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THETA LIFTS AND LOCAL MAASS FORMS

KATHRIN BRINGMANN, BEN KANE AND MARYNA VIAZOVSKA

ABSTRACT. The first two authors and Kohnen have recently introduced a new class
of modular objects called locally harmonic Maass forms, which are annihilated almost
everywhere by the hyperbolic Laplacian operator. In this paper, we realize these locally
harmonic Maass forms as theta lifts of harmonic weak Maass forms. Using the theory of
theta lifts, we then construct examples of (non-harmonic) local Maass forms, which are
instead eigenfunctions of the hyperbolic Laplacian almost everywhere.

1. Introduction and statement of results

In [7], a new class of modular objects was introduced. These functions, known as
locally harmonic Maass forms, satisfy negative weight modularity and are annihi-
lated almost everywhere by the hyperbolic Laplacian (see Section 2 for the relevant
definitions), mirroring harmonic weak Maass forms. Recent interest in harmonic weak
Maass forms began with their systematic treatment by Bruinier and Funke [13].
Following their appearance in the theory of mock theta functions due to Zwegers
[40], it has been shown that harmonic weak Maass forms have applications ranging
from partition theory (for example [2, 4, 6, 9, 11]) and Zagier’s duality [39] relating
“modular objects” of different weights (for example [10]) to derivatives of L-functions
(for example [14, 15]). They also arise in mathematical physics, as recently evidenced
in Eguchi et al. [16] investigation of moonshine for the largest Mathieu group May.
The main difference between locally harmonic Maass forms and harmonic weak Maass
forms is that there are certain geodesics along which locally harmonic weak Maass
forms are not necessarily real analytic and may even exhibit discontinuities.

In this paper, we realize the locally harmonic Maass forms studied in [7] as theta
lifts of harmonic weak Maass forms. Theta lifts form connections between different
types of modular objects. In particular, the Shimura lift [32] was realized as a theta
lift by Niwa [25]. Niwa constructed this theta lift from an integral quadratic form of
signature (2, 1), whereas Oda [26] extended this lift to quadratic forms of signature
(2,n) for n > 1. The theta lifts of interest in this paper may moreover be viewed in the
framework of a much more general theta correspondence between automorphic forms
associated to the two groups of a dual reductive pair [21]. Rallis and Schiffmann
[29, 28, 30, 31] also constructed a lifting using the theta kernel furnished by the
Weil representation. For example, Katok and Sarnak [22] used theta lifts to relate
the central value of the L-series of a Maass cusp form to the Fourier coefficients
of corresponding Maass cusp forms under the Shimura lift. This extended a famous
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result of Waldspurger [36] proving that the central value of the L-function of an
integral weight Hecke eigenform is proportional to the square of a coefficient of its
half-integral weight counterpart under the Shintani lift. Tunnell [34] later exploited
this link to express the central value of the L-function of an elliptic curve in terms of
the coefficients of a theta function associated to a ternary quadratic form. Tunnell’s
Theorem gives a solution to the ancient congruent number problem (conditional on
the Birch and Swinnerton-Dyer conjecture).

Although these classical lifts were restricted to cusp forms, the regularization of
Harvey—Moore [19] and Borcherds [3] allows one to extend their definitions to previ-
ously divergent theta integrals. These extended theta lifts have more recently appeared
in a variety of applications including generalized Kac-Moody algebras [18] and the
arithmetic of Shimura varieties [15]. Following Bruinier’s [12] application of Borcherds
lifts to harmonic weak Maass forms, Bruinier and Funke [13] extended theta lifts to
harmonic weak Maass forms. Due to the theory built around theta lifts, one may nat-
urally extend the definition of locally harmonic Maass forms to include local Maass
forms, i.e., functions with the above properties of locally harmonic Maass forms except
that instead of being annihilated by the hyperbolic Laplacian, they are eigenfunctions.
The locally harmonic Maass forms investigated in [7] have a natural connection to
the Shimura [32] and Shintani [33] lifts, which we next describe.

For k € 2N and a discriminant D > 0, Zagier [37] defined the functions

-3
(L1) fen(s) = e 37 Q5 1),
(kfl)ﬂ- QEQD

where Qp denotes the set of integral binary quadratic forms of discriminant D € 7Z
and for Q = [a,b,c] € Qp we have Q(z,1) = az? + bz + c. Zagier showed that
fr,p € Sai, the space of weight 2k cusp forms for SLy(Z) and it was later noticed that
the fr,p could be naturally realized as (linear combinations of) hyperbolic Poincaré
series defined by Petersson [27]. The functions fj p reappeared in the (holomorphic)
kernel function for the Shimura and Shintani lifts

Q(z,7) = Z fr.p(2)e2™PT

0<D=0,1 (mod 4)

+

k+4

was defined by Kohnen and Zagier [24]. For g € S,:; 1, the Petersson inner product
2

(g,9Q(=%,-)) equals (—1)*/222=3F times the Shimura lift of g. Kohnen and Zagier used

Q to explicitly compute the constant of proportionality in Waldspurger’s result, in

turn proving non-negativity of the central L-values of Hecke eigenforms.

between Sy and S (Kohnen’s plus space of weight k + % modular forms), which

As indicated above, the functions fi p may be interpreted in terms of theta lifts. To
describe this, we define Shintani’s [33] non-holomorphic kernel function. Throughout
we write 7 = u + v € H, z = 2 + iy € H, and denote, for Q = [a,b,c] € Qp,

1
Q. = ;(a|z|2 + bz +c).
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Using this notation, Shintani’s theta function projected into Kohnen’s plus space
equals

(12) @(Z 7_ ka2 Z Z (Z 1 k 747‘I’Q v 27T’LDT

DeZ Qelp

The function ©(—%,7) transforms like a modular form of weight k + 1 in 7 and
weight 2k in z (see Proposition 3.2 (1)). Integrating the Dth weight k + 5 (holo-
morphic) Poincaré series against © yields f p.

