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ON YAU RIGIDITY THEOREM FOR MINIMAL SUBMANIFOLDS
IN SPHERES

JuaN-RU Gu AND HONG-WEI XU

ABSTRACT. In this paper, we investigate the well-known Yau rigidity theorem for min-
imal submanifolds in spheres. Using the parameter method of Yau and the DDVV in-
equality verified by Lu and Ge-Tang, we prove that if M is an n-dimensional oriented
compact minimal submanifold in the unit sphere S?tP and if K»; > %ﬁfgm, then
M is either a totally geodesic sphere, one of the Clifford minimal hypersurfaces in S7+1,
or the Veronese surface in S*. Here sgn(-) is the standard sign function. We also extend
the rigidity theorem above to the case where M is a compact submanifold with parallel
mean curvature in a space form.

1. Introduction

Rigidity of minimal submanifolds plays an important role in submanifold geometry.
After the pioneering rigidity theorem proved by Simons [24], a series of striking rigid-
ity results for minimal submanifolds were proved by several geometers [2,14,29]. Let
M™ be an n-dimensional compact Riemannian manifold isometrically immersed into
an (n+ p)-dimensional complete and simply connected Riemannian manifold F"*?(c)
with constant curvature c. Denote by Kj; and H the sectional curvature and mean
curvature of M, respectively. In 1975, Yau [29] proved the following celebrated rigid-
ity theorem for minimal submanifolds in spheres under sectional curvature pinching
condition.

Theorem A. Let M be an n-dimensional oriented compact minimal submanifold in
the unit sphere S"*P. If Ky > 2=L " then M is either a totally geodesic sphere,

2p—1°
one of the Clifford minimal hypersurfaces Sk(\/%) X S“_k(\/”T_k) in S"tL for k =
1,...,n—1, or the Veronese surface in S*.

The pinching constant above is the best possible in the case where p = 1, or
n = 2 and p = 2. It improves the pinching constant of Simons [24] even though the
latter is in the sense of the average of sectional curvatures. Later, Itoh [12,13] proved
that if M™ is an oriented compact minimal submanifold in S™*? whose sectional
curvature satisfies Kjp; > ﬁ, then M is the totally geodesic sphere or the Veronese
submanifold. Further discussions in this direction have been carried out by many
authors [5,15,22,26-28], etc. Even though, the following important problem remains
unsolved.
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Open Problem B. What is the best pinching constant for the rigidity theorem for
oriented compact minimal submanifolds in a unit sphere under sectional (Ricci, scalar,
resp.) curvature pinching condition?

In particular, Lu’s conjecture (see Conjecture 4 in [20]), a scalar curvature pinching
problem for minimal submanifolds in a unit sphere, has not been verified yet. In this
paper, using Yau’s parameter method [29] and the DDVV inequality proved by Lu [20]
Ge-Tang [7], we prove the following rigidity theorem for minimal submanifolds in
spheres.

Theorem 1. Let M be an n-dimensional oriented compact minimal submanifold in
the unit sphere S™"*P. If
p-sgn(p—1)
Ky >————,
M=o+
then M 1is either a totally geodesic sphere, one of the Clifford minimal hypersurfaces
S’k(\/g) x SPR(\/2=EY in S for k= 1,...,n— 1, or the Veronese surface in S*.

n
Here sgn(-) is the standard sign function.

Remark 1. When 2 < p < n, our pinching constant in Theorem 1 improves the ones
given by Yau [29] and Itoh [13].

Generalizing Theorem 1, we obtain the following rigidity result for submanifolds
with parallel mean curvature in space forms.

