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DIOPHANTINE TORI AND NON-SELFADJOINT INVERSE
SPECTRAL PROBLEMS

MiCHAEL A. HALL

ABSTRACT. We study a semiclassical inverse spectral problem based on a spectral asymp-
totics result of [13], which applies to small non-selfadjoint perturbations of selfadjoint
h-pseudodifferential operators in dimension 2. The eigenvalues in a suitable complex
window have an expansion in terms of a quantum Birkhoff normal form (QBNF) for the
operator near several Lagrangian tori that are invariant under the classical dynamics
and satisfy a Diophantine condition. In this work, we prove that the normal form near a
single Diophantine torus is uniquely determined by the associated eigenvalues. We also
discuss the normalization procedure and symmetries of the QBNF near a Diophantine
torus.

1. Introduction

Let M denote either R? or a compact, real analytic manifold of dimension 2, and let
M denote a complexification of M, which is C? in the Euclidean case, and a Grauert
tube of M in the compact analytic 2-manifold case.

We study operators of the form P. = P + ie@, where P and @ are analytic
h-pseudodifferential operators on M with principal symbols p, q, respectively, and
P is selfadjoint. The principal symbol of P. is then p + ieq, where p is real. We
will also make a non-degeneracy assumption on Req, but we do not require @ to be
selfadjoint.

Consider a Lagrangian torus A, contained in an energy surface p~1(0) N T*M,
which is invariant with respect to the Hamilton flow of p and satisfies a Diophantine
condition (see Section 2.2). For simplicity, we will assume:

(1.1) The Hamilton flow of p is completely integrable in a neighborhood of p~*(0).

This implies that in a neighborhood of A the energy surface is foliated by invariant
Lagrangian tori.

In action-angle coordinates (z,&) such that A is the set {¢ = 0} C T*T2, where
T? = R?/27Z?, let

1
(12) @) = Gz [ a0

denote the spatial average of (¢). Here we take = to be a multi-valued function whose
gradient is single-valued. We assume that dp and dRe{q) are linearly independent
along A. Then, as is explained in Section 3, we may make a sequence of changes of
variables which transforms the full symbol of P. into a Birkhoff normal form, which
in this context means an asymptotic expansion in (§,¢,h) that is independent of z
to high order. Formally, we may carry out this procedure on the level of operators
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by conjugating by a sequence of appropriately defined Fourier integral operators,
obtaining what we call a quantum Birkhoff normal form (QBNF) for P..

Under some further technical assumptions that we will explain later on, one of the
main theorems of [13] establishes, for any § > 0, asymptotics for the eigenvalues of
P. in an h-dependent window in the complex plane

(1.3) € C ||Re |<h(S 1 5ReF]<Eh5
. z z —_— mz — — .
c’ c

Here F = (q)|a = (¢)(0), and we assume that this average is not shared by any
other invariant torus. The expansions are given in terms of a Bohr-Sommerfeld type
condition and the QBNF of P, near A.

Our goal in this work is to address the semiclassical inverse problem of determining
the QBNF of P. from the eigenvalues in (1.3), assuming the unperturbed operator P
is known.

Inverse spectral problems have been studied for many years, as surveyed for example
by Zelditch [20]. Recently, semiclassical inverse spectral problems have been investi-
gated by several authors, such as Colin de Verdiere [2, 3], Colin de Verdiere-Guillemin
[4, 5], Guillemin-Paul-Uribe [9], Guillemin-Paul [8], Guillemin-Uribe [10], Hezari [11],
Iantchenko et al. [16], Vi Ngoc [19]. Often in inverse spectral problems one studies
the wave trace, in the spirit of Guillemin [7]. The non-selfadjoint case in dimension
2 is special because the eigenvalues may have an explicit description in terms of the
Birkhoff normal form and Bohr—Sommerfeld-type rules, an idea first explored in Melin
and Sjostrand [17]. In such a situation it seems most natural to recover the normal
form directly from eigenvalue asymptotics. Our approach is taken very much in the
spirit of Colin de Verdiere [2].

According to [13], the eigenvalues in the window (1.3) form a distorted lattice,
with horizontal spacing ~h and vertical spacing ~eh. The window is of size h® by
eh?, for some 0 < § < 1, which means that the asymptotic expansions are valid for a
comparatively large number of eigenvalues (of the order of h2®~1)) as h — 0.

In addition, for the semiclassical inverse problem, we assume we know the eigen-
values for each sufficiently small value of the semiclassical parameter (or possibly for
a sequence of values of h tending to 0). This provides a rich data set, from which
we will recover information about the Birkhoff normal form using elementary order
of magnitude arguments. In the perturbative, non-selfadjoint setting there is also the
parameter £ to consider, since the results of [13] apply to all values of ¢ such that
hE < e < hd. We will exploit this flexibility to assume that we can choose € so as to
rule out any sort of degenerate relationship between € and h. For simplicity, we shall
assume more strongly that we know the eigenvalues for all values of € in such a range.
See also the remarks at the end of Section 5.

Our main result, stated informally, is the following (see Theorem 5.1 for the precise
statement)

Theorem 1.1. The eigenvalues of P in (1.3) determine the QBNF of P. near A.