One can use Borcherds’s [3] regularized version (f,g)™8 of the Petersson inner
product (see Section 2 for a definition) to extend the utility of the Shimura lift (realized
as Niwa’s [25] theta lift) to weak Maass forms. To be more precise, for a weight k -+ 1
weak Maass form H with eigenvalue

ko1 ko1

under the hyperbolic Laplacian A, 1, we define the theta lift
P (H)(2) := (H,0(z,))" .
By choosing an appropriate input, this lift leads to the natural generalization
Dy?
(1.3) fr,s.0( Q(z,1)~ <)
iy QG D

of fr.p. Here, for 0 < w < 1 and Re(s) > g + %, using the usual 5 F} notation for
Gauss’s hypergeometric function, we define

I'(s+%-Lps+ts . , A |
s\w) = w2 Ak s+ - ——,s— - — ;25w |,
#o() 6T(2s)(4m) 5% 2 1( 2 47 2 4 )

which is easily seen to be a constant when s = g + %. Note that for Re(s) > g + %,
the Euler integral representation of the o Fy (see (4.3)) yields

F(s+§—i)D§+%
6T (s+ 5+ )T (s—5— 1) @m)a—3

k
2

ps(w) =

s—

1
X wSTETd / (1—t)ste—a¢ a8 (1 —wt) 2 a4t
0
In order to obtain the functions fi s p, we apply the theta lift ®; to the Dth Poincaré
series Py 1 o p (see (2.12)) of weight k+ 3 with eigenvalue A, under A1 in Kohnen’s

plus space. In the special case that s = g + %, this Poincaré series is precisely the
classical cuspidal Poincaré series and fk% +1p is essentially fi p because ¢ ki1 is a
constant.

We next show that in general the functions fj . p are local Maass forms with
exceptional set given by the closed geodesics

. D=1 =x+wyel: da,b,c e 4, —4ac=1D, a|z|”" +0x +c =0y .
14) E jy € H:3a,b,c € Z, b* —dac =D, alz|* +b 0

Theorem 1.1. Suppose that s € C satisfies Re(s) > g + 1 and D > 0 is a discrimi-
nant. Then the following hold.
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(1) The function fis.p is a local Maass form of weight 2k and eigenvalue 4\
under Agy with exceptional set Ep. Moreover,
221{:—3

(1.5) frssip= m(

4rD)i~% fp,
which is a cusp form.

(2) The theta lift &, maps weight k + % weak Maass forms with eigenvalue A\g
under Ak+% to weight 2k local Maass forms with eigenvalue 4As under Asgy.
In particular, the image of the Dth Poincaré series under the theta lift ®y
equals

‘I)k (Pk+%,s,D) = fk,s,D‘

Remark. The function fj s p is continuous for every s € C with Re(s) > % + i,
but whenever \; # 0 there exist points along Ep at which f; s p is not differentiable
(for example, if 7 € S for precisely two @Q € Qp). In particular, one should note
the surprising fact that while the functions are not differentiable for As; # 0, the case
As = 0 yields a (holomorphic) cusp form by (1.5).

We now investigate the general properties of the theta lift. Let T, and T, denote
the Hecke operators of integral and half-integral weight, respectively (see (2.3) and
(2.4)). We next show that the theta lift commutes with the Hecke operators.

Theorem 1.2. (1) For every weight k —+ % weak Maass form H with eigenvalue
As with Re(s) > £ 4+ 1

O3, (H)|ox T, = . (H( lTp2> :
ket 1

(2) If Re(s) > % + % and s # % + %, then the lift ®y, is injective on the space of
weak Maass forms with eigenvalue \s under A,H_%.

We next describe a theta lift that parallels the construction of Shintani [33] and
Niwa [25] in negative weight. Define the following theta function:

(1.6) O (z,7) =0 Y Y Q.Q(z, 1) e

DEZQeEQp

4 )2 )
7W‘Q(yz2 A v€—27rzD7'

The function ©* transforms like a modular form of weight % —k in 7 and weight 2 —2k
in z (see Proposition 3.2 (2)). Similar to the positive weight case, for a weak Maass
form H of weight % — k, we define the theta lift by

1k(H)(2) := (H,0%(=Z,-))"®.

Since the space of weak Maass forms is spanned by the Poincaré series Ps_j  p
(defined in (2.12)) [17], it suffices to consider their image under the theta lifting. This
leads to the definition

Dy?

z) = Snzzyk_:l:i’
(1.7) fl—k,s,D( ) Q;D gn(Q:)Q(z,1) 12 (|Q(Z,1)|2)
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3
4
ps(w) = (a5~ 5) (4nD) w5—3+52F1<8—+ +—;25;w).

12,/7T(2s)

In the special case that s = g + i, a change of variables yields the locally harmonic
Maass form

1
Fik,p(2) =

12¢/(1)

investigated in [7]. Here

T is sgn z, 1)kt 7Dy2
D)t 3 wni@.)Q( o (g ).

w@%—;ﬁ<wk—;;>

is a special value of the incomplete S-function, which is defined for r, s € C satisfying
Re(r), Re(s) > 0 by B(v;s,r) := [j w1 = u)""'du. In [7], the first two authors
and Kohnen introduced the functions Fi_j p and showed that they transform like
weight 2 — 2k modular forms and are locally harmonic in every neighborhood of H
which does not intersect Ep. More generally, the functions F;_, s p are local Maass
forms with exceptional set Ep, along which sgn(Q.) = 0 causes discontinuities.

