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ISOMORPHISM CLASSES OF ELLIPTIC CURVES OVER
A FINITE FIELD IN SOME THIN FAMILIES

JAVIER CILLERUELO, IGOR E. SHPARLINSKI AND ANA ZUMALACARREGUI

ABSTRACT. For a prime p and a given square box, B, we consider all elliptic curves
Ers:Y?2 = X3+4rX +s defined over a field ), of p elements with coefficients (r, s) € 9.
We obtain a nontrivial upper bound for the number of such curves which are isomorphic
to a given one over F;, in terms of the size of B. We also give an optimal lower bound
on the number of distinct isomorphic classes represented.

1. Background and notation

For a prime p we consider the family of elliptic curves E,; given by a Weierstrass
equation

E.p: Y =X3+aX+0
over the finite field I, of p elements, where

(1.1) (a,b) €F2,  4a®+27b° #0.

Recall that for a large enough prime, say p > 3, it is well known that every elliptic
curve over [, has a representation of this type, see [13] for a background on elliptic
curves. Thus, from now on, curves are considered as parameterized by their coeffi-
cients.

Two curves E, ; and E, , are isomorphic if for some ¢ € IF; we have

(1.2) rt* =u  (mod p) and st =v  (mod p).

There are several works which count the number of curves F, ; isomorphic to a
given curve E, ;, with coefficients r, s lying in certain box (r,s) € [R+ 1, R + K] X
[S+1,5+ L], see [2,8]. In particular, for

(1.3) KL > p*/?+e and min{K, L} > p'/?*¢

with some fixed £ > 0, using exponential sum techniques, Fouvry and Murty [8] have
obtained an asymptotic formula for every pair (a,b) with (1.1). In [2], using bounds
of multiplicative character sums, for almost all (a,b) with (1.1), this condition (1.3)
has been relaxed to

KL >p'te and min{K, L} > p'/4+,
Furthermore, it is shown in [2], that for
KL > p'te and min{K, L} > p1/461/2+6,
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one can get a lower bound with the right order of magnitude (again for almost all
(a,b) with (1.1)). On average over p, such results are established for even smaller
boxes, see [2].

Here we consider squared boxes, much smaller than the previous ones, given by

(1.4) B=R+1,R+M]x[S+1,5+M]CF, xFp,
for a prime p and some nonnegative integers R, S, M satisfying
(1.5) RS>0, M>1 and R+ M,S+ M <p.
We use |'B| to denote the area of 9B, that is,
|B| = M2

We are interested in understanding how isomorphism classes are distributed in such
small boxes B. Among all curves E, ;, parameterized by coeflicients (r,s) € B, we
study, in first place, the number of isomorphism classes which are represented and,
finally, the number of curves lying in a given isomorphism class.

Clearly, the existence of an isomorphism between E, s and E,, ,, see (1.2), implies
that

(1.6) r3v? = u®s?  (mod p).

We denote by T'(B) the number of solutions to (1.6) with (r,s), (u,v) € B. Further-
more, for A € F),, we denote by N\ (B) the number of solutions to the congruence

3 =Xs?  (mod p), (r,5)€B.

We use the bounds of character sums detailed in Section 2 to obtain an upper
bound on T'(%B). From this estimate we derive an almost optimal lower bound for the
number I(B), of nonisomorphic curves with coefficients in B, of the form

(1.7) 1(B) > min{(l +o(1))p, |93|1+0<1>},

see Corollary 4.1 below for a more precise formulation.
Clearly, the bound (1.7) is quite tight as we have the trivial upper bound

I(*™B) <min{2p + O(1), |B|},

since it is well known [12] that the number of isomorphism classes of elliptic curves
in Fp, is 2p+ O(1).

Finally, we exploit the method of [5], based on the ideas of [4] (see also [15]), to
obtain in Section 5 upper bounds on N, (28), which, in particular, imply upper bounds
for the number of elliptic curves E,. s with coefficients (r, s) € B that fall in the same
isomorphism class.

Throughout the paper, any implied constants in the symbols O, < and >> are
absolute. We recall that the notations U = O(V), U < V and V > U are all
equivalent to the statement that the inequality |U| < ¢V holds with some constant
¢ > 0. Furthermore the notation U = V°() is equivalent to the statement that for
every € > 0 the inequality U < ¢(£)V* holds for some constant ¢(¢) > 0 that depends
only on ¢.
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2. Character sums

Let X be the set of all multiplicative characters modulo p and let X* = X'\ {xo} be
the set of nonprincipal characters.
We recall the Pélya—Vinogradov bound, see [11, Theorem 12.5].

