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ON THE TORSION OF CHOW GROUPS OF TWISTED
SPIN-FLAGS

Sanghoon Baek, Kirill Zainoulline and Changlong Zhong

Abstract. In the present paper, we provide a uniform bound for the annihilators of
torsion of Chow groups of the variety of Borel subgroups of a strongly inner linear

algebraic group of orthogonal type.

1. Introduction

Let X be the variety of Borel subgroups of a semisimple linear algebraic group G
over an arbitrary field k. One way to study the geometry of X is to study its Chow
group CHd(X) of codimension d cycles modulo the rational equivalence relation. Since
the rank of the free part of CHd(X) can be easily determined by counting the num-
ber of cells in the Bruhat decomposition over the closure and then analyzing action
of the Galois group, the problem of describing CHd(X) reduces to the problem of
determining its torsion part.

The latter seems to be a highly non-trivial question. Only very few partial results
are known and most of them concern small codimensions (d ≤ 4). For strongly inner
groups and d = 2, it is shown in [4] that the torsion part of CH2(X) is cyclic of
order dividing the Dynkin index of G, and for d = 3, 4, an annihilator of the torsion
of CHd(X) is provided in [1]. For quadrics, [8] and [9] contain several results on the
torsion of CHd, where d = 2, 3, 4. For example, it is shown [9, Section 5, Section 6]
that the torsion of CH4 has order at most 4 if the dimension of the quadric is ≥ 9, and
that of CH3 has order at most 2; on the other hand, there is an example of quadric
of dimension 5 with infinitely generated torsion part of CH4.

In the present paper we provide a uniform bound for the annihilator of the torsion
of CHd(X) for any d, 1 ≤ d ≤ 2n − 3, and strongly inner orthogonal group G of
rank n, i.e., the Spin-group of a quadratic form with trivial discriminant and trivial
Clifford invariant. Observe that X doesn’t depend on the isogeny class of G. Namely,
we prove the following:

Theorem 1.1. Let G be a strongly inner group of an orthogonal type of rank n over
an arbitrary field. Let X be the respective variety of Borel subgroups. Then for all
1 ≤ d ≤ 2n− 3 the integer

Md = (d− 1)!
d∏

i=2

(i− 1)! · [i/2]! · 2i+1
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annihilates the torsion part of CHd(X).

Observe that for groups of types A and C there are no non-split strongly inner
forms, so the torsion part of CHd(X) is trivial. Observe also that there is only finite
number of exceptional types. Hence, the natural case to consider is that of orthogonal
groups (types B and D).

In our proofs, we essentially rely on the fact that theK0(X) of a strongly inner form
X does not change after going over the closure [12], this is why we restrict ourselves
to strongly inner orthogonal groups. Observe that the only known estimate for the
annihilator of the torsion of CHd(X) is given by the torsion index tG of G [5, Definition
3]. For orthogonal groups, e.g., for Spin groups, it was computed in [14, Theorem 01]
and has the property that tG → ∞ as the rank of G grows. We would like to stress
that our bound Md does not depend on the rank but on the codimension d only.

The paper is organized as follows. In Sections 2 and 3, we prove several technical
facts (Proposition 2.9 and Corollary 3.3) concerning the ideals of generalized invariants
and symmetric functions. These facts are used in Section 4 to relate the kernel of the
characteristic map with the ideal of invariants (Propositions 4.5 and 4.7). In Section 5,
we extend the results of the paper [1] by providing a uniform upper bound for all the
exponents of the Weyl group action (Proposition 5.8). In Section 6, we combine the
obtained results to prove the main theorem (Theorem 6.2).

2. Divided differences and ideals of invariants

In the present section, we provide several basic facts concerning the ring of symmetric
polynomials over an arbitrary commutative ring and the associated invariant ideals.
We refer to [7, 10] for details.

2.1. Consider a polynomial ring R = A[e1, . . . , en] over a commutative ring A. The
symmetric group Sn acts on R by permutations of variables {e1, . . . , en}. The subring
of invariants RSn is a polynomial ring in elementary symmetric functions

s1 = e1 + · · ·+ en, s2 =
∑
i<j

eiej , s3 =
∑

i<j<k

eiejek, . . . , sn =
n∏

i=1

ei.

Let J = (s1, s2, . . . , sn) denote the ideal of R generated by symmetric functions.
We denote by ε : R → A the augmentation map ei �→ 0. Observe that ε restricts to
ε : RSn → A.

2.2. Following [7, Section 0] consider divided difference operators Δσ, σ ∈ Sn. Each
of them is an A-linear operator Δσ : R(m) → R(m−l(σ)) ∪{0} decreasing the degree m
of a homogeneous polynomial in e1, . . . , en by the length l(σ) of permutation σ. It is
defined as follows:

We set Δ1 = id. If m < l(σ), then we set Δσ = 0. For a (non-trivial) transposition
τ = (ij), we set Δτ (f) = (f − fτ )/(ei − ej) for f ∈ R(m), m ≥ 1. If σ is a product
of transpositions, we define Δσ to be the composite of the respective Δτ . This does
not depend on the choice of a reduced decomposition of σ. Observe that if s is a
symmetric polynomial, then

Δσ(s · f) = s ·Δσ(f).
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By definition we have

RSn = {f ∈ R | Δτ (f) = 0 for all non-trivial transpositions τ}.
Definition 2.3. Following [7, p.239] we define the ideal of generalized invariants I as

I = {f ∈ R | Δσ(f) = 0 ∀σ ∈ Sn with l(σ) = deg(f)}.
Lemma 2.4. We have J ⊆ I.