The plan of the paper is as follows. In Section 2, we recall the setting and technical
assumptions of [13] needed to apply one of the main results of that paper. In Section 3,
we review the normal form construction in the present context, using some notation
and methods due to S. Vi Ngoc, and we also discuss symmetries and uniqueness of
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the normal form. In Section 4, we recall a spectral asymptotics result of [13] in a
precise form, which is the basis of the inverse result. Finally, in Section 5, we prove
our main theorem.

2. Assumptions

We will state our assumptions along the lines of Section 7 of [13], in particular
restricting our attention to the completely integrable case (1.1) rather than the most
general case treated in that work.

2.1. Analyticity and general assumptions. Let us assume that P. = P + ie@,
with € € neigh(0,R), satisfies the same general assumptions as operators studied in
[13], which we recall here for convenience.

When M = R?, assume that P. = P.(z,hD,;h) = P(x,hDy;h) + ieQ(x, hDy; h)
is the Weyl quantization of a symbol that we also denote P.(x,&,&;h) = P(x,&;h) +
ieQ(z,&; h). Assume that P is a holomorphic function of (z,£) in a complex tubular
neighborhood of R* C C*. Assume that

(2.1) |Pe(z,& h)| < O(1)g(Re(z, £))
in this neighborhood, where g > 1 is an order function in the sense that
gx)<c(x -vYg), C>0 M>0, X,Y e R%

Assume that P and @ have asymptotic expansions
(2.2) P(z,&h) ~ th]xg Q(z,&h) ~ th]ac£

valid in the space of holomorphic symbols satisfying the bound (2.1). Let us also
assume that the principal symbol p = p, satisfies an ellipticity condition at infinity,

p(2,6) 2 Zo(Re(z,8), (2,8 = C.

When M is a compact, real analytic 2-manifold, assume that in any choice of local
coordinates P. = P+ie() is a differential operator of order m with analytic coefficients,
which themselves have asymptotic expansions in integer powers of h. Assume also that
the principal symbol p of P satisfies an ellipticity condition near infinity,

e > SO™, (0,6 eT'M, [6>0,

where we implicitly assume that M has been equipped with an analytic Riemannian
metric, so that the quantity (§) = /14 [¢|> makes sense. Assume also that the
underlying Hilbert space is L?(M, u(dz)), where u is the Riemannian volume form
on M.

In both cases, we assume that P is formally selfadjoint on L?, which implies that
p is real.

The above assumptions imply also that P. has a natural closed, densely defined
realization on L?, which has discrete spectrum in a fixed neighborhood of 0 € C for
h, e small enough. Also, we have that spec(P:) Nneigh(0,C) C {z| Imz = O(e)}.
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2.2. Assumptions on the classical dynamics. We assume the energy surface
p~1(0) N T*M is non-critical, i.e., dp # 0 along this set. For simplicity, we assume
p~1(0) N T*M is connected. Let

op 0
H, = B
32122 3 81:J Oxj 0&;

denote the Hamilton vector field of p (in any choice of canonical coordinates).

By the complete integrability assumption (1.1), there exists an analytic, real-valued
function p such that H,p = {p,p} = 0 with dp and dp linearly independent almost
everywhere. Here, {-, -} denotes the Poisson bracket. Then the energy surface p=1(0)N
T*M decomposes as a disjoint union of compact, connected Hp-invariant sets, which
we assume has the structure of a graph, in which edges correspond to families of
regular invariant Lagrangian tori and vertices correspond to singular invariant sets.

Near an invariant torus A we have real analytic action-angle coordinates (z,¢&)
such that A = {¢ = 0} and Hy|y = a - 8, for some frequency vector a € R?.
We refer to A as a rational, irrational, or Diophantine torus if the vector a has the
corresponding property. Below, we will consider a Diophantine torus, i.e., one such
that the frequencies a satisfy

1
C’Ol]ﬂNo7

for some Cy > 0, Ng > 0. (Here, n = 2.)
In action-angle coordinates near any such A, the principal symbol p takes the form

(2.4) p=p(€) =a £+ 0(E).
In particular, it is independent of x, which means that it is in Birkhoff normal form.
Let ¢ be the principal symbol of Q(x,hD,;h), and let (¢)|s denote the average as
in (1.2) of ¢ with respect to the natural smooth measure on A. We assume that the
analytic function A — Re(q)|x is not identically constant on any of the aforementioned
“edges”, consisting of families of invariant tori.
When T > 0, let (¢)7 denote the symmetric time 7" average of ¢ along the Hp-flow:

(2.3) la- k| > 0#keZ"

T/2
@re =g [ qoeslst).6ds

For each invariant torus A, define the interval
(2.5) Qoo(N) = {lim inf Re(q) 7, hm sup Re(q)r } .
T—oo A T—oo A

As in [18], we have that spec P. N {|Rez| < 4} is contained in a band

17 lmeQoo —0(1),SHPUQOO(A) +o(1)
A

as e, h,d — 0.
From now on, fix a single Diophantine invariant Lagrangian torus A, set F' = (q)|a,
and assume that

(2.6) dp and dp Re(q)|a are linearly independent.
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With all the assumptions above, and in particular assuming complete integrability,
the last global assumption needed is that

(2.7) ReF ¢ Quo(A), A #A.