Theorem 2. Let M be an n-dimensional oriented compact submanifold with parallel

mean curvature (H # 0) in F*"P(c). If c+ H? > 0 and

(p—1) - sgn(p—2)
2p

Ky >

(c+ H?),
then M is congruent to one of the following:

() S"(oemm);
s ; k 1 n—k Ak,n,H,c)
(ii) one of the Clifford hypersurfaces S (\/m) x SR ( 62+c/\2(k7n7H7c))
in F™*(c) with ¢ > 0, where A(k,n, H, c) = 5 [nH + \/n?H? + 4k(n — k)],
k=1,...,n—1;
(iii) one of the Clifford minimal hypersurfaces

Sk(\/ n(cfpp)) X Snik(\/ 7n(2_:]]32)) in F" Y (c+ H?), k=1,...,n—1;
(iv) the Clifford torus S(r1) x S(re) in F3(c+H?— Hg) with constant mean
curvature Hy, where 11,79 = [2(c + H?) £ 2Hy(c + H?)'/?]~1/2,
0< Hy<H, and c+ H? — HZ > 0;
(v) the Veronese surface in F*(c+ H?);
(vi) the product of three spheres

k k1 k—k k—k n—k A(kvanﬂC) y
S 1(\/ e may) XS () weme ey ) XS czﬂkz(k’nﬂ,c)) mn

F™2(c) with ¢ > 0, where
Ak,n,H,c) = 5z [nH + \/n?H? + 4k(n — k)c], 1 < ki <k <n-—1.
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2. Notations and lemmas

Throughout this paper, let M™ be an n-dimensional compact Riemannian manifold
isometrically immersed into an (n + p)-dimensional complete and simply connected
space form F"tP(c). We shall make use of the following convention on the range of
indices:

ISAaBaC7§n+pv 1§Z,],k5,§n, n+1§04757%§n+10

We let {ea} be local orthonormal frames in F"*?(c) such that, restricted to M, the
e;’s are tangent to M. Let {wa} and {wap} be the dual frame field and the connection
1-forms of F™*P(c) respectively. Restricting these forms to M, we have

(2.1) Wai = Y _ hiw;, by = B,
J

1
h= Zh?jwi@)“jj@ea’fzﬁz ii€a

a,t,g a,t
Rijri = c(0ixbj1 — 0udje) + Y (h5hS — hihSy),
«

Ragri = Z(h?khg — h§ihg,),

K3

where h,&, Rijii, and R,pp; are the second fundamental form, the mean curvature

vector, the curvature tensor and the normal curvature tensor of M, respectively. We
define

S = |h|2) H= |§|> H, = <hzaj)n><n
The scalar curvature R of M is given by
(2.2) R=n(n—1)c+n*H* - S.

Denote K (p,m) the sectional curvature of M for 2-plane m C T),M at point p € M.
Set Kmin(p) = mingcr,nm K (p, 7). From [29], we have the following lemma.

Lemma 1. If M™ is a submanifold with parallel mean curvature and positive sectional
curvature in F™*P(c), then M is pseudo-umbilical.

Let M be a submanifold with parallel mean curvature vector £. Choose e, 11 such
that it is parallel to £. Then we have

(2.3) trHpp1 =nH, trH,=0, a#n-+1.

Set

(2.4) Sy =trH),,, Si= Y trH.
a#n+1

If M is pseudo-umbilical and H # 0,

(2.5) Sy =trHZ,, =nH>.
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Denoting the first and second covariant derivatives of h{; by A}, and hi;,,, respec-
tively. Then by definition

D higpwn = dhiy = 3 hiwns = > hijn = ) hwsa.
k k k B
B
D hwn = dhfy = D e — D hiwr; — D hiw — D hijwsa.
1 1 1 l 8
In particular, we have

h%k = hzqkjv h%‘kl - hio}lk = Z Wi Bkt + Z hﬁszmikl - Z hiBjRaﬁklv
m m

B
ARG =" A
k

(2.6) = s+ | D b Rmigh + > Wi Rk — Y higi R
k k m m Iéi

The following lemma will be used in the proof of our main results.

