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ON 6-CANONICAL MAP OF IRREGULAR THREEFOLDS OF
GENERAL TYPE

JUNGKAT CHEN, MENG CHEN AND ZHI JIANG

ABSTRACT. We prove that, for any non-singular projective irregular threefold of general
type, the 6-canonical map is birational onto its image.

1. Introduction

Given a non-singular projective variety V of general type, by definition, the
pluricanonical map ¢, is birational for all sufficiently large integer m. It is natural
and interesting to find an effective bound for m. By the result of Hacon-McKernan [8],
Takayama [11] and Tsuji (cf. [12]), one knows that there exists a positive integer r,,
depending only on n = dim(V) such that ¢,, is birational for all m > r,. In the
case of threefolds, the previous work of the first two authors (cf. [3,4]) shows that
T3 S 73.

In this paper, we study irregular threefolds (i.e. ¢(V) > 0) of general type. Recent
developments on the technique inspired by the Fourier—Mukai transform show that the
geometry of irregular threefolds is very similar to that of general fibers of the Albanese
map. Noting that the five-canonical map of a general type surface is birational, one
may expect that (5 is birational too for those threefolds, which admit a fibration over
(a subvariety of) an abelian variety. Indeed, given a non-singular projective irregular
threefold of general type, it has been proved by Chen and Hacon [6, Theorem 2.8,
Proposition 2.9] that ¢,, is birational for all m > 7 and, moreover, that ¢j is birational
if X(wx) > 0.

The aim of this paper is to prove the following;:

Theorem 1.1. Let V be a non-singular projective irreqular threefold of general type.
Then g is birational.

2. Proof of the main theorem

2.1. Reductions. In order to prove Theorem 1.1, we have the following reduction
to special cases:

(1) Let V be a non-singular projective threefold of general type. Take any bira-
tional projective model W of V' so that W has at worst canonical singulari-
ties. Then V' and W share the same birational invariants and ®,,x,, =~ @i, -
Therefore, it is sufficient to prove the statement of Theorem 1.1 just replacing
V with any suitable birational model W.
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(2) By Chen and Hacon [6, Proposition 2.9], one only needs to consider the fol-
lowing situation (since, otherwise, |6 K| gives a birational map):

(f) The Albanese map of V' induces the fibration ay : V- — C onto
an elliptic curve C, of which the general fiber is a (1,2) surface S,
ie., (K%O,pg(S)) = (1,2), where Sy is assumed to be the minimal
model of S.

(3) Also due to Chen and Hacon [6, Theorem 1.1], we may assume that x(Oy) > 0
(since, otherwise, |[5K| gives a birational map).

(4) By running the minimal model program, one obtains a relative minimal model
X — C of ay where X has Q-factorial terminal singularities. Then Kx,c is
nef (see, for instance, Ohno [9, Theorem 1.4]), which means that X is minimal
since K¢ is trivial. In the proof of Theorem 1.1, we may and do replace V' by
a minimal model X (i.e., Kx nef), which has at worst Q-factorial terminal
singularities.

Corollary 2.1. Suppose V (or X) satisfies 2.1(2) and 2.1(3). Then ¢(X) = 1,
pg(X) = h2(Ox) <2 and thus x(Ox) = 0.

Proof. Clearly one has q(V) = 1. Since ¢(S) = 0, we see h?(Oy) = h'(a,wy). So one
has x(Oy) = h*(Ov) — pg(V) = h'(awwy) — h?(a.wy) = —deg(aswy ) < 0 by the
semi-positivity theorem of Fujita [7]. Thus x(Oy) = 0 and py(V) = h?(Oy ). Also by
the semi-positivity of a.wy = a.wy,c, pg(V) = h*(Oy) = bl (a.wy) < rk(awy) = 2.
By Reid’s R-R formula in [10], one can see P>(V) > 0 and Py, 41(V) > P, (V) for all
m > 2. O

2.2. Definitions and lemmas. Before proving the main result, we would like to
recall some notion and results in Chen and Hacon [6].

Definition 2.2. For any vector bundle £ on an elliptic curve, we write £ = ®F;,
where each E; is indecomposable. We define v(F) := min{u(E;)}, where u(E;) =
deg(FE;)
rk(E;)

is the slope of F;.

Definition 2.3. A coherent sheaf F on an abelian variety A is said to be IT? if
HY(A,F®P) =0, for all i >0 and all P € Pic(A).

Remark 2.4 (see e.g. [5, Lemma 2.1]). Given a non-zero IT° sheaf F on an

elliptic curve, it is clear that h°(A, F) > 1 and hence v(F) > Wlf)

Lemma 2.5 ( [6, Lemma 4.8]). Let Ey, E5 be vector bundles on an elliptic curve.
(1) If Ev, E3 are indecomposable and Hom(E7, Ey) # 0, then u(Es) > u(Er).
(2) If there exists a surjective map E1 — Fs, then v(Es) > v(Fy) .

