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ENDPOINT BOUNDS FOR MULTILINEAR FRACTIONAL
INTEGRALS

SEUNGWOO KUK AND SUNGYUN LEE

ABSTRACT. We prove that the multilinear fractional integral operator In(f1,...,
fr)(@) = [gn fr(x—01y) ... fr(z—0ry)ly|* "dy, where 0;, j =1,...,k are distinct and
nonzero, (due to Grafakos [G]) has the endpoint weak-type boundedness into L™ when
r= . Hence, we obtain by the multilinear interpolation theorem that I, is bounded

n
2n—a
into L" for all r > ﬁ Moreover, We also prove that I, is not bounded into L" for
any r < 5-"—
Hilbert transform H(f,g,h1,...,he)(x) = pv. [ f(z+t)g(z —t) Hle hj(z — Gjt)%,
where 6; # 1 are distinct and nonzero, is not bounded into L” for any r < % under
some conditions on 6;’s.

under some conditions on 6;’s. Similarly, we show that the multilinear

1. Introduction

The purpose of this note is to describe the endpoint boundedness result on the higher-
order multilinear fractional integral operator I, acting on functions of R™ defined as
follows

(1.1) Ia(fl,...,fk)(x) = - fl(x — Hlt) . fk;(fﬂ _ Hkt)|t|a_” dt,

where 0 < a < n, k denotes an integer > 3, and 0, j = 1,...,k, are fixed, distinct,
nonzero real numbers. In 1992, Grafakos [G] proved that I, is bounded from LP* x
.-+ X LPx to L", where % = p% + 0+ pik — 2, p1,---,pk > 1, under the crucial
restriction 1 < r < co. Kenig and Stein [KS] treated another type Z, of multilinear
operator of fractional integration defined by

(1.2) To(frs f2r- s frg1) ()

= fi) f2(l2) - fera(le1) K (21, . . 2g)day - - - dog,

Rnk
where K(z1,...,2%) = |(x1,...,2)| 7" T 2; e R",1 < j < k, 2z € R", and |; =
Li(z1,...,2,2),1 < j < k+ 1, are linear mappings from R**+1) to R™ satisfying

appropriate assumptions, see [KS].
The operators I, and Z, could be regarded as modified multilinear versions of the
bilinear fractional integration

Ba(f,9)(z) = . flx—t)g(z +t)[t|*"dt.

In [GK,KS], it is shown by very elementary considerations that B, is bounded from
LPr x LP2 to L" for the full range 1 < p; < 00, ¢ = 1,2, and % = p% + p% — &, with
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r < oo instead of the crucial condition 1 < r < oo for boundedness of I,. Viewing the
bilinear fractional integration B, as a special case of I, with k = 2, we would like
to investigate the property of I, for the range r < 1. As a boundedness result, the
endpoint weak boundedness is established in Section 2. The unboundedness results

are given in Section 3. To be more specific, we show that I, is not bounded into L" for
n

any r < 5-"— under some conditions on 6;’s. Similarly, we show that the multilinear
Hilbert transform H(f, g, h1,...,he)(z) = p.v. [ flz+t)g(z—t) H§:1 hj(z—0;t)%L,

where 6; # £1 are distinct and nonzero, is not bounded into L" for any r < % under
some conditions on 6;’s.

2. The endpoint weak-type estimate of I,

Let us first treat the following preliminary result.

Lemma 2.1. Let

I(fi,..., fu)(x) = fi(w —61t) - fu(x — Opt)dt,

Rn

L(fl,...,fk)(x)—/ Fi(x—618) - (o — Opt)dt,

[t]<2

fori € 7. Assume thatp%—l—-~-—|—L 2, p;>1,j=1,...,k. Then

PE

k
@) (1o Bl <C T 15l -
j=1

k
(i) Ia(frs-os f)ll 3 < C2™ TTIfilwes

j=1

We adapt the argument of the proof of Lemma 5 in [KS].

