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A PRESENTATION FOR THE PURE HILDEN GROUP

STEPHEN TAWN

ABSTRACT. Consider the half ball, Bi, containing n unknotted and unlinked arcs
ai,as,...,an such that the boundary of each a; lies in the plane. The Hilden (or Wicket)
group is the mapping class group of Bi fixing the arcs a1 Uag U --- U a, setwise and
fixing the half sphere Sf_ pointwise. This group can be considered as a subgroup of the
braid group on 2n strands. The pure Hilden group is defined to be the intersection of the
Hilden group and the pure braid group. In a previous paper, we computed a presentation
for the Hilden group using an action of the group on a cellular complex. This paper uses
the same action and complex to calculate a finite presentation for the pure Hilden group.
The framed braid group acts on the pure Hilden group by conjugation and this action
is used to reduce the number of cases.

1. Introduction

Let B3 be a half ball in upper half space and let S% be the half sphere contained in
its boundary. The half ball and half sphere intersect the plane in a 2-ball B? and a
circle S'. We can embed n disjoint semi-circular arcs, ay, as, ..., a,, into Bi so that
the arcs are disjoint from S and only intersect B? at their end points (see Figure 1).
We will write « = a3 Uag U --- U a,. The Hilden group Hs,, is the group of isotopy
classes of self-homeomorphisms of Bi which preserve a setwise and Si pointwise. The
inclusion (B?, da,S') — (B2, a,S3 ) induces the embedding Hy,, < Ba,, of the Hilden
group in the braid group. We define the pure Hilden group to be the intersection of
the Hilden group and the pure braid group.

PH2n = P2n N H2n

Generators for the corresponding subgroup of the braid group of the sphere were
found by Hilden [4] and a finite presentation for the Hilden group was calculated
independently by the Tawn [6, 7] and Brendle and Hatcher [2].

In [6, 7] we define an action of the Hilden group on a cellular complex and then
use the method of Hatcher and Thurston [3], Wajnryb [8, 9, 10], etc., to compute a
presentation of the group from this action. In this paper, we will use the same method
with the same complex and action to prove the following theorem.

Theorem 1. The pure Hilden group has a finite presentation with generating set S
and relations R, PHa,, = (S | R), where S and R are as follows.

S={prij T, Yo k|1<i<ji<n1<k<n}

To simplify notation we will write p;j = py 4}, Tij = T4y and Yij = Ygajy, S0, for
example, p;; = pj;.- The generators p;;, i;, yi; and ty are the following elements of
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PH,,,. Here all of the remaining strings lie behind those shown.

\ |t
= [l ‘\

The set R of relations is as follows.

ty

(C-pt) Dij tk = tk Dij
(C-tt) tit; =tt;
(C-2t) Tijty = tg Ty i1<j k#i
(C-yt) Yij th = tr Yij 1<y k#j
- 5 a, B €{p,z,y}
(€1) g Bt = Bt v (i,7,k,1) cyclically ordered
T (i,4,k) cyclically ordered
(Cz) Qij Bik Vik = Bik Vik (g (05,6,’}/) as in Table 1
. . . -1 _ . . -1 . a,ﬂe{p,x,y}
(C3) Qik Djk ﬁ]lpjk = DPjk ﬁﬂlpjk ik (4,7, k,1) cyclically ordered
(C-zpt) Zij Pij ti = Pijti Tij 1< j
(C-ypt) Yij Dij t; = Dij tj Yij i<j
aq ao a.,
d, dy d,

FIGURE 1. The arcs a; and discs d;.

o (»,p,p) (y,y) (x,p,p) (x,2,p)
<I<k G ) () (o)
. . (p,p,p) (pyz,y) (x,p,p) (z,p,7)
I<k<i o) wpp) oy @D

.. (pp (@z,2) (x,p,p) (7,2,2)
k<i<i @yp) (wpp) wey) oo

TABLE 1. The values of («, 3,7) for (C2)

o

—
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All of the relations are asserting that certain pairs of elements commute. The
first four relations are the obvious ways in which a ¢ can commute with the other
generators. The relations (C1)—(C3) are analogous to the relations in the pure braid
group. In fact, Table 1 lists all possible triples for which (C2) holds, these were found
using the MAGMA computational algebra system [1]. To see why (C-zpt) and (C-ypt)
hold it is easiest to consider the element p;;t;t;. If you ignore all the other strings
this is a full twist of the ith and jth pairs of strings and so clearly it commutes with
x;; and ;5.

We refer the reader to [6, 7] for the definition of the cut—system complex and
the method for computing the group presentation. In particular we will use the
complex X,, with its associated Hs,, action and basepoint vy = (d1,da,...,d,).
From the method we will use the notion of an h-product, the elements {ry} and
the notation for the generator sets Sy and S; and the sets of relations Ry, Ry, Ro
and Rs.

In order to use the method to calculate a presentation, we need to show that the
action on X, is transitive on the vertex set and find edge and face orbit representatives.

Theorem 2. The action of PHsy, on X% 18 transitive.

Proof. This follows from the proof that the action of Hy, on X? is transitive given
in [6]. All that is needed is to note that the constructed braids do not permute the
punctures. O

2. Vertex stabilizer

Proposition 3. The stabilizer of the vertex vg is the framed pure braid group FP.,,
and so is isomorphic to P, x Z".

Proof. If we restrict our attention to B2, elements of PH,, can be thought of as
motions of the end points of the a;. For elements of the stabilizer of vy this motion
moves the line segments d; N B2. So this is the fundamental group of configurations
of n ordered line segments in the plain, the framed pure braid group. O

The pure braid group has a presentation with generators p;; and relations (C1),
(C2) and (C3) (with a = 8 = v = p). See, for example, Margalit and McCammond [5].

From this, we see that the vertex stabilizer is generated by the p;; and ¢, that all
relations between these elements follow from (C-pt), (C-tt), (C1), (C2) and (C3), and
hence the Ry relations are included in R.

