME))g,

crys

where the subscript Q means Q®. The composition of the above isomorphisms does
not depend on 7. The section s is the composite of the above isomorphisms and
HE (Y, My)/(W,N°)) — Rp @w Hi\((Y, My)/(W,N)q. By the same way as

crys
Cerys, We can define

Corg + PICE(X) — HE o (Vs My ) /(Wi (t), Nuw(sy))-

crys

So, it suffices to show that the following diagrams are commutative:

Picl°%(X)
cWn
lcm)
H(?rys((}/? MY)/(an N'r?)) I Hc2rys((Y7 MY)/(Wn<t>7 NWn<t)))7

and
Pic'°¢(X)

cWn
W (t) e
(/crys
.

H2 (Y, My )/ (Wo(t), Ny, 1)) ——> HZ (X1, M1)/(En, Mg,)).

crys

The commutativity of the diagrams follows from the commutativity of the following
diagrams:

(OF ity )y (W, n0))'OE ———————= (vt ) (Wi ) 1 (OF )15

| .

lo, .
B0 My ) f (Wt Nowy i) = Bl (v My ) (W (8), Now )% (OF)

Lt vy /w,.vg) ———o > Jovaan ) (w,. w9

| |

B4 T M) [ W (4. N 00)) 3o B VM) /(W (. N 1)

X lo:
(O My )/ (W (8 Ny, 1)) & —— (0518

| B

1
g*<o(><X17M1)/(En,ME”))Og > g*(03<(1>10g7
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and
L 0y ) (W) N ) o M) /W2 (8) N 1)

e (Lt s, 00) /(B Mz, )) o 92000 /(B M, ) -

O

Proof. (Proof of Proposition 2.4) By Lemma 2.5, the following diagram is commuta-
tive:

(2) Piclos(X)
w S
Ccrys lcgys Ccrys

Heys (Y, My ) /(W N°))g —— HEy (X, M) /(E, Mp))g —5— Heys (X, M)/(S, N))g-

crys crys

So, it suffices to show the following diagram is commutative (see [BO, Lemma (3.3),
Proposition (3.4)] for the good reduction case):

Picl8(X)

Sn Car
Cc rys

H (X1, M1)/(Sn, Nu)) —2> Hig(X0/Sn),
where cqgr is defined by
(0% "THT %, g, (log(M /N1 — Q% s, (log(M /N))[1].
Put wl /g =Q% /s, (log(M,,/N,)). Let L(w;(n/sn) be the complex on

(X1, M1)/(Sn, Nu )5S

crys

deduced from w$ /s by linearization. We have a canonical homomorphism

Ox,,0)/(S0.N) — L(Ox,),

and L(w% /g ) is a resolution of O(x, ) /(s,,
a surjective homomorphism L(Ox, ) - Ox,. Let K be the kernel. It is a PD-ideal
in L(Oxn) such that (O(XlaA/[l)/(Sn,yNn)7J(X17M1)/(Sn7Nn)) — (L(OXH),’C) is a PD-
homomorphism. Then £ is the kernel of L(Ox,)* — Ox , and it is isomorphic
to the kernel of L((O% )°¢) — (O%,)"°8, since (U, My|y) — (T, M) is exact for
any (6, (U, My|y) — (T, Mr)) € (X1, M1)/(Sn, Np))2.. Let L(w%, /s,)” (vesp. K°,

crys*®

~,) by PD-Poincaré lemma. There is

K**) denote the complex

dlo L(d)
L((0%,)"®) =¥ L(wk,/s,) = LWk, /s,) =

L(d L(d
(resp. K9 Lk, s.) " Lk, s) —

d
1+ K %8 Lk, ) 9 Lk, s,) — )
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Then, we have the commutative diagrams:

0 —— 1+ Jx, 01 /(Sn.Nn) = (O, 211y (80, 80m)) & — 1x(0%,)1%F ——0

| | |

0 Koo L(lx, ap) /(S oN)) - —— 1(0%)18 ——0,

(where two i,’s mean i(x, a)/(s,,N,),«) and

L 060,00 /(81 N) 7o J60,000)/(,.N,)

| |

1+K = K.

log

Thus, the following diagram is commutative:

PIc8(X) —m (14 J) o HEyo () — o HE (X0, M) /(S0 Vo)

crys crys crys

L T

Piclog(X1)4a>H2 (,CO,X):)THQ (K*) i Hcgrys(L(w;(n/Sn)),

crys crys

1R

where H2_.(—)’s mean H2  ((X1, M1)/(Sn, Nyn),—), and J means J (X1 M) /(S N -

crys crys
Here, the composition of the upper horizontal arrows is the definition of cig,s. Thus,
¢Sn is equal to the composition of the lower horizontal arrows under the identification

crys
with Hc2rys((X1a Ml)/(SW7Nn)) = ngys(L(w;(n/Sn))'
The kernel of O%  — 0%, is 1+ pOx,, and this is also isomorphic to the kernel

of (0% )8 — (0%,)'8. Let J%, g, (resp. J)'(’:i s, ) denote the complex

d 1 d 2
pOx, = wx, /s, = Wx, /s, —

dlog 1 d 92
(resp. 1+pOx, — wx, /s, = Wx, /s, =)

Then, we have the following commutative diagram:

Pic8(X,) —2> H2 (K**) —~— H2 (K*) —— H?, (L(wk, /s.)

crys log crys crys

ST

. lo o o, ~ . i .
Pic'°8(X,) — HQ(JX:/S,I,) g HQ(JX,L/STL) —_— HQ(an/Sn)a
where H?(—)’s mean H?(X,,, —) and @ in the bottom line is the boundary homomor-
phism induced by the exact sequence:

0— J;:/Sn — [(O?n)bg — w}(n/sn — w}(n/sn — ] = (O;(l)log 0.

Thus, cf;g,s is equal to the composition of the lower horizontal arrows under the

identification with H2  ((X1, M1)/(Sn, Ny,)) = H? (L(wk, /s,)) = H2(w;(n/sn).

crys crys
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We have the following commutative diagram whose horizontal lines are exact:

Flw' X log dlog 1 1 e | — X log —_—
00—, s, —(0%x,)%® = wx s, ~wx,/s, = ] ©x,) 0

| | |

dlog
JO,X X \log 1 1 ..
00— Jx,/sn >[(0x,)%® = wx /s, = ¥x,/s, ~

This gives the following commutative diagram:

Pic8(X,) ——> H(F'wg /g,) —= H2(F'wy ) —— H* (W, /s,.)

| | | -

Pic8(X;) —2— H2(J;j/sn)—>1:g H2(J%, /s,) ——= H2 (W, /s.)-

The composition of the upper horizontal arrows is the definition of cqgr. We are
done. O
The following corollary is the semistable version of [BO, Corollary (3.7)].
Corollary 2.6. If [L] € Pic'5(Y) (resp. [L] € Pic(Y)) lifts to Pic*8(X) (resp.
Pic(X)), then
pr(Cerys([L])) € Hip(Xk/K)
is in FYH3s (XK /K).

3. p-adic Lefschetz (1,1) theorem in semistable case.

The following theorem is the semistable version of [BO, Theorem (3.8)].

Theorem 3.1. The element [L] € Pic'8(Y)q (resp. [L] € Pic(Y)q) lifts to
Piclog(X)@7 (resp. Pic(X)qg),
if and only if
pr(carys([L])) € Hip (X /K)
is in F'H3 (XK /K).
Lemma 3.2. The element [L] € Pic'8(Y)q (resp. [L] € Pic(Y)q) lifts to Pic'5(X1)g
(resp. Pic(X1)g )-

Proof. Let r be an integer satisfying 77" € pOg. Then, the r-powered absolute
Frobenius Fg : S — S (resp. Fx, X1 — X;) factors through Sy EN Speck — Sy
(resp. X Ly - X1). Thus, X; X1,y Sy is isomorphic to Y Xgpeck,f S1- S0,
g*[L] € Pic'®8(X,) (resp. g*[L] € Pic'®8(X,)) is a lift of [L?"]. Inverting p", we get a
lift. (]

Proof. (Proof of Theorem 3.1) The direction of “only if 7 is Corollary 2.6. We show
the other direction. Assume pr(cerys([L])) is in F'H3; (XK /K). By Lemma 3.2, we
can take a lift [L/] of [L] in Pic'°8(X})g (resp. Pic(X;)g). Then by the commutative
diagram (2) in the proof of Proposition 2.4, the image of cfrys([L’]) in H3z (Xk/K) is

in F1H3z (Xk/K). By multiplying suitable integer, we can assume that the image of



120 GO YAMASHITA

c5os([L]) in H3g (XK /K) = H2; (X/S)q comes from F1H32; (X/S). By the following

crys
commutative diagram

Pic'8(X1)(resp. Pic(X1)) —2 Hz(J;f/Xs) ng> HQ(J).(/S) s HZ(W;(/S)