Proof. Without loss of generality, we may assume that f1,..., fr > 0. We begin with
proving (i).

k
II(f1,. . o)l :/Rnl(fl,...,fk)(a:)dx:/w/nHfj(:c—ejt)dtdx
j=1

k
< Cllfillelfellos TTIfi =

Jj=3

where the last inequality follows from using the change of variables and Fubini’s

theorem. Thus, I is bounded from L' x L' x L>® x --- x L™ to L'. We write it as
k k

—_—~— —_——
I:(1,1,0,...,0) — L'. Moreover, we have I : (1/py,...,1/p) — L', where the two
among {p; : 1 < j < k} are 1 and the other else are oo, by interchanging the roles

of the functions f; in an arbitrary way. By multilinear (Riesz-Thorin) interpolation
theorem, (i) follows. We next show (ii) when i = 0. For @ € Z", we let Qz be the unit
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size cube in R", whose bottom left coordinate is @. Then

Qa a v [t<1

k
gc/ fl-/ fo- Tl o=,
Qx Q% j=3

for some sufficiently expansion (depending only on 0;, j =1,...,k) Q% of Q5. Thus,

k
Zo(f1s - fo)llzr@a < CllAllz@ollfll @z [T Il @s)-

j=3
Moveover, we have the same boundedness of Iy by interchanging the roles of the
functions f; in an arbitrary way:

k
[ o(f1,- -5 f)llr s < CH 1£illzes (@2

j=1

where the two among {p, : 1 < j < k} are 1 and the other else are co. By multilinear
(Riesz—Thorin) interpolation theorem as proving (i), we have

k
(2.1) 1o (f1s - f)ll @y < CH 1£illzes (@2

=1
_ 1 1
for 2 = m —|—-~~—|——pk. Hence

[Lo(frs-- s i)l 3 =

where the first inequality holds by Jensen’s inequality and the second inequality by
Hélder inequality for sequences for (2.1). Finally, since the {Q%} have finite overlap,

N
> th J7)7 < C|fjllpes, for each j = 1,..., k. Hence, we have shown that (ii)

follows when ¢ = 0. For the remainder cases i # 0 else, (ii) follows from the case i = 0
by scaling. Lemma 2.1 is established. O

Our main result is the following.

Theorem 2.2. I, is bounded from LP* x --- x LP* to LT for p% + -t i =
2,p;>1,5=1,...,k.
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Proof. This proof is the adaptation of Example 5.6. in [GK]. However, we expose the
details with amending the misprint of Example 5.6. in [GK] for the convenience of
the reader.

We may assume that fi,..., fr > 0. We note that

Io(f1seooi fi) < CZQi(a_n)Ii(fla oo fi)-
i€
Observe that for any measurable set E with finite measure

/E(Ii(fl""’f’“)(x))mdx < (/E Ii(fl,-~-,fk)(ﬂf)dx)1/2 |B|Y?

k
1/2
<TI0 B2,

where the first inequality follows from Holder inequality and the second from Lemma
2.1 (i). This observation and Lemma 2.1 (ii) implies that for any measurable set E
with finite measure we have

k
(2.2) /E Lifr, - i) (@) 2dn < © T 15142 min(2im, [E])Y/2.
j=1

Let K be a compact subset of Eyx = {x : [I,(f1,-.., fr)(xz)] > A}. Then applying
Chebychev’s inequality and (2.2), we obtain
ZQZ(Q n)I fl) ceey fk)(x)

/\1/2|K| < /
iE€EL

<2 [ B @) e

€7

1/2
dx

< ailemmr? H £ min(2™, [ K[)/2

i€Z

<C Z 2i(a7n)/22in/2 Z gi(a— n)/2|K|1/2 H”fj”i/l’%

27Ln<|K‘ |K‘<21n

<C (|K|a/2n + |K‘(ocfn)/2n|K‘1/2) H ”f]”},/lg
j=1

k
a/2n 1/2
= CIK >/ T 141
j=1
This means that

MK < CH 1f5llzes .t

j=1

11t has a pedagogic meaning as an analysis technique to consider a compact subset K of Ey,
because of having divided |K|% here.
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Taking the supremum over all compact K C F) and using the inner regularity of
Lebesque measure, we obtain that

k
AEP™% <O T Illees
j=1

which is the required weak-type estimate LP* X --- x LPx — L5 Theorem 2.2 is
now completely proved. O

Remark 2.3. Substituting f1 = do, we have Io(f1,..., fe)(®) = fo(z — O24) f3(x —
O35-) - fr(z—0k5-)|5-|*~". This shows that in Theorem 2.2, the strong-type bound-
edness of I, for 1+ p% + p% + o+ ka =2, pa,...,px > 1 is not established.

We find the usefulness in the following multilinear Marcinkiewicz interpolation
theorem for Lorentz spaces, which is introduced from Theorem 3 in [KS].