Lemma 2 ([29]). If M™ is a submanifold with parallel mean curvature in F"1P(c),
then either H =0, or H is non-zero constant and H,1Hy = HyoHy 11 for all a.

For an (n x n)-matrix A = (a;j), we denote by N(A) the square of the norm of A,
ie.,

N(A) =tr(AAT) = )" af;.
i,j=1

Then the DDVYV inequality proved by Lu [20] and Ge-Tang [7] is stated as follows.
DDVYV inequality. Let By, ..., B, be symmetric (n x n)-matrices. Then

(2.7) zm: N(B,Bs — BsB,) < lzm: N(Br)] ;

where the equality holds if and only if under some rotation' all B,’s are zero except
two matrices, which can be written as

0O p 0 --- 0 @ 0 0 0
w0 0 - 0 0 —u 0 0

Blzp 0O 00 --- 0 Pt, BQZP 0 0 0 0 Pt
o o0 0 --- 0 0 0 0 0

Here P is an orthogonal (n X n)-matriz.

For further discussions about the DDVV inequality, we refer to see [3,4,7,8,17-20].

LAn orthogonal m X m matrix R = (Rys) acts as a rotation on (B, ..., Bm) by (B1,...,Bm) =
(Bla SRR Bm)R
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3. Proof of the theorems

When M™ is a minimal submanifold in S"*?, we have trH, = 0 and ). h%,, = 0 for
all a. Consequently, from (2.6), we have

(3.1) Ah% = Z h%mRmijk + Z h%iRmkjk - Z hfiRaﬁjk-
k,m k,B
Thus
Z WS AR = > (hShg Runije + hisho Runkgn) — > heihi; Ragin.

1,7, i,4,k,m,a i,5,k,o,8
Proof of Theorem 1. By using (2.1), we obtain

Z h hkm ml]k+ Z h%hmszka

i,5,k,m,a i,5,k,m,a
=nS+> trHg-tr(HZHg) = > [tr(HoHg)* = Y [tr(HZHE) — tr(HoHp)?),
a,f a,B a,B
and
> hehRagie = > [tr(HZHF) — tr(HoHp)?).
i,j,k,,3 a,B

Since (tr(HnHpg)) is a symmetric (p x p)-matrix, we can choose the normal frame
fields {eq} such that

tr(HoHp) = trH2 - §,5.
Thus, we have
(3.3) > ltr(HoHg)* =) (trH2)>.
a,B «
From above equalities, we obtain

(3.4) > hGARG =—anS+ (1+a) Y (hGhf, Rmijk + Bsho, Rkji)

1,5, i,9,k,m,a
+(a—1)Z[tr(H2Hﬁ)—trH Hpg)? +az (trH?2)?
a7ﬁ

for any real number a. For a fixed a, we choose the orthonormal frame fields {e;}
such that hg; = A{'d;;. Then, using the trick used by Yau [29], we obtain

(35) Y BEhg Rmije + Y Sk Ronkjr = > MM Reiin + > APA Riin

1,5,k,m i,j,k,m ik ik
1
=3 D OF = X9)*Rugyg
i.j
1
5 Komin > —a9)?

4]

= nKmin(trHC%),

Y
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which implies that
(3.6) Z hishim Rmije + Z hihi Rinkjie 2> K minS.

i,7,k,m,o i,7,k,m,a

On the other hand, by a direct computation and the DDVV inequality, we obtain

1
(3.7) > tr(HZHE) — tr(HoHp)* = 5 > N(H,Hp — HgH,)
(17/8 u?ﬂ

%sgn(p -1) ( Z trHi) ’

1
= 5sen(p — 1)5%,

IN

where sgn(-) is the standard sign function. It follows from (3.4), (3.6) and (3.7) that

%AS: > (hg) +Zho‘Aha

i,7,k,a ©,,0
1
(38) = Y (h)® —anS + (1 + a)nKuwinS + [p n %(a - 1)} 52
4,5,k

for 0 < a < 1. Taking a = sgn(p we obtain

1)p+2’
1 p p

~AS > —1)—/— | Kuin — —1)—].
2AS_nS [<1+sgn(p 1)p+2> Kmin — sgn(p )p+2]