Without assuming complete integrability, a different assumption is needed (see [13],
(1.24)).

The eigenvalue asymptotics result of [13] is valid in the (h, £)-dependent rectangle
(1.3) for sufficiently small h and assuming hE < e < hd, where K is a fixed integer,
which can be chosen arbitrarily large, and 0 > 0 is also fixed, and can be chosen
arbitrarily small.

Remark 2.1. Note that the global condition (2.7) implies the value F' is unique to A.
The results of [13] apply also to a finite collection of Diophantine tori sharing the value
F', in which case the set of eigenvalues in (1.3) is simply the union of the contributions
from each individual torus, modulo O(h>). However, we will not consider the problem
of separating the contributions of several tori.

3. Quantum Birkhoff normal form

In this section, we present the QBNF construction near a Diophantine torus for a per-
turbed symbol, and discuss issues of uniqueness for the normal form and normalizing
change of variables. Although we only need to consider dimension 2, it is natural to
carry out the discussion in a general dimension n, as no changes are needed. We will
work on T*T"™, assuming that we are in a microlocal model where the Diophantine
torus in question corresponds to the 0 section {{ = 0}.

3.1. Normal form construction. Let us identify symbols on T*T" with their
formal Weyl quantizations. The Moyal formula

>, plelHiBl(—1)lel

P#YQ(z,€,&;h) ~ i)l Flalg!

(070¢ P(x,€,0)(0£ 0} Q(x, &, €))

]| B]=0
defines a product operation on symbols which corresponds to composition of the
corresponding operators. We denote by [+, ] the associated bracket operation, which
on the level of Weyl quantizations is simply the commutator bracket.

The normal form construction may be summarized as follows: We make a sequence
of analytic, symplectic changes of variables, which transform P. to a symbol that is
independent of z to higher and higher order in (£,&,h). On the level of operators,
this is formally equivalent to conjugating by a sequence of Fourier integral operators.
The resulting sequence of symbols is convergent in the space of formal power series in
(&,e,h). The QBNF of P, near the Diophantine torus A is an asymptotic expansion
which is the formal limit of this procedure, whereas if we truncate the procedure after
finitely many steps we get a well-defined analytic change of variables.

Later, we will often write the QBNF as a formal expansion

PO e h) ~ Y PO (€)emhn,

]mn
j,m,n

where the sum is over integers j > 0, m > 0, n > 0, and Pj,,, is a homogeneous
polynomial of degree j in &, and P(°) denotes the entire formal expansion.
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For the moment, however, it is convenient to use slightly different notation. Con-
sider a grading in (£, €, h) which counts the power in £ plus twice the power in (e, h).
Let O(N) denote the associated order classes. Here, we do not attach any special
significance to the number two, but we note the convenience of this sort of grading
because the Moyal formula has an asymptotic expansion in powers of ( agv Fors ) the
higher weight of h ensures that each time we lose an order in £ we gain one in h.
This implies that the main contribution in the bracket £[-, ] comes from the Poisson
bracket of the two symbols.

When K; = O(j) and Ky, = O(¥), their Poisson bracket satisfies

0K, 0K, 0K, 0K,
K — J _ J
B Z 08, Oxy,  Oxy O&y

=0(j+1-1),

By what we have said above, we see that +[K;, K¢| = {K;, K;} + O(j + {).

Proposition 3.1. Suppose that P = Py+0O(2) is analytic in x and &, where Py = a-&,
and that a satisfies the Diophantine condition (2.3). Then for all N > 1 there exist
functions

GM =0, @GN =Gy+---+Gy (N>2), PN =P +Py+---+Py, Ryyi,

which are analytic in x, with G, P; and R; homogeneous of degree j with respect to
the grading described above (thus polynomials in £), such that

(3.1) exp (Ladgm ) P=PW™N) + Ryy1 + O(N +2)
with each P; independent of x.

Here, we write formally adgP = [G,P] and exp(;adg)P = exp(+G)
Pexp ( G) but note that these do not represent concretely defined operators. Note
also that G(N =0(2) for all N > 1.

Remark 3.2. Note that although it is not ruled out by the notation, it will follow
from the proof that no half-powers of h or € appear in the normal form.

Proof. We proceed by induction on the order N. By assumption the claim holds
for N = 1, with G; = 0, and Ry representing the homogeneous terms of degree 2.
Inductively if (3.1) holds, then setting GN*Y = GIN) + G4, for some function
G n+1, homogeneous of degree N + 1, to be determined, we claim that the only new
term modulo O(N + 2) is given by {Gn+1, P1}. Indeed, by the Campbell-Hausdorff
formula

exp ( adG<N+1>) P =exp ( adgy,, +7 adG<N>) P
= exp ( ads) 0 exp ( adGN+1) 0 exp ( adGuv)) P

where S = O(3[Gn41, GM]) = O((N +1) +2 — 1) = O(N + 2). Here, we have used
that G(N) = O(2). Meanwhile,