Theorem 2.4 (Theorem 3 (Janson [J]), [KS]). Suppose that an k-linear operator
T: LIPS % oo x LPRl — L9920 where 0 < pi; <00, 0<q; < oo, for k+1 points
) 1<j<k+1 inRF, that do not lie on the same hyperplane. Suppose

1
(ITj""’Pk
further that there are real numbers ag, aq, . .., with a; >0 fori=1,...,k, so that
——ao—l—zllp.,forj—l ., k+1. Then

. ,8 2y S ,8
T: PP x oo x [PRS% — [DS

11 .41 1 11N Jiee
where 1 <sZ §oo, < 1— 511—|— + 0 cmd(p1 POEEE ’pk’q) lies in the open convex
hullof( 7P2 ,...,E,qu).

Remark 2.5. Instead of the above multilinear interpolation theorem, we may use a
multilinear interpolation theorem of [GLLZ] to pay attention when the case s; = co
in proving Theorem 2.6 in the following. Thus, the proof of Theorem 2.6 may be a
sketch of the proof of Theorem 2.6.

We improve Theorem 1 of [G] by applying the preceding theorems.

Theorem 2.6. I, is bounded from LP* x --- x LPk toLTfor%:p%—i- +f—%,
27Lo‘<7“<oo pi>1,i=1,...,k. (In fact, I, is boundedfmmLplx - X LPx to
.S -1 4 ... 1 1_1,...41_ a —
L» ,where;—pl—k —l—pk,forr—pl—l— + <r<oo, pi>1,1=

n’ 2n «
k)

Proof. By applying Theorem 2.4 (multilinear interpolation theorem), this follows from
Theorem 2.2 in this paper and Theorem 1 in [G], and Remark 4 in [KS]. Indeed, since
LP D LP! for p > 1, we have by Theorem 2.2 that I* is bounded from LP%* x ... x
kaj’ltoLrj’oo,forrj: " £ 4. —|———2,pijZI,izl,...,k:Whenjzl.

2n—a’? P1;

Since I% is bounded from LP* X --. x LPk to L", for p%—%—-"—i— ]le -0 = %, r >

1,p; >1,i=1,...,k (Theorem 1, [G]), and L™> D L", we have that I is bounded

from LPU! x ... x LP%! to L7, where p%j—l—---—l-ple -0 = %j, r; > 1, pi; >

1,i=1,...,k, when j =2,... k+1, satisfying k£ + 1 points (p%,...,pk ) eRF j=
J

., k=+1 that do not lie on the same hyperplane. Now by applying Theorem 2.4 with
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considering the open convex hull consisting of ( ) pi yeens pi , 1“7) J=1,...k+1,
we obtain that I, : LP151 X - -« X LPeSk — [[75, where 1<s; < o0, % = g“‘"""i
forp%—l—-~~—|-pik—%:i, s <1 <oo,p; >1,1=1,...,k Taking s; = p;, and
then % > %, so that L™ C L", we obtain that I, : LP* X --- X LP* — L" (Remark
4, [KS]). This completes the proof. O

Remark 2.7. In conclusion of this section, the question whether there exist results
when r < 1 for I,, raised in [KS] is solved manifestly in this paper. (the range r <
is dealt in the next section 3 as the unboundedness of I, see Theorem 3.2.)

2na

3. The unboundedness of multilinear fractional integration
and Hilbert transform

Observing Remark 2.3, the strong-type boundedness of I, does not hold for the
hyper-line p; = 1 for either 4 = 1,...,k included in the hyperplane i e
2, p1y. .., 0k > 1. However the fallure of the strong-type boundedness of I, for the
open hyperplane - ottt plk = 2, p1,...,pr > 1 is unknown. Hence, considering
the multilinear interpolation theorem, the boundedness of I, beyond the hyperplane
p% +-e 4+ pik =2, p1,...,pr > 1is yet to be known. Thus, we investigate whether I,
is bounded for p% + -+ pik > 2, p1,...,pr > 1 in this section.

Let us first state the Theorem of M. Christ [C] which is used to obtain our results.

Theorem 3.1 (Theorem 1, [C]). Suppose that {S;} is nondegenerate.
If {S;} is not rationally commensurate, then for any p < 3/2, there exist nonneg-
ative functions f; € LP and a set E C R of positive Lebesgue measure such that

T(f1, for f3) (2 /t|<1 Hfj — oo,

foralzxeFE.