3. Edge orbits

Let E denote the set of all oriented edges that start at vy the basepoint of X,,. We
will now find a representative of each orbit of the FP,, action on F, thus giving
a set of PHy, edge orbit representatives. Given an edge (vg,v) € E, because v =
(D1, Da,...,D,) differs from vy by a simple move, there exists a unique i such that
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If the edge is of length one then there is a unique d; under D; U d;. All of the
remaining discs, di for k # 4,j, can be moved by an element of FP, away from
D; U d; and then back from behind to their original positions. After applying ¢! for
some p we have one of the following possibilities, each of which lie in a different orbit.

i J i J
(vo,v0 - xij) (vo,vo - %_Jl)
J [ 7 1
(vo, vo - Yij) (vo,vo - y;)

Similarly, if the edge is of length two then there exists two discs d; and dj, under
d; UD;. We may assume that j < k. As in the previous case there is an element of FP,,
which takes (vg,v) to one of the following possibilities, each of which lie in different
orbits. There are three possible positions for d; and dy, either both lie to the right of
d;, there is one on either side, or they are both to the left.

i j k i J k
(vo,vo - Tij Tik) (vo, vo - T, 37;)
] i ki ] i k
(vo, Vo - Tik Yij) (vo,vo - y;jl x;kl)
j k i j K i
(vo, 0 - Yij Yik) (vo, v - Z/i_kl yz_Jl)

Proposition 4. The pure Hilden group PHa,, is generated by p;j;, i, xi; and y;;.

Proof. The group PH,,, is generated by the generators of the vertex stabilizer and
the set {rn}. We have that

-1, 1
Lij Liky Lip Tyj
. . s | . .
1<] }U TikYijs Yij Ty | 1<J<k
1,71
Yik Yiks Yk Yik

—1
Lij, xij

-1
Yij,  Yij

()=

and so all of these generators either are contained in S or can be written in terms of
the elements of S. (]
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4. Action of the framed braid group

We have an embedding of the framed braid group on n strings FB,, in the braid group
on 2n strings given as follows.

i J

This makes FB,, a subgroup of Hs,. It is clear that conjugation by elements of
FB,, preserves the pure Hilden group and hence we have a left action of FB,, on
PH,,,. In fact, this action can be defined on the level of reduced words as well. In
other words, we have an action of F(o;, 7;), the free group on the letters o; and 7;,
on F(pij, Tij, Yij, tk), the free group on the letters p;;, ij, yij, tr-

In Section 8, we will construct this homomorphism

O: F(oi, 15) — Aut(F(pij, Tij, Yij, tk)),
which we will write as g — @4, and then show that it satisfies the following properties.
We will write £ =g,, y when the words  and y have the same image in the braid
group and x =g y when they have the same image in (S | R).
For any word g € F(o;, 75)
(A) the automorphism ®, acts by conjugation at the level of braids,
®,(z) =B,, grg " for each x € F(pj, xij, yij, tr)
(B) the automorphism ®, preserves the subgroup generated by the p;; and ts,
O, (h) € F(pij, ti) for each h € F(pi;, ti)

(C) for each ry there exists hi, ho € F(p;j;, ti) and vy such that ®4(ry) =g hir ho,

(D) if z =g y then ®y(z) = P4(y).

We will now assume the existence of such a ® and use it to show that R;, Ry and
R3 relations follow from those in R.

5. The R, relations

The R; relations consist of a relation of the form r) tr;l = h for each edge orbit
representative (vg, vg - 7)), for each t in a generating set of the stabilizer of this edge
and for some word A in FB,,.

Proposition 5. The stabilizer of the edge (vo,vo - T12) is generated as follows.
pij  fori,j > 2, tr for k> 1,>

Stab(’l)o,’l]() . (Iilg) = )
piaty, p1j p2;  forj>2

Proof. The stabilizer can be viewed as the mapping class group of the disc fixing
pointwise both its boundary and the arcs shown in Figure 2. The two arcs connecting
the first two punctures form a loop [. As this loop is fixed by elements of the stabilizer,
this allows us to split the group into the product of two (boundary fixing) mapping
class groups. One corresponding to the inside of [ and the other to the outside.

For the inside, we get the mapping class group of the annulus, which is cyclic and
generated by to.
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@H’_"_‘

l

FIGURE 2. The edge (vg,vg - Z12).

RS2 =2

l

FIGURE 3. The edge (vo, vg - 12 T13).

For the outside, we get the mapping class group of a disc with n — 1 subdiscs
removed. This is FP,,_; the framed pure braid group on n — 1 strings. The framing of
the subdisc bounded by the loop [ is generated by pi1otits and for the other subdiscs
by ty for k > 2. The braidings of the subdiscs are generated by pi;po; for j > 2 and
pij for 4,5 > 2. O

So the R; relations can be chosen as follows.

(5.1) Z12 Dij T, = Dij for2 <i<y
(5.2) Tig ty Ty =t for k > 1
(5.3) Z12 P12t 331_21 =pi2t

(5.4) T12 P1jP2j Tis = P1jD2j for j > 2

Relation (5.1) follows from (C1), relation (5.2) follows from (C-zt), relation (5.3)
follows from (C-zpt) and relation (5.4) follows from (C2).

Proposition 6. The stabilizer of the edge (vo,vo - T12 13) is generated as follows.

D23, P12P13ti, Dij fori,j >3,
Stab(vo, Vo - T12 £E13> =

ty fork>1, pijpaips; forj>3

Proof. As with the previous proposition, the stabilizer can be viewed as the mapping
class group of a disc fixing pointwise both its boundary and the arcs shown in Figure 3.
Again, we have a loop [ formed from the two arcs joining the first two punctures, which
allows us to split the group into a product of two mapping class groups.
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Inside [ we get the mapping class group of a disc with two subdiscs removed. This
is FPy the framed pure braid group on two strings. The framing of the strings is
generated by t3 and t3 and the braiding is generated by po3.

Outside [ we get the mapping class group of a disc with n — 2 subdiscs removed,
i.e. FP,,_o. The framing of the subdisc bounded by [ is generated by p12 p13t1 t2 t3
and the framing of the other subdiscs is given by t; for k£ > 3. The braidings of the
subdiscs are generated by p1; pa; p3; for j > 3 and p;; for 7,5 > 3. O

Hence the R; relations can be chosen as follows.

(5.5) T12 13 P23 (T12213) " = pos

(5.6) T12 13 Pij (T12213) 7" = pyj fori,j >3
(5.7) T1a w13 ty (12 213) " =ty for k > 1
(5.8) T12 13 Pr2pisty (T12213) " = prapist

(5.9) T19T13 P1j P2 P3j (T1213) "1 = pij p2j p3j for j >3

Relation (5.5) follows from (C2), relation (5.6) follows from two applications of
(C1), relation (5.7) follows from two applications of (C-zt). Relation (5.8) follows
from the following.

