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TRIANGULATING A CAPPELL–SHANESON KNOT
COMPLEMENT

Ryan Budney, Benjamin A. Burton and Jonathan Hillman

Abstract. We show that one of the Cappell–Shaneson knot complements admits an

extraordinarily small topological triangulation, containing only two four-dimensional
simplices.

1. Introduction

Thurston observed [9] that the figure-8 knot complement in S3 admits a particularly
simple triangulation, having two tetrahedra. If K ⊂ S3 is the figure-8 knot, the
“triangulation” of the complement is what is known as an ideal triangulation, meaning
it is really a triangulation of the 3-sphere with the knot K crushed to a point or
equivalently this is the one-point compactification of the knot complement S3 \ K.
The purpose of this note is to describe a similarly simple ideal triangulation of the
complement of an embedded S2 in S4. It turns out this 2-knot is a Cappell–Shaneson
knot [3]. Section 2 describes the triangulation and why it is homeomorphic to the
complement of a Cappell–Shaneson knot.

We use the word “triangulation” in a slightly more flexible form than “geometric
realization of a simplicial complex” or even “delta complex” in this paper. In short, a
triangulation in this paper is a space constructed by gluing simplices together via affine
identifications of their boundary facets, and where we demand that the characteristic
map of each simplex is an embedding when restricted to the interior of the simplex.

Precisely, the triangulations we use are called “unordered delta complexes” or “gen-
eralized triangulations”. Denote the n-simplex by Δn = {(x0, . . . , xn) ∈ R

n+1 : xi ≥
0 ∀i and x0 + x1 + · · · + xn = 1}. Given i ∈ {0, 1, . . . , n} the ith face map of Δn is
the map fi : Δn−1 → Δn given by

fi(x0, . . . , xn−1) = (x0, x1, . . . , xi−1, 0, xi, xi+1, . . . , xn−1).

Given a permutation σ ∈ Σ({0, 1, . . . , n}), the induced automorphism of Δn is given
by σ∗ : Δn → Δn, σ∗(x0, x1, . . . , xn) = (xσ(1), xσ(2), . . . , xσ(n)). An unordered delta
complex is a CW-complex X such that the domains of the attaching maps are
the boundaries of simplices (rather than discs), φ : ∂Δn → X(n−1), and for each
i, the composite φ ◦ fi = Φ ◦ σ∗ where Φ : Δn−1 → X(n−1) is a characteristic map of
the (n− 1)-skeleton, and σ ∈ Σ({0, 1, . . . , n− 1}) is some permutation. If σ is always
the identity permutation, this would be an ordered delta complex.
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Figure 1. Tetrahedron-pairing graph.

We will describe an ideal triangulation of the complement of a knotted S2 in S4.
Precisely, this is an unordered delta complex structure on the one-point compactifica-
tion of the knot complement, where the only 0-cell is the point at infinity. In 3-manifold
topology, ideal triangulations turn out to be a useful objects for describing hyperbolic
structures on 3-manifolds [10].

2. Triangulating the Cappell–Shaneson knot complement

The triangulation of the figure-8 complement was discovered by a direct observation
from a planar diagram of the figure-8 knot. The triangulation of the 2-knot comple-
ment in this paper was discovered during an enumeration of four-dimensional trian-
gulated manifolds. As far as we are aware, there is as of yet no explicit description of
Cappell–Shaneson knots embedded in S4. While in principle such descriptions exist
[1, 5, 6] in that many Cappell–Shaneson knots are known to be knots in the standard
S4, no explicit embeddings are known.

Our terminology for triangulations is that a 0-cell (0-simplex) is a vertex. A 1-cell
(1-simplex) is an edge. A 2-cell (2-simplex) is a triangle. A 3-cell (3-simplex) is a tetra-
hedron. A 4-cell (4-simplex) is a pentachoron. The plural of pentachoron is pentachora.

Definition 2.1. The central triangulation of this paper is described by gluing two
disjoint ideal pentachora. This means we take two disjoint pentachora, glue their
boundary tetrahedra together pairwise via affine-linear maps, then remove the ver-
tices. The gluings are specified by the tetrahedron-pairing graph in Figure 1. What
this picture means is the two pentachora are labelled “green” (left) and “red” (right)
respectively. The middle edge between the shaded circles emanates with label 3 and
terminates with 1, this means the ideal tetrahedron opposite vertex 3 in the light
pentachoron is glued to the ideal tetrahedron opposite vertex 1 in the dark penta-
choron. The map of the ideal tetrahedron extends uniquely to an affine-linear map
of the entire tetrahedron, which is prescribed by how it permutes the ideal vertices.
The ideal vertices of tetrahedron 3 in the light pentachoron are sent via the map
(0, 1, 2, 4) �−→ (0, 2, 3, 4), that is, vertex 0 is sent to 0, 1 sent to 2, 2 to 3, and 4 to 4.
Similarly for the four other arrows. This triangulation will be denoted M .