Theorem 1.3. Suppose that k is even, D > 0 is a discriminant, and s € C satisfies

Re(s) > % — 3. Then the following hold.

(1) The function Fi_j s p is a local Maass form of weight 2 — 2k with eigenvalue
4)Xs under Ao_op and exceptional set Ep.

(2) The theta lift ®_, maps weight % — k weak Maass forms with eigenvalue A4
under Agfk to weight 2 — 2k local Maass forms with eigenvalue 4\s under
Ao_op. In particular, the image of ngk@D under the theta lift is

(1.8) 1-k (ngk,s,D) = F1-ks.D-

Remarks.

(1) The functions Fi_j s p are never continuous. That is to say, for every s and
D satisfying the conditions of Theorem 1.3, there exist points along Ep for
which Fi_y s, p exhibits discontinuities. For example, one can easily show that
these occur at points where 7 € Sg for precisely two @ € Op.

(2) Although Fi_j p is never continuous, one may add a piecewise polynomial
function to obtain a real analytic function. The polynomial in question is rel-
ated to the period polynomial of fj p and was thoroughly investigated in [7].

(3) In the omitted case k = 1 and A\; = 0, Hovel [20] has constructed locally har-
monic Maass forms via a theta lift. The relationship with the Shimura and
Shintani lifts as well as its geometric interpretation were further investigated
there.
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(4) The regularized theta lifts considered here should also have a geometric
interpretation. One expects that their images represent cohomology classes
of geodesic cycles as currents.

We again turn to the general properties of this theta lift. In particular, it also
commutes with the Hecke operators.
Theorem 1.4. Suppose that s € C satisfies Re(s) > % — %. The following hold.
(1) For every weak Maass form H of weight % — k in Kohnen’s plus space with
eigenvalue \g under A%_k, one has

(1.9) 1k (H)l2-26Tp = T (H|s _Tp2).

(2) The lift ®_, is injective on the space of weak Maass forms with eigenvalue
As under As .

Remark. In [7], it was shown that the functions Fy_j p satisfy relations under the
Hecke operators which seemed to imply a natural connection to weight % — k objects.
This is explained by the relation (1.9) between integral and half-integral weight Hecke
operators.

The images F1_j s,p and fi s p under the two theta lifts considered in this paper

. L . o D
are related through the antiholomorphic differential operator &, := 2iy" 4.
Theorem 1.5. Suppose that k > 0 is an even integer, D is a positive discriminant,
. k
and s € C satisfies Re(s) > & + 1.
(1) For every z ¢ Ep, we have that

(1.10) &ook(Fioks,n(2) =2 <3 - Z + I;) frs.0(2).
(2) For z ¢ Ep, we have that
(111) éon(frn(e) =2 (5 - § = 1) Fiosan().
Theorem 1.5 states that for s > g + i the following commutative diagram holds:
Ps oD ik Fl—k,s,D
€3 _4 €22k

2dy,

(g - % + %) Pk+%,§,D

it Sk

47,
_ASPS k,s,D _4)\sfl—k7s7D

5—
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Denote the dth Shimura [32] lift by . and Pep := P, x 1 p. In the special case

that s = £ + 1 (see Corollary 9 of [24] for the constant multiple of .%;), the diagram
becomes the following:

Py
Ps_p Fi—k,D
f%_k Ea—2k
1 20, 92k—3 3_k
(k—3) Peiip Py S5—MAnD)i73 frp
1

Remarks.

(1) The above diagram extends work of Bruinier and Funke [13] and Hovel [20]
in the case of O(2,1) to higher weight.

(2) By applying (6.1) (used to obtain (1.10)) to s-derivatives of weak Maass forms,
one could also obtain links between modular objects known as sesquiharmonic
forms [5]. These functions map to weakly holomorphic modular forms under
the hyperbolic Laplacian.

The paper is organized as follows. In Section 2, we recall the theory of weak Maass
forms and give a formal definition of local Maass forms. Section 2.1 is devoted to the
properties of the regularized inner product. The modularity properties of the theta
functions are described in Section 3, where we derive a number of interrelations bet-
ween the theta functions through differential operators. The image of ®j (Theorem
1.1 (2)) is determined in Section 4, while Section 5 is devoted to the image of ®}_,
(Theorem 1.3 (2)) and the injectivity of the lift (Theorem 1.4 (2)). In Section 6,
Theorem 1.5 is established and the relationship between fi s p and Fi_j s p is then
used to conclude Theorems 1.1 (1) and 1.3 (1). Finally, Section 7 concludes the paper
with a discussion of the Hecke operators and the injectivity of ®; (Theorems 1.2 and
1.4 (1)).

2. Basic facts on weak and local Maass forms

In this section, we recall the basic definitions necessary to describe the modular objects
and the theta lifts used in this paper. We first define the regularized inner product
used in the definitions of ® and ®*. In order to understand the relationship between
lifts in different spaces, we then define the Hecke operators, which act formally on
any translation invariant function. We then recall Kohnen’s plus space and weak
Maass forms, to which we apply our theta lifts. The next subsection is devoted to
constructing Poincaré series which span these spaces of weak Maass forms. Following
this, we give the definition of local Maass forms, which are the focus of this paper.