Ti2 T13 P12 P13t (C2)
= T'19 T13 P13 P23 P12 Pog. ty (C-pt)?
= T12 13 P13t Po3 P12 Doy (C-zpt)
= T19 P13 t1 T13 Pa3 P12 Doz (C2)
= Z12 P13 t1 P23 P12 T13 Py (C-pt)?
= T13 P13 P23 P12 11 T13 Pay (C2)
= p13 P23 T12 P12 11 13 p§31 (C-zpt)
= P13 P23 P12 1 T12 T13 Poy (C2)
= P13 P23 P12t P T12 T13 (C-pt)
= P13 P23 P12 Doy t1 T12 T13 (C2)

= p12p13t1 T12 T13

Finally, (5.9) follows from the following.

213 P1k P2k P3k (C2)
= D1k D3k T13 pg,j D2k P3k (C2)
= D1k P3k T13 P23 D2k Da3 (C3)
= D1k D3k P23 P2k Pag 13 (C2)

= P1k P2k P3k 213

(C2) (C1)
T12 P1k P2k P3k = Plk P2k £12P3k = Pi1k P2k P3k L12
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Now consider the edge orbit representative (vg,vg - ry) for ry # x12 or z12 13-
There exist some g € FB,, such that (vg,vo-71) - g = (vo,vo - Tx), where r; = x15 or
12 x13. By property (A) of ®, we have ®,-1(r1) =B,, ¢~ 'r1g and by property (C)
there exists words hq, ho € FP,, and some r), such that

(5.10) <I)g—1(7“1) =R h1 IS hg.

Combining these we see that vy - 119 = wvg - Ty ho and hence that A\ = )\ and
hea € Stab(vg, v - 7).

Let T be the choice of generators for Stab(vg, vg - 1) chosen above. So for all t € T
there exists h € FP,, such that 7 7> =g h. So by property (D) we have

(5.11) ®yi(ritry) =g ®4-1(h).
Property (B) implies that ®,-:(t) € FP,, and ® -1 (h) € FP,,. Combining (5.10) and
(5.11) we get
hiryha @1 (t) hy ' vy hit =g ®4-1(h)
and so hg ®,-1(t) h;l € Stab(vg,vo - 7).
Claim. The set {ho®,-1(t)hy' |t € T} generates Stab(vg,vg - 7).

Proof. As hy € Stab(vg,vp - 7) the set {ha®,-1(t)hy' | t € T} generates
Stab(vo,vo - rx) if and only if the set {®,-1(t) | t € T’} generates Stab(vo,vg - 7x).
This is equivalent to saying that for any s € Stab(vg, vg-7x) we can find t1,...,¢, € T
such that s = ®,-1(t; ...1x), in other words that ®,(s) € Stab(vg,vo - r1). Now

1

(vo-11) - Pg(s) =wvo-T1959" =09 -TaSg L =wo-Tag L =g 11

Therefore the claim holds. O
So for our R; relation we can choose
rx he @1 (t) byt vyt = hy @1 (h) by

and hence we can choose our R; relations so that they all follow from R.

6. The R, relations

The R, relations consist of a relation of the form ry hry = A’ for each edge orbit rep-
resentative, where the left-hand side (LHS) is an h-product for the path (vg, vo - x,vo)
and h' € FB,,. For each edge (vg,vg - ) the edge (vo, vg ~r;1) is in a different orbit.
Our choice of ry mean that for all \ there exists A’ such that r;l = r). This means
that for all the Ry relations we can choose T;l rx = 1, i.e. they are all trivial.

7. The R3 relations

The Rj3 relations consist of a relation of the form 7y, hi ... 7y, h1 = h for each face
orbit representative, where the LHS is an h-product that represents the boundary of



A PRESENTATION FOR THE PURE HILDEN GROUP 189

the face and h € FP,,. As with the R; relations, we will calculate the relations for
some specific orbits first then use ® for the general case. There are three types of
faces: triangular, non-nested rectangular and nested rectangular.

We will start with the triangular face (vg, vo - €12 13, v - 13, V). An h-product for
this path is 213 75 (212 213). So the Rj relations is 213 o5 (z12213) = 1 and so it
is trivial.

Next consider the non-nested rectangular face (vo, vo-Z12, Vo:Z34 T12, Vo L34, Vo).
An h-product that represents this path is z3}' ¥15 34 712. So the Rj relations is
23] ©7y T34 212 = 1, which follows from (C1).

Now consider the nested rectangular face (v, vo-Ta3, Vo T12 T13 T23, Vo T12 T13,V0)-
An h-product that represents this path is (z12 azlg)_lag; (212 13) T23. So the Rj3
relations is (x12 213) ™" Zo3 (212 213) 23 = 1, which follows from (C2).

Given any other face orbit representative (vg = wug,u1,...,ux = vg) then by
the classification of face orbits given in [6] there exist some g € FB,, such that
(ug,u,...,ux) = (vo,v1,...,vk) - g where (vg,v1,...,v;) is the boundary of one

of the three faces whose Rj3 relations we calculated above. Suppose the relation from
(vo, v1, - .., v) is the following.

mkhk...r,\lhl =h

By property (C), for each ry, there exists h;1, hio € FP,, and 7y, such that

Dy-1(ra,) =g hi17x; hio.

Claim. The following h-product represents the path (ug,uq,. .., ug).

TA;C th (I)g—l (hk) h(k—l)l N ’r’)\ll h11 (I)g—l (hl)

Proof. The ith vertex of the path associated to the h-product is given as
follows.

vo - Tx, hiz @1 (hi) hii—1yr - oy har @1 ()
=0 - Pg1(rx, hi...7x h1)
=wvg-ry i ra h1g
=g
=y
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Therefore, for our R3 relation we may choose
XL hpo (I)g—l (hk) h(k—l)l T T hi1 (I)g—l (hl) = h;ﬁl @9—1 (h),

which follows from R by property (D).