Notice, in the description of the triangulation M , we could have left-out the tetra-
hedron gluings such as 0124 ← 1234, keeping only the labels such as 3 and 0 at the
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Figure 2. The face-pairing graph for the ideal boundary ∂M

start and end of the arrows respectively — since the gluings are order-preserving the
gluing maps are prescribed by the indices of the tetrahedra being glued together.

Lemma 2.2. M is an ideal triangulation of a manifold, moreover it is the interior
of a compact manifold with boundary PL-equivalent to S1 × S2.

Proof. In general, if a triangulated 4-manifold is specified by a tetrahedron-pairing
graph as above, one must check the gluings do not induce self-identifications on the
interior of any facet (edge, triangle, tetrahedron). Note that all the gluing maps are
order-preserving, so self-identifications are impossible. Moreover, the triangulation M
admits an involution, which can be described as the unique map that switches the
light and dark pentachora, and reverses the labels of the vertices (0, 1, 2, 3, 4) �−→
(4, 3, 2, 1, 0).

If one runs through the gluings one quickly sees that all the (ideal) vertices are glued
together, there is only one edge remaining after the gluings, four triangles and five
tetrahedra. To finish the proof, we argue that the link of the vertex is a triangulated
S1 × S2, and so this is called the “ideal boundary” or “cusp” and denoted ∂M .
This suffices to prove the triangulation is an ideal triangulation of a manifold. The
face-pairing graph for the link of the vertex is readily computed, in Figure 2.

The vertices of the graph in Figure 2 are labelled by integers 0 through 4, and
they are also shaded. Each vertex of the graph represents a tetrahedron of ∂M ,
which is the link of the ideal vertex of M . The shading indicates which pentachora
they come from, and the integer indicates a tetrahedron linking the vertex of the
indicated pentachoron. Since the triangulation as specified in Definition 2.1 had order-
preserving attaching maps, the attaching maps for the induced triangulation of ∂M
are also order-preserving thus they can be specified precisely by the indices of the
triangles bounding the tetrahedra. For example, the leftmost edge in Figure 2 starts
and terminates in the dark vertex labelled 4. This means we are performing a gluing
operation on two of the triangles bounding the ideal tetrahedra corresponding to
vertices 4 of the dark pentachoron, these are the triangles in the ideal tetrahedron
linking vertex 4 of the dark pentachoron opposite to vertices 0 and 3 respectively. We
glue triangle (1, 2, 3) to (0, 1, 2) in that order, respectively. Similarly all gluing maps
can be reconstructed from Figure 2.

We will show that this triangulation is the union of two triangulated solid tori.
In detail: The leftmost tetrahedron has two of its faces glued together, giving a one-
triangle triangulation of a Möbius band. The tetrahedron itself with those two faces
glued together make a one-tetrahedron triangulation of S1×D2, called a layered solid
torus (A detailed exposition is in [8], but this terminology is sketched below). It’s a
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quite beautiful and strange triangulation. The entire 1-skeleton sits on ∂(S1 × D2),
and only one 2-cell is in the interior, being the triangulated Möbius band. The union
of the two tetrahedra (green and red, both labelled with 4) comprise a (2, 3,−5)-
layered solid torus. This is a triangulation of S1×D2 such that there are exactly two
triangles on the boundary. Since there is a single 0-cell on the boundary, every edge of
the 1-skeleton is a closed curve. Taking a boundary triangle one can coherently orient
its boundary, and write down the signed intersection numbers with the meridian.
This is a well-defined triple (up to changing all the signs, and cyclic permutation).
For this triangulation one gets ±(2, 3,−5). Attachment of either the dark or the light
tetrahedron labelled 3 is along a single face — which on the boundary amounts to
a 1 �−→ 3 Pachner move. Attaching the other light/dark tetrahedron labelled 3 is a
layering operation, in that on the boundary one is performing a 2 �−→ 2 Pachner move.
Attaching either the dark or light tetrahedron labelled 2 is also a layering operation.