X | | |

Piclog(Xl)(resp. Pic(X1)) 2. H?(1 + pOx) TTg> H?(pOx) — s H?(Ox),

the image of 3, ([L']) = iologo d([L]) in H?*(X,Ox) is zero, where H*(—)’s in the
lower horizontal line mean H?(X,—). The second log in the above diagram is the
comoposite

H(X,1+pOx) = HA(X,1+p0g) &5 H*(X,pOg) = H(X, pOx),
where X is the p-adic formal completion of X, and we used formal GAGA twice here.
The composition
pOx — Ox 25 pOx

is the multiplication by p. Thus, the image of p - log o d([L']) in H?(X,pOx) is zero.
The homomorphism log is an isomorphism, so the image of pd([L']) in H?(X,1+pOx)
is zero. On the other hand, the exact sequence

0 — 14 pOx — (0%)8 — (0%,)"*® =0

(resp. 0 — 1 +pOx — Ox — O%, —0)
induces an exact sequence

Picl8(X) — Pic'8(X,) — H?(X,1+ pOx)
(resp. Pic(X) — Pic(X;) — H*(X,1+ pOx) ).

Here, p[L'] goes to zero in H?(X,1+ pOx). Therefore, p[L] comes from Pic'°8(X)
(resp. Pic(X)). So, [L'] comes from Pic'°8(X)g (resp. Pic(X)q). O

4. An application to Picard number jumping locus.

We consider a generalization of the Maulik-Poonen result ([MP]).

First, we set up a situation. Let C be the completion of an algebraic closure of K,
and O¢ be its valuation ring. Let B be an irreducible separated O g-scheme of finite
type, and let f : X — B be a proper semistable morphism such that fx : Xx — By
is smooth, where ()x’s mean K®gq,.. Let My and Mp be log-structures on X and
B defined by X ®o, k and B ®o, k respectively. Let s,t € B be such that s is a
specialization of ¢ (i.e., s is in the closure of {t}), charx(¢) = 0 and charx(s) = p.
Let (X7, Mx,) and (X5, Mx,) be the fiber of (X, Mx) at t and § respectively. By the
same way as homomorphism (1), we have a homomorphism

spz.s © NS(Xp) — NS'°8(A5).
Lemma 4.1. (1) The homomorphism
Z[1/p] @ spg 5 - NS(X7)[1/p] — NS5 (X5)[1/p].

1s injective, and its cokernel is torsion-free.
(2) We have p(X;) > p(X5).
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(3) If spzs maps a class [L] to an ample class, then L is ample.

Proof. These can be shown by a similar way as [MP, Proposition 3.6 (b), (c), (d)].
We will give a rough sketch here. For the details, see [MP, Proposition 3.6]. By
using the following diagram (here, we replaced HZ (X7, Zo(1)) = HZ (X5, Ze(1)) by
H2, (3, Z4(1) 2 H2, oy (s, M), Ze(1) (see, [N))) for any £ p :

NS(X{) R Lp——s Hézt(Xg, Z@(l))

NS"“8(Xy5) ® Z Hity o (X5, Mx,), Ze(1)),
we have
coker(spr s & Z¢) C coker{NS(X;) & Zg — H2(X;, Ze(1))} = TyBr,

where the last term is automatically torsion-free. This induces part (1) and (2). The
part (3) comes from [MP, Proposition 3.3], which is essentially [EGA IILI, 4.7.1]. O

Let Mp, be the pull-back of Mp on Bj. For a p-adic formal Og-log-scheme
(T, Mr), let Ty be the closed subscheme defined by pOr, and let T be the associated
reduced subscheme (77})req. Let My, and M, be the pull-back of Mz to Ty and Tp
respectively. The notion of enlargement of [O, Definition 2.1] is generalized to the
semistable case by Shiho [S, Definition 2.1.1]. We use his definition (note that we use
fine log (formal) schemes, not fine saturated log (formal) schemes in his definition).
By the same way as [O, Theorem 3.1 and 3.7], we can show that for any ¢ € Z>,
there exists a log-convergent isocrystal E := R ferys«O(x M)/ (w,n0) @w K on By
with isomorphism of K-vector spaces

By = Hi (X5, Mx,)/ (W, N°)) @w K
for each s € B(k), where [s] is a enlargement given by ((Spf Ok, N), (Spec k, N?) =
(Bka MBk))'

Proposition 4.2. Let (T, M), z) be an enlargement of (By, Mp, ). Let
Jo: (Xo, Mx,) — (To, Mr,)

be obtained from f : (X,Mx) — (B, Mp) by base change along z : Ty — By — B.
Let g:Y — T be a proper semistable lifting of fo. Let My be the log-structure defined
by Y ®o, k. Then for each q € Z>g, there is a canonical isomorphism

(qucrys*o(/\fo,]bfxo)/(W,NO) Qw K)(TvMT) 2*K® ng*ws,/T,
where w3, . denotes 5, 7. (log(My /Mr)).