Lemma 2.1. For arbitrary integers W and Z, with 0 < W < W + Z < p, the bound

W+2
1/21
max > x(2)| < p'*logp
z=W+1

holds.

We recall that Garaev and Garcia [9], improving a result of Ayyad et al. [1] (see
also [6]), have shown that for any integers W and Z

W42 4 ,
(2.1 SIS x| <pz (logp+ (los(22/p)*)
XEX* [z=W+1

Note that for any fixed ¢ > 0, if Z > p® the right-hand side of (2.1) is of the form
pZ%*+°() However for small values of Z, namely for Z < (logp)'/?, the bound (2.1)

is trivial. We now combine (2.1) with a result of [4] to get the bound pZ2+°() for any
Z.

Lemma 2.2. For arbitrary integers W and Z, with 0 < W < W + Z < p, the bound

W42z 4
Y x| <pze
XEX* |z=W+1

holds.

Proof. We can assume that Z < p'/* since otherwise, as we have noticed before,
the bound (2.1) implies the desired result. Now, using that for any integer z with
ged(z,p) = 1, for the complex conjugated character ¥ we have

xX(2) = x(z"h),
we derive,
W+2Z 4 W42 4 W42
Z Z x(z)| < Z Z x(2)| = Z Z X(z12225 125 ).
XEX* |z=W+1 XEX [z=W+1 21,20,73,24=W+1 xEX

Thus, using the orthogonality of characters we obtain

Wz 4
> | 2 x@)| <pl
XEX* [z=W+1

where J is number of solutions to the congruence
2129 = 2324 (mod p), 21,29,23,24 € W+ 1, W + Z].
By [4, Theorem 1], for any A Z 0 (mod p) the congruence
z122 =X (mod p), 21,20 € [W+1, W+ Z]
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has Z°1) solutions, provided that Z < p!/4. Therefore J < Z?t°(1) and the result
follows. 0

3. Small points on some hypersurfaces

For the number of points in very small boxes we can get a better bound by using
the following estimate of Bombieri and Pila [3] on the number of integral points on
polynomial curves.

Lemma 3.1. Let C be an absolutely irreducible curve of degree d > 2 and H >
exp(d®). Then the number of integral points on C and inside of a square [0, H] x [0, H]
does not exceed H'Y® exp(12y/dlog H loglog H).

For an integer a we used ||al|, to denote the smallest by absolute value residue of
a modulo p, that is
= mi — kp|.

lall, = min ja — kp|
By the Dirichlet pigeon-hole principle we easily obtain the following result.
Lemma 3.2. For any real numbers Ty, ..., Ts with

p>Ty,...,T,>1 and Ty Ty > p°t

and any integers aq,...,as there exists an integer t with ged(t,p) = 1 satisfying

llaitl, <T;, i=1,...,s

4. Bound on T'($8)

In fact we consider a more general quantity, that is for given positive integers i, j we
bound the number T; ;(B) of solutions to the equation

(4.1) rivd = u's’  (mod p)
with (7, s), (u,v) € B. Thus, in this setting, T'(*B) = T3 2(*B).

Theorem 4.1. For any prime p and any box B given by (1.4) and satisfying (1.5)
we have,

B
(%) = a2 Lo (i)
as |%| — 00, where d = ng(iajap - 1)

Proof. Using the orthogonality of characters, we write the number of solutions to (4.1)
with (r,s), (u,v) € B as
R+M  R+M

Z Z 72 (r/u)’ v/s))

rau=R+1 s,v= S+1 XEX
1 R+M 21 S4+M 2
i .
=0 DIRUC EDIRYE
XEX [r=R+1 s=S+1

The contribution to the above sum from d characters y € X with x! = x7 = yo is
dM*/(p—1).
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Using Lemma 2.1, we see that the contribution to the above sum from at most ¢
characters y € X with x* = xo and x? # xo is bounded by
2

M2 S+M .
— D | 2o X (5)| < M(logp)*.
p XGX s=S+1
Xx"=Xo0

The contribution from the characters Y € X with x/ = xo and x* # xo can be
estimated similarly as O (M?logp).