exp (£ adgy,,) oexp (1 adgmv ) P = exp (1 adgy,,) (PMN) + Ryy1) = O(1).
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Because of the Campbell-Hausdorff formula and the order of .S, applying exp( adg)
only affects the terms of order O(1 + (N +2) — 1) = O(N + 2). Therefore, we have

exp (£ adgvin ) P =exp (£ aday,,) (PY) + Ryi1) + O(N +2)
=P™ 4+ Ryj1 + Laday,,(P™Y) + Ryi1) + O(N +2)
=PWN) 4 Ryy1 + £adgy,, (P + O(2) + O(N +2)
=P + Ry + tadgy,, P + O(N +2),
Since the bracket %[, -] reduces to the Poisson bracket when one of the arguments is
at most quadratic, we have ; adgy,, P = 7[Gn11, Pi] = {GNny1, Pr}, s0
exp (Ladgwvin) P=PN) + Ryiq + {Gni1, P} + O(N +2),

as claimed.
To make the homogeneous order N + 1 terms independent of z, it suffices to solve
the cohomological equation,

(3.2) {GN+1, Pi} = (Bn41) — BN,

for Gn41, where (Ryy1) is the z-average of Ry41 as in (1.2). Indeed, assuming
that we have done so, we then set Pyi1 = (Ry41) and let Ryio represent the
homogeneous order N + 2 part of the O(N + 2) error terms, which are analytic.

To solve (3.2), note that because P, = a - £, we have

{Gnt1,Piy=—Hp,Gni1 = —(a-0y)GNga.

Expanding Gny4+1 and Ry41 in Fourier series

Gnir(@,8) =Y Gnialk,€) e

keznr
Ryyi(2,€) = > Ryya(k,) e,

kEZTL

we have
(a-0:)Gny1= Y (ia- k)G (k) e,
kezn

When 0 # k € Z"/l because a - k d/c\)es not vanish by the Diophantine condition
(2.3), we may set Gy11(k,&) = —iRn11(k,€)/(a - k), to obtain (a - 0,)Gny1 =

Ry41 — §N+1(0,§) = Rnyt1 — (Rn+1) and thus solve the cohomological equation.
Furthermore, again by (2.3), we have

R k =~
|G (k)| = W < Colk[™| Ry (K, €)],
and because Ry is analytic in a neighborhood of T™ x {0} C (C"/27Z"™) x C", so
too is Gn41- O

Remark 3.3. As mentioned above, exp( adgv)) formally represents conjugation
by a microlocally defined Fourier integral operator exp(%G(N )), and such conjugation
microlocally implements the symplectic transformation exp Hgv). To define such
operators concretely, so that they act on microlocally defined distributions, one works
on the FBI transform side in suitable weighted spaces of holomorphic functions. An
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additional assumption about smoothness in ¢ is required. See [13] and the references
there.

3.2. Symmetries and uniqueness of the normal form. In this section, we
discuss symmetries and uniqueness of the Birkhoff normal form.

We first remark that there is always some flexibility in choosing action-angle vari-
ables (z,§) near an invariant torus (here x € T™ represents the angle variables, and
¢ € R™ the action variables). If A € GL (n,Z) and v is any smooth function on R",
then

(3.3) ki (ym) = (2,8) = (A" 'y + 09 (n), A'n)

gives a well-defined smooth, symplectic change of variables (which is analytic if v is
analytic) on T™ x R® = T*T", and thus a new set of action-angle coordinates (y, 7).

This transformation also preserves independence of the angle coordinate, and thus
takes one asymptotic expansion that is in normal form (to order N) to another. More
precisely, if

p(z, & e,h) =p(€,e,h) + O(N) =a- £+ O(2),
then in the new coordinates
(por)(y,m,e,h) =p(A'n,e,h) + O(N) = (Aa) - n+ O(2).

Once we fix a choice of frequencies a, then, A must be the identity (because of the
Diophantine assumption), which means we only have maps of the form

(3.4) (y,m) = (y + 0¥, m),

which do not affect a normal form expansion because the second coordinate is
unchanged.

Our aim is to show that the formula (3.4) gives all transformations which preserve
independence of the angle variables in a general function or asymptotic expansion,
while not affecting the frequencies a. Appendix A.1 of [14] essentially contains a proof
using generating functions that if a real symplectic diffeomorphism (y,n) — (z,§)
satisfies £ = b(n) with det(b,) # 0, then the mapping is of the form (3.3). The only
difference is that the argument given there is local, and they end up with a more
general type of transformation. In our case, it turns out one can make the formula
apply globally, and then because we are on a torus, periodicity forces the simpler form
(3.3), which reduces to (3.4) assuming a is unchanged. This argument will be given
in Proposition 3.5 below.

