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LYUBEZNIK NUMBERS IN MIXED CHARACTERISTIC

Luis NUNEZ-BETANCOURT AND EMILY E. WITT

ABSTRACT. We define a family of invariants associated to any local ring whose residue
field has prime characteristic; in particular, this includes those of mixed characteristic.
These Lyubeznik numbers in mized characteristic are defined via a surjection from an un-
ramified regular local ring of mixed characteristic. As is true for the Lyubeznik numbers,
the “highest-index” Lyubeznik number in mixed characteristic is a well-defined notion.
These new invariants and the original Lyubeznik numbers coincide for certain local rings
of equal characteristic p > 0; e.g., for Cohen—Macaulay rings and rings of dimension at
most two. However, we provide an example where they differ.

1. Introduction

1.1. Background. For an ideal I of a regular local ring S of equal characteristic p >
0, Huneke and Sharp proved that the Bass numbers of the local cohomology modules
H(S) are finite, and Lyubeznik extended this result to arbitrary equal characteristic
using D-modules [12, 15]. He also extended these finiteness results to a larger family
of modules, and used them to define a family of integer-valued invariants now called
the Lyubeznik numbers.

Let R be a local ring admitting a surjection from a regular local ring S containing
a field. If R has residue field K, S has dimension n, and I is the kernel of the surjec-
tion, then the Lyubeznik number of R with respect to integers i,j > 0 is defined as
Aij(R) = dimg Ext (K, H;L_j(S)). For R any local ring containing a field, defining

R

Aij(R) to equal A; ;(R) extends this definition. Remarkably, these numbers do not
depend on the choice of S, nor on the surjection [15].

The Lyubeznik numbers encode properties of the ring. For instance, if R has dimen-
sion d, Ag,q(R) is the number of connected components of the Hochster-Huneke graph
of the completion of its strict Henselization [19, 28]. Moreover, these invariants have
connections with many areas of mathematics; for example, they have interpretations
in terms of singular and étale cohomology [4, 7].

1.2. Aim and main results. We define a family of invariants of any local ring whose
residue field has prime characteristic, which includes those of mixed characteristic.
Employing the Cohen Structure Theorems in mixed characteristic and a Kashiwara
equivalence formalized in [21], we give the following definition.

Theorem/Definition (see Theorem 3.5, Definition 3.6). Let (R, m, K) be a local
ring such that K has characteristic p > 0, and let R denote its completion at m.
By the Cohen Structure Theorems, R admits a surjection 7 : S —» ﬁ, where S is an
n-dimensional unramified regular local ring of mixed characteristic. Let I = Ker(r)
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and take 7, 7 > 0. Then the Lyubeznik number of R in mixed characteristic with respect
to v and j is defined as

Xij(R) = dimg Exts (K, H' /().
This number is finite and depends only on R, ¢, and j.

Note that these invariants are finite by [17, 20].

Motivated by analogous properties of the Lyubeznik numbers in equal characteris-
tic, we study properties of these invariants (cf. [15, Properties 4.4]; see Section 3). As
for the Lyubeznik numbers, the “highest” Lyubeznik number in mixed characteristic
is a well-defined notion: if d = dim(R), then Xw-(R) =0ifi > dorj > d (see
Section 4).

For local rings of equal characteristic p > 0, both the Lyubeznik numbers and the
Lyubeznik numbers in mixed characteristic are defined. These families of invariants
agree for Cohen—Macaulay rings, and for rings of dimension at most two (see Sec-
tion 5). However, we give an example of a ring R for which Xi’j(R) # \i;(R) for
certain choices of 4,5 > 0. To do so, we utilize a computation of Alvarez Montaner
and Vahidi and work of Singh and Walther on Bockstein homomorphisms of local
cohomology modules [2, 24] (see Section 6).

2. Preliminaries

2.1. D-modules. Here, we review some facts about D-modules that will be used,
and refer the reader to [3, 6] for details on these objects of study.

Given commutative rings R C S, the ring of R-linear differential operators on .S,
denoted D(S, R), is the (non-commutative) subring of End(.S) defined inductively as
follows: the operators of order zero are the endomorphisms defined by multiplication
by some element of S, and ¢ € Endg(S) is an operator of order less than or equal
tol > 1if [¢p,0] = ¢ -0 — 0 ¢ is an operator of order less than or equal to £ — 1
for every o € S. Then D(S, R) is the collection of all operators of order less than
or equal to some ¢ > 0. If S = R[zq,...,z,] for some n > 0, then D(S,R) =
S<%% 1t>0,1<i< n> 8, Theorem 16.12.1].

The ring S is naturally a D(S, R)-module, and for every f € S, Sy has a natural
D(S, R)-module structure such that the localization map S — Sy is a map of D(S, R)-
modules. This induces a natural D(S, R)-module structure on any local cohomology
module of the form H}(S), where [ is an ideal of S and j > 0; moreover, if I,..., I,
are ideals of S and ji,...,j, > 0, then all modules of the form H}f . H}EH};(S)
also have such a structure [15, Example 2.1(iv)]. If R = K, a field, and f € S =
K([z,...,z,], then Sy has finite length in the category of D(S, K)-modules. Thus,
each H}f . H}jHﬁ (S) also does [16, Corollary 6].

