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THE REGULARITY PROBLEM FOR ELLIPTIC OPERATORS
WITH BOUNDARY DATA IN HARDY-SOBOLEV SPACE HS

MARTIN DINDOS AND JOSEF KIRSCH

ABSTRACT. Let € be a Lipschitz domain in R™,n > 3, and L = divAV be a second
order elliptic operator in divergence form. We will establish that the solvability of the
Dirichlet regularity problem for boundary data in Hardy—Sobolev space HS! is equivalent
to the solvability of the Dirichlet regularity problem for boundary data in H!? for some
1 < p < oco. This is a “dual result” to a theorem in [7], where it has been shown that
the solvability of the Dirichlet problem with boundary data in BMO is equivalent to the
solvability for boundary data in LP(9$2) for some 1 < p < oo.

1. Introduction

We! shall prove an equivalence between solvability of certain end-point Dirichlet reg-
ularity problem in HS" for second order elliptic operators and the solvability of the
Dirichlet regularity problem with boundary data in H'? for some 1 < p < oo. The
space HS' is defined in section 2.

To be more precise, we study the regularity problem for elliptic operators in di-
vergence form L = divAV on a Lipschitz domain 2 C R",n > 3. The matrix
A = (a;;(X)) has real, bounded measurable coefficients such that there exists A > 0
with A[¢]? < > @i (X)&&; for all £ € R™ and all X € Q.

For these elliptic operators the Lax—Milgram Theorem implies that for every f €
H22(99) there exists a unique weak solution u € H2(), i.e.,

/AVU'V(,O—O for all p € C§° ()
Q

with © = f on 0f), which means that the Dirichlet problem
Lu=01in Q, Tr u = f on 0N

is solvable for boundary data in H2:2(9Q). The question, if solvability still holds for
other classes of boundary values, was extensively studied. In [18] it was shown that
the continuous Dirichlet problem is solvable for these elliptic operators, i.e., for every
f € C%09) there exists a unique u € VV;CQ(Q) N C%(Q) such that Lu = 0 in  and
u = f on 0.

Historically the study of the Dirichlet problem with boundary data in LP for elliptic
operators of the form L = divAV was initiated by B.E.J. Dahlberg in [5], where the
Laplacian on Lipschitz domains was considered (the pullback of the Laplacian on a
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Lipschitz domain leads to an operator of the form L = divAV for A elliptic with
bounded, measurable coefficients).

Apart from the Dirichlet boundary value problem with data in LP of great interests
are also other boundary value problems in particular the LP Neumann problem and
Dirichlet regularity problem (or just Regularity problem) where the data are in

HYP(9Q) = {f € LP(0Q); Vo f € LP(00)}.

Our result is motivated by a recent result [7] that established that the Dirichlet
problem with boundary data in LP(9€2) is solvable (abbreviated (D),) for some 1 <
p < oo if and only the Dirichlet problem with boundary data is solvable in the end-
point BMO space (abbreviated (D)ga0)-

By the theory of Muckenhaupt’s B,-weights it is well known that (D), implies
(D)q for ¢ € (p —€,00) and some € > 0, i.e., solvability is open with respect to p
on (1,00). The result in [7] establishes that this “extrapolation property” also holds
at the endpoint where the correct endpoint is (D)payo. Furthermore the (D)pao
solvability is also equivalent to the fact that the harmonic measure for the operator L
is an Ao (do) weight with respect to the surface measure. A condition on coefficients
that guarantees A, was explored in [16].

The most classical method for solving these types of boundary value problems (at
least for symmetric operators with coefficients of sufficient smoothness) is the method
of layer potentials [9] for the Laplacian in R™ and [19-21] for variable coefficients oper-
ators. What has been observed are intriguing relationships between various boundary
value problems. Of particular note is the duality between the LP Dirichlet boundary

1,1

value problem and H'*" Regularity problem (5 + o= 1). It turns out that the the

LP Dirichlet boundary value problem is solvable if and only if the H Lp' Regularity
problem is solvable for the same operator (assuming symmetry of the operator).

We note that our assumptions do not allow to use the method of layer potentials,
but this informal duality led us to hypothesize and later prove that the result from [7]
does have a corresponding dual result. We observed that the dual of the Hardy space
is the BMO space and this leads to hypothesis that the correct endpoint space for the
Regularity problem is the atomic Hardy space.

It should be also noted that our result is the end-point (for p = 1) of the perturba-
tion result in [15] that established (R), = (R)p+. for all p € (1, 00) and some € > 0.
Here (R), denotes that the Regularity problem is solvable with data in H'?(9Q) (cf.
Definition 1.3).

Before we formulate our main result precisely we introduce few necessary defini-
tions. The study of boundary data in LP(9f2) is related to the study of the non-
tangential maximal function, see for example [5].

Definition 1.1. For k > 1 we define the cone-like family of non-tangential approach
regions {I'x(Q)}qesn by

(@) = {X € Q: |X — Q| < r6(X0)}.

