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THETA FUNCTIONS AND ARITHMETIC QUOTIENTS OF
LOOP GROUPS

DONGWEN Li1U

ABSTRACT. In this paper, we observe that isomorphism classes of certain meterized vec-
tor bundles over ]P%—{O, oo} can be parameterized by arithmetic quotients of loop groups.
We construct an asymptotic version of theta functions, which are defined on these quo-
tients. Then we prove the convergence and extend the theta functions to loop symplectic
groups. We interpret them as sections of line bundles over an infinite-dimensional torus,
discuss the relations with loop Heisenberg groups, and give an asymptotic multiplication
formula.

1. Introduction

Let E be a vector bundle of rank n on the affine scheme X := P} — {0, 00} = SpecR,
where R = Z[t,t!]. Then the space of global global sections H°(E) of E is isomorphic
to R". Fix ¢ € R, ¢ > 1. If we choose a trivialization H°(E) ~ R", then we may
define an inner product on H°(E) via the following inner product (,); on R™:

(1.1) (w(t),v(t)); = /—151 w(t)Tv(t) dt,

where ¢71S' = {t € C : |t| = ¢!}, v(t) denotes the complex conjugate, and the
superscript T is the transpose (here we write w(t),v(t) as column vectors). The
Lebesgue measure on ¢~ 'S! is normalized such that meas(¢~1S') = 1. For any g €
G := GL,(R[t,t™']), we define

(1.2) (w,0)g := (g7 w, g7 V)1

We extend these inner products to R[t,¢~!]" = R™ @z R by the same formulas.
Our starting point is to introduce the arithmetic quotient (see Section 2 for precise
details)

Qg =T\G/K,
\zvvhere I', K are certain “discrete” and “maximal compact” subgroup of G respectively,
G is a central extension of G by R*, and I, K are double covers of I, K. The key
observation (Theorem 2.1) is that Q,, , classifies above metrized vector bundles on
X with an additional datum called covolume theory. Roughly speaking, a covolume

theory, denoted by ¢, will assign a positive number ¢(L) to each lattice L of H(E) in
such a way that the information of relative covolumes between different lattices will
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14 DONGWEN LIU

be captured. Via this moduli interpretation of Q, ,, for any g € G we may associate
a triple (E, (,)g,c). Then we construct an asymptotic version of theta functions on G

=T —m(v,v)g
¥(9g) : hinc(L)Ze )

vEL

where L runs over all lattices L of H°(E), and the limit is taken with respect to inclu-
sions of lattices. The interesting point of our construction is the (tautological!) fact
that ¥ is defined on Q,, 4. In other words, we obtain an automorphic function on G.

The most technical problem is the convergence of the limit defining ¥(g). Using a
variant of the lemmas in [4] and [12], together with some elementary Fourier analysis,
in particular the Poisson summation formula, we establish in Section 3 the uniform
convergence of ¥#(g) for g varying in certain Siegel subset of G. In the course of the
proof, the use of Iwasawa decomposition for loop groups simplifies our considerations.
Motivated by the work of Zhu [12] on Weil representations, we also extend the theta
functions to loop symplectic groups in Section 4. In all the above, the reparametriza-
tion t — gt for the variable t, plays an important role for the convergence result. Note
that it is also a crucial ingredient in the proof of the convergence of the Eisenstein
series (see [1,3]) on loop groups.

We try to give some interpretations for our theta functions from representation-
theoretic and geometric point of view. Mumford’s idea [5] is to bring together three
ways of viewing theta functions:

(a) as holomorphic functions in the vector/period matrix,

(b) as matrix coefficients of a representation of the Heisenberg/metaplectic
groups,

(c) as sections of line bundles on abelian varieties/moduli space of abelian vari-
eties.

In Section 5, we interpret the theta functions as global sections of line bundles over
an infinite-dimensional torus, discuss the action of loop Heisenberg groups, and give
an asymptotic multiplication formula, which is analogous to the theta relations given
by Mumford in [5].

Inspirations from Kapranov’s work [2] are indispensable for the writing of this
paper, especially for introducing the notion of covolume theory. We also use the
notions of semi-infinite Grassmannian and dimension theory in [2] to write our mul-
tiplication formula in Section 5 in a more conceptual way.

It should not be too surprising to get some generalizations of part of this paper to
more general framework, say, to the situation of higher local fields and adelic spaces,
or the so-called C),-categories (see [6-8,10]). For instance, Parshin [9] considered
Heisenberg groups associated with objects from C(]; 9" the category of finitely gen-
erated abelian groups. The loop Heisenberg groups introduced in Section 5 should
be viewed as Heisenberg groups associated with objects from C"lf 9-. the category of
filtered abelian groups with finitely generated quotients.