Thoughout this section, k£ € 37Z and we set I' := SLy(Z) whenever x € Z, while
[:=Ty4)if k€ 1Z\ Z.

2.1. Regularized inner products and Hecke operators. For T' > 0, denote the
truncated fundamental domain for SLo(Z) by

1
(2.1) FT::{TEH:|U|§2,|T|21,U§T}.
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For a finite index subgroup I' C SLy(Z), we choose a set of representatives of I'\ SLo(Z)
and further define
FrM)= |J ~7r
~€T\ SLy(Z)
In particular, we set Fr(4) := Fr(To(4)). For two functions G and H satisfying weight
k modularity for the group I', we define, whenever the limit exists, the regularized
inner product
1 —— dudv

(G = Ba@y T %% ) SO

Although Fr depends on a set of representatives of T'\ SLy(Z), the inner product
(G, H)™*¢ is independent of this choice. We often evaluate the inner product between
¢x(G) and H, where G satisfies weight £ modularity, H satisfies weight 2 — x modular-
ity, and &, = Qiy”%. For this, we use the following lemma, which follows by standard
arguments using Stokes’s Theorem.

Lemma 2.1. Suppose that F, G : H — C are real analytic functions that satisfy
Flo_yy=F and G|,y =G for ally € T. Then

2 du dv T 7)o " dudv
(2.2) /f oy o PN TET v dudo + /f OO T dud

__/ F(r)G(r) dr.
OFr(T)

A number of important operators are Hermitian with respect to the regularized
inner product. One such class of operators is the Hecke operators. Suppose that F is
a function satisfying weight x modularity and write its Fourier expansion as

F(r) =) ay(n)e’™ .

nez

If kK € Z (resp. k € %Z \ Z), then for a prime p, the Hecke operator T}, (resp. T}2) is
defined by

(2.3)
A e (om0 (2))
(2.4)
F HTW (1) := 7% (av(Pzn) +piE ((—1)};“%) ay(n) + p**ay <;>> eminu,

We apply the regularized inner product to (half-integral weight) weak Maass forms,
which we define in the following subsection.

2.2. Weak Maass forms. When x € %Z \ Z, we are interested in weight s real
analytic modular forms on I' in Kohnen’s plus space. This means that the Fourier
expansions are supported on the coefficients n satisfying (—1)""2n = 0,1 (mod 4).
We use pr to denote the projection operator (see Section 2.3 of [23]) into Kohnen’s
plus space. It is useful to recall that if ' is modular in Kohnen’s plus space for I,
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then its Fourier expansions at the cusps 0 and % are determined by the expansion
at ioo (see [23] for a proof in the holomorphic case). Like the Hecke operators, the
projection operator pr is Hermitian with respect to the regularized inner product, i.e.,

(2.5) (Gl pr, H)'™® = (G, H| pr)'°™.

The real analytic modular forms of particular interest for this paper are weak
Maass forms. A good background reference for weak Maass forms is [13]. Recall that
we write 7 = u + v throughout. For k € %Z, the weight « hyperbolic Laplacian is

defined by
Ag =A== —v? <;; + ;;) + iKv (8 —l—ia) .
It is related to the operator &, = &, » 1= 21’1}"% through
Ay ==&k 0&.
In order to define weak Maass forms, we require
(2.6) Mo (t) = |72 M ey, s— 2 ([E),

where M), ;1 is the usual M-Whittaker function. For Re(s + p) > 0 and v > 0, we
have the integral representation

_ .8 F(28) ! s+p—1 s—pu—1_—vt
(2.7) M, ,_1(v) =v’e F(S+M)F(S—M)/o t (1—-1) e "'dt.

(SIS

In the special case that u = s, we have

(2.8) M, _1(v) = e 200,
Furthermore, as v — oo, the Whittaker function satisfies the following asymptotic
behavior for p # s:

['(2s) » _
(29) MM!S_%('U) ~ m627} H.

We move on to the definition of weak Maass forms. For s € C a weak Maass form

F : H — C of weight x for I with eigenvalue A = (s — %) (1 —5— %) is a real analytic
function satisfying:

(1) For every v € T', one has F|,y = F, where |, denotes the usual weight
slash-operator.
(2) One has A, (F) = AF.

(3) As v — o0, there exist aq,...,an € C for which
N
F(r)— Z amM . s (47 sgn(k)mov)e* ™ sen(r)u — O (Ul_Re(s)_%) .
m=1

There are analogous conditions at the other cusps of I'.
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2.3. Poincaré series. One builds explicit examples of weak Maass forms by con-
structing Poincaré series [17]. For m € Z \ {0}, the function
Vm.w(8;7) := (47|m|) 2T (25) 7t M, s (dmmuv)e>™ime

is an eigenfunction for A, with eigenvalue (s — %) (1 —5— g) Thus, one concludes
that for Re(s) > 1 the Poincaré series

(2.10) Pfg,s,I‘,m(T) = Z ¢sgn(n)m,ﬁ(5;7)‘K77
YET o \T
where ' := {£(} 1) :n € Z}, is also an eigenfunction under A, with the same

eigenvalue. Moreover, the space of weight x weak Maass forms with this eigenvalue is
spanned by such Poincaré series. The Poincaré series satisfies the growth condition

(2'11) PK,S,FJH(T) - d}sgn(n)m,n(s; 7') = O(vlfRe(S)7%>.

In the case that k € %Z \ Z, we then project the Poincaré series into Kohnen’s plus
space, defining

(212) Pn,s,m = Pm,s,Fg(él),m‘ pr.