Before proceeding, however, we note that because we have used complex sym-
plectic transformations in our reduction to the normal form, it is natural to also
consider symplectic biholomorphisms in a small complex neighborhood of T™ x {0},
for example allowing v to be complex-valued in (3.4). Here when we say a holomor-
phic transformation is symplectic or canonical, we mean that the mapping preserves
the standard symplectic form o on C™/27Z"™ x C", which is a form of type (2,0),
given in coordinates by

n
o = Z dfj AN d.’L’j.
j=1
The standard fact that symplectomorphisms admit local generating functions carries
over to the complex setting:
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Proposition 3.4. If k : (y,n) — (x,&) = (a(y,n),bly,n)) is a symplectic biholo-
morphism between small neighborhoods of (yo,m0) € C™ and (z9,&) € C”, and
det(by) # 0, then there exists a holomorphic function ¢(y,§) such that

K1 (Y, 0yd) — (0:9,€).

The proof is exactly the same as in the real case (see appendix A.1 of [14] for
example), if we note that the implicit function theorem holds for holomorphic maps,
and where normally we use Poincaré’s lemma we instead use the Dolbeault—
Grothendieck lemma.

Using this fact, we may now prove

Proposition 3.5. Suppose k: (y,n) — (x,&) is a symplectic biholomorphism between
open sets U,V C (C"/27Z"™) x C", where U and V are small neighborhoods of
(R"™/27Z™) x {0}. Suppose & = b(n), where b is a biholomorphism defined near
0 € C”, such that b(0) = 0, b,(0) = 1. Then in a small-enough neighborhood of
(R™/27Z") x {0}, K satisfies

k2 (y,m) = (y + 0v(n),n).
for some analytic function v defined in a neighborhood of 0 € C™.

Proof. We may lift x to a mapping between small neighborhoods of R™ x {0} C C?.
We use the same notations for the lift. By continuity, in small-enough neighborhoods
we have that det(b,) # 0, so by Proposition 3.4, locally we may find an analytic
generating function ¢(y, £) so that the mapping is given by

(3.5) (Y, 0y®) = (9e9, £)-

When two neighborhoods overlap, the local generating functions d),% must agree
modulo constants, and in this way we may define a globally defined analytic generat-
ing function ¢(y, &), so that (3.5) is satisfied everywhere. Moreover, the derivatives of
¢ are 2wZ™-periodic, so (3.5) descends to U, V.

Still working with the lift, if d,¢ = ((€) is the inverse of the diffeomorphism b,

then for some function v, we have

é(y,€) = BE) -y + P(€)
8§(Z5 = 65,8 Y+ 85{/;.

Thus, we have

(. B(€)) = (9B -y + Oet), ).

Since the mapping is 2nZ™-periodic in x and y, we must have that for each £, € C”,
the assignment Z"™ 3 n +— 0¢[(&o) - n defines an automorphism of Z". By continuity,
0¢3 € GL (n,Z) must be constant, and since 3(0) = 0, with 0;3(0) = 1, 3 itself must
be the identity mapping.

Therefore, setting 1) = 1 o b(n), the original mapping is given by

(y,m) — (y + 0v(n),n),

with generating function ¢(y,§) = £ -y + ¥(€), and ¢ is now allowed to be
complex-valued. O
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Remark 3.6. Note that Proposition 3.5 only classifies transformations that preserve
independence of the angular variables for a general symbol p(&,e,h) = a - £ + O(2)
(while leaving the frequencies a unchanged). That is, if a transformation has this
property with respect to any such p, then it is easy to see the transformation must
satisfy the hypotheses of Proposition 3.5. A priori, some specific symbol may admit
more symmetries than the type described. See also Corollary 5.6.

4. Eigenvalue asymptotics

Under the assumptions stated in Section 2, Theorem 1.1 in [13] implies that if A <
e < R°, the eigenvalues of P. = P + ieQ) which lie in (1.3) have an asymptotic
expansion given in terms of the QBNF of P..

Theorem 4.1 ([13]). Let P- satisfy all the assumptions of Section 2. For each N > 1,
let PWN) be the result of applying Proposition 3.1 to P., and let us write
(4.1) PN = PM(geh)= 3 P(©emhn

jmn
j4+2(m4n)<N

(00) . ; - ;
where Pj;fn s a homogeneous polynomial of degree j in & which does not depend on N .

For any 0 < 6 < 1, and any fized integer K, suppose that h < e < h®. Recall
the complex window (1.3), where we now take C > 0 to be sufficiently large. Then for

each N, as h — 0, the quasi-eigenvalues

(4.2) PN (h(k—%2) -2 ch), keZ?

27

are equal to the eigenvalues of P modulo O(N + 1) in (1.3), in the sense that for
all sufficiently small h, there is a one-to-one partial function from the set of quasi-
eigenvalues to spec(P:), equal to 1 + O(N + 1) uniformly, which is defined whenever
a quasi-eigenvalue or the targeted true eigenvalue lies in (1.5).

The formulation is slightly different from Theorem 1.1 in [13] because of the dif-
ferent grading we have chosen, but the same proof applies. See also Theorems 5.1
and 5.2 of [13] for somewhat more direct analogues to the above with the alternate
grading.

The expression that appears in place of £ in (4.2) is the result of a Bohr—Sommerfeld
type condition. The constant vector kg € Z? contains the Maslov indices and S € R?
the actions along a set of fundamental cycles of A, for example {z; = 0}, {z2 = 0},
with respect to action-angle variables chosen so that A is represented as {{ = 0} C
T*T?. For more details on this point, see [13], as well as Section 2 of [12].