Notations. For an abelian group A, we write Arp = A®zR. For a finite-dimensional
real vector space V, write V* = Homg(V,R). Let (,) : V x V* — R be the canonical
pairing. If L is a lattice of V, denote by L* C V* the dual lattice with respect to the
bi-character e=270) . Let S(V) be the space of Schwartz functions on V. If a Haar
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measure on 'V has been chosen, then define the Fourier transform # : S(V) — S(V*)
by

Fiw = [ fa)e e,
v
The Haar measure on V* is determined by the condition that ¥ is an isometry.

For a positive integer I, Z; stands for Z/IZ (in contrast to the usual meaning
of l-adic integers for prime 1), U, is the group of Ith roots of unity. The pairing
Z; x Uy — U; € S* gives the Pontryagin duality. Denote ¢; = e2™/¢,

For d € Z we write L = tiZ[t71]|", LE = tIR[t~!]" = L @z R.

For an invertible matrix g write g* = (g~ 1)7.

2. Moduli interpretations of arithmetic quotients

Our purpose in this section is to give a moduli interpretation of arithmetic quotients
of loop groups, which in turn classify the vector bundles with metrics described in
the introduction. We start from the loop group GL,,(R[t,t71]). It is well known that

this group has a central extension aZH(R[t, t~1]) which we shall now define.

A lattice L of a free R[t,t~]-module V of rank n is a free R[t~1]-submodule of
rank n. In other words L is an R[t~!]-span of a basis of V. Any two lattices L;, Ly in
V are commensurable, in the sense that the quotients Ly /(L1 N Ly) and Lo /(L1 N Lo)
are finite-dimensional over R. For example any lattice in R[¢,#71]" is commensurable
with R[t~1]".

Let LY be the lattice R[t~!]", and g € GL,(R[t,t™!]). Since gL /(L% N gLY) and
LY /(L% N gLY) are finite-dimensional vector spaces over R, we can talk about their
top wedge powers. Let det(L3, gL3) be the tensor product

AYP(gLY /IO N gLY) @r APP(LY /LY N gLY) !,

where (-)~! = Homg(-,R) denotes the dual vector space. Then det(L$,gL2) is a
one-dimensional vector space over R. Let det(L%, gL%)* be the set of nonzero vectors
in det(L$, gLY), which form an R*-torsor. Now define the group

(21)  GLa(R[t,t7"]) = {(9,wy)lg € GLu(R[E171)), wy € det(L§, gL8)"}.
The multiplication in the group is given by
(g, wg)(h, wn) = (gh,wy A gwn),
where gwy, is image of wy, under the natural map
det(LY, hLY) L det(gL%, ghLy),
and wy A gwy, is defined via the isomorphism
det(L, gL%) A det(gL%, ghLY) — det(LY, ghL%).

It turns out that Ein(]R[t, t=1]) is a central extension of GL, (R[t,t~1]) by R, then
we have the short exact sequence

(2.2) 1 — R* — GL,(R[t,t]) — GL,(R[t,t7"]) — 1.
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We are concerned with two subgroups of GL, (R[t,t71]) together with their exten-
sions. The first one is GL,,(Z[t,t~1]), which plays the role of a discrete subgroup, or
more precisely the so-called arithmetic subgroup. This group acts on R" = Z[t, t~1]".
Similarly as above, let us define a lattice in R™ to be a free Z[t‘l}-submodule of rank
n. Let LY = Z[t~1]". For any g € GL,(Z[t,t™']), gLY/(LyNgLY) and LY /(LY NgLY)
are free Z-modules of finite rank, and we let det(L%, gLO) be the rank one free
Z-module

NP(gLy/Ly N gLy) @z A*P(Ly/Ly N gLy) ™"
Note that there is a natural isomorphism
(2.3) ¢ det(Ly, gLy) ®z R ~ det(Lg, gLg).
Define the group
(24)  GLp(Z[t,t7') = {(g,wy)|g € GL,(Z[t,t7']),w, a basis of det(L),gL9)}
which is a double cover of GL,(Z][t,t™']), i.e., there is a short exact sequence
1 — Zy — GLn(Z[t,t7Y]) — GL,(Z[t,t71]) — 1.

Via (2.3) we have an embedding GL, (Z[t, t~]) — G L, (R[t,t~']), which is compatible
with the canonical embedding Zs <— R*. In other words, we have the commutative
diagram

1 ——>Zy —= GL, (Z]t,t"1]) —= GL,(Z[t,t7}]) —=1

i (z[t,t™7]
1 —=RX —> GL,(R[t,t"!]) — GL,(R[t,t71]) —=1

This construction of double cover is quite natural (see [2] Section 2.0).
Recall (1.2) that for any g € GL,(R[t,t7']), we have an inner product (,), on
R[t,t71™. Write || - ||, for the induced norm. The following lemma is an easy exercise.