Proof. Follows from the fact that Δσ(si · f) = si ·Δσ(f) = 0 for any si · f ∈ J (m) and
l(σ) = m. �

Definition 2.5. Following [10, Section 1] we define the ideal of stable invariants J∞
inductively as:

Set R1 := R and Rm+1 := Rm ⊗RSn
m
A for m ≥ 1, where A is the RSn

m -module via
the augmentation ε. Observe that Sn acts on Rm+1 via the action on Rm and there is
a canonical Sn-equivariant surjection Rm → Rm+1. Let Jm denote the kernel of the
composite R1 → · · · → Rm → Rm+1, i.e., Rm+1 = R/Jm. We then set

J∞ :=
⋃

m≥1

Jm.

Remark 2.6. The ideal Jm can be also defined inductively as follows:

Jm =

{
(0) if m = 0,
{f ∈ R | Δσ(f) ∈ Jm−1, ∀σ ∈ Sn} if m ≥ 1.

Lemma 2.7 (cf. [10, Lemma 3.2]). We have I ⊆ J∞.

Proof. We show by induction on m that I(m) ⊆ Jm.
If m = 1 and f ∈ I(1), then Δτ (f) = 0 for all τ �= 1 with l(τ) = 1, implies that

f ∈ RSn ∩ ker ε. Therefore, f ∈ J1.
Suppose that I(m) ⊆ Jm. For m + 1 and f ∈ I(m+1), if Δσ(f) = 0 for any

reduced decomposition σ = τ1τ2 . . . τm+1, then Δτ1...τmΔτm+1(f) = 0. So by induction
Δτm+1(f) ∈ I(m) ⊆ Jm and, therefore, Δτ (f) ∈ Jm for all τ �= 1 with l(τ) = 1. By
the remark above, f ∈ Jm+1. �

The ideal J∞ is universal in the following sense

Lemma 2.8 (cf. [10 Lemma 2.1]). Let J ′ ⊂ R be an Sn-stable ideal with ε(J ′) = 0.
If (R/J ′)Sn = A, then J∞ ⊆ J ′.

Proof. We prove Jm ⊂ J ′ by induction on m. If m = 1, since (R/J ′)Sn = A, the
compositions RSn ↪→ R → R/J ′ and RSn

ε→ A ↪→ R/J ′ coincide, hence, there is a
map R/J1 = R⊗RSn A→ R/J ′, which shows that J1 ⊂ J ′.

Now assume that Jm ⊂ J ′. Repeating the above arguments after replacing R (resp.
J ′) by Rm = R/Jm (resp. by the ideal J ′m = (J ′) in Rm), we see that Jm+1 ⊂ J . This
completes the proof. �

Proposition 2.9. We have J = I = J∞ in the polynomial ring R = A[e1, . . . , en].

Proof. Since RSn = A ⊗ Z[e1, . . . , en]Sn , (R/J)Sn = A. Therefore, by Lemma 2.8,
J∞ ⊆ J . The proposition then follows by combining Lemmas 2.4 and 2.7. �
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3. Elementary symmetric functions and power sums

In the present section, we prove several technical lemmas that will be used in the
subsequent section.

Let α = (α1, . . . , αm) denote a partition with 1 ≤ α1 ≤ α2 ≤ · · · ≤ αm of an
integer |α| = α1 + · · ·+ αm. We set |(0)| = 0. Let sα =

∏m
i=1 sαi denote the product

of respective elementary symmetric functions.

Lemma 3.1. Let d be a positive integer and d0 = min{d, n}. Consider a homogeneous
polynomial in variables e1, . . . , en of degree d

Pm =
∑

{α | d0−m≤|α|≤d0}
fαsα,

where 0 ≤ m < d0, fα ∈ Z[e1, . . . , en], and deg(fα) = d− |α|.
If M | Pm for some positive integer M , then for each α there exists a homogeneous

polynomial vα of degree d− |α| such that∑
{α|d0−m≤|α|≤d0}

vαsα = 0 and M | (fα + vα).

Proof. Assume that d ≤ n, then d0 = d. We proceed by induction on m ≥ 0.
If m = 0, then P0 =

∑
|α|=d f

αsα, fα ∈ Z. If M | P0, then M | fα for each α as
{sα}|α|=d are linearly independent in A[e1, . . . , en] for A = Z/MZ. So we can take
vα = 0 for each α.

Assume it is true for m − 1, m ≥ 1. Now we prove it for m. We use β to denote
those partitions α with |α| = d −m. Observe that deg(fβ) = m. Applying to Pm a
divided difference operator Δ of length m, we obtain:

M | Δ(Pm) =
∑

β

Δ(fβ)sβ , where Δ(fβ) ∈ Z.