Proof. We may assume that we have a Frobenius lift Fr and Fy on T and Y respec-
tively, since the problem is local. Let r be an integer satisfying 7" € pOg. Then,

the r-powered absolute Frobenius Fg : S — Sp factors through Sy 2, Speck —
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S1. Thus, Yo X1,y S and Ty X1, Fy, Sy are isomorphic to Xy Xgpeck,n S1 and
To Xspeck,n S1 respectively. Consider the following commutative diagram:

h

W X© B%1

T1 T()C Tl

S, — "~ SpeckC—— S,

E, LN Spec Wy, (t) —— Ey,,

where 1/ is defined by t — t* and ¢”, and three composite horizontal arrows are
r-powered absolute Frobenii. The composition of the above isomorphisms does not
depend on r. Then, we have isomorphisms

R @w R ferys O (2 My ) /(W.n0) © Q ©F R @ w R ferysn O, My )/ (WN0) @ Q
= Re ®@nw ity B ferys« O (X, May )/ (W (1), Nyy (1) @ Q
= RE Qur Ry qucryS*O()i17My1)/(E7ME) ®Q

=5 R feryse Oy my, ) /(B0M5)) © Q= R forys e Oy, aty,) ) /(. 0M5) © Q.

This induces the following isomorphism:

(qucrys*o(){o,]\/lxo)/(W,NO) Qw K)(T,MT) = (qucrys*o(yn7M%L)/(E7ME) Qw K)(TvMT)
= (R ferysx O, My, )/ (5,8) @w K) (1, 017)
2 Hm(R? ferys« O, My, )/ (5.8) Ow K) (1 017) = K ® R1gow$) /.

n

The following theorem is a semistable version of the Maulik-Poonen result.
Theorem 4.3. The set
B(OC)jumping = {b € B(OC) | p(Xb ®Oc E) > p(Xﬁ)}
is nowhere dense in B(O¢) for the analytic topology.

Proof. Tt can be shown by the same way as [MP, Theorem 1.7]. Here, we have to
replace [MP, Theorem 4.24] and [MP, Theorem 4.21] by Theorem 3.1 and Proposi-
tion 4.2 respectively. We will give a rough idea here.
Let E be the above log-convergent isocrystal E for ¢ = 2. We have the canonical
isomorphism
E[S] = H;, ((XS7 MXS)/(Wa NO)) Qw K

crys

for each s € B(k), Take [Ly] € Pic'°8(X,). Then
Corys([Li]) € Hiyo(Xs, Mx,)/(W,N°)) @w K



p-ADIC LEFSCHETZ, PICARD NUMBER JUMPING 123

gives rise to a constant section Yerys([Li]) 1 of Hoyo (X, M, ) /(W, N°))@w Or = Er

for a morphism of enlargement 7' — [s]. By using Proposition 4.2, this gives a sec-

tion yar([Lg])r of K ® R2f*w('XT Ma.)/(T,My)» Which can be mapped to a section
M) /(T,

vo2([Lk])r of the quotient sheaf K ® R2f*w(°XT’MXT)/(T’MT)/Fill. We can “evaluate”

Yerys([Li])T, var([Lx])7, and vo2([Li])7 at &' : Spf Ox — T. By using Theorem 3.1
the locus where [L;] is in the image of sp; ; is the vanishing locus of yp2([L#]). By
using this fact and the finitely generatedness of Néron-Severi groups, the Picard num-
ber jumping locus on a polydisk neighborhood U (see [MP, Definition 4.1] for the
definition) is written in the form of

U (zeros of A in U),
AEA, A0

where A is a finitely generated Z-submodule of (convergent power series ring on U)"
(see [MP, Lemma 4.2]). Finally, by using linear algebraic arguments, they showed the
above union is nowhere dense (see [MP, Proposition 5.1]). g
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