Lemma 2.1. Fiz g and for any subspace H of R[t,t=1|™ write H for the completion
with respect to || - ||4. Then for any two lattices Ly, Ly of R[t,t=1]",
Li fi

LiNLy=L;N Lo, ~ " =12
! 2 ! 2 leLZ leLQ

Using this lemma, we may induce a metric on det(L%, gL%), which we still denote
by || - ||g- The subgroup

(2.5) K ={g € GL,(R[t,t"])]g(q" " t)glq” "' =1}

plays the role of a maximal compact subgroup. In fact K is the isometry group of
(,)1. Hence || - ||gx = || - ||y for any g € GL,(R[t,t7']), k € K. We remark that by
definition there is a family of group homomorphisms

(2.6) ev(t): K — U(n)
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for t € ¢~ 181, via evaluation maps. For fixed k € K, ev(-)(k) : ¢71S1 — U(n) is
smooth. The double cover K of K is defined by
(2.7) K = {(g,wy)lg € K,wy € det(Lg, gLR)", |wyll1 = 1}.

Similarly, we also have the following commutative diagram:
1 Zo K K 1

I —=R* — GL,(R[t,t7']) — GL,(R[t,t7!]) — 1

We introduce the arithmetic quotient
(2.8) Qn.g = GL,(Z[t,t \GLn(R[t,t ) /K.

The main result of this section is the following moduli interpretation of Q, 4. Let E
be a vector bundle of rank n on X, and || - || be a metric on E such that after a
trivialization of E it is induced by (1.2) for some g. A covolume theory of (E,|| - ||)
is a rule ¢ which assigns a positive real number ¢(L) to each lattice L of H°(E) such

that
L' L
e(l)) = c(L)cov. <L, LR)
whenever L C L' are two lattices of H(E). Here cov).| denotes the covolume induced
by the given metric || - ||, and Lg = L ®z R. Note that once we know ¢(L) for one
lattice L, then we know ¢(L’) for any lattice L’. In fact, take a lattice L” C L, L' and
define
L' Lg
cov-| (f ?)
(2.9) (|l -, L, L) = ———<

L Lg)
cov).| (rrfj)

Then (2.9) does not depend on the choice of L” and satisfies

(2.10) (L) = e(L)e(| - |, L, L').
We remark that all covolume theories attached to (E, || - ||) form an R-torsor.
Consider all the triples (F, || - ||,c) as above. We say that two such triples (E;

Il - li,¢i), i = 1,2 are isomorphic if there is an isomorphism 7 : E; — Fsy of vector
bundles such that 1 induces an isometry H(E;) — HY(E3) and ca(n(L1)) = c1(L1)
for any lattice Ly of H(Ey).

Theorem 2.1. Q,, , classifies the isomorphism classes of all such triples (E, || - ||, c).

Proof. Given (g,w,) € GL,(R[t,t1]), we associate the triple (R™, || - ||y, c) such that
the covolume theory ¢ is determined by ¢(L) = [|wgl|; .

(1) Let (v,wy) € ain(Z[t,t_l])". Then associated with (vg,w A ywy), we have
the triple (R", || - ||4q,¢’) such that ¢’ is determined by

C/(L%) = [jwy A ’ngH;gl-
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Consider the automorphism of trivial vector bundles n, : R® — R",v + ~v. This
induces an isometry because we have

Iyvllyg = llg™ vl = [lvlly.
Moreover, we have
¢ (vLz) = ¢ (Ly)e(ll - g, Lz, 7L3)
= [Jwy A ’ng||7_glc(|| ) vavL%»’YL%)
= llwgllg s 155 el - llvgs L2, vLE)
= Jlwglly " = e(L2)-
This proves that 7, induces an isomorphism between the triples (R",| - ||4,¢) and
B g ).
(2) Let (k,wy) € K. Then associated with (gk,wy A gwy), we have the triple (R",
| - |lg,¢") such that ¢’ is determined by
c"(Lg) = llwg A gwillg™-
In this case, the identity map induces an isometry, and
¢"(Lg) = llwgllg HlwnllT" = lwgllg" = e(Ly)-
Hence, the triples (R",| - ||4,¢) and (R™,] - ||4,¢") are isomorphic via the identity
map.

We have constructed a map from Q, , to the set of isomorphism classes of such
triples. The inverse map is also clear and it is easy to prove this is a bijection. O

3. Theta functions on the arithmetic quotients

Suppose we have a triple (E, || - ||, ¢) as in the previous section. Via isomorphisms we
may always assume that £ = R" and || - || = || - ||, for some g € GL(R[t,t7']). Let
9= (g9,wy) € GL,(R[t,t~1]) such that § gives the triple (R", || - llg.c) (see the proof
of Theorem 2.1). We define

aq) =1i q) =1l 77"(’”7’”)
(3.1) ¥(9) hinﬁL(g) : hinc(L) Ze 9,
vEL

where L runs over all lattices of R* ~ HY(E), and the limit is taken with respect
to the inclusions of lattices. To make the definition more transparent, consider the
filtration of lattices