Therefore
M4

(4.2) Toj(R,S;M) = d— + O(M?(logp)® + W),
where

1 R+M 21 S+M ‘ 2

W:W Z Z X' (r) Z X7 (s)
p XEX r=R+1 s=S+1
X" x? #xo

Using the Cauchy inequality, we derive

4 4

1 RtM S+M
(4.3) WZSW Yoo XM x> Y X
_ XE'X r=R+1 ) XE_X s=S+1
X" x? #xo X" x? #xo

When x runs through X the power x” represents any other character in X no more
that h times. Thus

R+M 4 R+M 4
Do X)) <3| > K
) XE‘X r=R+1 XEX* [r=R+1
X", x? #xo

and similarly for the second double sums over s.
Combining the above bounds with inequality (4.3), applying Lemma 2.2, and then
using (4.2), we conclude the proof. O

Corollary 4.1. For any prime p and any box B given by (1.4) and satisfying (1.5)
we have,

1(8) > min {p(1 + O(|B|~+Vp), |3l }
as |B| — oo.
Proof. Let T = {r3/s?: (r,s) € B}, we recall that
NA(B) = |{(r,s) € B : /s> = \}|.
Using the Cauchy inequality we derive

2
|%B[* = (Z N/\(%))> < T NR(B) < I(B) Ts2(B).
X

el
We conclude the proof by estimating T3 o(B) with Theorem 4.1. O

It is easy to see that the error term of Theorem 4.1 and thus the second term of
Corollary 4.1 can be replaced with |B|!To(1),
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5. Bound on Ny (B)

It is easy to see that for A € F the curve X 3 = \Y'? is absolutely irreducible. So gen-
eral bounds on the number of points on a curve in a given box (see, for example, [14])
immediately imply that

(5.1 M) = B0 (4421080)?)

which gives a trivial upper bound when |B| < p'/?logp.
We are now ready to derive a nontrivial upper bound on N, (B) for smaller values
of M.

Lemma 5.1. For any prime p, any box B, given by (1.4) and with 1 < |B| < p*/?,

satisfying (1.5) and \ € Fy we have
N\ (B) < |B|V/6+o®)
as |B| — .
Proof. We have to estimate the number of solutions to
(R+2)° =A(S+y)* (mod p),

with 1 < x,y < M, which is equivalent to the congruence
(5.2) 23 + 3R2* + 3R*x — \y® — 2ASy = A\S? — R* (mod p).

For any T < p'/*/M'/? we can apply Lemma 3.2 to

a1 =1, ay=3R, a3=3R% as=-)\ as=—-2\S

and
T, =T*M?, To=Ty=p/(TM), T3=Ts=p/T,

and conclude that there exits [t| < T*M? with ged(t, p) = 1 such that
IBRt]l, < p/(TM), Al <p/(TM), [[3R*t], <p/T, ||2ASt], < p/T.

Thus, by multiplying both sides of the congruence (5.2) by t, we can replace the
congruence (5.2) with the following equation over Z:

(5.3) Arz® + Aga® + Asx + Agy® + Asy + Ag = pz,
where
(Al ST M2, |Ao|,|Aa| < p/(TM), |As|,|As| <p/T, |As| <p/2.

Since, for 0 < x,y < M, the left hand side of equation (5.3) is bounded by 7% M5 +
d4pM /T + p/2, it follows that

The choice T ~ p'/® /M*/5 leads us to the bound
2| <« M5p~1° 11« 1

provided that M = |B|'/2 < p!/9.
We note that the polynomial A; X3+ A5 X2+ A3 X +A,Y 2+ AsY + Ag on left-hand
side of (5.3) is absolutely irreducible. Indeed, it is obtained from X? — AY? (which is
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an absolutely irreducible polynomial) by a nontrivial modulo p affine transformation.
Therefore, for every integer z, the polynomial Ay X3+ A5 X2+ A3 X + A, Y2 + AsY +
Ag — pz is also absolutely irreducible (as its reduction modulo p is absolutely irre-
ducible modulo p).

Thus, for each z in the previous range, equation (5.3) corresponds to an absolutely
irreducible curve of degree 3 which, by Lemma 3.1, has at most M/3+°() points lying

in [0, M]?. Therefore, the number of solutions in the original equation is bounded by
M/3+0(1) — |gg|1/6+o(1), O

The family of curves E,., with (r,s) = (t2,¢3), 1 <t < |B|"/6, shows that the
exponent 1/6 in the bound of Lemma 5.1 cannot be improved, which means that we
cannot obtain a general bound stronger than Ny (8) = O(|B|/6).