Lemma 2.6 ( [6, Lemma 4.10]). Let E be an IT° vector bundle on an elliptic
curve, which admits a short exact sequence

0-F—->F—->Q—0

of coherent sheaves such that Q has generic rank =0 (resp. <1). Then v(E) > v(F)
(resp. v(E) > min{1,v(F)}).
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2.3. Multiplication maps ¢, » and ,, . Consider the fibration ¢ : X — C
as in 2.1. Let F be a general fiber of a. Let R, := H°(F,w?) and E,, := a,w'y.
By Chen and Hacon [6, Lemma 4.1], E,, is an IT" vector bundle of rank P,,(F) for
all m > 2. We also remark that v(E,,) > 0 by the semi-positivity theorem (see, for
instance, Viehweg [13]) and Atiyah’s description of vector bundles over elliptic curves
(cf. [1]). We consider the multiplication map of pluricanonical systems on the fiber
F| say
Ommn : Bp@Ry — Rypyn.

This naturally induces a map between vector bundles
'(/)m,n : Em®En - Em+n,

where m, n > 0. Clearly if cokernel of ¢,, , has dimension < r, then cokernel of ¢, ,
has rank < r.

2.4. Proof of Theorem 1.1. First of all, we recall that the linear system [6Ky |
separates two general points on two distinct general fibers of the Albanese map ay
(see [6, Theorem 2.8 (2)]). Hence, we just need to show that |6Ky | separates two
general points on a general fiber of ay to conclude the proof of Theorem 1.1.

We now take the birational model a : X — C of V as in 2.1(1)~(4) and denote by
F' a general fiber of a.

Step 1. We consider the relative canonical model

W: = Proj @a*wm ENe

where w := Ox(Kx). Let G be a general fiber of g. It is known (cf. Catanese
[2, 1.3 Example|) that the canonical model G of any (1,2) surface is a degree 10
weighted hypersurface, with at worst rational double points, in P(1,1,2,5). Namely,
if z,y, z,u are coordinates of P(1,1,2,5), then G is given by the homogeneous equa-
tion u? — fio(z,vy, 2) for some homogeneous polynomial fio(z,y,z) of degree 10 in
x,y, z. Furthermore the bicanonical map 9 of G is a double covering onto P(1, 1, 2)
branched along a reduced divisor By = div(f19) C P(1,1,2) of degree 10.

Step 2. The relative bicanonical map h : Y — C of g.

We start by considering P(a,w?) = P(Fy), which is a P3-bundle over C. Let W --»
P(E5) be the induced map. Take Y to be the closure of W,, — P(E3),, where 7 is the
generic point of C'. We have a fibration h: Y — C.

Let H be a general fiber of h : ¥ — C. Over a general point of C, we have
morphisms F' — G — H where F' is a minimal (1,2) surface, G is the degree 10
hypersurface in P(1,1,2,5) with RDPs and H = P(1,1,2). It is straightforward to see
that both X --» Y and W --» Y are well-defined over general points of C'. Replacing
both X and W with suitable birational models X and W by a necessary birational
modification to those indeterminancies, we have the following commutative diagram:

X 2w —~"—vY P(Ey)

Lol b

c =0 =50 -1
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where X (resp. W) coincides with X (resp. W) over a Zariski open subset U of C
and a (resp. g) factors through a (resp. g).

Step 3. The decomposition of E,, by the double covering construction.

Let B be the branched divisor of W — Y and let p: Y — Y be the log resolution
of (Y, B). We take X to be the normalization of ¥ in K(X). One sees that X has
at worst canonical singularities by local consideration. We have the double covering
7: X — Y corresponding to the data (B, £). We thus have

.05 (mKz) = Op(mKy) © L™ @ Oy (mKy) © L7

for all m > 0. Now if we take a common birational modification to both X and
X and take push-forwards in two directions, respectively, we shall get the following
decomposition:

E, =FEy,0® En,
where
E, :=a.0x(mKx);
B = hapin(Og (mKy) @ L);
Epi = hep (O (mKy) @ L£mh.

Step 4. Calculating v(Ej ;).
It is rather easy to check that tk(E,, o) = h°(H,O(m)) and tk(E,, 1) = h°(H,
O(m —5)) for a general fiber H of h. Indeed, for ¢t € U,

Emo ® k(t) = H°(H;, Oy, (mKy +mL)) = H°(P(1,1,2),0(m)) and
Epma ®k(t) = H(Hy, O, (mKy + (m — 1)L)) = H°(P(1,1,2),0(m — 5)).
E, ®k(t) =2 HY(Fy, Op, (mKx)) 2 H°(Gy, Og, (mKw))
=~ H%(P(1,1,2),0(m) ® O(m — 5)).
It follows that 1., , induces a map
Eno®EL,o0— Epino-
Since Ep0 = Ep, for m < 4. One sees that
Voo By @By = FEy0Q FEy0— Egp

is generically surjective. Since E is a non-zero IT° sheaf, we have h®(Es) 1.
Hence, v(E2) > . Since 15 is generically surjective, we have v(Ey) > 2v(E) > 4
by Lemma 2.6. Similarly, v(Ego) > %. Moreover, Eg1 is IT° of rank 2; therefore
v(Eg,1) > 5 (cf. Remark 2.4).