Similar to m = 0 case this implies that M | Δ(fβ) for every Δ of length m. By
Definition 2.3 this means that fβ ∈ I, where I is the ideal of generalized invariants
for A = Z/MZ. By Proposition 2.9, we have J = I and, therefore,

fβ ≡
m∑

j=1

gβ
m−jsj mod M, for some polynomial gβ

m−j of degree m− j.

Plugging it into the original expression for Pm, we obtain

Pm ≡
∑

{α|d−m+1≤|α|≤d}
(fα + gβα

d−|α|)sα ≡ 0 mod M,

where βα is the unique β such that sα = s|α|−|βα|sβα . By induction, for each α such
that |α| ≥ d−m+ 1 there exists a polynomial vα such that∑

{α|d−m+1≤|α|≤d}
vαsα = 0 and M | (fα + gβα

d−|α| + vα).

Now we set ṽβ = −∑m
j=1 g

β
m−jsj and ṽα = gβα

d−|α| + vα for |α| ≥ d −m + 1. Then∑
d−m≤|α|≤d ṽ

αsα = 0. So these ṽα satisfy the condition of the lemma.
If d > n, then d0 = n, and the proof is similar. This completes the proof. �
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3.1. Let qi = ei
1 + ei

2 + · · · + ei
n, i ≥ 1 denote the power sum symmetric function.

Given a partition α = (α1, . . . , αm), let qα =
∏m

i=1 qαi denote the product of respective
power sum functions.

According to [11, Chapter I. 2.11] the elementary symmetric function si can be
written in terms of qj , j ≤ i as si = 1

i!

∑
|α|=i aαqα, aα ∈ Z. Since i! = max∑

ij=i{ij !},
we have

sα =
1
|α|!

∑
{β, |β|=|α|}

aα,βqβ , for some aα,β ∈ Z.

Multiplying by the respective denominators, we obtain the following version of
Lemma 3.1 for power sum functions:

Corollary 3.2. Assume that d0 = min{d, n} and d0! | M . Consider a homogeneous
polynomial P =

∑d0
i=1 fd−iqi of degree d with integer coefficients (deg(fd−i) = d− i).

If M | P , then there exist f̂d−i, i = 1 . . . d0 such that
d0∑

i=1

f̂d−iqi = P and M
d0!
| f̂d−i.

Proof. Let qi =
∑
|α|=i cαsα, cα ∈ Z, so we get M | P =

∑|α|=d0

|α|=1 cαfd−|α|sα. By
Lemma 3.1, there exist vα with P =

∑
(cαfd−|α| + vα)sα and (cαfd−|α| + vα) all

divisible by M . Expressing sα in terms of qβ using the formula from 3.1 we obtain

P = 1
d0!

∑
α

(cαfd−|α| + vα)
∑
|β|=|α|

aα,βqβ = 1
d0!

d0∑
i=1

f̃d−iqi for some f̃d−i.

Now all these f̃d−i are integral polynomials in cαfd−|α| + vα and, hence, are divisible

by M . Therefore, f̂d−i
def= 1

d0!
f̃d−i is divisible by M

d0!
. �

Restricting to power sums of even degree only we obtain

Corollary 3.3. Assume that d0 = min{2n, d} and let [d0/2]! |M . Consider a homo-
geneous polynomial P =

∑[d0/2]
i=1 fd−2iq2i of degree d with integer coefficients.

If M | P , then there exist f̂d−2i, i = 1, . . . , [d0/2] such that
[d0/2]∑
i=1

f̂d−2iq2i = P and M
[d0/2]! | f̂d−2i.

Proof. For each i we express fd−2i as a linear combination

fd−2i =
∑

δ

eδfδ
d−2i,

where δ = (δ1, . . . , δn) with δi = 0, 1, eδ =
∏n

i=1 e
δi
i and fδ

d−2i is a linear combination
of even monomials e2i1

1 e2i2
2 · · · e2in

n only. Denote |δ| =
∑
δj , dδ = d−|δ|

2 and dδ
0 =

min{dδ, n} ≤ [d0/2]. Collecting the terms with eδ we obtain

P =
∑

δ

eδ

dδ
0∑

i=1

fδ
d−2iq2i ≡ 0 mod M.
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This implies that M | ∑dδ
0

i=1 f
δ
d−2iq2i for each δ. We apply Corollary 3.2 to the poly-

nomial Pδ =
∑dδ

0
i=1 f

δ
d−2iq2i viewed as a polynomial in variables e2j of degree dδ. We

obtain polynomials f̂δ
d−2i divisible by M

dδ
0!

and
∑dδ

0
i=1 f

δ
d−2iq2i =

∑dδ
0

i=1 f̂
δ
d−2iq2i.

We then set
f̂d−2i =

∑
δ

eδ f̂δ
d−2i.

Since dδ
0 ≤ [d0

2 ] for all δ, the proof is completed. �

4. Invariants and characteristic map

In the present section, we investigate the relationships between the kernel of the
characteristic map and the ideal of invariants. We refer to [2] for basic definitions and
details.