Here and throughout the paper §(X) = dist(X, 992). We will omit the index x and
write I'(@), if no confusion can arise. The non-tangential maximal function for the
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non-tangential approach region {I'(Q)}gecaq is defined by
u'(Q) = sup [u(X)].
Xel(Q)

The truncation at height h of the non-tangential maximal function is defined by

(u);(Q) = SUPX eT(Q)NBL(Q) [u(X)].
Moreover we define the following variant of the non-tangential maximal function:
1

2

M NW@= sw [ f  pOFAY] reLi@.
Xer(Q) B@(X)

Definition 1.2. The Dirichlet problem with boundary data in LP(0Q2),1 < p < oo,
is solvable (abbreviated (D),), if there exists a constant C' > 0 such that for every
f € C°(09) the corresponding unique weak solution u € VVZIOCQ(Q) N C%(Q) satisfies

[[w*|Leo0) < ClIfllLe00)-

Definition 1.3. The regularity problem with boundary data in HP(92),1 < p < oo,
is solvable (abbreviated (R),), if for every f € HLP(9Q) N C°(9€) the weak solution
u to the problem

Lu=0 in
{U|aB =f ondQd
satisfies
IN(Vu)llze o) + JullLe@) < Cllfllmr00)
for a constant C' independent of f. Similarly, we say that the regularity problem with

boundary data in HS'(99) (abbreviated (R)yg) if for every f € HS'(9Q) N C0(9Q)
the solution u satisfies the estimate

(2) [IN(Vu)||z1a0) + [|ullr @) < Cllf|las (00)-

We define (D*),y = (D)I’;*,* for L* = divATV. Now we can formulate the main
result of this paper:

Theorem 1.1. Let L be a divergence form elliptic operator satisfying the ellipticity
condition on a Lipschitz domain Q. Then the following two statements hold:

o If (R)gs is solvable then (D*)pypo and (R), are also solvable for some 1 <
p < 00. Moreover, under this assumption

(R), is solvable if and only if (D*), is solvable for p" = p/(p —1).
e If (R), is solvable for some 1 < p < 00 so is (R)pgst.
We note that the new result is the first part of this Theorem. The second part
of this statement is not new and appears in [15] (at least for symmetric operators).

Simultaneously, the first part of this statement improves the result of Shen [23] (again
only stated for symmetric operators). Shen has established that the statement

(R), is solvable if and only if (D*),/ is solvable for p’ = p/(p — 1),

holds provided (R), is solvable for at least one ¢ € (1,00). In our statement this can
be replaced by the (R)pgg solvability as follows from the first part of the Theorem.
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2. Lipschitz domains and the Hardy—Sobolev space HS*

In this section we will follow [2] to introduce the Hardy-Sobolev space HS' on the
boundary of a Lipschitz domain.

Definition 2.1. Z C R" is an M-cylinder of diameter d if there exists a coordinate
system (z,t) such that

Z={(z,t) : || <d, —2Md <t < 2Md}

and for s > 0,
sZ ={(x,t) : |z| < sd,—2Md <t < 2Md}.

Definition 2.2. Q C R" is a Lipschitz domain with Lipschitz ‘character’ (M, N, Cy)
if there exists a positive scale ro and at most N cylinders {Z;}_, of diameter d, with
g—% < d < Cyrg such that
(i) 82, N 0N is the graph of a Lipschitz function ¢;, ||¢;]le < M, ¢,;(0) =0,
(i) 00 ={J(2; no9),
J

(iii)) Z; N2 D {(a),t) €N : |z| <d, dist ((z,t),00) < ;i}

Throughout the whole paper, we will assume that 2 is a Lipschitz domain in R"”
for n > 3. By definition (2 is locally the region above a Lipschitz graph ¢ and so for
Q = (¢/,¢(2")) € 9Q we define Ar(Q) = (2/,¢(2') + R) and for X € Q we define
X € 99 such that Ap(X ) X for an appropriate R. Thus Ar(Q) and X are well
defined in each Z; N2 This means that Ar(Q) and X depend on j, but we will omit
the index j to maintain an easy readable notation. If we speak about an Ar(Q) for
R so large it falls outside Z; we mean an appropriate point (which will be clear by
the context) in €2, which has distance to 92 comparable to R. The radius of a ball B
will be denoted by 7(B) and for @ € 02, X € Q and R > 0 we write:

Ar(Q) =00NBr(Q), Tr(Q)=0NBr(Q),
5(X) = dist(X,09), (09Q)5 = {X € Q:6(X) < 5},
Q5 = O\(99).