"'CL%CL%+1 cC---,
where L := t?L9. Then |J L% = R™ and 9(g) is the value (assume the existence),

d€Z
which satisfies the condition that for any € > 0, there exists d € Z such that

(3.2) [WL(9) —9(9)] <e,

whenever L is a lattice containing L%. Of course, in this description, we may replace
{L4 d € Z} by any exhausting filtration of lattices. Clearly ¥(g) only depends on the
isomorphism class of the triple, and from Theorem 2.1 it is a tautological fact that 9
descends to a function on Q,, 4, i.e., ¥ is left invariant under GL,(Z[t,t™"]) and right
invariant under K.
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In this section, we shall prove uniform convergence properties of 9¥(g), for g vary-
ing in certain “compact” subset of afn(R[t,tfl]). Equivalently, we are considering
behaviors of ¥([g]) when [g] lies in certain subset of the arithmetic quotient Q,, 4. To
this end, we need the following Iwasawa decomposition:

Lemma 3.1. Let B = {g(t) € GL,(R[t'])|g(00) is upper triangular}. The sequence
(2.2) splits over B. If B is the preimage of B under the projection

GL,(R[t,t71]) — GL, (R[t, t 1),
then
GL,(R[t,t™']) = BK = R*BK.

Proof of this lemma is by using standard theory of Tits systems. We also need a
lemma that is similar to [12] Lemma 4.8 and [4] Lemma 3.3.

Lemma 3.2. Let Vy,...,V,, be finite dimensional real vector spaces, V=V, &--- &
Vin- Suppose f(x1,...,2m) € S(V) is a Schwartz function, which takes values in R
and its partial Fourier transforms F;f >0 (i =1,...,m), i.e.,

/ f(zq, ... ,mm)ef%i(m”’y”)dxi >0,
Vi

where y; € V;*. Let L; CV; be a lattice (i.e. a free Z-module which spans V; over R)
and L=L1®---P Ly,. If U:V — V is a blockwise unipotent linear operator, i.e.,

ov,cvi@--—-aV, Uly,=1modVi® - ®V,_q,

WUk <Y f(k).

keL kel

then

We give some notations. Let N = {g(t) € Blg(o0) is unipotent}, and A be the
group of diagonal matrices in GL,(R), then B = AN. For each d € Z, let Lﬂ‘é = tdL]%,
Vg = tYR™ and Ly = tdZn, then

(3.3) Li=@Vi. Li=@PL:
i<d i<d
For di < dy € Z, let
(3.4) Vina, = P Vi Laa= P Li
d1<i<ds d1 <i<ds

Note that elements of N act on Lﬁ‘é as blockwise unipotent linear operators.

Let us define the notion of Siegel subsets of GLy,(R[t,¢t~!]) which is suitable for
our purpose. GL,(R[t,t71]) has an ind-scheme structure. Indeed for each i € N let

X; be the subset of GL,,(R[t,t71]) consisting of elements whose entries are contained

in V_; ;. Then GL, (R[t,t']) = |J X, and one may choose an embedding
ieN

(3.5) i+ X; — AVO(R)
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of affine subscheme, where N (i) € N depends on i. For example, we may take N (i) =
n%(2i + 1)+ 2ni+ 1. We call C C GL,(R[t,t!]) a compact subset, if C' is contained
in X; for some i, and ¢;(C) C RN is compact in the real topology. It is easy to
check that this notion is well defined, i.e., does not depend on the choice of (3.5).
Similarly, we can define compact subsets of B. Recall from Lemma 3.1 the Iwasawa
decomposition. We define a Siegel subset of GL,,(R[t,t71]) to be a subset of the form
C ZC’Bf( where Cyz, Cg are compact subsets of R* and B respectively.

Now, we are ready to state and prove the main result of this section.

Theorem 3.1. The limit (3.1) defining ¥(g) exists and converges uniformly for g
varying in any Siegel subset of G L, (R[t,t]).

Proof. Let u € N, a € A, and suppose that g gives the triple (R", | - ||qu,c). Our
strategy is to first show that the sequence

(3.6) 9a(@) = e(LE) Y e e

veLd

is bounded, and then compare 91,(g) and ¥4(g) when L is a lattice containing L.
More precisely, we shall prove that

(3.7) Ur(g) = (14 04a(1))da(9),

where 04(1) — 0 as d — oo, and the rate of convergence depends on d but not on L.
We proceed in 3 steps.

Step 1: Boundedness of subsequence. The trick is reducing to the diagonals. Let
us first prove that for each d € Z,

(38) Z e_ﬂ(vvv)au < Z e—n(v,v)a.
veLd velLd

Lemma 3.2 does not apply directly in this infinite-dimensional case. However, consider

(3.9) S e

vEL4y 4
for d; < d. Let 71, m be the obvious projections
Y Lﬁ‘é — Vi, d, w2 Lﬂ‘é — Lfél_l.
Since Vg, 4 and Lﬂ'érl are orthogonal with respect to (, )1, we obtain

(0,0)qu = (u ta v, u"ta ),

> (muta o, mu e ).