4.1. Consider a crystallographic root system of Dynkin type D with the weight lattice
Λ. Let G be the associated split simple simply-connected linear algebraic group with a
split maximal torus T and a Borel subgroup B ⊃ T . Observe that Λ can be identified
with the group of characters of T with a basis given by the fundamental weights
ω1, . . . , ωn.

Consider the variety G/B of Borel subgroups of G. To every character λ ∈ Λ we
may associate the line bundle L(λ) over G/B. It induces the ring homomorphism
from the symmetric algebra S∗(Λ) to the Chow ring of G/B called the characteristic
map [2, Section 8]

ca : S∗(Λ) → CH∗(G/B), λ �→ c1(L(λ)).

The order of the cokernel of cNa : SN (Λ) → CHN (G/B), where N = dimG/B, is
called the torsion index of G [2, Section 5]. Its prime divisors are called the torsion
primes of G. In particular, the torsion index of a group of type A and C is 1, and of
type B and D is a power of 2.

4.2. The Weyl group W of G acts on the weight lattice Λ by means of simple reflec-
tions and, hence, on S∗(Λ). Let IW

a be the ideal of S∗(Λ) generated by non-constant
W -invariants. According to [2, Section 4 Corollary 2], ker ca ⊂ IW

a and

ker ca ⊗Z Q ∼= IW
a ⊗Z Q.

Moreover, for each homogeneous degree d there exists an smallest integer bd such that
the prime decomposition of bd consists only of torsion primes of G and

bd · (ker ca)(d) ⊆ (IW
a )(d).

The ideal (ker ca)⊗ Z[ 1
tG

] = IW
a ⊗ Z[ 1

tG
], where tG is the torsion index of G, is freely

generated by the basic polynomial invariants, which are homogeneous polynomials in
fundamental weights.

The purpose of the present section is to get an upper bound for the integers bd.

Example 4.3. For the type D = An the torsion index is 1. This implies that bd = 1
for all d and the characteristic map ca is surjective with the kernel ker ca = IW

a .
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Example 4.4. According to [6, p. 68] the basic polynomial invariants for the root
system of type D = Bn are given by even power sums

q2i =
n∑

j=1

e2i
j , 1 ≤ i ≤ n,

where e1 = ω1, ej = ωj − ωj−1 for 2 ≤ j < n and en = 2ωn − ωn−1. Therefore,

q2i = ω2i
1 + (ω2 − ω1)2i + · · ·+ (ωn−1 − ωn−2)2i + (2ωn − ωn−1)2i.

The basic polynomial invariants for type Dn are given by q2i, 1 ≤ i ≤ n − 1 and
pn = e1e2 . . . en, where e1 = ω1, ej = ωj − ωj−1 for 2 ≤ j ≤ n − 1 and en−1 =
ωn − ωn−1, en = ωn + ωn−1 − ωn−2.

Assume now that D = Bn. In this case, the torsion index of G is a power of 2.

Proposition 4.5. Let D = Bn and d0 = min{d, 2n}. Then 2d[d0/2]!·(ker ca)(d) ⊂ IW
a ,

i.e., bd | 2d[d0/2]!.

Proof. Since (ker ca) ⊗ Z[12 ] = IW
a ⊗ Z[ 12 ] is generated by q2i, i = 1, . . . , n, given a

polynomial f ∈ (ker ca)(d), we can write it as

2rf =
[d0/2]∑
i=1

fd−2iq2i ∈ IW
a , for some fd−2i ∈ Z[ω1, . . . , ωn] and r ≥ 0.

Suppose r is the smallest such integer. To finish the proof it suffices to show that
r ≤ v2([d0/2]!) + d, where v2 denotes the 2-adic valuation.

Assume the contrary, i.e., that r ≥ v2([d0/2]!) + d + 1. Expressing ωj ’s in terms
of ej ’s, we obtain f = 1

2d f̃ and fd−2i = 1
2d−2i f̃d−2i for some f̃ , f̃d−2i ∈ Z[e1, . . . , en].

So that

M = 2d+1[d0/2]! | 2rs · f̃ =
[d0/2]∑
i=1

(22isf̃d−2i) · q2i, where s = [d0/2]!

2v2([d0/2]!) .

By Corollary 3.3, there exists h̃d−2i ∈ Z[e1, . . . , en] divisible by M
[d0/2]! = 2d+1 such

that 2rs · f̃ =
∑[d0/2]

i=1 h̃d−2iq2i. Expressing ej ’s in terms of ωj ’s back, we obtain
2d2rs · f =

∑[d0/2]
i=1 h̃d−2iq2i, which implies

2r−1f =
[d0/2]∑
i=1

(
1

2d+1 h̃d−2i − s−1
2 fd−2i

) · q2i.