5. Main result

Our main result is a uniqueness statement asserting that if the eigenvalues corre-
sponding to invariant torus A are the same for operators P + icQ;, P + icQ)2, then
they have the same QBNF near A.

Theorem 5.1. Suppose that Py = P +ieQ1, P, = P +ieQ2 are operators satisfying
the assumptions described in section 2, where P = P(x,hD,;h) is a fized, selfadjoint
operator with principal symbol p, A is an H,-invariant Lagrangian torus satisfying the
Diophantine condition (2.3), and Q1, Q2 are operators with principal symbols q1, qa,
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respectively, such that {(q1)|a = (q2)|a, and A satisfies the global condition (2.7) with
respect to P +1icQ,, v =1,2.

Fiz 0 < § < 1, and let the (e, h)-dependent rectangle Rs C C be as described in
equation (1.3),

h? eh?
(5.1) Rs =4z€C |Rez|<6, |Imz—€ReF|<? )

where C > 0 is large enough, with F = (q1)|an = {(g2)|a- Forv =1,2, let P,SOO), denote
the QBNF of P +icQ),, which is a formal asymptotic expansion of the form

PO e h) ~ Y P (€)e™h = a- € +ieF + porh+ O((I€], £, )?),

jm,n

where P,E?gm, 7 >0, m>0,n >0, is a homogeneous polynomial in & of degree j.

Suppose that for all sufficiently small h and for all € in the range h’* < e < hY, where
K>1and~y > % are fized, we have

spec(P +ie@1) N Rs = spec(P +ieQ2) N Rs.

Then the QBNF’s Pl(oo), PQ(OO) are equal, i.e., for all j, m,n we have p)  _ ple)

1,jmn 2,9mn"

Whenever k € Z2, in what follows we will use the notation &, = h(k — %) - % To
simplify the notation further, let us write P,SOO) (k) for the eigenvalue with asymptotic
expansion given by Pﬁoo)(fk, g, h), according to Theorem 4.1.

We first prove a lemma which says that for an operator P, we can recover the

Bohr-Sommerfeld index %k from the associated eigenvalue PE(OO)(k:) when, as in the
hypotheses of the theorem, we have a bound ¢ < Y for some v > % We remark that
the exponent % is not fundamental, but essentially comes out of the proof.

Lemma 5.2. Let Pl(oo),PQ(OO) represent two QBNF’s arising from operators which
satisfy the hypotheses of Theorem 5.1. In particular, assume

(52) PlEOO)(gvgvh'):a'5+Z€F+p01h+0((|f|75ah>2)’ V= 1727
where po1 18 a real constant and the vector a satisfies the Diophantine condition
1
k| > o, 0#£keZ

Then for any v > %, if € < hY, there exists By < 1 and hg > 0 such that for all

B € [Bo,1), when h € [0,hy), if k, ¢ € Z* satisfy
PP (k) = P () mod O(h™),
with Pl(oo)(k), PQ(OO)(K) lying in the window Rg, then k = {.

Remark 5.3. Note that we want 0 < 0 < 1 in order to have many eigenvalues
PV(OO)(k), which lie in the rectangle Rg. Indeed, the dimensions of R are ~h? x eh¥,
so by the non-degeneracy assumption (2.6), # spec(P-)NRg ~ h?0~2 and if pL (k) €
Rg then [&;] = O(hﬁ).
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Proof. By the hypotheses on Pl(oo) , Pz(oo), and in particular because the two expansions
have several terms in common, as indicated in (5.2), we have

(53)  P(k) = PO = ha- (& — &) + O((&l, =, h)*) + O((&l &, 1)?).
By the Diophantine condition on a, we have

h
Ia-(ﬁk—&)l=hla-(k—€)lZm, k#L.

Let us consider eigenvalues PIEOO)(k:) € Rp with k € Z?, for some 3 < 1 to be deter-
mined. For any k, ¢ such that |4, |&| < hP, we have hlk — £] = |& — &| < hP, so
|k — ¢ < hP~1. Hence,

h h
(k=0 > > — pl+No(1-5)
(5.4) hla-(k—=10)| 2 =0 ~ (1Y p1tNo , k#EL
The lemma will follow if we can show that by choosing 3 close enough to 1, the above
dominates the contributions of the error terms in (5.3).

Thus, assuming |£,| < h% and € < 7, we estimate a typical term of one of the
QBNF’s:

[P (©)emh < |gffemnn| S hIftmEn,

v,ymn

To have Pu(oﬁq)m = o(a - (k — ¥)), in view of (5.4), it suffices to have h/8Tmr+n —
o(R}+No(=0)) " or
14+ No(1—-p5) <jB+my+n.