Here, we would mention the reference [C|, p.44 about the definition of rationally
commensurate and nondegenerate of {S;}. To put it briefly, it may be said that the
above trilinear operator T'(f1, f2, f3) has a rationally commensurate {S; : 1 < j < 3}
if T(f1, f2, f3) is reduced to a canonical form [ fi(z+1t)fo(z —t) f3(x — 0t)dt for some
parameter § € Q\{0,—1,+1}, or to [ fi(z + ¢) fa(x — ¢) f3(t)dt by simple symmetries
invariant on the boundedness of the operator, as explained in [C], p. 45. Thus, we
may regard fHJ 1 fi(Sj(z,t))dt in the above Theorem 3.1 as a generalization of
[ fi(z —601t) ... fi(xz — Oxt)dt, where 6;’s are nonzero and distinct.

Before stating our theorem in the following, we may note that homogeneity con-

siderations imply that I, (f1,..., fx) can map LP* X --- x LP* — L" only when
1 1 «Q 1
4 = - 2=
b1 Pk n r

Theorem 3. 2 In some cases of 0;’s, 1, is not bounded from LP* x --- x LP* to L"
for any r < equivalentlyp—ll+--~+pik>2,p1,...,pk>1.

2n a’
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Proof. By referring to Section 7 Remarks in [C], we have a higher-order multilin-
ear analogue of Theorem 3.1 (ii). Given finitely many distinct coefficients 6; # £1,
consider the multilinear operator

k

Tl doe) = | Filet0f(e =0 1/ —o;0)dt.
t|<1 :
< j=3
Suppose 63 ¢ Q. Define v, = (1 +6,)/(1 —6,;) for j = 3,... k. If all ;/v3 are
rational, then for any p;, ¢ = 1,...,k with p% 4+ 4 pik > 2, p1,...,pk > 1, there
exist nonnegative f; € L i = 1,..., k for which T(f1,..., fx)(x) = +oc for all z in
a set of positive measure.? Since

k
fl(:c—l—t fo(x—t) Hf] x—0;t) |t|i — > Ala+t) fale—t) [] £i(z—0;t)dt

the proof is complete. O

Viewing the boundedness and the unboundedness of I, in the preceding, we regard
that the ranges r < 5 and 5-"— < r < oo of the boundedness and the unbounded-
ness of By, respectlvely, are the same with those of I,. We may note that B, and I,
have the same integral over R™, comparing that Z,, in (1.2) have the integral over R™*.
In contrast to the boundedness of I,, we may also observe that it is shown in [KS]
that Z,, is bounded into L" for the full range r < oc.

Let us consider the multilinear Hilbert transform as following: given distinct and
nonzero 0; # £1,

k
(3.1) H(f,g,h1,... "y —pv/fx—i—l x—lH x—@tdt

We may note that it follows from homogeneity considerations that H(f, g, h1,...,hx)
maps from LP' x --. x LP*+2 to L™ appears only when

1 1 1

p1 Pk+2 r
We assume in Theorem 3.3 below that p;, > 1,7 = 1,...,k + 2. The case p; < 1,
for any i = 1,...,k + 2, is impossible for the boundedness of H, which is seen easily

by the indirect proof using the multilinear interpolation theorem since H is not of
strong-type bounded on LPi x L>® x --- x L (the order of {p;,o0,...,00} of the
product space is arbitrary) when p; = 1.

The bilinear case of H(f, g, h1,...,hx) is well-known as the bilinear Hilbert trans-
form H(f,g). We see that H(f, g) is not bounded from LP* x LP? to L" for any r < 1/2
since p1, p2 ought to be > 1 for the boundedness of H(f, g). Referring to our results in
the preceding that I, and B, have the same range for the unboundedness, we question
whether the multilinear Hilbert transform H(f, g, h1,...,hx) and the bilinear Hilbert
transform H (f, g) have the same unboundedness range. The following theorem states
that the answer about it is indeed positive. However, the authors would mention that
the following theorem is nothing else but to change the location of functions f, g of

2For detail about it, the readers may refer to the proof of Theorem 3.3.
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the operator T in Section 2 of [C], because we use almost identically the argument
of [C] to prove the following theorem for the completeness of the proof.

Theorem 3.3. In some cases of 0;’s, H(f,g,h1,...,hx) is not bounded into L" for
any r < 1/2. In particular, for given irrational 6 with _11__99 > 0, the trilinear Hilbert
transform H(f,g,h) = p.v. [ f(z+t)g(x —t)h(x — 0t)% is not bounded to L™ for any

r<1/2.