8. Construction and properties of ®

All that remains to prove Theorem 1 is to construct ® and show that it satisfies
properties (A)—(D).
Define @, the action of F'(o;, 7;) on F(pij, xij, Yij, t), as follows. For o € {p, z, y}

b, (k) = ap fori#£k—1,k1—1,1
Oy, (qij) = g, fori4+1<j

Qo (Qit1,5) = Dijit1 Qij p;,-lﬂ fori+1<j

@, (1) = Pjjr1 iy p;;+]_ fori+1<j
‘I)ag(au) Q; 41 fori+1<y

Q. (piyit1) = Piit1 Po(Tiit1) = ti_+11 Yiiritivt Po,(Yiir1) = Tiip1
t; ifj#d,i+1
o,(tj) = tjp1 ifj=1
=it

Q.. (pr1) = Pri

if i £k
s (zr) = xlill 1 Z f for k <1
Ty o ifi=k

if i £1
Q. (yr) = yk_ll 1 Z 7 for k <1
Y1 Pkl ifi =1
(I)Ti(tj) =1
Proposition 7. The map ® is a well-defined action of F(1;, 0;) on F(pij, ti, Tij, Yij)-

Proof. All that needs to be checked is that ®,, and ®,, are invertible. The inverses
are as follows.

O, -i(om) = a fori#k—1,k,1—1,1
*1(041]) =D, z+1 Q1,5 Piji+1 fori+1<y
(sz+13): fori+1<j

; i gy1) = for i +1 < j
*1(041]) =D; J+1 Qi j+1 Pj,j+1 fori+1<y
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‘I)Ui—l(pmﬂ) = Diit+1 @gi—l(ﬂ%,wl) = Yiit1 (I)Ui—l(yi,i-i-l) =t ity !
t; if j#£4,i+1
q)oi—l(tj) =<tiy ifj=1i
tj_l lf] =7+1
q)q—;l(pkl) = Pkl

ifi £k
‘I)T—l(xkl) = THl 1 1 Z 7 for k <1
i Prixy ifi=k
if i #£1
(I)Tfl(ykl) = Ykl 1 1 Z # for k <1
i Pryy ifi=1
q)ri_l(tj) = tJ O
We will need the following lemma.
Lemma 8. For x € F(p;j;, ti, Tij, yij) we have
(130;12 (ZL’) =R p:n%m_s_l T Pmym+1 (I)T;lz (x) =g t;nl Tt

It is easy to check the ® satisfies property (A), i.e. that for every word g € F(o;, 7;)
and for each x € F(p;;, t;, ij, Yij) we have that ®,(z) = gz g~ ! as braids. It is also
clear that ® satisfies property (B). That is that for any word g € F(o;, 7;) and for
any word h € F(p;j, ty) we have ®4(h) € F(p;j, ty).

Proposition 9. The map ® satisfies property (C), i.e. for any word g € F(o;, 7;)
and any rx we have a relation ®y(ry) = hiryhe for some hi,hy € F(pi;, ty) and
some Ty that can be deduced from the relations in R.

Proof. First note that for each word h in F(p;;, tx), by property (B), the map @,
takes h to another word in F(p;;, ti). Therefore, it suffices to check @, for g = 7,
Oms T2 and 0,2, By Lemma 8, property (C) is satisfied for g = 7,,? and o,,,.

For ry = mij,mfjl, Yij y;jl this follows immediately from the definition of ® given
above.

Now consider ®,, (ry) for rx = xj Tik, Tk Yij Or Yir Yk The only cases when
O, (ry)#rvarem=i—1,m=dand j=i+1,m=dandj>i+1,m=j5—-1
andi<j—1,m=jandk=j4+1,m=jandk>j+1, m=k—1and j<k-—1,
and m = k.

m=1—1 Qo (Tij Tik) = Pim1, Tiz1,j Tim1,k pi__llyi
Oy, (i Yij) = Tjk Pie1,i Yie1,j pi__ll,i (C1)
= Pi—1, Tjk Yi—1,5 pi__ll,i
Do, (Yik Yjk) = Pi-1,i Yi-1.k Pi_1.; Uik (C1)

-1
=DPi-1,i Yi-1,kYjk Pi_1,
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m=dand j=1i+1

m=4dand j>i+1

m=j—landi<j—1

m=jandk=j+1

m=jand k>j+1

STEPHEN TAWN

O, (i xik) = t_j_l Yij tj Tjk
= tj_l ij_kl;v]k Pikt;
=17 P Pix’ Yis Pik ik Di
= tflp;kl Tjk Yij Piktj
Do, (%K Yij) = Pij Tik p;jl Tyj
= p]‘_kl Tik Djk Tij
= pj_kl Tij Tik Pjk
o, (Yik Yjx) = M
= Yik Yjk
@5, (xij xik) = XTi4+1,5 Li+1,k
Qo (jk Yij) = Tjk Yiv1,j
5, (Yik yjk) = Yi+1,k Yjk
( )

B ~1
Doy (T35 Tik) = Pj-1,5 Tij—1Pj-1,5 Tik

=DPj—-1,j Tij—1Tik pj_17j

_ —1
DPo; (@i Yig) = Pj—1,j Tj—1,k Yij—1 Pj_1,;

o,y (Yik Yjk) = Yik Dj—1,j Yi-1.k pﬁ1,j

=Dj—1,j Yik Yj—1,k pj_ij
Oy, (zij Tik) = Tik Djk Tij Do
= T4j Tik
D, (2jk yig) =t Yjn tr Yin
=t piktryjnty p;kl tk Yik
= Djk Yjk M
= Djk Yjk Pij Yik pfjl p;kl
= Djk Yik Yjk pj_kl
O, (Yik Yjk) = Pik Vi Dy Tk
= Tjk Yij-
D, (Tij Tik) = Tij11 Tik
o, (Tjk Yij) = Tj1,k Yij+1
Qo (Yik Yik) = Yik Y1,k

(C-zpt)
(C2)
(C2)

(C2)
(C2)

(C2)

(C1)

(C1)

(C2)

(C-ypt)
(C-pt)?
(C2)
(C2)

(C2)
(C2)
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m=k—landj<k—-1 &, (l‘ij :L‘lk) = L5 Pk—1,k Tik—1 p,;fllyk (Cl)
= Pk—1,k Tij Tik—1 plz_lm