Since the triangulation has the involution switching the light and dark pentachoron,
the ideal boundary also has such an involution, permuting the five dark tetrahedral
labelled 0, 1, 2, 3, 4 with the five light labelled tetrahedra 4, 3, 2, 1, 0 in that order.
So ∂M is the union of two solid tori. On the next page we will compute the dual
polyhedral decomposition to the triangulation M , allowing us to compute π1M , and
the homology of M . From the homology long exact sequence of the pair (∂M, M)
and Poincaré Duality, it follows that H1(∂M) must be an infinite cyclic group, but
S1 × S2 is the only 3-manifold with genus one Heegaard splitting and infinite H1.

It should be noted that the software Regina [2] can verify that a triangulated
manifold is PL-equivalent to S1 × S2, and this is how the authors first made this
observation. �

We give a description of the dual polyhedral complex associated to the trianglation
M . It consists of:

• The two vertices at the barycentres of the pentachora, which we label R and
G for light and dark respectively.
• The five edges dual to the tetrahedra will be denoted e0, e1, e2, e3, e4 and they

correspond to e0 ≡ (0124→ 1234), e1 ≡ (0134→ 0123), e2 ≡ (0124→ 0234),
e3 ≡ (1234 → 0134), e4 ≡ (0123 → 0234), where we give the orientation
of the gluing map, from Definition 2.1 respectively. In particular, under our
involution ei �−→ e−1

4−i for all i ∈ {0, 1, 2, 3, 4}.
• The dual 2-cells consist of two hexagons and two squares. The hexagons will be

denoted f1 and f2, the squares f3 and f4. f1 corresponds to the link about the
012 face in the dark pentachoron. f2 the link of 234 in the light pentachoron.
So the involution of M permutes f1 and f2. f3 is the link of 234 in the dark
pentachoron. f4 the link of 012 in the light pentachoron. With appropriate
choices of basepoints, a computation gives

∂f1 = e1e
−1
4 e−1

2 e3e
−1
1 e0 ∂f2 = e−1

3 e0e2e
−1
1 e3e

−1
4

∂f3 = e2e
−1
3 e−2

0 ∂f4 = e−1
2 e1e

2
4.

See Figure 3.
• There is only one 3-cell. It is dual to the edge of M .



TRIANGULATING A CAPPELL–SHANESON KNOT COMPLEMENT 1121

Figure 3. From left to right, the 2-cells f1, f2, f3 and f4, respectively

Figure 4. The link of the edge in M

To make sense of the labellings, note that the periphery of these cells are labelled by
the edges {e0, e1, e2, e3, e4}. This indicates the attaching maps of the (dual) 2-skeleton
to the (dual) 1-skeleton. We are traversing the boundary of the cells in Figure 3 in the
counter-clockwise orientation, and our convention for concatenating paths is right-to-
left. The shading inside the cells indicate which pentachoron that part of the cell is
in. Each cell consists of a union of triangles, and these are the normal facets to the
triangles of M inside its pentachora. So a light triangle with labels 2 and 4 (say, in
f1) indicates this is the edge normal to the triangle 013 in the light pentachoron.

The triangulation of the link of the edge in M is included in Figure 4. Pictured
are two combinatorial discs whose union is a sphere. Each disc includes some overlap
with the other. The discs are given as a union of light and dark triangles. At the three
corners of the triangle are numbers. For example, a dark triangle with 4, 1 and 0 in its
corners means that it is the triangle normal to the edge 2, 3 in the dark pentachoron.
Also in the picture is the dual polyhedral decomposition, showing how these normal
triangles, when put together, can be expressed as a union of the dual 2-cells f1, f2, f3

and f4. This re-writing is more explicit in Figure 5.
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Figure 5.

The attaching map of the triangulated edge link, given in the 2-cells {f1, f2, f3, f4}
is in Figure 5.

Proposition 2.3. The manifold M triangulated in Definition 2.1 is the complement
of an embedded S2 in a homotopy S4.

Proof. To verify this claim, we need to check that we can obtain a homotopy 4-sphere
by attaching a D2 × S2 to the ideal boundary.