Apply Lemma 3.2 for Vi, a 'L;, i = dy,...,d, f(v) = e ™)1 and the operator
U=mu':Vy q— Vi a, it follows that

(39) S Z e_ﬂ(UUVUU)l S Z e—ﬂ'(v,v)l — Z e—ﬂ'(v,v)a.

'Uea_lLdl,d 'Uea_lLdl,d UELdl,d

Let d; — —oo we get (3.8).
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On the other hand, we have the equality of covolumes

L rd L Lg
(310) COU||,|ML< i Tds > = COU||,|a<le, i) .
b rd L

Indeed, take a basis {v;} of Lq, 4. For v € Lﬁé denote by vt the orthogonal projection
1
of v to (L%l) with respect to the metric || - ||qy. It is easy to check that

vt = aur (ula ) = aula o

Then
LHS of (3.10)

_ \/det((vil,vf)au)
= \Jdet((Ua=1v;, Ua~u;))
= \/det((a—lvi,a—lvj)l)
= RHS of (3.10).
Write a = diag{as,...,a,}. Apply (3.8) and (3.10), we obtain that for d > 0,

- 0 Ld L —m(v,v)
Va(g) < e(Lz)covy, Yy’ LO D e

UEL%

n d
= c(L%)qfnw\det al =4 H H Z exp(—ﬂ'aj_Qq*QimQ) .

j=li=—o00o meZ
By the Poisson summation formula,
E exp —ma; = |a;|q" E eXp 7ra2q21m )
meZ meZ

Hence

(3.11) 94(g) < c¢(LY) H H Z exp(—m “2¢%'m? H Z exp( 7Ta2q2’m ),

j=1i=0meZ i=1meZ

and the right-hand-side (RHS) is convergent as d — oo.

Step 2: Comparison with the subsequence. Let L be a lattice containing L%, and let
L’ be a complement of L in L such that L’ C t4T!Z[t]. Similarly as above, for v’ € Lf
write v'+ for the orthogonal projection of v’ to (Ld)+. Write v = v/ —v'* € LE. Then

(3.12) 9L(G) = e(L) 3 e e

vel

) Z Z e*ﬂ'(UJrU/,UJrU,)au

UEL% v'eLl’!

:C(L) E e—T((Uu',’Uu')au E e—‘n’(v—}—vé,v—}—vé)au

v'eL! veLd
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It is clear that L L Ld 28(u)=1 , where d(u) is the highest power of t~! appearing in
the entries of u. As a consequence, we have v, € Vi—25(u),a- For v € Lﬁ‘é let v, be the
orthogonal projection of v to Vd{M(u)’d, and let vo = v — vy € Vy_25(u),4- Then

(3.13) D et vt e

veLd

_ § : e~ T(WL,v1)au E ’ e~ (V10 +v),v1+v0+v0) au

vetd—25(w)—119 V1€LG_25(u),d

Let (,)%, be the induced inner product on V) , 5(u),a- Choose the Haar measure on
Vi—25(u),a such that the covolume of Lg_s5(,),4 equals one (i.e. choose the ordinary
Lebesgue measure on each V; = t'R ~ R via rt' — r). Then for fixed zo € Vg_25(u).d,
we have the Fourier transform

e2mi(z0,y) =7 (y,y)5
y(e_mm,xm)au) (y) =

oV, (La—26(u),ds Vi-25(u),a)

By the Poisson summation formula,

E : e~ T(v1+z0,01+20)au —

V1€LG_25(u),d VIELY as5(u).d

eQTI”L‘(ﬂ?o,’UI)—ﬂ'(’UT,U{)Zu

o). (La—25(u).ds Vi-25(u),d)

Previous reasoning for (3.8) implies that

E 627”'(9007”;)—7"(UT7UT)Zu

VTELY o50uy,a— {0}

< 3 IO

VTELY o5cuy,a— {0}

< 3 e—m(vi i)

VTELY 550uy,a— {0}

d
ﬁ H Z eXp 7ra2q2’m ) -1

j=1 i:d—26(u) meZ

< H H Z exp 7ra,2q2’m ) 1

j=14i=d—26(u) meZ
:Od(l).

Therefore, we have proved that

Z 6—77(711+5E0,1)1+I0)au _ 1+ Od(l)

covy.y (Lg_ Vi ’
L€l a5 lllaw( La—26(u),d> Va—26(u),d)

where the rate of convergence of 04(1) does not depend on xy. Hence from (3.13), we
obtain

(3.14) Z e~ (Vv )an — (1+ o0q4(1 Z o (v.0)a

veLd veLd
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where again the magnitude of 04(1) does not depend on v{. Similar arguments apply
for the summation over L in (3.12), and yield

L 1 1
(3.15) S e e < +OdL( )L ,
vy CO’UH'Hau(f%’ f§>

where the magnitude of 04(1) does not depend on L', hence not on L. Combine (3.12),
(3.14) and (3.15), together with the identity

L Ly
(L) = c(L%>cov.|au<, ) |
Ly’ L

we obtain (3.7).