Since h̃d−2i are divisible by 2d+1, we have 1
2d+1 h̃d−2i ∈ Z[ω1, . . . , ωn]. This contradicts

to the minimality assumption on r. �
Assume now that D = Dn. In this case, we have an additional basic polynomial

invariant pn in degree n, however, this does not change the situation much in view of
the following slight modifications of Corollaries 3.2 and 3.3:

Lemma 4.6. Suppose that d ≥ n.
(1) Assume that c ≤ n − 1 and c!|M . If M | ∑c

i=1 fd−iqi + gd−npn, then there
exists vd−i and ud−n such that

∑c
i=1 vd−iqi + ud−npn = 0 and M

c! | g.c.d.(fd−i +
vd−i, gd−n + ud−n).
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(2) Denote d0 = min{d, 2n−2} and suppose that [d0/2]!|M . If M |∑[d0/2]
i=1 fd−2iq2i +

gd−npn, then we can find vd−2i, ud−n such that
[d0/2]∑
i=1

vd−2iq2i + ud−npn = 0 and
M

[d0/2]!
| g.c.d.(fd−2i + vd−2i, gd−n + ud−n).

Proof. The proof of (1) follows by the same arguments as the proof of Corollary 3.2,
noticing that pn = e1e2 . . . en = sn.

As for (2), multiplying by pn we obtain

M |
[d0/2]∑
i=1

hd+n−2iq2i + gd−np
2
n, where hd+n−2i = fd−2ipn.

Following the proof of 3.3, we can rewrite this as

M |
∑

δ

eδ

⎛
⎝[d0/2]∑

i=1

hδ
d+n−2iq2i + gδ

d−np
2
n

⎞
⎠

and reduce it to (1) (replacing by e′j = e2j ). �

Proposition 4.7. Let D = Dn. Denote d0 = min{d, 2n− 2}. Then

2d[d0/2]! · (ker ca)(d) ⊂ IW
a .

Proof. If d < n, then it is similar to the Bn-case. If d ≥ n, consider the equation

2rf =
[d0/2]∑
i=1

fd−2iq2i + gd−npn ∈ IW
a , fd−2i, gd−n ∈ Z[ω1, . . . , ωn].

Following the proof of Proposition 4.5 and using Lemma 4.6, we show that the smallest
2r satisfying the equation will divide 2d[d0/2]!. �

5. Exponents of types Bn and Dn

5.1. Let ψ : g → sl(V ) be a linear representation of a simple Lie algebra g of G. Then,
for any x, y ∈ g there exists a unique positive integer j such that tr(ψ(x), ψ(y)) =
j(x, y), where (·, ·) is the Killing form on g normalized in such a way that (α, α) = 2
for any long root α. The g.c.d. of all such j’s of all linear representations of g is called
the Dynkin index of g. For example, the Dynkin index of a group of orthogonal type
is 2 [1, p.142].

5.2. Following the notation of [1] let Im := ker(Z[Λ] → Z) and Ia := ker(S∗(Λ) → Z)
be the augmentation ideals, where Z[Λ] → Z (resp. S∗(Λ) → Z) is the map sending
eλ to 1 (resp. any element of positive degree to 0). For any d ≥ 0, we consider the
ring homomorphism

φ(d) : Z[Λ]→ Z[Λ]/Id+1
m → S∗(Λ)/Id+1

a → Sd(Λ),

where the first and the last maps are projections and the middle map sends e
∑n

i=1 aiωi

to
∏n

i=1(1− ωi)−ai . The dth exponent of a root system (denoted by τd) is the g.c.d.
of all non-negative integers Nd satisfying

Nd · (IW
a )(d) ⊆ φ(d)(IW

m ),
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where IW
m := 〈Z[Λ]W ∩ Im〉 (resp. IW

a := 〈S∗(Λ)W ∩ Ia〉) denotes the W -invariant
augmentation ideal of Z[Λ] (resp. S∗(Λ)).

It is shown in [1] that the dth exponent divides the Dynkin index for any d ≤ 4.
In the present section, we show that the dth exponent of an orthogonal type divides
the corresponding Dynkin index (which is 2) for every d.

5.3. For any λ ∈ Λ, we denote by W (λ) the W -orbit of λ. For any finite set S of
weights, we denote −S the set of opposite weights. By the action of Weyl groups of
types Bn and Dn, one has the following decomposition of W -orbits: if D = Bn (resp.
D = Dn), then for any 1 ≤ k ≤ n− 1 (resp. 1 ≤ k ≤ n− 2)

(5.1) W (ωk) = W+(ωk) ∪ −W+(ωk),

where W+(ωk) = {ei1 ± · · · ± eik
}1≤i1<···<ik≤n. If n is even, then the W -orbits of the

last two fundamental weights of Dn are given by

(5.2) W (ωn−1) = W+(ωn−1) ∪ −W+(ωn−1) and W (ωn) = W+(ωn) ∪ −W+(ωn),

where W+(ωn−1) (resp. W+(ωn)) is the subset of W (ωn−1) (resp. W (ωn)) containing
elements of the positive sign of e1.

For any λ =
∑n

i=1 aiωi ∈ Λ and any integer m ≥ 0, we set λ(m) =
∑n

i=1 aiω
m
i . We

shall need the following lemma:

Lemma 5.4. Let p be a positive integer and m1, . . . ,mp non-negative integers.
(i) If D = Bn (resp. Dn), then for odd p and any 1 ≤ k ≤ n − 1 (resp. any

1 ≤ k ≤ n− 2), we have ∑
λ∈W (ωk)

λ(m1) · · ·λ(mp) = 0.