After rearranging, this is equivalent to
No+1—n-—

o+ n. my <5

No +j

Examining the left-hand side, we see that it is strictly less than 1, except in the
following cases:

(5.5)

(a) j=m=n=0;

(b) j=1and m=n=0;

(c) j=m=0,and n =1,

(d) j=n=0and my <1.
However, the terms corresponding to these cases are exactly those written out in the
right-hand side of (5.2). Case (a) corresponds to the constant term 0, cases (b) and
(c) correspond to the terms a - £ and po1h, respectively, and our hypothesis vy > % is
designed so that case (d) only applies when m = 1, which corresponds to the term
ek,

It follows that the exceptional cases above occur when j+m-+n = 1. The left-hand
side of (5.5) must be maximized in one of the cases where j+m+n = 2, as increasing
any of j, m,n only makes the left-hand side of (5.5) smaller. Therefore, if we choose
0 so that

No+1—n—mry
No+j
in each of these finitely many cases (which we will not list), then these inequalities
also hold for all j,m,n with j + m +n > 2.

<p<1
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Therefore, for some large M, we have that for sufficiently small h,
[P (k) = B (1)
>hla-(k=0l= > (P& = Paa(€e)emh"

2<j+m+n<M

— O((&l, [€el e, m)™)
> pitNo(1=5) _ O(1) Z piB+my+n _ O(h%)
2<j+mtn<M
> pH M-8 _ o(p7)
> hH-No(l—B)’

where the last estimate holds when M is chosen sufficiently large. The bound O(h%)
comes from the fact that ¢ < h” with v > § and ||, [&| < hP, where 3 is close to
1 (and so greater than %, we may assume). Note that the implicit constants depend

only on the terms of the QBNFs and not on k, ¢, so we get a uniform lower bound on
the size of P{° (k) — P{°* (¢) when k # ¢ and the eigenvalues lie in Rj.

Summing up, we have found that there exists 8 < 1 such that if P (k), P{°(¢) €
Rg, and k # /, then when h is sufficiently small,

[P (k) = P (0)] 2 N0

where the implicit constant does not depend on k,¢. Therefore, when h is smaller

than some small constant, which does not depend on k, ¢, if Pl(oo)(k:) = PQ(OO)(E), we
must have k = /. O

We now proceed to the proof of the main theorem.

Proof of Theorem 5.1. Theorem 4.1 applies to P;, P>, meaning that their eigenvalues
in a rectangle Rs as in (5.1) have asymptotic expansions of the form (4.2), in terms of

the QBNF’s Pl(oo), PQ(OO). We will show one can recover the QBNF from the eigenvalues
in any window Rs where Gy < ¢’ < 1, with By chosen as in Lemma 5.2. Note that
¢’ < ¢ implies Rs C Rg/, so we may assume without loss of generality that ¢’ = 6,
and simply refer to both as 4.

Suppose that P° £ P for some index (4,m,n). Then P pleo) g

1,7mn 2,7mn 1,7mn 2,7mn
a homogeneous polynomial of degree j in & which does not vanish identically. By
homogeneity, we can find an open subset of the unit circle Ujp,, C {|¢] =1} C R? on
which this polynomial is bounded away from 0 in absolute value. For all h sufficiently

small, there exists & = h(k — %) — % such that

(5.6) &k ~ BP with  &/|&k] € Ujmn.

For such &, by homogeneity we have

[P (G)e™ b = Py () ~ e WP,

2,7mn
Let us also take € = kY, so that emhiPtn ~ pistmytn,
Without loss of generality we may assume that, possibly after increasing 8 and ~
slightly, we have that jG+m~y+n = j/8+m/y+n’ impliesm =m/, j = j', n =n' (we
just need 1, 3,~ to be independent over the rationals). Then we have a total ordering
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of indices (j,m,n) according to the size of the expression h/#+™7+7  Also, because
B, > 0, for any fixed M 0, there are only finitely many indices (j, m,n) such that

jB+m~y+mn < M. Therefore, of the indices (j, m,n) for which Pl(io,zm + Pé;izm, there
is a unique index for which j8 + m~vy + n is minimal. From now on, let (jo, mg,n0)
stand for this index.

Then with & satisfying (5.6) with j = jo, m = mg, n = ng, and € = h", we have
(5.7)
|P1(OO)(k) . P2(OO)(]€)| _ (P(OO) - P2(OF>) )hjoﬁ+MO’Y+no +O(hjoB-i-mo’y-i-no)7

Ljomgn 3Jo Mo Mo
and so for h sufficiently small,

(58) |P1(OO) (k;) — PQ(OO) (k)| > pioB+moy+no

By assumption, P{° (k) = P{*(¢) for some ¢ € Z2, and then by Lemma 5.2, we
have k = ¢ for all h sufficiently small. Thus Pl(oo)(k) = PQ(OO)(k), which contradicts
(5.8).

Therefore, we have Pl(cj;)m = Pz(jogm for all j,m,n, so the two QBNF’s are equal.
O

Remark 5.4. We remark that the complete integrability assumptions were unnec-
essary in the proof of Theorem 5.1. In principle, one only needs that the asymptotic
expansions given in Theorem 1.1 of [13] are valid, as well as the Diophantine assump-
tion, and so the main result may hold more generally.