-1
Doy (Tjk Vi) = Ph—1,k Tjk—1 P11, Yij

-1
= Prk—1,k Tjk—1Yij Pp_1k

Doy (Yik Yjk) = Ph—1,k Yik—1 Yjk—1 p,ﬁlyk
m=k Qo (Tij Tik) = Tij Ti g1,

Do, (Tjk Yij) = Tj k1 Yigs

Qo) (Yik Yik) = Yik+1 Y kt1-

For @, we only have three cases where ®, (ry) # r) these are when m =i and
TN = Tjj Tik, M = j and ry = ;i Yij, and m = k and 7\ = Y Yjk-

_ o1 -1 (0_2) (C2) -1,
O (wij in) = 255 pij T Pik = Tij Dy Ty DikDig Pik = Ty 5" Dij pik
& -1 (C2) (€2 1 1
75 (xgk yz]) = xjk Pjk ym Dij = xjk pzk y” Dik Pjk Pij = Yij Lj Pik Pij

- - (€2 1 1 _ (€2) _1 _
®r, (yik yjk):yiklpik yjk;lpjk = yiklpijl ?ijlpijpmpjk = yjk;l yikl Pik Pjk

For ry = Izklmz] ) yu z;,! and y;,cly;,cl we have shown that for some hi, hy € FP,
and some 7“)\, we have that CDg(r)fl) =r hi 7“;,1 hg. Hence, we have ®,(ry) =g

hytry hih O

Proposition 10. The map ® satisfies property (D). In other words, for any word
g € F(o;, 75) and any relation x =g y we have that ®4(x) =g P4(y).

Proof. As in the proof of property (C), it suffices to show this for g in a monoidal
generating set for F'(o;, ;). For g = o, 2 and Tj_2 this follows from Lemma 8, so it
remains to show it for g = o; and 7;.

For any relation only involving p;;’s and t;’s the image under ®, will still only
involve p;;’s and t;’s and hence, by Section 2, the new relation will follow from those
in R.

We will now consider the action of ®, and ®, on each of the relations. For
any relation z =g y, we will say that the deduction of ®,(z) = ®,(y) is trivial if
O, (x) = Py(y) is a relation in R of the same type.

Case 1. (C—a;t) Tij tr =t Tij k 7'é 1, 1<J

First consider ®,, . Start with ¢ = 1 and then increase it. The first non-trivial case
is when ¢ = i — 1. The next case is when ¢ = ¢ and this is only non-trivial if j =i+ 1.
The next case is when ¢ = j — 1 and j # i + 1. The remaining values are all trivial.
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When ¢ =i — 1 we have that ®, (tx) = t)r where k' # i — 1.

-1 (C-pt) -1
q’aq(l“ijtk:)=Pz‘—1,i$z‘—1,jpi,17itk' = " Pi-1,i Ti—15 k' Pi_1

(C-xt) -1 (Cpt)
= Pi—-1, tr xi— 1,7 P; 11 Ji tr i1 i Li—1,5 pz 1 P (I)Uq<tk xij)

When ¢ =i and j =i+ 1 we have that ®, (tx) = tp where k' # j.

_ (C tt) | _
@aq(xijtk):tjlyijtj th t; 1le t t;

(C-yt) , (C-tt) -
= tj 1 tk:/ yij tj = tk:/ tj L yij tj = ‘bgq(tk xij)

When ¢ = j — 1 and j # i + 1 we have that ®, (tx) = tx where k' # i.

-1 (C-pt) -1
Qo (Tijtk) =Dj-1,Tij-1Pj 1t = Di-1jTij-1t Dj 1

(C-zt) 1 (C pt)
= Pj-1,5 g Lij—1Dj_1,5 7% Pj—1,5 Ti j— 1]7] 1 g q>0q(tk ‘rz’j)

Now consider @, , the only non-trivial case is when ¢ = 1.

- (C-pt) _ (C-zt)
q)‘rq(xijtk):xi]‘lpijtk = mijltkpi] Uk T pi = O (t 745)

Case 2. (C-yt) Yij the = i Yij k#7,1<j
First consider ®,_, the non-trivial cases are ¢ =7 —1, ¢ =14 and j =i+ 1, and

g=j—1land j#i+1.
When ¢ =i — 1, we have that ®, (tx) = tx/, where k" # j.

_ (C-pt) _
Qo (Yijtr) = Pi-1,i Yi-1,j pi_ll itk = T Dic1,i Vi1, ke pi_ll’i

(C-yt) (C-pt)
= Pi- 1ztk/yz 1,5 P; 111 tr pi 1,0 Yi— 1,3291 1@:(paq(tkyij)

When ¢ =i and j =i + 1, we have that ®, (t) =ty where k' # 1.

(C xt)

Do (yij tr) = wij trr tr 5 = $o (tr Yij)

When ¢ = j — 1 and j # i + 1, we have that ®, (tx) = tp» where k¥’ # j — 1.

_ (C-pt) _
Do (Yij th) = Pj—1,j Vi1 Py 15t = Pi1j Vi1t Py

(C-yt) (C-pt) -
= Pj—1,j ' Yi,j-1D; s g = Wpj-1,¥i5-1 pj_ll’j = @0, (tk yij)
Now consider ®,_, the only non-trivial case is when ¢ = j.

(C-pt) (C-yt) -
= yijl tkpij =tk yijlpij = . (tk yij)

q)‘rq(yw tk:) — y” Pz] tk:
Case 3. (C1) aij Bri = P aij (4,4, k, 1) cyclically ordered
First consider ®,, . The non-trivial cases are ¢ =i —1and ¢ # [+ 1, ¢ = i and
j=i+l,g=j—landj#i+1l,g=jandk=j+1,g=k—landj#k—1,q=%k
andl=k+1,p=l—1landl#k+1,andp=1landi=1+1.
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When ¢ =i — 1 and ¢ # [ + 1, we have the following.

-1 (C1) -1
o (Qij Bri) = Pi—1,i Qi1 P; 1 Bel = Pi—1,i Qi—1,j Bri Pi_1 4

(C1) -1 (€1 ~1
=" Pi-1,i Bl Ci-1D; 1 = BriPi-1i%i-1,3DPi 1 = Po,(Brl ij)

When ¢ =i and j = ¢+ 1, the only non-trivial case is when o = .

_ (C-Bt)
O (i Bra) = 15 ' yigti B = ;" yij Bt
1) _ 8t ,
="t "Bruyiiti = Bu t; Yyt = @ (B wij)

When ¢ =j — 1 and j # i + 1, we have the following.