By the assumption and the maximum principle, S is a constant, and

p p
1 _ N
S |:( + Sgn(p 1)p + 2) KIHII] Sgl’l( 1) + 2:|

If there is a point ¢ € M such that Kpn(q) > %{fl)l) then S = 0, i.e., M

is totally geodesic. If K, = %, then inequalities in (3.6), (3.7) and (3.8)
become equalities. From the DDVV inequality, we obtain p < 2. This together

with Theorem A implies that M is either one of the Clifford minimal hypersurfaces
Sk(\/7) x S~ k(\/—) in S"t! for k =1,...,n — 1, or the Veronese surface in S*.

This completes the proof of Theorem 1. O

0.

Similar to (3.1) and (3.2), when M™ is a submanifold with parallel mean curvature
in F"*P(c), we have { = He, 11, and Y, h%,, = 0 for a # n + 1. It follows from (2.6)
and Lemma 2 that

(3.9)  ARY = he Rk + > _ o Rukjk — > hiRagjr, a#n+1

k,m k,m k,B#n+1
Thus
(3.10) > hGARY = > (Wb Ruiji + hisho Rokjin)
i,7,a#£n—+1 i,7,k,m,a#n+1
— > h&hlRagjk-
i,j,k,a,ﬁ¢n+1

Before the proof of Theorem 2, we give the following lemma first.
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Lemma 3. Let M be an n-dimensional oriented compact submanifold with parallel
mean curvature (H # 0) in F™"P(c) with p < 2. If c+ H? > 0 and Ky > 0, then M
is congruent to one of the following:

: n 1 .
(i) S (m)v
(ii) ome of the Clifford hypersurfaces
SF(——t ) x SR (ALY )y prtl(e) with ¢ > 0,

v c+A2(k,n,H,c) v c2+eA2(k,n,H,c)
where A(k,n, H,c) = i[nH +/n2H2 +4k(n —k)c], k=1,...,n—1;
(iii) one of the Clifford minimal hypersurfaces

Sk(, /ﬁ) x SmR( #}32)) in F**Y(c+ H?), k=1,...,n—1;

(iv) the Clifford torus S*(ri) x S1(ry) in F3(c+ H? — HZ) with constant mean
curvature Hy, where ri,m9 = [2(c + H?) £ 2Hy(c + H?*)Y/?]71/2
0< Hy<H, and c+ H? — HZ > 0;

(v) the product of three spheres

ki / k k—ki( / k—k n—k Ak,n,Hie)
S 1( k(c+>‘2(klvn7ch))) x S 1( k(C+A2(k77}L7HﬂC))) X S (\/02+C)\2(k,n7H70))

in F™"2(c) with ¢ > 0, where
Ak,n,H,c) = 3=[nH + \/n?H? + 4k(n — k)c], 1 < ky <k <n—1.

Proof. When p = 1, M is a compact hypersurface with nonzero constant mean
curvature and non-negative sectional curvature in F"*1(c). In this case, Lemma 3
was proved by Nomizu and Smyth [21] for ¢ > 0 and by Walter [25] for ¢ < 0,
i.e., M is either a totally umbilical sphere, or one of the Clifford hypersurfaces
Sh(—L ) x gnk( Ak )y prtl(c) with ¢ > 0, where

v/ c+A2(k,n,H,c) v/ c2+cA2(k,n,H,c)

1

Mk,n,H,c) = ok

[nH 4+ /n2H? + 4k(n — k)d, k=1,...,n— 1.

When p = 2, we have K; > 0 and H = constant # 0.