In the special cases that s = 1— 5 or s = %, the resulting Poincaré series is harmonic.
For D # 0, the positive and negative weight Poincaré series are related to each other
via

K

(213) &(Prsp) = (5= 5 ) Prons-

2.4. Local Maass forms. Mirroring the definition of weak Maass forms, for x € 27Z,
A € C, and a measure zero set E, we call a function F a weight s local Maass form
with eigenvalue A and exceptional set F if F satisfies the following:

(1) For every v € SLy(Z), one has F|,y = F.
(2) For every 7 ¢ E there exists a neighborhood around 7 for which F is real
analytic and

A(F)(T) = AF (7).
(3) For 7 € E one has

F(r)= 1 lim (F(r +ir) + F(r —ir)).

(4) As a function of v, F exhibits at most polynomial growth as v — oo.

Since Ep is invariant under SLo(Z) and F may exhibit discontinuities, we note that
there would be no relationship between the values of 7 on Ep and the values of F on
H\ Ep without condition (3). Examples of locally harmonic Maass forms (those with
eigenvalue 0) are given in [7] as “quadratic form Poincaré series.” These functions
satisfy condition (3) and serve as the source of its definition here. In this paper, we
give further examples of local Maass forms via theta lifts.
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3. Indefinite theta functions

In this section, we collect several important properties of the theta functions (1.2)
and (1.6). The modularity properties of these indefinite theta functions follow by a
result of Vignéras [35]. To state these, we define the Euler operator £ := Y"1 | wiaiwi'
As usual, we denote the Gram matrix associated to a non-degenerate quadratic form
q on R™ by A. The Laplacian associated to ¢ is then defined by A := <8%’ A’18%>.

Here (-, -) denotes the usual inner product on R".

Theorem 3.1 (Vignéras). Suppose that n € N, q is a non-degenerate quadratic
form on R™, L C R™ is a lattice on which q takes integer values, and p : R — C is
a function satisfying the following conditions:
(i) The function f(w) := p(w)e=274) times any polynomial of degree at most 2
and all partial derivatives of f of order at most 2 are elements of L*(R™) N
LY(R™).
(ii) For some A € Z, the function p satisfies

A
<E—47r)p—)\p.

Then the indefinite theta function

U—% Z p(wﬁ) 6271'z'q(w)'r

weL

is modular of weight A + % for T'o(N) and character x - X4, where N and x are
the level and character of q and x_4 is the unique primitive Dirichlet character of
conductor 4.

Remark. Note that the definition of the character given in Vignéras [35] differs to
that given by Shimura [32] by a factor of x*,. We adopt Shimura’s notation here.

Applying Theorem 3.1 to © and ©* yields their modularity properties (see [8] for
details).

Proposition 3.2.

(1) The function ©(—%,T) transforms like a modular form of weight k + % in
Kohnen’s plus space on I'g(4) in 7 and weight 2k on SLa(Z) in z.

(2) The function ©* transforms like a modular form of weight % — k in Kohnen’s
plus space on To(4) in 7 and weight 2 — 2k on SLy(Z) in z.

The following lemma is the key relation needed to establish a link between the func-
tions fr s,p and Fi_j s p. The correspondence is formed through a relation between
the respective differential operators in 7 and z on © and ©*, mirroring an important
connection formed in [13].

Lemma 3.3. For every integer k > 1, one has

0
(3.) €y (002 7)) = =iy 07 (=,

(32) €3-1+(0"(-2,7)) = iy -0z, 7).
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Proof. We first prove (3.1). We compute that 2 ©*(—%,7) equals

= *EQKX Zl” —2miDT 9 |Q( )
Z Q(—Z, k 1 2miD (azQ 7—47TQ ZU@z( y2 ))

DeZ

QEQp
We then use
(3.3) Q(z, D” = Q2y* + Dy?
and 5 )
2 O L =
= _0(-z%.1
to obtain
0
_iy2—2k£@*<_277_ _ —2k k Z = 1 k —47rQ v —27rzDT( _871_@2_2,0).
DeZ.
QEQp
We similarly compute the action of &, 41,00 ©. A straightforward calculation
yields
§k+%77(@(2 T)) = 2k gk Z Q(z, 1 4”Q3”672“D?(1 —8%@31}).
DeZ
QEQp

Equation (3}) now follows immediately by the change of variables @ = [a,b,c] —
[a, b, c] =: Q € Qp, noting that
(3.4) QE1)=Q(-=1) and Q.=Q-=

Next, we prove (3.2). Since @), € R, a direct calculation, mirroring the proof of
(3.1) and using (3.4), yields

v = 1 47020 27iDT 4o
(@ () =0t 3 Q.0 )it tratennr (- Mg ).
DeZ
QEeQp

We next obtain (3.2) by showing that —iyzk%@(z, 7) equals

_ 0 (Q(z,1) T 0
_ 2 2 k— 1 47rQ v 2wiDT e o on -~
iv E (2,1) e (kaz ( " ) )2 Q.Q(z,1) UOZQZ)

DeZ
QEQD
1 1 402 2miDr 4o
=0k Y Q) e e (- SEgG 2.
DeZ
QEQD

where in the last line we have used
PoQo=t0EY and 2 (7Q(:) = Q..
O

The following lemma relates the regularized inner products in positive and negative
weights through the &-operator.
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Lemma 3.4. Suppose that D > 0 is a discriminant and z ¢ Ep. Then for every s
with Re(s) > % + 1 one has

(3.5) (€41 (Pry1,60)07(=%,))"® = —(Ppy1 5 p €z (07(=Z, )8
and
(3.6) (€3 1(P3_p6,0),O2,))"® = —(Ps_y s D, ks 1 (O(2, 1)) 5.