As observed in the comments following Definition 2.1, the dual polyhedral
decomposition has two 0-cells {G, R}, five 1-cells {e0, e1, e2, e3, e4}, four two-cells
{f1, f2, f3, f4} and a three-cell. If we collapse any one of {e1, e2, e3} the induced
1-skeleton has a single 0-cell, and so the induced 2-skeleton gives us a presentation of
the group. Collapsing e2 gives us

〈e0, e1, e3, e4|e1e
−1
4 e3e

−1
1 e0, e

−1
3 e0e

−1
1 e3e

−1
4 , e−1

3 e−2
0 , e1e

2
4〉

and we can use the last two relators to eliminate e1 and e3 respectively. Re-labelling
e0 and e1 to be a and b respectively gives us the presentation

π1M  〈a, b|ba2 = a3b2, b2a = a2b3〉.
Notice that the closed curve in M corresponding to a is parallel to a generator of
π1(∂M), and if we were to append the relator a = 1, the group would be trivial. Since
M has the homology of a circle, attaching an S2 × D2 to its boundary results in a
homotopy 4-sphere. �

The Cappell–Shaneson knots [3] are embeddings of S2 in a family of homotopy
4-spheres. As of this date, it appears likely that all of these homotopy 4-spheres are
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diffeomorphic to the standard smooth S4 [1, 5, 6], although until quite recently these
homotopy 4-spheres were considered possible counter-examples to the smooth four-
dimensional Poincaré Conjecture.

Given a manifold N , and a diffeomorphism f : N → N , there is an associated
bundle N ×f S1, this is “the bundle over S1 with fibre N and monodromy given by
f .” Its precise definition is the quotient space N ×Z R ≡ (N ×R)/Z where Z acts on
the product N ×R by n.(p, t) = (fn(p), n + t), and where fn is the n-fold composite
of f with itself. Given a matrix A ∈ GL(Z3), by design A acts on R

3, and also by
design A preserves Z

3 ⊂ R
3, thus A acts on R

3/Z
3 ≡ (S1)3. Since A fixes the origin

in R
3, it fixes a point in (S1)3, call it ∗. The Cappell–Shaneson manifold associated

to A is

CS(A) =
(
(S1)3 \ {∗})×A S1

and pA(t) is defined to be the polynomial pA(t) = Det(A− tI).

Theorem 2.4 ([3]). CS(A) is the complement of a knot in a homotopy 4-sphere
provided pA(0) = 1, and pA(1) = ±1. It is the complement of two inequivalent knots
in homotopy 4-spheres if further it is true that pA(t) > 0 for all t ∈ (−∞, 0) ⊂ R.
Moreover, pA(t) is the Alexander polynomial of the complement of these knots.

It’s also known that a Cappell–Shaneson manifold CS(A) is the complement of two
distinct knots in homotopy 4-spheres unless pA(t) = 1+2t−t2−t3, where “distinct” is
in the sense of homeomorphisms of pairs (S, K) where S is a homotopy 4-sphere and
K ⊂ S is a tame topologically embedded 2-sphere. See [7] Theorem 18.5 for details.

Proposition 2.5. π1M is isomorphic to the fundamental group of the complement
of the Cappell–Shaneson manifold CS(A) and with A =

[
0 0 1
1 0 0
0 1 −1

]
with pA(t) = −t3 −

t2 + 1.

Proof. Think of the presentation

π1M  〈a, b|ba2 = a3b2, b2a = a2b3〉

as describing the 2-skeleton of a CW-decomposition of M . We lift the cell structure
to the universal abelian cover M̃ of M to compute a presentation of π1M̃ . This
can also be thought of as the Reidemeister–Schreier technique, for the kernel of the
abelianization map π1M → Z. Our abelianization map will send a �−→ −1, b �−→ 1.
Let an and bn be the lifts of a and b, respectively, that emanate from the nth lift
of the 0-cell, while an terminates at the (n − 1)th lift, and bn at the (n + 1)th lift.
Crushing all the bn’s to a point gives a wedge of circles. This gives us the presentation

π1M̃  〈{an : n ∈ Z}|{a−1
n a−1

n−1anan+1an+2, a
−1
n an+2an+3 : n ∈ Z}〉

Using the relators a−1
n an+2an+3 for all n ∈ Z, we can eliminate variables an for n ≥ 3

and n < 0, leaving only the generators a0, a1, a2 and the relators a−1
n a−1

n−1anan+1an+2,
which once reduced via the relators a−1

n an+2an+3, gives the presentation

π1M̃  〈a0, a1, a2|[a0, a1], [a1, a2], [a0, a2]〉  Z
3.



1124 R. BUDNEY, B. A. BURTON AND J. HILLMAN

This π1M is a semi-direct product of Z and Z
3, so we need only determine the

monodromy. The inclusion π1M̃ → π1M is given by ai �−→ b1−iabi. The action of Z

on π1M̃ can be thought of as being generated by conjugation by b, i.e., z �−→ b−1zb,
thus it is given by ai �−→ ai+1 for i = 0, 1 and a2 �−→ a−1

2 a0. The corresponding
matrix A is therefore

A =

⎡

⎣
0 0 1
1 0 0
0 1 −1

⎤

⎦ .