Definition 2.3. Let Q be a Lipschitz domain in R”. For 0 < ¢ < 1and f € L} (99Q),
we define the maximal function fé’ by

fé’(x)—%gmcggn (f |f0|q> :

where the supremum is taken over all balls B, which are contained in 02 and contain
x. The space C? is defined as all f € L] (99) such that the norm

[ fllea = Hf;)”Lq(aQ) + 1| f1lzaa0)

is finite.
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For ¢ = 1 we see that f?(z) = supps, ﬁfB |f — fB| with fg = [, f = ﬁfB f,
whereas for ¢ < 1 the function f might not be locally integrable and so fp might
not be defined. To simplify the notation we will write Nf = f!, keeping the same
notation in [2]. This type of maximal functions is motivated by the paper [6].

In [13] (see (6) in [2] as well) it was proved for f € C', 25 < ¢ < 1, where s is
a constant larger than 2, which depends on the doubling property of the underlying
metric space, and ¢* = % that

3) (fg rf—fBT|q*)ql* <o (JEB |qu)‘11

for some A > 1, which is independent of f and r. We define

My f(x) = sup (JCB |f|q> "

where the supremum is taken over all balls containing x.

In [2] Badr and Dafni proved a relationship between the Hardy—Sobolev space and
the space C! on complete Euclidian manifolds M with pu(M) = oo and u a doubling
measure. Since we would like to apply this result later on to boundary data on 052 for
Q a Lipschitz domain, we will not work in such a general setting. Our domain will be
0N for ) a Lipschitz domain, where the surface measure is the underlying measure.
Therefore our domain is bounded and has a finite doubling measure. We will not write
0, if there is no confusion possible, which domain is meant. Similar to Definition
2.11 and Definition 4.3 in [2] and [1] we define

Definition 2.4. For 1 < t < oo we say that a function a is a Hardy—Sobolev
(1,t)-atom, if

e q is supported in a ball B

e llallze +|[Vralle < —

B|t

For this a we will use the terminology that a is a Hardy—Sobolev (1,¢)-atom cor-
responding to the ball B. Here Vr is the derivative in the tangential direction on
o9.

We define the space HS%’ato as follows: f € HS%yatO, if there exists a family of
Hardy-Sobolev (1,t)-atoms {a;}; such that f can be decomposed as

f= Z Aja; almost everywhere
J

with >, [Aj] < co. We equip HS;MO with the norm |[|f[|ger = inf} ; [A;], where

t,ato

the infimum is taken over all possible decompositions.

The following three claims that we state for completeness of our presentation follow
directly from results of [2]. (See also [22]).

Lemma 2.1. Let a be a Hardy-Sobolev (1,t)-atom, then
llaller < Ci.
Thus HS; ayo C C* with || fller < Collf1 s

1 .
t,ato
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Theorem 2.2. Let f € C' and q and s be as in (3). Then for every a > ap =
Cal|fllcr with Cq a constant depending on the domain 2, one can find balls {B;}; C
09, functions b; € W and g € W such that

o f=g+> b
lg| + |Vg| < Ca almost everywhere;
1
supp b; C Bi, ||bil|1 < Cria| By, [|billq + [[Vbi]lg < Car| Bila;
o X IBil < § [(Mf+NF);
Zi XB; < C.
Theorem 2.3. Let f,q and s be as in Theorem 2.2 and ¢* = szq(>1). There exists
a family of Hardy-Sobolev (1,q*)-atoms {a;}; such that

F=> XNa and Y |\ < Cllfller
i

Thus, Ct C HSt{ato forl <t <g".

Remark. The major difference to the proof of Proposition 4.7 in [2] is the fact that
our domain is bounded. Let ag be as in the proof of Theorem 2.2. Then for every
j > jo with jo the smallest integer such that 27° > ag, we apply Theorem 2.2 to get

f=¢+ Z bl

Following the proof in [2], we see that we can write
F=2 (¢ =g +g"

Jj=jo
in the W1 sense. The terms (¢g/*! — g7) are treated as in [2]. The term g’° is seen
after a normalization as an atom for 0€).
Remark 2.1. From the construction of the atoms a; we see that if f € C°(912), then
the a; are in C°(99).

Since in our setting Poincaré’s inequality on L' holds and every (1,t)-atom can be
decomposed in a (1,00)-atom and a (1,¢)-atom that satisfies the cancellation condi-
tion, Theorem 0.1 in [1] gives:

Theorem 2.4. HS%l,atO = HS%LWO forall1 < ty1,ta < o0o. The norms are comparable,

where the implicit constant depends on t1 and to.

Thus we can define HS' = HS;MO
of HSL, .o on HS'.

We finish this section with a result in the spirit of [4] about the C?-norm, which is
equivalent to the HS'-norm in the ¢ = 1 case. In order to keep the notation simple,

we assume that we work on R instead of 0f).