Step 8: Conclusions. After the first two steps, we have proved the existence of
¥(g). If we restrict to a Siegel subset, then by definition, we have in the previous
settings that c(L%) and au vary in some compact subsets of Ri and B respectively,
and moreover 0(u) is bounded. Consequently, the bound (3.11) and the quantities
04(1) appearing in Step 2 are all uniform. O

4. Generalization to loop symplectic groups

Recall that the Siegel upper half-space .7, for Spa, (R) is the set of all n x n complex
symmetric matrices with positive definite imaginary part. Sps,(R) acts on ¢, via
linear fractional transformations. L?(R™) is a model for the Weil representation of
Span(R), and the dense subspace S(R™) is closed under this action. For Q € .77, the
corresponding Gaussian function fo(z) = ™" is in S(R™). The theta function
0 : 7, — C given by

0(Q) = > falm)= Y e

meZL™ meZL™

is automorphic for some arithmetic subgroup of Spa, (R). In [12] Zhu has generalized
this classical theory of Weil representations and theta functions (cf. [11]) to the loop
group Spa2,(R((¢))). His method also works in our situation. We do not attempt to
build the theory of Weil representations for our loop group in full generality. Instead
we shall focus on theta functions. From now on, we use row vectors instead of column
vectors, and matrix group acts from the right.

Define W = V @ V* = R[t,t " @ R[t,t~!]", where the canonical pairing (v, v*)
equals the constant term of v(¢)v*(¢)T. The space W has a symplectic form given by
(v1 + V5, v2 + v3) = (v1,v5) — (v2,v}). We define Spa, (R[t,t71]) to be the isometry
group of (W, (,)).

Denote by V¢ and V& the complexifications of V' and V*; let JZ be the set of Q2 =
X +14Y € Home (Ve, Vi) such that X,Y € Homg(V, V*) are are self-dual and Y > 0.
Note that Im(£2) = Y induces an inner product (w,v);y on V via (w, v);y = (w,vY).
Let iI € 2 such that I induces the inner product (,); defined by (1.1). In concrete
terms, the operator I : V. — V* maps t'e; to ¢~ %t 'e;, where i € Z and {e1,...,e,}
is the standard basis of R”. For any

o= |2 ] e somimie,
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g acts on S by g-Q = (aQ + 3)(7v2 + 6) L. Consider the diagonal embedding

4 GLRIL ) = o), g dio) = [ ).
where g* = (¢g71)”. Then d(g) - il induces the inner product (,),. This suggests that
we may generalize the theta function to the loop symplectic group.

Remark 4.1. Here our diagonal embedding differs from the usual one because in
previous sections, we let GL, (V) act on V from the left. For the setting of Weil
representations by convention the symplectic group acts from the right.

We first generalize the notion of covolume theory. Define a sesquilinear form (, )q :
Ve x Ve — C by (v,w)q = —i(v,w). It is easy to check that Re(v,v)q > 0 for any
v#0.If L C L are two lattices of R™ = Z[t,t~1]", the orthogonal complement L&
of L¢ in L{; with respect to the form (,)q is well defined. If {v;} is a complementary
basis (i.e. {v;} span a complement of L in L’), then we define the covolume of L in
L’ to be the complex number

(4.1) c(Q, L, L) = y/det(v;", v ),

where v1 stands for the projection of v € L to L{. Here for the square root, we
take the positive branch. Similarly as in section 2, a covolume theory for € is a
rule ¢ assigning a nonzero complex number ¢(L) to each lattice L of R™ such that
¢(L') = ¢(L)e(Q, L, L") whenever L C L’ are two lattices.

If Q = g-il for some g € Spa,(R[t,t71]) and ¢ is a covolume theory for €2, then we
define
(4.2) I(Q,c) = hmc Z e~

veEL

Proposition 4.1. The limit defining ¥(, ¢) is convergent.

The proof of Proposition 4.1 relies on the Iwasawa decomposition for loop sym-
plectic groups, which we shall recall now. Let

(4.3) Kop = {g € Sp2a(R[t,t " Dlg(a )9l 71T =1},
It can be shown that K, is the stabilizer of iI in Spay, (R[t,t71]). Let By denote the
Borel subgroup of Spa, (R) given by

(4.4) By = { [f(l) Z] € Spgn(R)‘ A is upper triangular} ,
and define

(4.5) By = {g € Span(R[t™'])|g(c0) € Bo}-

Then we have the Iwasawa decomposition

(4.6) Spon(R[t,t71]) = BspKsp.