Remark 5.5. We note as an addendum to the discussion in Section 3.2 that when an
operator satisfies the hypotheses of Theorem 5.1, it implies uniqueness of the QBNF
near the Diophantine torus A. Indeed, Theorem 4.1 describes the eigenvalues of such
an operator in a window Rg C C corresponding to A, and Theorem 5.1 implies QBNF
near A can be (uniquely) recovered from the eigenvalues if we know the frequencies
a. This implies that the QBNF is unique up to the choice of action-angle variables.
Thus, we have

Corollary 5.6. If P. is an operator satisfying the hypotheses on the operators in
Theorem 5.1, the QBNF of P. near the Diophantine torus A is uniquely defined up
to the choice of action-angle variables.

Remark 5.7. In the proof of Theorem 5.1, we exploited the fact that Theorem 4.1
applies for all € in a range h’ < e < h® to assume that € = h?, for a favorable choice
of ~. It is natural to consider situations when ¢ is, for example, a function of h, or
possibly has a more general sort of degenerate relationship with h. For example:

(1) The damped wave operator on a compact manifold may be studied as a non-
selfadjoint perturbation of the selfadjoint operator —h%A, where A is the
Laplace—Beltrami operator, and the strength of the non-selfadjoint perturba-
tion is € = h (see [18]). Then, for instance, since e? = eh = h?, it is meaningless
to ask for the coefficients of these terms individually in some QBNF for the
operator.

(2) If P(*) is an asymptotic expansion satisfying (formally)

(5.9) P (€, e,h) = (e — h)(e? — h)P™®)(&,¢e, h),
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for some asymptotic expansion ﬁ("o), then when we restrict to € € {h, h%},
P(>) represents the zero function, and a QBNF may only be uniquely-defined
modulo expansions of this form.

More generally, consider situations where ¢, h satisfy r(e,h) = 0, where r € C*
(neigh(0,0)) is not flat at (0,0), and r(0,0) = 0. Replacing r by A~ "°r if necessary,
we may assume without loss of generality that 8fr(0, 0) # 0 for some k > 1.

If 9.7(0,0) # 0, then by the implicit function theorem we have locally ¢ = f(h) for
some smooth function f(h). Thus

r(e,h) = c(e, h)(e = f(h)),
where ¢(0,0) # 0. Then 7 (e, h) = 0 precisely when € = f(h).
In general, if we have 9%7(0,0) =0, 0 < k < m — 1, and 97r(0,0) # 0, then the
Malgrange preparation theorem (cf. [15], Section 7.5) implies a factorization

(5.10) r(e,h) = c(g,h) (€™ + am_1(h)e™ + - +ag(h)), (e, h) € neigh((0,0)).

where ¢ and aj, 0 < j < m — 1, are smooth functions of (¢, h) and h, respectively,
with ¢(0,0) # 0, a;(0) = 0. As |c(e, h)| is larger than some fixed, positive constant in
a neighborhood of (0,0), let us assume without loss of generality that

r(e,h) =™ + am-1(h)e™ ' + -+ ag(h).

Then by Theorem A.IILI of [6], the roots of the right hand side, considered as a
polyomial in e, have formal asymptotic expansions in Puiseux series, i.e., powers of
h/% for some fixed k € N. Thus on the level of formal power series we have

E™ 4 am_1(R)e™ 4+ + ag(h) = H (5 _ f(i)(h%)> 7

i=1

where f (i)(h%) represents a formal Puiseux series,
FOMRF) ~ > nt.
n=0

Using a Borelian construction, we may find smooth functions f (i)(h), 1 <i<m,
defined when h > 0, with asymptotic expansion near h = 0 given by f (i)(h). Then
(5.11) €™ + am_1(R)e™ L + - + ag(h) = (5 — FO ) + O(h°°)> .
We claim that r(e, h) = O(h™®) <= dist(e, U, fO (k7)) = O(h™).

Indeed, (<) is clear from (5.11). For (=), if dist(e, U7, f®) (h*)) # O(h™), then,
possibly after restricting to a sequence of values of h tending to zero, we have that

e — FO(hT)| > ﬁhm', with N; € N, 1 <14 < m, hence

~ =

m

el =TTl = 70 + 0w = T (g™ - 00))

> zl)hNﬁ“*Nm # O(h™).
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Conversely, if € is a smooth (real-valued) function of hi,
(5.12) e=f(h¥)~> coh¥, c, €R,
n=0

then by a Borelian construction, we can find smooth functions f, 0 < i < k —1
with asymptotics given by the Puiseux conjugates of (5.12), i.e.,

FOMRE) ~ Y en(Gih®)™,
n=0
where (j, is a primitive kth root of unity. (We can take f ©0) = f.) Then one can check
that

m

(5.13) r(e,h) = [J(e = fO(n7))

=1
is a smooth function near (0,0) € R?, and r(g,h) = O(h™) when € = f(h).

Ife e {f#(hﬁ) |1 < pu < M}, where each f, is a smooth, real-valued function near
0, then letting (e, h) be the product of the corresponding expressions (5.13) for each
fu, we get a smooth function r(e, h) such that r(e,h) = O(h>) along the union of

the curves € = fu(hﬁ).

To sum up the discussion, we see that there is a degenerate relationship between
the parameters e, h precisely when ¢ is within O(h>) of a finite number of curves of
the form ¢ = f(i)(h%), where f(i) is a smooth, real-valued function near 0.
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