Lemma 2.5. Fiz 0 < R and 0 < q < 1. Let ¢ € C3°(R™) be supported in Bar(0)
with values in [0,1], ¢ = 1 on Br(0) and |Ve| < &. Assume that f € Ct N C° and
let Cp = fBzR(O) f. Then there exists and Cy independent of f such that

lo(f = Cr)IIEa < CoR"M[M(|V f])")(z) + CeR"RIM(|V f|) ()
for any x € Be,r(0).

for any 1 < t < oo and we will impose the norm
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Proof. First we claim that for # € Byg(0) one has (¢[f — Cg])%(x) < CM(|Vf|)(x).
For x € Bar(0) Holder’s inequality implies

(¢lf — Cr]).(x) = sup inf

B c€R |B|% (JC lo(f — Cr) _C|q>

< sup o f 1o~ Cn) — (6lf —~Cal)s| < O . 196l — Cal)

< cSupf Vollf - Crl + supf oIV ]
B>z JB Bex JB

C C
<G 0 £ Xaalf = Cal+ w0 £ Xl = Cal + M)

B>z B>z
r(B)>R r(B)<R

We denote the first two terms in the last line by I and II. For I observe that B N
BQR(O) 7é @ implies BQR(O) C 5B and so

397

C
Ig— sup / -C S/ Vi< M(Vf)(x).

For II, we first use the fact that the uncentered maximal function is dominated by
¢, times the centered dyadic maximal function. Hence it is enough to consider for the
supremum balls of the form B; = B(z, R2771),j > 0:

II<supJC lf— C’R|<Supf |f = fB,| + % Z|fBJ+1 [l

j=0 ]>0
<—§1;182 jRJC IVfl+ = ]Z:OJC |f — f5,l
<CeM(VH) ) + & Y2 f V1] < CM(V f))(2)
]>0

i.e., the claim is proved. To use the claim we write

I(elf — Ca2lle = /

BQR(O)

((olf — CRD)" + / ((olf — Cr))?)".

Bar(0)¢

By the previous claim the first term is bounded by CR™M[M(|V f])](x) for any
x € Be,r(0). For the second term we will use the fact that if x € B and |z| ~ 2/R
then for B N Bag # () one needs r(B) > C27R. Thus we have

/ (lo(f — Cr))"
Byr(0)¢

= sup inf f|g0 f—Cgr) c|q> dx
Z/{|z|~21R} lBBmCeR |B|= (
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1749
1 7
sup — — Cpgl4
Bala)c |B| = <J€BXB2R|f Al > ]
q
<c /
2. {|2|~21 R}

1 ( 1 / a
—— = |f—CR|q> 1 dz
= 27R \ (27R)" Jp,,

<CY PR iy </B 7=

Jj=1

= CZ (Qj-lR)q </BzR |f - CR|> |BQR|1_q

j=1

{choose ¢ = 0} < Z/

i1/ lel~2 R}

q
<c, ( / IVf|> RO < O, R M|V f]) ()"

for any « € Be,r(0).

To deal with the L%-norm of ¢(f — Cg) one applies Holder’s inequality and
Poincaré’s inequality to get ||o(f —Cr)||rs < CR"RIM(|V f|)(z)? for any x € Bc, r-
Thus the proof of the Lemma is complete. O

3. The Regularity Problem for boundary data in HS"

We start this section by adjusting some results from [15] to the (R)pgsi-case. By the
proof of Theorem 3.1 in [15] and the Vitali-Hahn—Soks Theorem (see for example [8],
p.155) we get for

(Vo) (Q) = f Vu(X) - T(Q) dX
B, /2(A-(Q))

Theorem 3.1. Assume that u € W,5>(Q) solves Lu = 0 and that [|[N(Vu)||L1a0) +
l|ul|z1 () < oo then

e u converges mon-tangentially almost everywhere to a function f with f €
Whi(69).

o If f =0 almost everywhere, then u = 0.

o There exists a sequence r; — 0 such that (Vu),, converges in the weak*

topology of (L>°(0N))* to Vrf.

We first observe that the solvability of (R)gzg can be reduced to proving the
estimate (2) for smooth atoms.

Lemma 3.2. Assume that (2) holds for smooth® Hardy-Sobolev atoms, then (R) g
holds.

Proof. We first claim that if (2) holds for all continuous Hardy—Sobolev atoms then
(R) yst holds. Indeed, let f € HS* N C°(9N). Then by the remark below Theorem 2.3
there exist continuous atoms a; and scalars A; such that f = > Aja;. Thus if u is the

2We call an atom smooth if it is a restriction of an C'°°(R™) function to O
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solution for f and u; for a; we have

IN(Va)lo0) < D INTHIN(Vu)llLioe) < CY I

J J

el < DIl < C DIl
J J

Since this holds for all decompositions we get ||N(Vu)||p100) +||ullLr @) < Cl| fllus
and so the claim holds. Hence it is enough to prove (2) for continuous Hardy—Sobolev
atoms a under the assumption that (2) holds for smooth Hardy—Sobolev atoms.