(ii) If D = Dn, then for even p and odd n, we have∑
λ∈W (ωn)

λ(m1) · · ·λ(mp) =
∑

λ∈W (ωn−1)

λ(m1) · · ·λ(mp).

Moreover, if p is odd and less than n, then they are all zeroes.

Proof. (i) It follows from (5.1) that∑
λ∈W (ωk)

λ(m1) · · ·λ(mp) =
∑

λ∈W+(ωk)

λ(m1) · · ·λ(mp)−
∑

λ∈W+(ωk)

λ(m1) · · ·λ(mp) = 0.

(ii) If n is odd, then we have W (ωn) = −W (ωn−1). Hence, the result immediately
follows from the assumption that p is even. If n is even, then the result follows
from (5.2) by a similar argument.

�

Let p be an even integer and q ≥ 2 an integer. For any non-negative integers
m1, . . . ,mp, we define

Λ(p, q)(m1, . . . ,mp) :=
∑

λj1(m1) · · ·λjp(mp),

where the sum ranges over all different λi1 , . . . , λiq ∈ W+(ω1) and all λi1 , . . . , λip ∈
{λi1 , . . . , λiq} such that the numbers of λi1 , . . . , λiq appearing in λi1 , . . . , λip are all
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non-negative even solutions of x1+· · ·+xq = p. If p < 2q, we set Λ(p, q)(m1, . . . ,mp) =
0. We simply write Λ(p, q) for Λ(p, q)(m1, . . . ,mp). For instance, Λ(4, 2) is the sum of
λj1(m1)λj2(m2)λj3(m3)λj4(m4) for all j1, j2, j3, j4 ∈ {i, j} and all 1 ≤ i �= j ≤ n such
that two i’s and two j’s appear in j1, j2, j3, j4.

Lemma 5.5. If D = Bn (resp. Dn), then for any 2 ≤ k ≤ n−1 (resp. 2 ≤ k ≤ n−2),
any even p, and any non-negative integers m1, . . .mp we have

∑
W (ωk)

λ(m1) · · ·λ(mp) = 2k−1

(
n− 1
k − 1

) ∑
W (ω1)

λ(m1) · · ·λ(mp) +
k∑

j=2

2k

(
n− j
k − j

)
Λ(p, j).

Proof. Let L be the left-hand side (LHS) of the above equation. For any λ ∈W (ω1),
there are 2k

(
n−1
k−1

)
choices of the element containing λ in W (ωk), thus we have the term

2k−1

(
n− 1
k − 1

) ∑
W (ω1)

λ(m1) · · ·λ(mp) in L.

If an element λ ∈ W (ω1) appears odd times in a term λi1(m1) · · ·λip(mp) of L,
where λi1 , . . . , λip ∈ W (ω1), then from the orbit this term vanishes in L. Hence, the
remaining terms in L are linear combinations of Λ(p, j) for all 2 ≤ j ≤ k such that
p ≥ 2k. As each term Λ(p, j) appears 2k

(
n−j
k−j

)
times in L, the result follows. �

For any λ ∈ Λ, we denote by ρ(λ) the sum of all elements eμ ∈ Z[Λ] over all elements
μ of W (λ). By the recursive formulas in [1, Section 1], we can let d!·φ(d)(eλ) = λd+Qd

for any d ≥ 1, where Qd is the sum of remaining terms in d! · φ(d)(eλ). Hence, for any
fundamental weight ωk we have

(5.3) d! · φ(d)(ρ(ωk)) =
∑

W (ωk)

λd +
∑

W (ωk)

Qd.

We view d! · φ(d)(eλ) as a polynomial in variables λ, λ(m1), . . . , λ(mj) for some non-
negative integers m1, . . . ,mj . Let Td be the sum of monomials in Qd whose degrees
are even.

If D = Bn (resp. Dn), then by Lemma 5.4(i) equation (5.3) reduces to

(5.4) d! · φ(d)(ρ(ωk)) =
∑

W (ωk)

λd +
∑

W (ωk)

Td

for any 1 ≤ k ≤ n− 1 (resp. 1 ≤ k ≤ n− 2).
Given p and q, we define Ω(p, q) :=

∑
Λ(p, q)(m1, . . . ,mp), where the sum ranges

over all m1, . . . ,mp, which appear in all monomials of Td.
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Example 5.6. If D = Bn (n ≥ 4) or Dn (n ≥ 5) and d = 6, then by (5.4) and
Lemma 5.5 we have

6!φ(6)(ρ(ω1)) =
∑

W (ω1)

λ6 +
∑

W (ω1)

T6,

6!φ(6)(ρ(ω2)) =
∑

W (ω2)

λ6 + 2(n− 1)
∑

W (ω1)

T6 + 4Ω(4, 2),

6!φ(6)(ρ(ω3)) =
∑

W (ω3)

λ6 + 4
(
n− 1

2

) ∑
W (ω1)

T6 + 8(n− 2)Ω(4, 2),

which implies that

φ(6)(ρ(ω3))− 2(n− 2)φ(6)(ρ(ω2)) + 2(n− 1)(n− 2)φ(6)(ρ(ω1)) =
∑

i<j<k

e2i e
2
je

2
k.