—1 (c1) -1
Do (Qij Brt) = Pj—1,j Vi j—1D;_1 ; Bt =" Pj—1,j % j—1 Bup;_1

(C1) -1 (€Y -1
="pj—1, B i j—1p; 1 = Brbi-15%j-1P;1; = Po,(Brcij)

When ¢ = j and k = j + 1, we have the following.

_1 (©3) —
Oy (vij Brt) = i ik B Dy = Pk Bji Py @i = Py (Bra i)
When ¢ =k — 1 and j # k — 1, we have the following.

-1 () -1
Do, (ij Bri) = ig Pr—1,k Br—11Pp_1 1 = Pk—1k %ij Be—1,1P_1 1

(C1) -1 (cy -1
=" Ph—1 Bh—1,1 Qi P 1 ) = Ph—1k Bro—1,1Pp_1 1 ¥ij = Po (B i)

When ¢ = k and [ = k 4 1, the only non-trivial case is when 8 = x.

_ (C-at) ,_
D, (i oe) = ijt] "yt =t i yrty

Cl) ,_ C-at) ,_
= 12 ! Yk Q5 by (et t; Yyt aij = Do (Tr1 i)
When ¢ =1—1 and [ # k + 1, we have the following.

-1 (Cy) -1
Do iy Brr) = ij Pi—1,1 Bra—10 1y = Pi—1,0 %ij Bri—19; 1

(C1) _1  (C1) _
= Di-1, ﬁk,l—l Qg pl_lu = DPi-1, ﬁk,l—l pl_ll,l Q5 = ‘I’aq(ﬂkl aij)
Finally, when ¢ =1 and ¢ = [ 4+ 1, we have the following.
_ (C3) _
., (cvij Bri) = par ajlpill Bik = Bik P Oéjlpill = @, (Brr aij)

Now consider ®,,, there are two non-trivial cases. In the first case ®, ;) = o pi
Tq) Ta g ij Pij

and we have the following.

_ (Cc1) _ (C1) _
O, (v Brt) = ;' pis B =" ) Brapi = Bri o Pij = Pry(Bra vij)
In the second case @, (Br) = 6,;llpkl and we have the following.

_ (1 (c1)
D, (0vij Br) = cij By Pt = B ij Pt = By b i = Pr(Brr cij)
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Case 4.(CD) vy Py = oy (115 LS

First consider ®, . The only non-trivial cases are when ¢ =i — 1 and i # k + 1,
g=tand j=i+1l,gq=j—landj#i+1l,gq=jand k=j+1,¢q=k—1and
k#j+1l,andg=kandi=k+ 1.

When ¢ =4 —1 and ¢ # k + 1, we have the following.

Do, (i Bik Vik) = Pi-1i Xi—1j Bim1.k Pi_1.; Vik (C1)
= Pi—1,i 0i—1,5 Bi—1,k ’ijpi__ll,i (C2)
= Pic1.i Bi 1k Vik Q1,5 Py (C1)

—1 —1
= Pi—1,i Bi-1,6Pi 13 Vik Pi-1,i Qi1 Pi_1.; = Poy(Bik Vik ij)

When ¢ = i and j = ¢ + 1, we have two cases. Except for when i < j < k and
(o, 8,7) = (z,z,p) or k < ¢ < j and (o, B,7) = (x,y,p), we have the following
deduction. Let ¢; and @;; be defined as follows.

i ifa=
_ t; ifa==x _ Pis i P
= o =<y fa=x
/ 1 fa#z * Yig .
zi; fa=y

So we have that ®,_(a;;) = fj_l Q;jtj.

D, (vij Bk vik) = T, @ij Ty By pij Yik i

(C-gt) (C-pt) (Ct) (C-pt)

=& aiy Bik pij ik pi; T (C2)
=15 au vk Bin t (C2)
= 71 Yik Bjk @i t; (C-pt) (C-pt)
= Yk Bjn iy iy &5 Gt (C2)

= Bikpij Yik Dij' T @i T = Po (Bik Vik vij)
When i < j < k and (o, 8,7) = (z,x,p) or k < i < j and (o, 3,7) = (z,y,p), we
have the following deduction with § = x or y respectively.

O, (x5 Bik pjk) =t ij t; Bik Pij Pik Pi;' (C2)
= t5 " yij tpij pir Bik pij' (C-ypt)
= Pij Yij Pik Bik pij' (C2)
= pij Pik Bik Yij Pij' (C2)
= Bjk Dij Pik Vi Pij' (C-pt)
= Bk pij Pik Di;' t;  pijts vis Py (C-ypt)
= Bk pij Pir Dyt i Pij by D3 (C-pt)

= Bjk pij Pik pi_jl tj_l Yijt; = Po, (Bir pjk Tif)
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When ¢ =j — 1 and j # 7 + 1, we have the following.

o, (0tig B Vjk) = P15 @i =1 D5 1,5 Bik Pim1,5 Y1k P, )
= Pj—1, Qij—1 Bik Vi—1,k Dj1 (©2)
=Pj15 Bk Y1k i1 D5 e

-1
= Bik Pj—1,5 Vi—1,k ¥i,j—1 Pj1;~= ‘1>aq(5¢k Yk Cij)

When ¢ = j and k = j 4+ 1, we have two cases. Except for when v = z, i.e. when
i <j<kand (a,8,7) = (y,p,z) or j < k <iand (e, 3,7) = (z,p, ), we have the
following. Here

__Jpjx ify=p
Yik = .

zj ify=y
O (aij Bik Vjk) = ik DjkBis Dy ik (C2)
= qir pi' Bij Pik Vik (C2)
= aik Yjk Bij (C2)
= Yk Bij ik (C2)
= pii Bij Dik Vjk ik (C2)

= pjk Bij pj_k;l Yik ik = Po (Bik ik ij)

When i < j < k and (o, 3,7) = (y,p,x) or when j < k < i and (o, 3,7) = (z,p, z),
we have

O, (Cij Pik Tjk) = ik Djk Pij pj_k;l t Y te (C-ypt)
= Qik Pjk Pij Yijk P;kl (C2)
= Djk Pij ik Yjk D (C2)
= Djk Pij Yjk Pij ik Dy Pyp (C2)
= Djk Pij Maik (C-ypt)

= DikPij Dyt Uikt Qin = P (Pir Tk i)

When ¢ =k — 1 and k # j + 1, we have the following.