Proof of Proposition 4.1: It suffices to consider Q2 = g - ¢l with g € B,,. We use the
fact that B, is generated by elements of the form

(4.7) B‘ g] or {‘8‘ ?]
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Note that in this case § = a* € GL,(R[t™!]), 8,7 € Myuxn(R[t™!]). Moreover § € B.
We may write g = g;--- g1 such that each g; is of the form (4.7). Hence, we have a
chain of transformations

il =00 250 250, % ... 25 0,=0.

For each j one has either Q; = a;Q; 1a] + o] or Q; = (v;6] +6,;9Q; '67)71. One
may keep track of these finitely many steps and apply the Same method but with
some variant of the arguments used in Section 3. ]

5. Interpretations of theta functions

We start from general theta functions with parameters. Keep the notations in the
last section. Let Q = g-il € J#, where g € Spa,(R[t,t7!]). Let ¢ be a covolume
theory for Q. Fora € V,be V*, 2 € V* + VQ = V¢ = C[t,t~1]", we define the theta
function

(5.1) o [Z] (z,Q,¢) = hmc Zexp m(v+a,v+a)g+2mi(v+a,z+0b)).
veEL

We have the quasi-periodicity: for v € Z[t,t~!]",
(5.2) 9 [Z} (z4v,Q,¢) = 2™iav)y [Z] (2,9, ¢),
(5.3) 9 [Z} (2 + v, Q, ¢) = "W Wa—2mi(v.2+b) [‘Z] (2,9 ¢).

Let Lo = Z[t,t7 " + Z[t,t~1"Q C V& = C[t,t7]™. Let [ be a positive integer and
fix a covolume theory ¢; for IQ). Each a € Z[t,t~!]" gives a theta function

5.4 ra(2) = 9 | (12,00, ).
! 0
For a lattice L of Z[t,t~!]", introduce the partial theta function
a l
(55) fine) =01 || @00,
From quasi-periodicity (5.2), (5.3) it follows that for v € Z[t,t~!]",
(5.6) fi(z+v) = f{'(2),
(57) fla(z + UQ) _ 67rl(v’v)9727ml(v’z)fla(Z).

Following [12], let S; be the set of a € Z[t,t~1]" such that all the coefficients in a lie
in {0,1,...,0—1}. Let

B ={ze€ VZ|f(z) =0for all a € S;}/Lq,

which is called the set of “base points” in the complex torus V¢ /Lg. Let PS5t = P(C!)
be the infinite projective space, then there is a canonical holomorphic map

¢ V& /Lo — B — P

given by ¢;(z) = [f{(2)]aes,. The well definedness of ¢; follows from quasi-periodicity
(5.6), (5.7). It is known that %, = () for | > 2 and ¢, is an embedding for [ > 3.
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We introduce a line bundle .Z over Vi¥/Lq. Define an action of Lo on the trivial
bundle V& x C — V& by

(’Ul + UQQ) - (z, /\) = (z 4+ v1 + 129, eW(UQ,Uz)Q—QTFi(Uz,Z)A>.

Let .Z be the quotient line bundle. If f is a function on V¢ satisfying (5.6) (5.7), and
f is holomorphic, i.e. the restriction of f to any finite-dimensional complex subspace
of V¢ is holomorphic, then we say f is a global section of #'. Let I'(Z') be the set
of global sections of .Z*.

We claim that f?, a € S are global sections of #!. It suffices to prove the
holomorphic property. This follows from certain uniform convergence (in the variable
z) results, and one may argue similarly as before. We omit the details. If we fix a
covolume theory ¢} for [7'Q and for b € S| define

) = || (17100,

then g7, b € S, are also global sections of #!. In the special case | = k?, there is
another family of global sections

h;%b(z) =9 {Z?ﬂ (kz,Q,¢), a,be Sy.

Let us introduce the loop Heisenberg group Heis(n,l), which is the set U; x
Zy[t,t 71" x Zy[t, t~1]™ subject to the following relations:

(5.8) (1,z,0)(1,2',0) = (1,z + 2, 0),

(5.9) (1,0,9)(1,0,9") = (1,0,y +¢/),

(5.10) (¢,0,0)(¢’,0,0) = (¢¢',0,0), and U; x {0} x {0} is the centre,
(5.11) (1,0,y)(1,2,0) = G((z,y))(1,2,0)(1,0,y),

where (x,y) € Z; is the constant term of x(t)y(t)”, and (;(a) := ((,a), a € Zy, is the
canonical pairing.

[(Z") can be realized as a representation of Heis(n,[) as follows. Note that there
is a natural bijection between S; and Z[t,t=1|". For x € Z[t,t~']™ write Z for the
corresponding element in S;. Conversely for a € S; write @ = amodl € Z[t,t~1]".
We define an action of Heis(n,l) on f(z) € T'(Z") by

(5.12) (L,z,0)f(2) = f(z+x/1),
(513) (17 07 y)f(z) = eXP(_W@v@Q/Z + 27”(g7 Z))f(Z + gﬂ/l),
(5.14) (€,0,0)f(z) = ¢f(2).