Proof. Note that all of the regularized integrals exist, as will be shown in the proofs
of Theorems 1.1 (2) and 1.3 (2). We begin with the proof of (3.5) and abbreviate
P:= P, 1, p- By Lemma 2.1, we have

<£k+%(P) O (=%,))"®* + (P, £3_1(07(=%,)))"8

=—— lim / P(1)0*(—%,7)dT,
OFr(4)

6714a

provided that the limit exists. Hence, our goal is to show that the limit on the right-
hand side is zero. A standard argument reduces this claim to showing that

1
(3.7) Tlim P(u+iT)O"(—z,u+iT)du =0
— 00 0

as well as vanishing of similar integrals around the other cusps of I'g(4). However,
since both P and ©* are in Kohnen’s plus space, the vanishing of the corresponding
integrals at the other cusps may be reduced to showing that (3.7) vanishes.

In order to prove (3.7), we first recall the growth condition (2.11) and note that
©*(—z,u + iT) decays exponentially as " — oo. Indeed, using (3.3), one can show
that for fixed z € H the quadratic form

2 1)?
Q*(a,b,c) =D — Mé)' = —D +2Q?
Y
is positive definite on the lattice of all binary quadratic forms Q = [a,b,c] € Qp.

After evaluating the integral over u, one reduces (3.7) to showing that
li =
Tgnoo RT 0’

where
_4rQ(=z.1) 2T
Ry := M1 (4rDT)TF D~ Q 2Q(—=,1)* e PR
QeQp
However, the asymptotic behavior for the Whittaker function coming from (2.8) and
(2.9) yields

M,H%,S(ZLWDT) koD 27 DT p—k—1
Using (3'3% we may hence bound
Rr <pop T2 Z Q_2Q(—7, 1)kl 4mQ%:T
Qep

Since z ¢ Ep (and hence —z ¢ Ep), Q*5 > 0 for every Q € Qp and hence Ry
exhibits exponential decay as T' — oo. This concludes (3.7), yielding (3.5). The proof
of (3.6) follows analogously. O
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4. Image of the theta lift &,

In this section, we introduce a spectral parameter in the classical Shintani lift.

Proof of Theorem 1.1 (2). In order to compute the regularized inner product, we use
a method of Zagier [38]. He defined a regularization that he used for functions which
grow at most polynomially, but the method may be extended to the functions of
interest here, as we now describe. We first define

Hr := U vFr = U vFr(4).
Y€SL2(Z) Y€T0(4)
We first use (2.5) together with the fact that © = ©|pr to compute
(41) <Pk+%,s,D7 9(27 ‘)>reg = <Pk+%,s,F0(4),D| pr, @(27 .)>reg
= <Pk+%,s,F0(4),Dv O(z, ')>reg-

Then the usual unfolding argument yields

1 -
P O(z, ) == 1li ;T)O
< k+3,s,D> (Z’ )> 6 TI_I)I;O r\Hy wD,k—s—%(S’T) (Z,T)U 02

ket 3 dudv

‘We now rewrite

Hy = {r € HIm(r) < T}\ U S«(1)
ooz
(a,c)=1

where Sa (T') is the disc of radius zc%:r tangent to the real axis at ¢. Hence, we have

<Pk+%,s,D’ O(z, ‘)>reg = Thm (I(T) + Ix(T)),

where

1 — gl
IQ(T) = —6 Z / d}D k-}-%(S;T)@(ZvT)UIH_z
¢>1a (modc)””¢ )
(a,c)=1

We first consider I;(T'). Evaluating the integral over u and using (3.3), we obtain
(4.2)

lim I (T):W Z Q= 1)k/OOM 1 (MDv)e_gﬂDU_Msz k=1 g,
T—o00 ! 6y2kr(25) ’ 0 k+35,s
QEQp
(47rD)% 5 < Dy? >
6u2kT(25) Z Q1)
6T () g R 1P

where for 0 < w < 1 we define

oo
v -1 _
—/ Mk+%78(v)e§e Ve Ry,
0
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In the case that s # £ + 1, we insert the definition (2.6) of M1 4(v) and then
substitute the integral representation (2.7) of the M-Whittaker function when Re(s) >
% The change of variables t — 1 — ¢ yields that I(w) equals

We then rewrite the integral using the Euler integral representation for oFy (see
(15.3.1) in [1]), given for Re(C) > Re(B) > 0 and |w| < 1 by

I'(C) ! B-1(1 _ \C=B=1(] _ 1y1)~A
_B)/Ot (1-1) (1 — wt)~Adt.

(43)  2FA B Cw) = mpr e 5y

Thus
k1 k1 E o1 E o1
_ B st5—1 A 9.
I(w)F<s+2 4>w 2 42F1<s+2 15735 4,25,10).

Inserting this into (4.2) shows that limy_,o 11(T) = fi.s.D-
For s = g + 1, inserting (2.8) into (4.2) yields

: D3 +aD(k) L
4 1 L(T) = =fL e, 1 .
A0l ) = G (e D) oo, 2D T eseee®)

To conclude (1.8), it remains to show that I5(7") vanishes as T — oco. We first
assume that 4 | ¢ and choose v = (‘Cl Z) € I'op(4). A direct calculation shows that
ySe ={r € H|v>T}.