If n = 2, we know from Theorem 4 in [29] that M is a surface in F3(c+ H? — H?)
with constant mean curvature Hy. A direct computation shows that M is either a
totally umbilical sphere, or the Clifford torus S'(r1) x S'(r2) in F3(c + H? — Hg)
with constant mean curvature Hy. Here 0 < Hy < H, ¢+ H? — Hg >0, and ri,19 =
[2(c + H?) 4+ 2Hy(c + H?)Y/?]~1/2,

If n > 3, it follows from Lemma 2 that the matrices H,+1 and H,42 can be
diagonalized simultaneously. Let {e;} be a frame such that

(3.11) h?j“ = \PtLs h;;.*? = AP35,

[%E)
for all ¢, j. It is seen from Theorem 9 in [29] that M is either a minimal hypersurface
in the totally umbilical hypersurface F"*!(c+4 H?), or M = M; x My, where M; is a
minimal hypersurface in a totally umbilical submanifold N; of F"*2(c) for i = 1,2.

For the first case, it follows from Theorem 1 that M is either the totally umbilical

_k__
n(c+H?)

sphere S™(———;), or one of the Clifford minimal hypersurfaces S*( ) X

c+H?2

Snk( n(?-i-;;}?)) in F**l(c+ H?) for k=1,...,n— 1.
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For the second case, we see from (2.6), (3.11) and the assumption that

%ASH _ Z hn+1 Zhn+1Ahn+1

Uk
gk
> Z hn+1hn+1Rm”k + Z hn+1hn+1Rmkjk
i,5,k,m i,5,k,m
1 n+1 n+1\2
= §Z(>\i+ = AT Riji
> 0.

This together with the maximum principle implies that R;j;; = 0 for )x?“ + /\;-H'l,
1 < i,j < n. Moreover, it follows from the proof of Theorem 9 in [29] that AJ™! =

_)\”+1 =\ AfE == At =y, where A # 1, 1 < k < n— 1. Then we see
from the Guass equation that

fore=1,....,kand j=k+1,...,n
If \'t2 =0 for i = 1,...,n, then M lies in F"*(c), and A\ = A(k,n, H,c). Tt
follows from a theorem due to Nomizu and Smyth [21] and Walter [25] that M is one

. k 1 n—k A(k,n,H,c) . n-+1
of the Clifford hypersurfaces S (—\/m) x S (—\/m) in F"1(¢)
withe>0fork=1,...,n—1.

If trH2 , # 0, without loss of generality, we assume that /\"Jr2 # 0. This together
with (3.12) implies that A\I'"2 = )\;l+2 for i,j = k+1,...,n. Since M is a minimal
hypersurface in Ny, we have Z?:kﬂ A2 = 0. Thus, we get \'*2 = 0 for i =
k+1,...,n, and M> is a totally geodesic hypersurface in N,. Moreover, we have
¢+ Ap = 0. Note that kA + (n — k)u = nH. A direct computation shows that

1
A= Ak,n,H,c)= 2k nH + \/n2H? + 4k(n — k)],2 < k <n —1.
Hence, Ny = SF(——L ) N, = gnht1(_ 2kt 404 ¢ > 0. Since
c+A2(k,n,H,c) v c2+cA2(k,n,H,c)
. .. . k+1 1 . .
M, is a minimal hypersurface in § (—C+>\2(k7n7H’c)) with Ky, > 0, it follows from
Theorem 1 and the assumption that M; is congruent to S*i( m) X

Sk=ki(, m) for 1 < ky < k. Therefore, M is the product of three spheres
k1 k k—k k—k n—k A(k,n,H,c) T )
S w5 (w8 e ()

with ¢ > 0, where 1 < k1 <k <n-—1.