�

Proposition 2.6 ([7]). If a knot complement in a homotopy 4-sphere has fundamental
group isomorphic to the fundamental group of a Cappell–Shaneson manifold, then
the knot complement is homeomorphic to the corresponding Cappell–Shaneson knot
complement.

Proof. This proposition is implicit in the work of Hillman [7]. We summarize Hill-
man’s argument here. Given a knot complement X in a homotopy 4-sphere, we can
obtain a closed 4-manifold by attaching a D3 × S1 to the boundary. As an oriented
smooth manifold, this is well-defined since all diffeomorphisms of S2 × S1 extend to
diffeomorphisms of D3 × S1. This manifold is called “the knot manifold” and we de-
note it N . The inclusion X → N induces an isomorphism of fundamental groups,
and χ(N) = χ(X) + χ(D3 × S1)− χ(S2 × S1) = 0. To recover X from N one has to
take the complement of an open tubular neighbourhood of the core {0} × S1 of the
attached D3 × S1 in N . π1X is normally generated by its meridional class, therefore
the core {0}×S1 ⊂ N normally generates π1N . So the manifold N together with this
normal generator of π1N determine X.

Given a Cappell–Shaneson knot complement, the associated knot manifold is diffeo-
morphic to (S1)3 × S1 where the monodromy is some orientation-preserving
automorphism of (S1)3. Moreover, up to conjugacy there are precisely two elements
of the fundamental group which normally generate, one the reverse of the other. Thus
Cappell–Shaneson knot complements are determined by their knot manifolds. If we
start with a knot manifold N whose fundamental group is isomorphic to that of a
Cappell–Shaneson knot complement, Theorem 6.11 of [7] states N must be homeomor-
phic to a manifold of the form (S1)3×S1. Therefore the corresponding complement is
well-defined up to homeomorphism, so the manifold is homeomorphic to a Cappell–
Shaneson knot complement. Hillman’s proof of Theorem 6.11 has two main steps.
Step one involves showing that N is a K(π, 1), this is Corollary 3.5.1 of [7]. Step two
involves showing there is no obstruction to doing topological surgery, which follows
from work of Farrell and Jones, plus Freedman’s foundational work on topological
surgery. �

Corollary 2.7. M is homeomorphic to CS(A).

Problem 2.8. Find a PL equivalence between M and CS(A).

Perhaps the most appealing way to approach this problem would be to find natural
ideal triangulations of Cappell–Shaneson knot complements, perhaps in the spirit of
Floyd and Hatcher’s work [4] on bundles over S1 whose fibre is a punctured torus.
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One of Thurston’s broader observations in creating the ideal triangulation of the
figure-8 knot complement is that knot and link complements in S3 have fairly natural
ideal polyhedral decompositions. Given a link L ⊂ S3, let νL be an open tubu-
lar neighbourhood of L. Further, let π : S3 → [−1, 1] be orthogonal projection
onto some unit vector v ∈ S3. Isotope L so that νL ⊂ π−1[−1

2 , 1
2 ]. Generically,

π : S3 \ νL → [−1, 1] is a Morse function that has precisely one maximum, and one
minimum, and whose only other critical points are on ∂(νL) corresponding to local
maximal and minima π on L. Stratified Morse Theory gives a cellular decomposition
of the complement. The corresponding presentation of π1S

3 \ L is called a Wirtinger
presentation of the link complement’s fundamental group. π−1(0) is a great 2-sphere,
so we can identify π−1[−1

2 , 1
2 ] with S2× [−1

2 , 1
2 ]. If orthogonal projection of L onto S2

is a regular link diagram, the link diagram induces a CW-decomposition of S2 where
the vertices are the crossings, and the edges are segments of the projected link. This
CW-structure lifts to a CW-decomposition of S3 \L with only two 3-cells correspond-
ing to the max and min of π, together with a two-dimensional CW-complex which
is the union of a CW-structure for ∂(νL) together with two-dimensional cells that
project to the CW-decomposition of S2 corresponding to the planar link diagram.
There are also one-dimensional cells that project to the vertices of the link diagram.

The upshot of this observation is that the complement of the link is the union of two
3-balls along certain strata in their boundary. An analogous construction builds poly-
hedral decompositions of link complements in S4. Given that this Cappell–Shaneson
knot complement has such a simple triangulation, perhaps Cappell–Shaneson knots
should appear quite early in any relatively small census of knots in S4.
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