Every continuous Hardy—Sobolev atom a can be uniformly approximated in HS® by
smooth Hardy—-Sobolev atoms a; (by the use of mollifiers). We call the corresponding
weak solutions u and ;. The maximum principle implies that u; converges uniformly
to u on ©, hence |[[u|r1(q) < lim; ||u;||11 o) < Clim; ||aj||gs: < C|lal|gs - Let

1
2
@ = sw (f ")
Xer(@) \JB(X,6(X)/2)

5(X)>

be the truncated below maximal function. Cacciopoli’s inequality and the uniform
convergence of u; to u imply N.(Vu; — Vu) — 0 uniformly on 9. Therefore

Ne(Vu) < lim [ N (Vu;) < Clim [|aj][gsr < Cllal] s
o9 i—% Joa J

Since V. increases to IN the monotone convergence theorem completes the proof. [J

Recall that when we defined the (R)gg solvability we only did it for data in
HS*(0Q) N C°(99Q). The following theorem states that this is sufficient and that it
implies existence of a unique solution for any data in HSl(aQ). For brevity of the
presentation we omit the proof as it standard.

Theorem 3.3. Assume that (R)yq holds. Given f € HS', there exists a unique
u € LY(Q) with N(Vu) € LY(0Q) such that Lu = 0 in Q and u converges non-
tangentially almost everywhere to f. Moreover (Vru),, (rj — 0) converges in the
weak® topology of (L>°(2))* to Vrf.

3.1. (R)ys implies (D*)gmo. In this subsection, we explore the relation between
the (R)ps and the elliptic measure of the adjoint operator L*.

Let us recall the definition of the elliptic measure. In [18] it was proved that for
every g € C°(9) there exists a unique u € W,%(Q) N C°(Q) such that L*u = 0 in O
and u = g on 0f). By the maximum principle we have ||u[|r) < ||g||ze (). Thus

for every fixed X € () the map defined by
CO09) 3 g — u(X)

is a bounded linear functional on C°(99)). The Riesz Representation Theorem implies
the existence of a unique regular Borel measure w¥ such that

u(X) = /8 9(Q)4¥(@).



708 Martin Dindos and Josef Kirsch

We will write w instead of w™° if we speak about a fixed Xy. The reverse Holder class

By, ¢ > 1, is defined as the class of all non-negative functions k € L{,. such that

loc
(£r) <cf
Q Q

for all cubes @, where fQ k= ﬁ fQ k. Using for example Lemma 1.4.2 in [14] one
sees that
(D*)p & w € By (do).
By the result of [7] we also have
(D*)yo & w € Ax(do) = | ] By (do).
p’'>1

Let us recall a variant of the non-tangential maximal function from [15]. For any
h:Q—R, Qe 0 we consider S r(Q) =Tr(Q) N (0N).r and define

N ()(Q) = sup f A [Vh(Z)} dz
Xer(Q) Ts(x) (X)\Se,s(x)(X)

Lemma 3.4. For all 0 < p < oo there exists C1,Cy depending only on e, p and €2
such that

1
2

C1l[NE ()| Lr o) < [IN(R)|[Lr(a0) < Co2l|N®(R)|[Lr(00)-
Proof. As it is stated in [15], the proof can be found in [10], Lemma 1, Section 7. O

Lemma 3.5 ([Lemma 5.8 and Lemma 5.13 in [15]]). Let 0 < R < 1R’ and
Q € 99. Assume that u is a non-negative weak solution, which vanishes on Ag (Q),
then there exists an € > 0 such that

/ |Vul?> < C |Vul|?,
Tr(Q) Tr(Q)\S:,r(Q)

Moreover for X € T%R,(Q) and §(X) = R we have

6(X) Tr(Q\S,r(Q)

Theorem 3.6. (R)yg implies (D*)pymo (and also (D*), for some 1 < p < o0).

1
2

Proof. We use the methods and ideas from the proof in [15] and change them a bit
to suit the (R) g condition. Let w be the elliptic measure for L*. By [7] it suffices to
prove that w is absolutely continuous with respect to the surface measure and that
w € Ax(do).

Choose R < %Ro and Qo € 99Q. Let f € C(0N) be non-negative with 0 < f <1,
IVfl << and

fEO on ARZAR(QQ),
f =1 on A4R\AQR,
f=0 on 0O\Asxg.
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Clearly, ||fllz=@o) < 1 and ||V f||r=@0) < %, thus %f is a Hardy-Sobolev
(1, 00)-atom. If follows that || f||yg < CR" 2.
Let u be the weak solution with boundary data f. Then C < u(Ar(Qo)) < 1. By

the comparison principle and Lemma 2.2 in [3] we have for X € Tx/2(Qo):

wlX) __u(Ar(Qo)) 1 L R
G(X,0)  G(Ar(Qo),0) ~ G*(0,Ar(Qu)) w(Ag)

Lemma 3.5 and Lemma 2.2 in [3] imply

f 2] w B G0 R w(Bse (X)) B2
T30 (O\Se 500 (X) 6(X) (X)) w(Ar) (X))t w(Ag)

and so for P = X we have

w(A(;(X)(P)) w(AR) J[ 2 ’ Cw(AR)
~ Vu < ———22N¥(Vu)(P).
S(X)m-t Rn=2 TJ(X)(X)\SE,S(X)‘ | Rn—2 (Vu)(®)

W(AS,(P))

gn—1

Hence if we define h(P) = supg_,. = , the estimate above gives that h(P) <

C;,(ff)NE(Vu)(P). By Lemma 3.5, the assumption that (R) g1 holds and the dou-

bling property of w we see that w is absolutely continuous with respect to do, i.e.,
w =k do for some k € L!(do).