O, (aij Bik Vjk) = Qi Pk—1,k Bisk—1Vjk—1 P 1 (C1)
= Ph1.k Qij Bik—17jk—1 P (C2)
= Dh1.k Bik—1Vjk—1 Qij Pty g (C1)

1
= Pk—1,k Bik—1Vj k=1 Py_1 x Yij = Po,(Bik Vjk @ij)
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Finally, when ¢ = k and ¢ = k + 1, we have the following two cases. If 3 # x then
we have the following. Here
_ o if =
B = {p ko iEB=p

vy fB=y

-1z () _ _
O, (vij Bik Vi) = Pik Wik Py, Bik Yij = Pij ik ij Bik Vi

(C2) - (C2) - _
= Bik ajrYij = Bik Vij Pik Qjk Dyt = Q5 (Bik Vik @ij)

And if 8 = x then we have the following.

O, (qij ik Vik) = Pik Ok Pige by Yik ti Vg (C-pt)
= pik ity Py Yik ti Vi (C-ypt)
= Pik Ok Yik t; P ti Vi (C-pt)
= Pik Cjk Yik ZM (C2)
= Dik Ok Yik Djk Vij Dy Die (C2)
= Dik Ok Yij Yik iy, (C2)
= Dik Yij Yik Ok Dy (C2)
= Dik Yik Pk Vij Dy Ok Digy (C2)
= Dik Yik iy Vi Pik Ok Dy (C-pt)
= pik Yik t; ' Py, i Vij Dik ik Dy, (C-ypt)
= pikt; ' Do Yik i Vij Dik Ok Dy, (C-pt)

= ti_l Yik ti Vij Dik Ok pi_kl = @, (Bik Vik ij)

Now consider ®;_, the non-trivial cases are as follows.

g=1 i<j<k (z,p,p) (z,y,y) (x,z,p)
j<k<i (yp,0) (W29) (y9,p)
k<i<j (z,p,p) (v,2,2) (2,9,p)

q=j i<j<k (y,p,n) W.vy) (v,p,x)
j<k<i (x,p,p) (x,2z,y) (z,p,x)
k<i<j (y,p,p) (w,2,2) (y,0,9)

g=Fk i<j<k (pyy) vy @YY
j<k<i (pmy) (v,2,y) (y,7,y)
k<i<yj (px,z) (v,2,2) (y,2,2)

For the first two columns of the cases ¢ =i and ¢ = j, we have the following.

_ (c2) _
O (vij Bik vin) = ai;' pig Bk vik = ;' Bik vk Dij

(C2) _
= Bik Vik aijl pij = Pr,(Bik Vik cij)
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For the third column in the case ¢ = i, we have the following.
_ _ (C2)
O (g Bir i) = o' pij By pik Pk =

(C2) 1 1 ,— (C _
=" o i Bl pikpik ik = Big

(C2) _ _
= By pik Dik ;' pij = Pr(Bik ysk i)

—1 1 -1
Q;; Pij ﬁzk P;; Dik Pjk Pij

1, -1
Q;; Dik Pjk Pij

For the third column in the case ¢ = j, we have the following.

_ _ (c2) _ _
q)'rq(aijpik'yjk):aijlpijpik’ijlpjk = aijl 'ijlpijpikpjk
(2) _1 1 (C2) -1,-1 -1
= Q4 Yk PikPikPij = DPikVji P @y Pik Pjk Pij
(C2)

= pik Vi Pik ;' Pij = Pr (Dik Vik vij)

For the case when ¢ = k, we have the following.

_ _ (C2) R
O (ij Bix Vik) = ij By Pik Vg Pk = ij By Dij Ve Pig Pik Dik

(C2) —1 o= (c2) 1 ,_
= Q45 ’ijl Biklpikpjk = 'ijl /Bikl

(€2) o1 -1 - (C2) - _
= B iy Vi Pij Pik Dk Qg = B Dik Vg Dik g = P (Bik vk i)

(C2) _1 o1
®ij Pik Pik = Vjk Bik Pik Djk Qtij

Case 5. (C3) ik Pjk ﬂjlpj_kl = pjk Bji pj_k1 Qi (4,4, k, 1) cyclically ordered

First consider ®,, . As before the only non-trivial cases are when ¢ = i — 1 and
1#l+1l,g=tandj=i+1,q=j—landj#i+1l,g=jandk=j+1,g=k—1
andk#j+1,g=kandl=k+1,g=0l—1landl#k+1,andg=17land i =1+ 1.

When ¢ =i — 1, we have the following.

—1 -1 —1
Do, (i Pjk Bjt Pjx ) = Pi—1,i %i—1,kD;i_1; Pik Bj1 Py

(C3) -1 -1
= Pi—1,iPjk le Djp Qi—1,kDi—1

(enenen -
= Pi1i Qi1 k Dik Bt Py Py

(CH(CH(C1)

—1 —1 —1
Pik Bji Py Pi—1,i i1k D1 = o (Pjk Bjt Dy, ik)

When ¢ =i and j = i+ 1, we have the following. (Here the (C2)s hold because we
are in either of the bottom two rows of Table 1, both of which contain («, p,p) for
a=p, z, and y.)

_ 1 1 (C2) 1

Oy (i ik Bi1 D ) = ik Pij Pik B iy Pij' = Pij Pik Ok Ba vy byt

(c1) 1 (C2) 4 _

=" i Dik B i Dy, Dy = Pij Pik B Py, Py ik = Po (i Bt Dy, inc)
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When ¢ =j — 1 and j # 7 + 1, we have the following.

—1 -1 -1
Do (i Pk Bjt Pjx ) = ik Pj—1,5 Pi—1,k Bi—1,1Pj 1 x Pj—1,;

(C1) -1, -1 (3 -1 -1
= ; =" Dj—1,j Pi-1,k Bj—11Pj 1 Qik Pj_1

= DPj—-1,jCrPj-1k 53'—1,1 P 1 kPj—1,;

(C1) B B B
= Pi1g D1k Bi1a Py gk Pyi1 ik = Poy(Djk Bt Py k)
When ¢ = j and k = j + 1, we have the following.