>
>

Step 5. Birationality of ¢g.
We need the following:

Lemma 2.7. Let F be a coherent sheaf on X and € := a,F on C. Suppose that £
is an IT® vector bundle. Then for any general fiber X, the image of the restriction
map H°(C,&) = HY(X,F) "8 H(X:, Flx,) has dimension > rk(£) - min{v(E),1}.
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Proof. Take the decomposition of & = &&; into indecomposable bundles. For each 1,
there is an induced exact sequence

Let d; = deg(&;) and r; = tk(&;), then & ® Oc(—t) has rank r; and degree d; — r;.
If d; = ry, then & ® Oc(—t) is a indecomposable rank r; vector bundle of degree
0. Hence, & @ Oc(—t) = U,, ® P for some P € PicO(C’) and U,, is a unipotent
vector bundle (cf. [1]). Whenever P = O, we pick ¢ # t and consider & ® O¢(—t) =
U,, @ O(—t'+t) instead so that it has no global section. Hence, we may and do assume
that H(&; ® Oc(—t)) = 0 for general t € C if d; = r;.

It now follows that h%(&; ® Oc(—t)) = max{0,d; — r;} for general t. Hence, the
image of H°(&;) — HY(&; ® k(t)) has dimension d; (resp. r;) if d; < r; (vesp. d; > ;).
The statement now follows by simply taking the sum. O

Let V,,,; (i = 0,1) be the image of the following map
HY(C, B ) = HY(C, En) = H°(Fy, O(mK)|r,)

for a general point ¢ € C. Then we have dim V5 ¢ > 12 and dim V5 ; > 1 by Lemma 2.7.
Claim. The subsystem given by the vector space

Voo + Vo1 C H(Gy, O(6))

gives a birational map on Gy for all general t € C'.

We consider the local sections explicitly. Let xz,y,z,u be all the 4 coordinates
of P(1,1,2,5) with weights 1,1,2,5. Then E,, o ® k(t) is generated by sections in
{xyI2*|i + j + 2k = m} and E,, 1 ® k(t) is generated by sections in {z'y? 2Fuli + j +
2k = m — 5}. In a word, either zu or yu extends to global sections in H(X,6Kx).
Furthermore, at least 12 linearly independent sections in E,, ¢ ® k(t) can be extended
to global sections in H°(X, 6K x).

To prove the claim, we put H = H; and let o C H°(H, Oy (6)) (resp. 31 C H°
(H,Op(6))) be the subspace spanned by {x%,... 4%} (resp. by {2z, 23yz, ..., y*2}).
We see that dimYy = 7 and dim ¥; = 5. By dimensional considerations, one has
dim Vg o N Xg > 3 and dim Vg o N X1 > 1. Pick linearly independent elements og 1, 09,2,
003 € Voo N Xg and zoy € Vg N B1. We consider the map ¢ : H --» P3 defined
by these 4 sections. Since the map on H defined by (00,1 : 0o2 : 0o,3) has image
of dimension at least 1 and zo; is algebraically independent of o¢ 1,002,003 in the
function field of H, ¢ has image of dimension 2. We then consider the map ¢ : H --»
P! given by Vg with image H'. Since ¢ factors through ¢ on a non-empty Zariski
open subset of H, one sees that H' is a surface and clearly deg(H’) > 10. Since

deg () - deg(H') < (O (6) - Oy (6))n = 18,

it follows that deg(y) = 1, hence ¢ is birational.

Since Gy = X190 — P(1,1,2) & H is a 2 : 1 map and u can separate points on
general fibers of this double covering. Hence, the sections in Vi1 separate points on
general fibers of this double covering.

The Claim now follows and hence this completes the proof of Theorem 1.1. O
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Example 2.8. Suppose that there exists a minimal irregular threefold X with a

fibration f : X — C fibered by (1,2) surfaces. Suppose that K3 = % and

B(X)={3x(1,2)}. By Reid’s R-R formula, one has P»(X) = 1, P3(X) = 2,

Py(X) =5, Ps(X) =9 and Ps(X) = 16. We show that |[5K x| may be non-birational.
Note that I‘k(E570) =12 and I‘k(E5)1) = 1. Assume hO<E570) = 8 and hO(Eg,’l) =1.
Now H(F},5K|F,) is generated by

5 5.3, .2 2, .3 2 2
{2°, ..y, 2z, x%yz, xy°z, y°z, k2%, yz°, u}.

If Vs, is generated by {z°,...,y% 222 y2?} and Vs is generated by u, then these
sections cannot distinguish points (zo, yo, 20, wo) from (xg, yo, —20, ug). In other words,
|Vs,0 + V5,1| may only give a 2 : 1 map on F; instead of a birational map.

However, we do not know whether this kind of examples really exists or not.
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