In order to show that w € A (do) it is enough to show that ||w||L(0gr)(ds) <
Cllw||£1(a5) for all do = f%l do (see for example [11]), where we can assume without
loosing generality that r(A) < Ry. We have by [24] that

El| Logryas) < ClIMaFK||L1(as),

where Ma denotes the Hardy-Littlewood maximal function over all balls contained
in A. By the doubling property of w we see that

Cw(A
IMaHlan <C £ 1P)ao(P) < 22 L N (0P do
ARry2 ARy
Cw AR 1 n—
< %Rn_lR ? = Cllwl|L1 a5y,
which concludes that w € Ay (do) proving our claim. O

3.2. A new proof for: (R), implies (R)pys:. In [15] Kenig and Pipher used
localization argument to prove the implication that (R), implies (R)ygs:. In order to
prove the same result without the localization theorem of [15] we need the following:

Lemma 3.7 ([Lemma 2.5 in [23]]). Let u be a weak solution for L in Q, which
vanishes on Asr(Q). Then for any X € Tor(Q) we have

(X)) G(fl(zj((é?o)i 0) (ﬁm(@) |u|2> % '
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The next Lemma is part of the proof of Theorem 2.9 in [23]:

Lemma 3.8. Assume that w € Ax(do). Then for u and R as in Lemma 3.7 we get

</AR(Q> C;)R) < % (/T4R(Q) |UI2>é

Proof. By Lemma 3.7 we have for any P € Ar(Q)

w\ * 5 2 (-, *
(5>R(P) = CG(Aleo) </T4R(Q) \u\ ) (Gé(';))>R(P).

Lemma 2.2 in [3] and (1.3) Theorem in [12] imply

G(X,0)  w(Asx)(X))
s(Xx) T a(x)nt

w(A X
Thus for hr(Q) = suPxer(Q)nBL(Q) % we get

w\* C :
</AR(Q) (5) ) = GAR(@),0) </T4R<Q> i </AR<Q> hR)

¢ ) wan@)
< GUR(@.0 </T4R<Q>' ') R

where for the last step we used the Ay, (do) condition. Thus

(L @) <5 (L) :

The result below takes care of the estimate for non-tangential maximal function
away from the support of an (1, co)-atom.

N————
N

Theorem 3.9. Assume that w € Ax(do), where w is the elliptic measure of the op-
erator L*. Let f be a smooth Hardy—Sobolev (1, 00)-atom corresponding to the surface
ball Ar(Qo). Then u the weak solution for L with boundary data f satisfies

IN(Vu)llLr oo\ asr(@0)) < C
for a constant C independent of f and R.

Proof. Without loosing generality we can assume that R < Ry and that f is non-
negative. Since f is a smooth Hardy—Sobolev (1, 00)-atom for Ag(Q) we have |f| <
7. Thus for X € Q\Tbx(Q) Lemma 2.2 in [3] and Theorem 1.8 in [12] imply

ROt

(4) “(X) < CR2_an(AR(QO)) ~ G(X7 AR(QO)) < CW-
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Define R; = {Q € 99 : |Q — Qo| = 2/ R} for j > 3. For Q € R; and X € I'(Q) with
|X — Q| > 27 R we have by (4) and Cacciopoli’s inequality

2 2

C
|Vu|2 S - J[ U,2
ﬁeag{)(x) 6(X) B (X)

c R _C 1
3(X) (27 R)n+e—2 = 2ja (2 Ryn—1"

IN

Therefore

| NET0@dor(@ < [ Non(Vu)(Q)dr(@ + 5

where Ny i is as before the truncated non-tangential maximal function at the height
2/ R. By Cacciopoli inequality in the interior we get

/ Nar(Vu)(@)do(@) < € / (5) @

Thus if we cover R; with finite many balls A, with radius comparable to 2/ R and
apply Lemma 3.8 to each of the balls we get

/ Nan(V(@do(Q) < OIS 1. G)

C(27R)"1 9
< R Z (JCT j u ) ,

o4 A

N

where Ty; =T, (Q4,) for 7}, = r(A}) and @, the center of A},. Inequality (4) implies
that each term is bounded by (ijf%, thus