Lemma 5.7. Let D = Dn and let 1 ≤ p ≤ n − 1 and m1, . . . ,mp be non-negative
integers. Then we have∑

W (ωn)

λ(m1) · · ·λ(mp) =
∑

W (ωn−1)

λ(m1) · · ·λ(mp).

Moreover, we have
∑

W (ωn) λ
n −∑

W (ωn−1)
λn = n!e1 · · · en.

Proof. Let L be the LHS of the the second equation. As |W (ωn)| = |W (ωn−1)| = 2n−1,
we have

(n!/2n)2n−1e1 · · · en − (−(n!/2n)2n−1e1 · · · en) = n!e1 · · · en

in L. If one of the exponents i1, . . . , in in ei1
1 · · · ein

n (except the case i1 = · · · = in = 1)
is odd, then from the orbits W (ωn) and W (ωn−1) this monomial vanishes in each
sum of L. If n ≥ 4 is even, then the terms 2n−2

∑n
j=1 e

n
j , Λ(n, 2) · · · ,Λ(n, n/2) with

m1 = · · · = mn = 1 are in both
∑

W+(ωn) λ
n and

∑
W+(ωn−1)

λn. This completes the
proof of the second equation.

By Lemma 5.4(ii), it is enough to consider the case where both n and p are even. Let
X =

∑
W+(ωn) λ(m1) · · ·λ(mp) and Y =

∑
W+(ωn−1)

λ(m1) · · ·λ(mp). By the orbits,
any term λi1(m1) · · ·λip(mp) with λij ∈W (ω1) appearing odd times in either X or Y
vanishes. Since the terms 2n−2

∑
W+(ω1)

λ(m1) · · ·λ(mp),Λ(p, 2), . . ., Λ(p, p/2) appear
in both X and Y , this completes the proof. �

Proposition 5.8. If D = Bn (resp. Dn), then for any d ≥ 3 and any n ≥ [d/2] + 1
(resp. n ≥ [d/2] + 2) the exponent τd divides the Dynkin index τ2 = 2.

Proof. As B2 = C2 and D3 = A3, we have 1 = τ3 | 2 by [1, Theorem 5.4]. If D = Dn

for any n ≥ 4, then by Lemma 5.7 we have

pn = φ(n)(ρ(ωn))− φ(n)(ρ(ωn−1)),

which implies that the invariant pn is in the ideal generated by the image of φ(n). As
there are no invariants of odd degree except pn, we have

τ2d+1 | τ2d

for all d ≥ 1. Therefore, it suffices to show that τ2d | τ2 for any d ≥ 2.
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By Lemma 5.5 together with the same argument as in Example 5.6, we have

(5.5) φ(2d)(ρ(ωd)) +
d−1∑
j=1

ajφ
(2d)(ρ(ωd−j)) =

∑
j1<···<jd

e2j1 · · · e2jd
,

where the integers a1, . . . , ad−1 satisfy⎛
⎝d−2∑

j=k

2j+1

(
n− 1− k
j − k

)
aj+1

⎞
⎠ + 2d

(
n− 1− k
d− 1− k

)
= 0,

for 0 ≤ k ≤ d − 2. Let rd be the right-hand side (RHS) of (5.5). Then this equation
implies that rd is in the image of φ(2d).

We show that the invariant q2d is in the ideal φ(2d)(IW
m ) for any d ≥ 2. We proceed

by induction on d. By [1, Lemma 5.3], the case d = 2 is obvious. By Newton’s identities
we have

(5.6) (−1)d−1q2d = drd −
d−1∑
j=1

(−1)j−1rd−jq2j .

By the induction hypothesis, the sum of (5.6) is in φ(2d)(IW
m ). Hence, q2d is in

φ(2d)(IW
m ). �

6. Annihilators of torsion of twisted spin-flags

In the present section, we apply Propositions 4.5, 4.7 and 5.8 to prove the main result
of the paper.

6.1. Let Y be a smooth projective variety over k. The γ-filtration of Y is defined as
follows [4, Section 1A]: the ith term is the subgroup

γi(Y ) = 〈cK0
n1

(E1) · . . . · cK0
nr

(Er) |
∑

nj ≥ i and Ej ∈ K0(Y )〉,
and the associated quotient is γ(i)(Y ) = γi(Y )/γi+1(Y ). Here cK0

j is the jth charac-
teristic class in K0. In particular, since K0(G/B) is generated by line bundles, we can
define γi(G/B) using only cK0

1 of line bundles [4, Section 1D].
The topological filtration of Y is defined as follows [4, Section 1A]: the ith term is

the subgroup

τ i(Y ) = 〈[OV ] | V is a closed subvariety of Y and codim V ≥ i〉.
Define τ (i)(Y ) = τ i(Y )/τ i+1(Y ). In particular, we have γi(Y ) ⊆ τ i(Y ) for any Y .