This proves Lemma 3. 0
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Proof of Theorem 2. Applying (2.1), we obtain
D bRt Y AGhG R

i,7,k,m,a#n+1 i,7,k,m,a#n+1
=ncSr+ Y tHg-tr(HZHg)— > [tr(HoHp)]”
a#n+1,8 a#n+1,8
— Y [(H2HY) — t(HoH),
a,B#n+1

and
> bk Ragi= Y [tr(H2H3) — tr(HoHp)?).
i,7,k,a,B#n+1 a,B#n+1
Since a, 8 # n+ 1, (tr(HyHp)) is a symmetric (p — 1) X (p — 1)-matrix. We choose
the normal vector fields {eq }axn+1 such that
tr(HoHg) = trH2 - §up,
which implies
(3.13) > ltr(HoHp)? = ) (trH2)?.
a,f#n+1 a#n+1
For any real number a, we have
(3.14)

> ohgAR =(1+a) Y (Bhg, Rmijk + hiiho Rmkji) — ancSr

i,j,a7#n+1 i,5,k,m,a#n+1
+(a—1) Y [tr(HZHE) — tr(HoHp)?| +a Y (trH2)?
a,B#n+1 a#n+1

tad— > tw(HZHpg) ttHon + Y [tr(HoHni))?
a#n+1 a#n+1
When p < 2, the assertion follows from Lemma 3.
When p > 3, it follows from Lemma 1 and the assumption that M is pseudo-
umbilical, i.e., h%“ = Hd;;. Hence, we have

(3.15) > te(H2Hpi) trHpor — Y [tr(HoHpi1))?
a#n+1 a#n+1
D I L R D DI L v
i,7,k,m,a#n+1 i,7,k,m,a#n+1
=nH> Y (h)?—H> Y (trH,)?
i, j,a#n—+1 a#n+1
:nHZS[.
On the other hand, we get from (3.5)
(3.16) > Sk B+ > G hG Rk = nKminS1.

i,7,k,m,a#n+1 i,7,k,m,a#n+1
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By a direct computation and the DDVV inequality, we obtain

1
(3.17) > m(HﬁE%)A—U(Hgﬂﬁfzzﬁ > N(H.Hp— HgH,)
a,f#n+1 a,B#n+1
1 2
<3( X wm)
a#n+1
1

It follows from (3.14)—(3.17) that

1 o o Apa
(818) SAS;= Y (bl + D hGAR

i,7,k,a#n+1 i,7,a#£n—+1
1
> (1+a)nKninSr+a Z (trH?)? + 5(& —1)8% —an(c+ H*)S;
a#n+1
a a—1\ 9
2(1+a)nKminSI+(p 1+ 5 )Sl—an(C—I—H )S]

a a—1
:S[l Koin <—
|(L+a)n + p—1+ 3

)SI —an(c—l—H2)}

for 0 < a < 1. Taking a = %’ we get

1
§ASI > nSr[(1+ a)Kmnin — alc+ H2)]

p—1 p—1 2
= S 1'+ IGnM'_ *_}{ .
nI[( p+1> p+1@ ﬂ

It follows from the assumption and the maximum principle that Sy is a constant, and

p—1 p—1 2
S 1+7 Kmin_ +H =0.
][< p+1> p+1@ ﬂ

If there is a point ¢ € M such that Ky (q) > %}C)JJI?), then S; = 0. It follows
from the codimension reduction theorem due to Erbacher [6] that M is a compact
hypersurface with non-zero constant mean curvature and positive sectional curvature
in the totally geodesic submanifold F™*!(c). Therefore, M is the totally umbilical

sphere S”(\/ci?)

If Kipin = %;JFH%, then inequalities in (3.16)—(3.18) become equalities. This,
together with the DDVV inequality, implies that p = 3 and Ky, = # Taking
a=0in (3.18), we get S; = 2 (c+ H?). By the same argument as in [2], we conclude
that n = 2. Hence, Ky = # and M is the Veronese surface in F*(c + H?). This
completes the proof of Theorem 2. O

Combing Theorems 1, 2 and rigidity results in [13,22, 28], we present a general
version of the Yau rigidity theorem.