ROL

C
—_— < —
(2jR)n+a—2 - 2ja

/R. Noi g(Vu)(Q) do(Q) < C(27R)"2

Therefore [, N(Vu)do < O, which means that we can take the sum in j to get
J

YR

/ N(Vu)do < C. O
O\ Asr(Q)

Thanks to Theorem 3.9 we now can reprove Theorem 5.2 of [15].
Theorem 3.10. (R), implies (R) s -

Proof. By Lemma 3.2 it is enough to show that (2) holds for smooth Hardy—Sobolev
(1, 00)-atoms. Let f be a smooth Hardy—Sobolev (1, co)-atom corresponding to Ar(Q)
and u the weak solution for f. Without loosing generality we can assume that R < Ry.
Either by slightly adjusting proof for Theorem 3.6 (or by Theorem 5.4 [15]) we know
that (D*), holds and therefore the elliptic measure w of the operator L* belongs to
Aso(do). From this by Theorem 3.9 we obtain

IN(Vu)llLroo\asn(@) < C-
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For the Agr(Q) part, we use Holder’s inequality and the (R), condition to get

IN(VU)[|zr(asr(@) < CIARQ? [IN(VU)||2r(asr (@)
< ClAR@™ [l v 00) < C,

since f is a (1, 00)-atom for Ar(Q).
It remains to show that |[u[|z1(q) < C. From (4) we see that for X € Q\T>r(Q)
we have
u(X) < CG(X, Ar(Q))
and so
l[ull 1) < Cllullrr@py) + [N (V)| 00) < C,
which completes the proof. O

3.3. (R)ys: implies (R), for some 1 < p < co. We are now ready to establish
the main result of this paper, namely the implication that (R)ge: implies (R), for
some 1 < p < co. In the course of thinking about this problem we discovered that
there are two possible ways to establish this result. One is to adapt the proof in [15]
where for (R), implies (R),+. was established. The other way is motivated by the
proof of the main Theorem in [23] (adjusted with the aid of Lemma 2.5). We decided
we prefer the second method as it avoids the use of a localization theorem and real
variable techniques with rather lengthy proofs. We present this method here.
We define

E\) ={P €dQ: M(N(Vu))(P) > \}.
Theorem 3.11. Assume that (R)gs1 holds. Choose any p € (1,00) for which the

(D*),r holds. Let f € C*°(08) and u be the corresponding weak solution of the Dirich-
let problem. Then there exist positive constants €,n,Cy such that

(5) [E(AN)| < e MNEMN)|+ {P € 0Q: M(M(IV f])) > yA}|
for all X > Xo = Co [, N(Vu)do, v =~(¢) and A= e7v.

Proof. This proof for the (R), case can be found in Lemma 3.4 in [23]. The weak
(1,1) inequality for the Hardy Littlewood maximal function implies

C C o
E\) < — N(Vu)do < ——.
W< [ N < $E
Thus by choosing Cy = Co(2) sufficiently large we can ensure that E(\) < 1|Ag /4],
where Ag, /4 is any surface ball with radius Ro/4. Thus E(X)°NApg, /4 # 0 for A > Ag.
Let {Qr} be a Whitney decomposition of E()\), i.e.,

o E(N) = Uy Q,
hd Zk XQk <K,
e 3QrNEN)¢ # 0.

To prove the lemma it is sufficient to prove that

(6) Qx N{M(M(|V])) < yA} # 0 implies | E(AN) N Qx| < £77Qxl.
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Indeed, since E(A)X) C E()) it follows that for € small enough such that Ke!'*" <
e1+3 we have
|E(AN)| < > |E(AN) N Qk| + [{M(M(|V f])) = v}
{k: QN { Mgy /2(MRy (IV 1)) <yA}#0}
<eTEEN)| 4+ {M M (V) > yA},
which is the statement of our theorem.

Hence we focus on establishing (6). By the properties imposed from the Whitney
decomposition on Qi we have for P € Q:

M(N(Vu))(P) < max{Msq, (N (Vu)), C1A}

for some C7 = C1(2) depending only on the geometry of our domain. Here Mg is a
modified version of the maximal function

Take now A larger than C7 we see by the properties of the Whitney decomposition
on @ that

(7) [Qx N E(AN] < [{P € @ : Msq, (N(Vu))(P) > A},

Let v be a weak solution to the Dirichlet problem for the operator L in the domain
Q with boundary data ¢(f — «), where ¢ € C*°(9€) with 0 < ¢ <1, ¢ =1 on 6Qy,
supp ¢ C 10Qy and o = mek f. Then

|Qr N E(AN] < {P € Qi : Msq, [N(V(u—v))] > 3}
+[{P € Qu: Msq, [N(Vv)] > 5}
C

=

/ N(V(u—v))ﬁd0+£ N(Vv)do =1+ 11
5Qu AN Jsqu

by the weak (p,p) and the weak (1, 1) inequality. We choose p > p so that (D*); still
holds. Since (R)gs holds, Lemma 2.5 for ¢ = 1 implies for the second term

C C
11 < < olr - ollus < QUML)
for any @ € 5Q. Thus we can choose a @ from Qr N {M(M(|Vf]) < vA} to get

1T < F|Qxl.