For any G split simple simply connected linear algebraic group over k consider a
composite of maps:

H1(k,G)→ H1(k,Gad)→ H1(k,Aut(G)),

where Gad is the adjoint group isogeneous to G, the first map is induced by taking
quotient modulo the center and the second map is induced by taking inner auto-
morphism. If the class of ξ ∈ Z1(k,Aut(G)) belongs to the image of H1(k,Gad)
(resp. H1(k,G)), we say that ξ is an inner form (resp. a strongly inner form). In
particular, according to [12, Theorem 2.2.(2)] for a strongly inner ξ we have an iso-
morphism K0(G/B) � K0(ξ(G/B)), which commutes with the γ-filtrations, i.e., we
have γ(i)(G/B) � γ(i)(ξ(G/B)).
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Theorem 6.2. Let G be a split simple simply-connected linear algebraic group of
Dynkin type Bn (n ≥ 3) or Dn (n ≥ 4), i.e., a Spin group. Let X = ξ(G/B) be a
twisted form of the variety of Borel subgroups of G by means of a cocycle ξ ∈ Z1(k,G).

If G is of type Bn (resp. of type Dn), then for all 2 ≤ d ≤ 2n − 1 (resp. 2 ≤ d ≤
2n − 3), the integer Md = (d − 1)!

∏d
i=2(i − 1)! · [i/2]! · 2i+1 annihilates the torsion

part of CHd(X), i.e.,

Md · Tors CHd(X) = 0.

Remark 6.3. Observe that since 2 is the only torsion prime of G we can replace the
integer Md by its 2-primary part. Note also that the integer Md depends only on the
codimension d but not on the rank n of G.

Proof. We follow the arguments of [1, Section 6]. We have the following diagram:

Ii
m/I

i+1
m

(−1)i−1(i−1)!φ(i)

��

cm

��

Si(Λ)

ca

��
γ(i)(G/B)

ci �� CHi(G/B).

Here ca is the characteristic map and ci is the ith Chern class. The map cm is the
surjection induced by the characteristic map cm : Z[Λ] → K0(G/B), since K0(G/B)
is generated by line bundles. Moreover, we have ker cm = IW

m . Since CHi(G/B) is
torsion free, using Propositions 4.5, 4.7 and 5.8, by diagram chasing, we see that the
integer mi := (i− 1)! · [i/2]! · 2i+1 annihilates the torsion part of γ(i)(G/B) for i ≥ 2.

By [12, Theorem 2.2.(1)], we have that γ(d)(X) � γ(d)(G/B), hence, its torsion part
is annihilated by md as well. Moreover, we have the following short exact sequences
of abelian groups:

γ(d) ↪→ τd/γd+1 � τd/γd and τd+1/γd+1 ↪→ τd/γd+1 � τ (d),

where τd = τd(X) and γd = γd(X). So, we have

e(τd/γd+1)|e(γ(d)) · e(τd/γd)|e(γ(d)) · e(τd−1/γd),

where e(−) is the exponent of the torsion part of an abelian group. Recursively, we
see that

e(τ (d))|e(τd/γd+1)|e(γ(d)) · e(γ(d−1)) · · · · · e(γ(1)) =
d∏

j=2

mj

(notice that e(γ(1)) = 1). Finally, by the Riemann–Roch theorem [3, Ex.15.3.6], the
composition CHd(X) → τ (d) → CHd(X) is multiplication by (−1)d−1(d− 1)! There-
fore, Md := (d− 1)!

∏d
j=2md annihilates the torsion part of CHd(X). �

Remark 6.4. Using the motivic decomposition of [13] one immediately extends this
result to any generically split twisted form X = ξG/P , where P is a parabolic sub-
group of G. In particular, it holds for any maximal orthogonal Grassmannian of a
quadratic form with trivial discriminant and trivial Clifford invariant.
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applications, Séminaire C. Chevalley, 2e année, 1958.
[6] J. Humphreys, Reflection groups and Coxeter groups, Cambridge studies in Advanced Mathe-

matics 29, Cambridge University Press, 1990.

[7] V. Kac and D. Peterson, Generalized invariants of groups generated by reflections, Geometry
of Today, Roma 1984, Progress in Mathematics, Vol. 60, Birkhauser Verlag, Boston, 1985.

[8] N. Karpenko, Order of torsion in CH4 of quadrics, Documenta Math. 1 (1996), 57–65.
[9] N. Karpenko and A. Merkurjev, Chow groups of projective quadrics, Leningrad (St. Petersburg)

Math. J. 2(3) (1991), 655–671.
[10] F. Neumann, M. Neusel and L. Smith, Rings of Generalized and stable invariants of pseudore-

flections and pseudoreflection Groups, J. Algeb., 182 (1996), 85–122.

[11] I. Macdonald, Symmetric functions and Hall polynomials, Oxford University Press, Oxford,
1979.

[12] I. Panin, On the algebraic K-theory of twisted flag varieties, K-Theory, 8(6) (1994), 541–585.

[13] V. Petrov, N. Semenov and K. Zainoulline, J-invariant of linear algebraic groups, Ann. Sci. Éc.
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