One can check that this defines a group action of Heis(n,l) on T'(£"). Acting on
above three families of sections, we have the formulas

(1,0 /7 = Q@) fe, (1,0,9)f0 = 77,
(Lw,0)g) = g%, (1,0, y)gz —Cz( (v:0)gl,
(1,2, 0)hy"" = Bt (1,0,9)h" = Ge(—(y, b)) by 0.
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Consider the graded algebra @;°,I'(.Z"), where I'(£?) := C. We shall give the
explicit formula for f* f*, where a; € Sy,, i = 1,2, under the multiplication I'(-Z ) x
[(Z") — I(ZL"), where I3 = I +13. Intuitively, we may expand f* f* as an infinite
linear combination of f%, a € S;,. However, it turns out to be not the case. The
formalism of the result is by first averaging partial theta functions and then taking
the limit.

We need to introduce some notations for our formula. Let (I1,l2) be the greatest
common divisor of Iy and lo, and let I} = 1;/(I1,12), i = 1,2, 3. Choose ji, j2 € Z such
that j1ly + jols = (ll, 12) For any n € Z[t,til]n, define

(5.15) an = ar +az + (I1,l2)n,

(5.16) ay = lyay — lag + Lily(j1 — j2)n-

Note that (a, mod l}l5l3) does not depend on the choice of (ji,j2). Introduce a subset
of Z[t,t~']",

(5.17) Spue2 = fn e Zit, t " a, € Si, }-

l1,l2

It is clear that S;'';" is a set of representatives for Z;; [t, =", e,

(5.18) Zit,t 7= || Bz

aqi,ag
neslblz

Similarly, for d € Z such that a1, as € L% one has

(5.19) L= || o+

ay,a2 d
nESllJ2 NLg

We also need some notions from [2]. Let us denote by ¢(V) the set of lattices
of V and call it the semi-infinite Grassmannian of V. A dimension theory on V
is a map 7 : 4(V) — Z such that whenever L,L' € 4(V) and L C L', we have
P(L") = 2(L)+ dim(L'/L). All dimension theories on V form a Z-torsor.

Recall that we have fixed a covolume theory ¢; for j€2, V5 > 0. We claim that there
exist a dimension theory 2 on V and a constant A € C* such that

(5.20) ClCly, = A (lé>_@ “ Cl1L1Clg -

Note that we view both sides of (5.20) as functions ¢ (V) — C*. The claim follows
from the simple identity

iy = 131513 (15) 2.
The choice of (2, \) is not unique, and we only need to fix such a pair. Now we are
ready to give the asymptotic multiplication formula.

Proposition 5.1. With above notations, and a choice of the pair (2,\) satisfying
(5.20), we have

a a : - d G an
flll (Z)fl; (Z) =A: dli{lolo(lé) 7 Z Hlhls, LY (0) f L (Z)

a1,a2 d
776811'12 NLg

Corollary 5.1. Ifly =12 =1, then

a1 a . — d ay—ag+l a1+as+l1
PR (2) = - dim 27 7ED Y T et 0) £ ().
’I’]GSz
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Remark 5.1. Corollary 5.1 is an infinite analog of Corollary 6.8 in [5], which plays a
major role in Riemann’s theta relation (see [5] Section 7).

Proof of Proposition 5.1: Assume that a1,as € L% such that (5.19) is satisfied. We

shall compute fl‘jl 1a(2) fl‘z ®,4(2) explicitly. Consider the following expression for vy, va
sy g

d d.
run over Ly x L5:

(5.21) Lo+ 22 o+ g — 2oy + 221y 2)
I I I
+ 12(1)2 + %,1)2 + %)Q — 22’(1}2 + %,ZQZ).
I I I

Make the change of variables
v1 = j1(n+ 15v) + lhu, vo = jo(n + l5v) — lju,

such that 7 runs over S;' " N Lg, and u, v run over Lg. Then from (5.19) it follows
that
L% X L% - (Sloil,iQ n L%) X L% X L%7 (U17U2) = (777U7v)

is a bijection. In terms of the new variables, after some heavy manipulations one can
check that (5.21) equals

l/l/l a77 a"]
12 (“ T T s )

+l3<v—|—an,v—|—an> —2i<v—|—an,l32>.
l3 ls ) q ls

Taking into account of (5.20), this completes the proof. O

Remark 5.2. When ¢ € Q, the endomorphism ring of V{¥/Lq is much larger than
7Z, namely, it contains Z[Nt, Nt~1] for some sufficiently large integer N. This is an
interesting analogue of abelian varieties with large endomorphism rings.
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