For I observe that © — v — « is a weak solution with vanishing boundary data
on 6Q. For this term we use the Main Lemma of [23], namely the reverse Holder
inequality for N(Vu).

Lemma 3.12 (Theorem 2.9 in [23]). Assume that (D*), holds. Let w be a weak
solution which vanishes on Ayr(Q). Then

/ N(Vw)Pdo | < / N(Vw) do.
ARr(Qo) A4r(Qo)
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Hence it follows that

I< (A(i)ppﬂ (ﬁ@k N(V(u— ) da>p

c ? ’
< ol (mk N<Vu>do—) +( - N(Wda)]
< o Y+ 0V @il < il

To get the last line we have used the facts that 3Qx N E(N\)¢ # 0 as well as Q N
{M(M(|Vf])) < vA} # 0 and that (R)yg holds. In the last step we hid ~ into a
generic constant C', we can do this since v > 0 will be chosen small in the next step.
Collecting all estimates together we see that

@nsan < el (5 +5)

AP
= |Qx|(Crev + CeP/P)
= |Qule™*(Cyer ™! + O,
for n = 1(p/p — 1) > 0. We now choose ¢ > 0 small enough to make the second term

less than % and then choose v such that the first term is smaller than % Therefore
QN E(AN)| < £"71Qx],

which finishes the proof. ]

With (5) established the proof of the Main Theorem in [23] implies the our main
result. For completeness we include the proof.

Theorem 3.13. There exists 1 < p < oo such that (R)gs: implies (R),.

Proof. By Theorem 3.6 there exists 1 < p < oo such that (D*),s holds. We multiply
(5) both sides with A»~! and integrate then over (\g, A) to get

A
/ |[E(AN)|AP~Hd) < sl+"/
A

0 Ao

A
E(A)|/\p_1d/\+0/|Vf|pdo,

where for the last term we used the boundedness of the Hardy—Littlewood maximal
function on LP twice. Using the change of variables A\ — \ we get

AN A
/ |E\)|APTLATPAT AN < 51+"/ |E(>\)|)\p_1d)\+()/|Vf|pda.

A)\O >\0

By the definition of A we have A'™PA~! = ¢. Therefore the previous inequality
simplifies to

AN A
/ IEO)MPHdN < g"/ IEO)|AP~LdX + C(e) / |V £|P do.
A)\o >\0
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For ¢ small enough such that €7 < % and A large enough such that A > A\g, we can
hide the part £” f;‘\)\o |E(\)[AP~1 d) on the left hand side to get

AA AXo
/ IEQV)WFtda < C [E)|AP~Ed + C/ |V £|P do.

A)\() >\O
By adding fo (A)|AP~1 dX on both sides we end up with
AA A>\o
(8) / |E(N\) NP~ 1d)\<C/ (A)|AP~ 1dA+C/|prda
0

By the definition of Ay, the (R)pgg-condition and Holder’s inequality the first term
of the right hand side is bounded by

p
o ([ NVwds) = Cllflfys < ClilEnaen
Thus sending A — oo in (8) gives [, (M(N(Vu)))? < Cl|fl[515(00), -6

(9) [IN(Vu)l|praa) < Cllflla1e00)-

It remains to check that |[ul|rrq) < C||f]|a1r00)- By the usual splitting into the
positive end negative part, we can without loosing generality assume that f is non-
negative. We have

|ullLr @) < ClIIN(Vu)l[Le0) + CllullLi@r,)
< Ollfllaveao) + I llmst < Cllfllm1r00)- 0

The p in Theorem 3.13 was determined by the p’ for which (D*), holds. Thus
Theorem 3.13 allows to conclude the following:

Corollary 3.14. Let L be an elliptic operator with the elliptic measure of the adjoint
L* operator in Ax(do). Then either

{(i)a(D*)p/ implies (R), for all p € (1,00) for which (D*), holds
(0)s(D*) gmo implies (R) gs
or
(13)a(R), is not solvable for any p € (1,00)
{(ii)b(R)Hsl is not solvable.
It remains an open question whether the second alternative in Corollary 3.14 does
happen or whether (D*),, always implies (R),. By Corollary 3.14, Theorem 3.9, part

of the proof of Theorem 3.10 regarding the ||u[|.1(o) norm and Lemma 3.2, we get
the following:

Corollary 3.15. Assume that for all smooth Hardy—Sobolev (1, 00)-atoms f the weak
solution u of the equation Lu = 0 with Dirichlet data f satisfies

/ N(Vau) < C,
8AR(Q)
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where Ar(Q) is a surface ball on which the atom f is supported and C' is a constant
independent of f. Then
(D*)p implies  (R)p.
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