Generalized Yau rigidity theorem. Let M be an n-dimensional oriented compact
submanifold with parallel mean curvature in F"P(c), where c+H? > 0. Set 7(m,n) =
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min{m - sgn(m — 1),n}. Then we have
(1) if H=0 and
7(p,n)c
Ky 2 50—~
2[r(p,n) +1]
then M is either a totally geodesic sphere, one of the Clifford minimal hypersurfaces
Sk(4/ %) xSk (4/ %) in F"tY(c) fork =1,...,n—1, or the Veronese submanifold
in F"*4(c), where d = in(n+1) — 1;
(2) if H#0 and
7(p—1,n)(c+ H?)
2[r(p—1,n)+1] ’
then M is congruent to one of the following:

Ky >

() §"( )
(ii) one of the Clifford hypersurfaces
k(L n—k (k,n,H,c) B ,
S(\/m) x 8 (\/m)mF (¢) with ¢ >0,

where AN(k,n, H,c) = 5z [nH + \/n?H? + 4k(n — k)c], k=1,...,n—1;
(iii) one of the Clifford minimal hypersurfaces

S*(\ wwetmmy) X 8"\ i) i FPT N e+ HY), k=1, 0 -1

(iv) the Clifford torus S'(r1) x St(r2) in F3(c+ H* — H3) with constant mean
curvature Hy, where r1,75 = [2(c + H?) £ 2Ho(c + H?)'/?]71/2,
0< Hy<H, and c+ H? — HZ > 0;

(v) the Veronese submanifold in F™""4(c+ H?), where d = in(n+1) — 1;

(vi) the product of three spheres

k k k—k k—k n—k (k,n,Hc)
S8 metimmay) X S8 memmamay) ¥ 5" TE i )

in F™"2(c) with ¢ > 0, where
Ak,n,H,c) = 3 [nH + \/n?H? + 4k(n — k)c],1 < k1 <k <n—1.

Recently Andrews and Baker [1] generalized a weaker version of Huisken’s conver-
gence theorem [10] for mean curvature flow of convex hypersurfaces in R"*! to higher
codimensional cases. Motivated by the generalized Yau rigidity theorem, we would like
to propose the following conjecture on mean curvature flow in higher codimensions,
which can be considered as a generalization of the Huisken convergence theorem [10].

Conjecture A. Let My = Fo(M) be an n-dimensional compact submanifold in an
(n + p)-dimensional space form F""P(c) with ¢ + H? > 0. If the sectional curvature
of My satisfies

2[r(p,n) + 1]
then the mean curvature flow

BatF(:c t) =n&(x,t), ve€M,t>0,
F(-,0) = Fo(),
exists smooth solution Fy(-), and Fy(-) converges to a round point in finite time, or

¢ > 0 and Fy(-) converges to a totally geodesic sphere as t — oo. In particular, M is
diffeomorphic to S™.
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At this moment, only a very few cases of the above conjecture is known [1,10,11,16].
When p =1 and ¢ = 0, the conjecture was verified by Huisken [10]. When p = 1 and
¢ = 1, a weaker version of the conjecture was proved by Huisken [11]. We hope
our results will be helpful in generalizing the result of Andrews—Baker [1] and Liu
et al. [16]. Motivated by the generalized Yau rigidity theorem and a convergence
theorem for Ricci flow in [9], we propose the following conjecture on the normalized
Ricci flow.

Conjecture B. Let (M, go) be an n-dimensional compact submanifold in an (n+ p)-

dimensional space form F"*P(c) with ¢ + H? > 0. If the sectional curvature of M

satisfies

7(p,n)(c + H?)
2[r(p,n) +1]

then the normalized Ricci flow with initial metric gy

Ky >

)

0 ) 2
ag(t) = —2Ricy) + Erg(t)g(t)y

exists for all time and converges to a constant curvature metric ast — oo. Moreover,
M is diffeomorphic to S™.
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