Hence, the change of variables 7 — 7, together with the modularity of © in Propo-
sition 3.2, yields

L e=a s \ dud
L(T) = 6 / / O(=2,7)(cT + d) " 29 1 (s;y7)Im(y7) "2 u2v.
T — 00 ? 2 v
Using the facts that Im(y7) = ;Y= and © is translation invariant, the integral may

be rewritten as
I et 1 n\ gy dudv

Taking the sum over all a, ¢ with 4 | ¢ > 0, the inner sum precisely evaluates as
Py 1 sr0(4),0 = YDkt 1(57)-

Comparing the polynomial growth in (2.11) with the exponential decay of ©(—z, 1)
towards i00, one concludes that the limit 7" — oo vanishes. A similar argument shows
that the contribution to I5(7T) coming from 4 1 ¢ also vanishes as T — oo. This yields
(1.8). O
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5. Image of the theta lift ®7_,

We next compute the image of ®]_, with the method from Section 4.

Proof of Theorem 1.3 (2). Following the argument in the proof of Theorem 1.1 (2),
we may reduce the theorem to evaluating

S

6 T—oco ’U2

_— dudv
* k2R
_EThm g E /a(T Up,a_k(s;7)0*(— 27')1;2 3

c>1a (mod c)
(a c)=1

Using the argument from before, the second summand vanishes. We use (3.3) to
rewrite the exponential in the theta series as

(b* — dac)u + w(2Q* - + (b* — 4ac)).

There@re, evaluating the integral over u and then making the change of variables
Q — Q (as defined before (3.4)), it suffices to compute

2
6:2) DI 3 Q07 (1t )

QeQp

/ /\/l,_ks v)e: VI e gy,

Inserting the definition (2.6) of M3 _; , and the integral representation (2.7) of the
M-Whittaker function, we evaluate

where

(5.3) I(w) =
P(s—5+3I(s+5-19)
1 o
s [ etETE(—g)smEE [ st demv(t e gy
0 0
B r@sr(s+%-1)
CT(s—5+ T (s+5-1)
1

We again employ the Euler integral representation (4.3) to show that

ko1 1 k1 k3
I(’U)):F<S+2—4> ws+%_12F1 <S+2—4,8—2+4;28;w>,

We then rewrite the hypergeometric function by using the Euler transform
2F1(A, B;Ciw) = (1 —w)“ 4B, (C - A,C - B;C;w)
to yield
k

1 Ciek Eo1 k3
I(w)_r(s+2_4>(1—w) Tt 12F1< _2+47s+2_4a2s;w).
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Finally, we conclude that (5.2) equals (1.8) by using (3.3) to rewrite |@,| in terms of
Dy?

QDI d
We next establish the injectivity of the lift.

Proof of Theorem 1.4 (2). Since the Poincaré series Ps_} o p span the space of weak

Maass forms and are linearly independent (which can be seen by comparing their prin-

cipal parts), it is enough to show that the functions F;_j s p are linearly independent.
This follows by proving that any linear combination

n
F = Z a; F1-k,s,D,
j=1
with a; not all zero exhibits discontinuities and is hence non-zero. Comparing the sets
Ep, of geodesics defined in (1.4) implies the result. O
6. Relation between positive and negative weight local Maass forms

In this section, we relate fi ¢ p and Fi_ s p.

Proof of Theorem 1.5. We prove (1.10) by establishing that for P := Ps_, . p and
z ¢ Ep, one has

(6.1) €22k (P71, (P)(2)) = 21 (€31 (P))(2).
We first use (3.6) and then (3.1) to obtain for z ¢ Ep

(62) (s 1(P))() = (63 4(P).O(=, )" = ~(P. &, 3 (O(z )8

— _<P’ —in*Qk%@*(—Z, _)>reg

- 22k reg
Yy 0 %/ —= Q_kdud'l}
frg —_— P — 2
T [ PO
0
— 2*2]’67 P *(_ % . reg.
ly az< 76 ( Z? )>
Since
R p—
(63) £(G(2)) = 20"+ G(2),

we conclude (6.1) from (6.2).
We now apply Theorems 1.3 (2), (6.1), (2.13), and finally Theorem 1.1 (2) to yield

§2-2k(F1-k,5,0(2)) = Ea—a( Tfk(P%fk,s,D)(Z)) = 2(I)k(£%7k(P%7k,s,D))(z)
=2 <8 Z + ];) ®1(Pry150)(2) =2 <5 % + ];) frz,0(2).

This concludes the proof of (1.10).
We next prove (1.11). Denoting P := Piy1 s p> We use (3.5) to conclude that for

z ¢ ED
(64) B (Exy1(P))(2) = (61 (P), O (—7, )8 = —(P,E3_,(07(~7, ).
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We then employ (3.2) and (6.3) to obtain

x ok 0 s 1
(6.5) (€ g (P))(2) = ™ 5= (P, O(2, )% = S&ok(P(P)(2))-
Combining this with Theorem 1.3 (2), (2.13), and Theorem 1.1 (2) yields

ko1 ko1
(5-5- 1) Aeant) = (5§~ 1) 4Py 1s0)(2)
1
= ¢T—k(fk+%(Pk+%,s,D))(2) = §§2k(q>k<Pk+%,s,D)<Z>>

o))

We are now ready to prove Theorems 1.1 (1) and 1.3 (1).
Proof of Theorem 1.1 (1). Note that
O(z,7) =O(—%,—7).

Hence fi s, p is modular of weight 2k by Proposition 3.2.

The functions fi s p are continuous since for Re(C) > Re(A + B), the hyperge-
ometric function oF (A, B; C;w), and hence ¢,(w), is continuous for w < 1. This
implies condition (3).