Remark 3.4. After this work, we learn the result of C. Demeter [D] about the
unboundedness of the trilinear Hilbert transform:

(3.2) H(f,g,h) =p.v. / flx+t)g(x + 2t)h(xz + 375)%

is not bounded into L" for any r < £(1+ 1fi%:2). Observe £(1+ 13%%:2) < 1/2. We

may note that the case of {S;} in (3.2) is rationally commensurate, comparing that
the case of {S;} in the above Theorem 3.3 is irrationally commensurate.

Proof. Let us denote v; = %;%7 for each j = 1,...,k. Let 0, be irrational with
J
Y= _1:6,?1 > (0. Then there exist rational approximations that there are sequences

{¢n} and {d,,} of positive integers tending to oo such that ¢,, d,, are relatively prime
for each n, and so that

1

dz’

n

-1 - 91 Cn
(3.3) ‘1 Ty

Let 6, j = 2,...,k be such that ~;/v; is positive rational. Then for each j =
2,..., k there exist integers a;, b; such that for ¢,, d,, in (3.3)

1
@.

—1-— 9]‘ . ban
1-— 9j ajdn

For simplicity, we drop the subscript n, and write ¢, d for ¢,, d,. Set N = d and
§ = C(N)~2, for sufficiently small C. Let us consider the sets

d
F= U{m:|x—id_1|<5},

Hi= |J {z:lz—lyl <Coyd}, j=1,... .k

I=a; §+b;

where y = (1 —0;)/(2a;d), a1 = by = 1, and C5; is a large constant to be chosen

later. Set f = Z?:% Jis 9= 9m, hj =3 hiy, j=1,...,k, where f;, gn, and hy;
are the characteristic function of the ¢th, mth, and [th component intervals of F', G,
and Hj, j =1,...,k respectively.
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Let us consider the operator H(f, g, hi,...,hx) of the theorem:
, dt
H(fvg)hla-"ah *hm / f$+t)g$—tH x—@t

e k dt
t)g(x —t) —0;t
+ Oof(x+) x jl—[ (z )t

Then the second term is zero since the intersection of f(x + ¢) and g(xz — t) corre-
sponding to x is on the positive axis of t. Thus

k
> dt
H(f,g,hl,...,h)—hm flz+t)glz—1) H
€ j=1
[e9) k dt
:/ fla+0g(e — ) [] hitw— 05
0 i
Since
k k
/ flx+t)g m—tH x9t>/fx+t xftH (x — 0;t)d
Jj=1 j=1

:T(fvgvh17~-~7 )(JJ)’

it suffices to treat T(f,g,hi1,...,hx) instead of H(f,g,h1,...,hi) to show the
unboundedness of H(f,g,h1,...,hg).

Each functions f,g,hy,...,h has || - |, ~ (N&)V/? ~ (N"H)V/P ~ N71/P. We see
that T(fj, gm, 1,...,1) ~ & on the interval of length ¢ centered at (id~*—mc~')/2, and
is supported on the concentric interval with length 26. Since |[id~* —mc ™| > (dc)™! ~
N~2 for all (i,m) # (0,0), the points id~* —mc~"! are distant more than N =2 for each
other pair of indices ¢, m. Hence, T(fj, gm,1,...,1) have pairwise disjoint supports
for distinct pairs of indices i = d/2,...,d, m=1,...,¢/2. Thus, T(f,g,1,...,1) ~ ¢
at a set &y of measure > N2§ ~ 1. Here, the set £y are subsets of some interval
independent of V.

If v +t=id ' and z —t = —mc!, then for each j = 1,...,k

w00 = 5 {0 =092 1 (-1 -0 ]

2 a;d bjc
1 i+ b . _
=S~ ej)i“”a_dfm +met - O(N~2) = (a i + bym)y + O(N~2),
J

thus setting | = a;i + bjm there exists Cy ; such that |(z — 0;t) — ly| < Cs ;6. Thus,
we see that if x +t € supp(f) and « — t € supp(g), then x + 0;t € supp(h;). Hence
T(fugvhlv‘”»hk) :T(f’ga]-avl)

Therefore, we have

k
T(f, 901, hi) (@) /(| Fllpn gl TT 123015, 12)
j=1

25/(]\{5)ﬁ “erk“ N]\/vplljL +Pk+2 :N%—z
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for all x € Ey, for all N. If r < 1/2 then this exponent %— 2 is positive. The remained
proof is straightforward; see Section 2 of [C].
We omit the detail of the trilinear case, which is the special case of the multilin-

ear case. ]
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