Clearly the argument used in the proof of Lemma 5.1 works for large values of
|B|. In particular, for |B| > p?/?, it leads to the bound Ny (B) < |B|16/15+e(1),=1/5
which is nontrivial for [B| < pb/17.

However, using a modification of this argument we can obtain a stronger bound
which is nontrivial for p?/9 < |B| < p?/5:

Lemma 5.2. For any prime p, any box B, given by (1.4) with p*/ < |B| < p?/>
satisfying (1.5) and \ € F we have
NA(%) < |%|11/12+o(1)p71/6
as |°B| — oo.
Proof. Let K = |pt//M'/2| and observe that we have 1 < K < M when p*° <
|B| = M?2. Also observe that one could cover B with J = O(M/K) rectangles of
the form [R; +1,R; + K| x [S+1,S+ M], j =1,...,J. Then, the equation in each
rectangle can be written as
(5.4) a® +3R;a® + 3R3x — \y® — 2ASy = AS® — R?  (mod p)
withl <z < Kand1<y< M.
To estimate the number of solutions to (5.4), we set
Ty =p'PM*?, Ty =p*PM, Ty =p"/*M'?, Ty=p/M? Ts=p/M.

and apply, once more, Lemma 3.2 where a; are the coefficients of z, y in (5.4). Hence,
as in the proof of Lemma 5.1, we obtain an equivalent equation over Z:

(5.5) Az + Aox® + Asx + Agy® + Asy + Ag = p2
where |A;] < T; for i = 1,...,5 and |Ag| < p/2. The left-hand side of (5.5) is
bounded by

|A1K3 +A2K2 +A3K+A4M2 +A5M+A6|
3 2

1/6 1/6 1/6
1/2 3 73/2 2/3 p PO/ M/2 p
<p/°M <M1/2> +p M( > /6 g1/ ST

M+ M /2

= 5.5p.
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Thus, z can take at most 11 values. As we have seen in the proof of Lemma 5.1,
the polynomial on the left-hand side of (5.5) is absolutely irreducible. Therefore,
Lemma 3.1 implies that, for each value of z, equation (5.5) has at most M'/3+o(1)
solutions. Summing over all rectangles we finally obtain that the original congruence
has at most

(M/K)M1/3+a(1) _ M11/6+o(1)p71/6 _ |%|11/12+o(1)p71/6
solutions. 0O

Combining (5.1) with Lemmas 5.1 and 5.2, we obtain:

Theorem 5.1. For any prime p, box B given by (1.4) and satisfying (1.5) and A € F},
we have,

B/, if 1B| < p*?,
N (%) & |%|o(1) |%‘11/12p71/67 Z.pr/g < |%| < p2/57
A 1/2 . < |®B 3/2
pe, if p < |B| < p’=,
Blp~, if pP/* < |B| < p?,

as |B| — oo.

We note that unfortunately in the range p?/® < |B| < p we could not find any
nontrivial estimate.

6. Comments and open problems

Observe that Theorem 4.1 can be easily extended to coefficients (r, s) that belong to
rectangles [R+ 1, R+ K| x [S + 1,5 + L] rather than squares (the bound (5.1) also
holds for such rectangles).

As we have mentioned the exponent 1/6 in the bound of Lemma 5.1 cannot be
improved, however, the range [B| < p?/? can possibly be extended. As the first step
towards this, the following question has to be answered:

Problem 6.1. Let E be an elliptic given by a Weierstrass equation
y2 + arzy + asy = ° + asx® + agx + ag, a; € Z,

such that all the coefficients are M°Y). Is it true that the number of integer points
(z,y) € [0, M] x [0, M] on E is M°1?

We refer to [7,10] for some bounds on the number of points on elliptic curves in
boxes.

As we have noticed in Section 5 we have not found nontrivial bounds on N)(B)
for p?/5 < |B| < p. It is certainly interesting to close this gap.

Problem 6.2. Is it true that Nz(B) = o(|B|'/?) for all |B| = o(p?)?

Finally, it is also natural to expect that the term |‘B|°(1) can be removed from the
result obtained in Corollary 4.1.

Problem 6.3. Is it true that I(B) > min {p, |B|}?
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