For z ¢ Ep, (1.11) and (1.10) imply that

Aok (fr,s,0(2)) = —&a—2k(§2k (fr,s,0(2))) = 4Xs fie,s,0(2)-

A straightforward calculation shows that fi s p(z) grows at most polynomially as
Yy — 00.

Finally, one uses (4.4) and the duplication formula for the I'-function to conclude
(1.5). O

Remark. The non-differentiability of fj s p follows by using (1.11) and then proving
that the functions F;_j, s, p are not continuous. Computational evidence indicates that
fr,s,0(2) decays exponentially as y — oo. Even in the special case that s = % + i,
a naive termwise bound on fi p in (1.1) only yields polynomial decay as y — oo.
To prove exponential decay, one would need to compute the Fourier-type expansions
in the connected components of H \ Ep. Although there are standard methods to
compute these expansions for theta lifts, we do not require them for the purposes of
this paper.
Proof of Theorem 1.3 (1). Noting that
O*(—2z,7) = O (2, —7),

Proposition 3.2 implies that F;_j s p is modular of weight 2 — 2k.

The proof that Fi_j s p is an eigenfunction under A,_o;, with eigenvalue 4\, fol-
lows by (1.10) and (1.11) precisely as in the proof of Theorem 1.1 (1).

In order to show condition (3) in the definition of local Maass forms, we first note

that ¢*(w) is continuous for 0 < w < 1. The locally uniform convergence of the sum
allows us to pull the limit r — 0" of Fy_j s p(z £ ir) into each term. Define

A, :={Q € Qp|Q. = 0}.
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By Lemma 5.1 of [7], there are only finitely many @ € Z%,.. Note that
sgn(Q-) = sgn(Qz+ir)
for r sufficiently small and @ ¢ £, while for Q) € £, one has
Sgn(Qz-H?”) = _Sgn(Qz—ir)'

Hence, since the terms of Fi_j s p(2) with Q) € &, vanish,

1 . . .
— hm+(}—1_k75,p(z + ZT) + fl_k)s,D(Z - ZT))

r—0
. Dy
= Z sgn(Q-)Q(z, 1)1} <|Q(21)|2) = Fi—k,s,0(2)-
QEAB. ’
A direct calculation shows that Fi_j s p(z) grows at most polynomially as y — oo.

O

Remark. To show that Fi_j s p exhibits discontinuities along the set Ep, one
computes
lim (fl—k,s,D(Z + ’L"I“) — fl—k,s,D(Z — 27"))

r—0t
similarly as in the proof of Theorem 1.3 (1). It is shown to be non-zero by using
Gauss’s summation formula to conclude that ¢*(1) # 0.
If D is not a square and Re(s) > % + i, then computational evidence indicates
that F1_ s, p is bounded as y — oo.

7. Hecke operators
In this section, we consider the action of the Hecke operators on the theta lifts.

Proof of Theorem 1.4 (1). Since the Poincaré series span the space of weight % —k
weak Maass forms, it suffices to compute the action of the Hecke operators on Poincaré
series. As in the proof of Theorem 1.5 of [7], one can show that

' B2

(D _
Fi—ksplo—2kTy =Fi hspp2 + 0" (p) Fiksp+p " HF o

Hence by Theorem 1.3 (1), equation (1.9) follows by the easily verified identity

D
—k 1-2k
P3fk,s,D|%fkTp2 =Ps_y o ppztP <p> Ps_pp+p Pg—ksp£~

2

We now move on to the positive weight case.

Proof of Theorem 1.2. We first prove Theorem 1.2 (1). Let H be a weight 2k local
Maass form with exceptional set Ep, which is continuous everywhere. Since continuity
is preserved by the Hecke operators, one easily checks that H|2,T), is a local Maass
form. To determine the exceptional set for H, recall that the weight 2k Hecke operator
may be written as

H|oxTp(7) = p** T H(pr) +p* Z H (T ; T> .

r  (mod p)
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T;T, one concludes that

By computing the image of Ep under 7 — pr and 7 —
H|21T) has exceptional set E := Ep,» O Ep. Hence it suffices to prove the statement
for = ¢ E.

Suppose that H is a weak Maass form of weight k& + % with eigenvalue A\g under
Ak+$' Since fgsz surjects onto the space of weak Maass forms of weight k + % with
eigenvalue A, (see [13]), we may choose such a weight 3 — k weak Maass form G such
that §%7k(G) = H. However then by (1.9) and (6.1), and the fact that the Hecke
operators commute with £_o, for z ¢ E, we have that

1 . 1 *
O (H)l2rTp(2) = 582-20 (P11 (G))2aTp(2) = 5E2-2k (P11 (Gl3 i Tp2)(2)).
We now use (6.5) and the fact that £ 3_p commutes with the Hecke operators to obtain

S0 (®3_4(Gl3 1T (2)) = 20463 (Gls 1 Tp))(2)
= 24 (Hly 3 T2 (2),

as desired.
We move on to Theorem 1.2 (2). Assume that ®;(F) = 0 for a weak Maass form
F with eigenvalue A; # 0. Writing G := 7(4)\5)_1£k+%(}7), by (6.1) we have that

0 =& 2k (P]_x(G)).

Since ®7_,(G) is an eigenfunction under As_o;, with eigenvalue 4\, # 0, we have

0= —(4Xs) "Can(&o—2m(P_1(G))) = ®_(G).

Since ®7_, is injective, we conclude that G'= 0. However,
ngk(G) = F7
and hence F' = 0. O
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