_ 1 (C1) _ _
O, (it ik Bit Py ) = Pik g B Dy = Py Brt g P = Py (s Bji Py i)

When ¢ =k — 1 and k # j + 1, we have the following.

—1 —1 —1 -1
Do, (i Pjk Bjt Dj1, ) = Pl—1,k Qi k—1 Pjk—1 Py 1, Bl P—1,k Pj -1 Pr—1.k

(C1) -1

C1 -1 (C3) -1 -1
=" Pk—1,k ¥i,k—1Pj k=1 Bji P -1 Ph—14 = Ph—1,kPjk—1 Bl Pj k1 Cik—1Pp 1

(C1) -1 -1 -1 -1
= DPk—1,kPjk—1DPr_1 Bt Pr—1,k Djr_1®k—1Pp_1 5 = q)aq(pjk ﬂjlpjk Qi)

When g = k and [ = k+ 1, we have the following. (Here the (C2)s hold because we
are in either of the top two rows of Table 1, both of which contain (3, p,p) for 5 = p,

x, and y.)

_ —1_—1 (€2)
O, (i pjk B0y ) = it P ok Bk Py P = vt By

(1) (C2) 1 - _
=" Bk it =" pjipri Bik iy Py it = o (D Bt Dye ire)

When ¢ =1—1 and [ # k + 1, we have the following.

—1 —1 -1
Do, (Qik Pjk Bjt Pjx, ) = ik Pjk PLI—1 Bj1—1 Py 11 Py,

—1

(C1)(C1)(C) -1 (C3) -1 -1
= Dli—1 Qik Djk B1-1 Pijp Pri—1 = PLi-1Pjk Bji-1 Dj QikPpi_q

(C1)(C1)(C1) _ _ _
= Djk P1,i—1 53',171 pl,ll_l pjkl Qi = (I)crq(pjk: ﬁjl pjkl aik)

Finally, when ¢ = [ and ¢ = [ + 1, we have the following. (Here the (C2)s hold
because they always hold for the triples (a, p,p) and (3, p,p).)

O, (ir Pk BiDj ) = Pit ki Py Prj Bij P
(C2)(c2) _ c1) _ _

= P aw Bigpik =" Py Bij Pik iy Okl Dik

(C2)(C2)

ik Bij P Pri ki P = o, (Dj Bt Dy i)

Now consider @, there are two non-trivial cases. In the first case ‘I%,(Oéik) = ai_klpik

and we have the following.

_ _ 1 (C3) _
O (ki Bt Dy ) = Qi Pik Dk Bit Dy = Qg Dk Bj1 Dy, Pik

(C3) _ _ _
=" pjk Bji pjkl oy pik = . (pjx Bt pjkl Qik)
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In the second case @, (3;;) = ﬁj_llpjl and we have the following.

_ _ _1(C3) 1 _
O (ki B Dy ) = in i By PPy = Dk By Dy Qik Dik Pit Dy

(C3) _ _ _
=" pik By P Dy e = 1 (Djk B Py ir)

Case 6. (C-zpt) Tij Pij ti = Dijti Tij 1<j

First consider @, . The only non-trivial cases are when ¢ =i—1, ¢ =4 and j = i+1,
andg=j—1and j#i+ 1.

When g = ¢ — 1, we have the following.

1
o (Tij Pijti) = Pi-1,i Ti1,j Pi-1,j Pi_1; ti—1

(C-pt) —1 (C-zpt) 1
= Pi-1,iTi-1Pi-1ti-1Pi1; =  Pi—1,iPi—15ti—1Ti-1,5P 1,

(C-pt) -1 -1
= Pi-1,iPi-1,jPi 1 ti-1Di~1iTi-1,j D1 ; = Po,(Dij ti Tij)

When ¢ =1 and j =i+ 1, we have the following.

(C-pt) ,_1
="t Yigpijtity
(C-pt)

G DiitiYiity = DijYig ty = Po,(pij ti vij)

O, (xij pijti) = 1" yij 1 pij i
(Cypt)

When ¢ =j — 1 and j # i + 1, we have the following.

_ —1
Do, (ij pijti) = Pj—1jTij—1Pij-1D; 1, ti

(Cpt) —1  (C-zpt) 1
= Pj-1jTij-1Pij-1tiPi 1 = Pi-1;Pij-1tiTij-1D; 1
(C-pt) -1 -1
= Dj-1,jPij—1DP;-1tiPj—1,j Tij—1D; 1 = Po,(Pij ti Tij)
Now consider @, , the only non-trivial case is when ¢ = i.

- (C-pt)  _ (C-zpt) -
(I)Tq(xijpijti):wijlpijpijti = xz‘jlpijtipij = pijtixijlpij:(I)Tq(pijtixij)

Case 7. (C-ypt) Yij Pij tj = Dij tj Yij 1<J

First consider @, . The only non-trivial cases are when ¢ = i—1, ¢ =i and j = i+1,
andg=j—1and j #i+ 1.

When ¢ =7 — 1, we have the following.

Do, (Yij Pij t) = Pie1,i Yi—1, Pi-1, Pi_1.i s

(C-pt) —1 (C-ypt) 1
= "DPi-1,iY%i-1Pi-1t P21 =  Pi-1,iPi-1,jtjYi—15Di_1,

(C-pt) _ _
=" Pi—1,iPi-1,5 pi_lmtj Pi—1,iYi—1,j Pi_lu- = @, (pij tj yij)

When ¢ =14 and j =i+ 1, we have the following.

(C-zpt)
o (Vigpijts) = Tijpijti = " pijtizi; = Po (Pij tj yis)
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When ¢ =j — 1 and j # 7 + 1, we have the following.

Qo (Yij Pijtj) = Pj—1, Yij—1Pij—1 P;_ll’j ti—1

(C-pt) —1  (C-ypt) -1
= pjf1,jyi,jflpi,jfltjflpj_m = ijl,jpi,jfltjflyi,jflpj—l,j

(C-pt) -1 1
= Pj—1Pij-1Pj_1; ti—1Pj—15 Yii—1Pj_1; = Po,(Pij t; Vi)

Now consider @, , the only non-trivial case is when g = j.

(C-pt) _ (C-ypt) -
= yijlpijtjpij = pijtjyijlpij:q>oq(pijtjyij)

O

Q. (yijpijtj) = yigl Dij Pij t;
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