2.2. A key functor. Lyubeznik utilized the direct image functor from the classical
Kashiwara equivalence for smooth varieties to prove that the Lyubeznik numbers are
well defined (cf. [15, Lemma 4.3]). In [21, Section 3|, the authors further develop the
theory of this functor. As we rely greatly on some of these results to show that the
Lyubeznik numbers in mixed characteristic are well defined, we include them here for
the reader’s convenience. Please refer to loc. cit. for details and proofs.
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Fix a Noetherian ring R, and let S = R[z]. Let G denote the functor from the
category of R-modules to that of S-modules given by G(—) = (=) ®pr S,/ S, the direct
image functor. For an R-module M, since G(M) = M ®rS,/S = @ (M @r Rz™%),

a>0
any nonzero u € G(M) can be written uniquely in the form v = m; @ x=* + .-+ +
my ® x~ % for some £ >0, and a; >0 and m; € M, 1 <i</.

The functor GG defines an equivalence between the category of R-modules and that
of D(S, R)-modules supported on the Zariski-closed subset V(zS) of Spec(S). The

D(S, R)-module structure of G(M) is given by: for t,a > 0 and m € M, (1 & ) .

! ozt
(mez™) = (“T77) - ((-1)'m ® £7%7!). The functor G is also flat, and commutes
with taking local cohomology.

For every ideal I of R and every j > 0, G (H}(M)) = Hg;ri)s(M®R S). Moreover,
if R is Gorenstein and P is a prime ideal of R, then G(Egr(R/P)) = Es(S/(P,x)S).
In fact, in this case, M is an injective R-module if and only if G(M) is an injective

S-module.

Remark 2.1. Take R-modules M and N. Since R = S/xS, endow M with the natural
S-module structure via extension of scalars. As G(N) is an S-module, Exts (M, G(N))

is also an S-module. Since it is annihilated by z.S, it also has an R-module structure.
As R-modules, Exts(M,G(N)) = ExtR(M, N) for all ¢ > 0.

3. Definition and properties

Lemma 3.1. Let (R,m, K) be a Gorenstein local ring, and let S = R[z]. Then for
every ideal I of R and alli,j > 0, dimg Exty (K, Hg;‘;)s(S)) = dimg Ext (K, H}(R)).
Moreover, if T = R[x1,...,xz,], then

dimg Extip(K, HY? - (T) = dimg Extyp (K, Hi (R)).

Proof. For G the functor defined in Section 2.2, G(H}(R)) = Hgf;)S(S) by [21,
Lemma 3.9]. Since R is Gorenstein, Remark 2.1 implies that Exts(M,G(N)) =

Ext% (M, N) as R-modules for all R-modules M and N. Thus, Ext%(K, H(J;';)S(S))
Ext’ (K, H}(R)). The last statement then follows by induction on n.

O

Definition 3.2 (p-independent, p-base). Let K be a field of characteristic p > 0.
A finite set of elements T1, ..., T, € K \ K? is called p-independent if [KP[T}, ..., Ty :
K?P) = p’. An infinite set of elements in K \ K? is p-independent if every finite subset
is p-independent. A maximal p-independent subset of K7 \ K is called a p-base for K.

Remark 3.3. We recall some results pertaining to the Cohen Structure Theorems
that will be useful in proving that our new invariants are well defined; please see [5]
for details.

For any field K of characteristic p > 0, there exists a complete (unramified) Noe-
therian discrete valuation ring (DVR) of mixed characteristic of the form (V,pV, K).
In fact, if (V,pV, K) and (W, pW, K') are complete Noetherian DVRs of mixed char-
acteristic p > 0 such that K = K’, then V = W as well. Indeed, given an isomorphism
¢ : K — K’, take a p-base A for K, and let A’ be the corresponding p-base for K’
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determined by . If T C V is a lifting of A to V and 77 C W is a lifting of A’ to
W, then the natural bijection T' — T” extends uniquely to an isomorphism V — W.
Every unramified complete regular local ring of mixed characteristic p > 0 is isomor-
phic to V[z1,...,x,], where (V,pV, K) is a complete (unramified) Noetherian DVR
of mixed characteristic p.

Suppose that (R, m, K) is a complete local ring of mixed characteristic p > 0. Then
R contains a subring V' that is called a coefficient ring for R: V' =V or V! = V/p'V
for some ¢ > 1, where (V,pV, K) is a complete Noetherian DVR, and the induced map
on residue fields, V' /pV’ — R/m, is an isomorphism. In fact, the Cohen Structure
Theorems imply that given such a coefficient ring V' for R, there exists a surjection
p:Vzi,...,x,] - R such that p(V) =V’ (and we can take n to be the embedding
dimension of R/pR). A key point in the proof of this fact is that for every lifting T
of a p-base A of K to R, there is a unique coefficient ring V’ for R that contains T.

If (R,m,K) is a complete local ring of equal characteristic p > 0, then R is
a homomorphic image of some K[xi,...,z,] by the Cohen Structure Theorems.
Thus, if (V,pV, K) is a complete Noetherian DVR, the composition V [z, ..., z,] —
K[zy,...,2,] — R is surjective. Thus, any complete local ring (R, m, K) such that K
has characteristic p > 0 is the homomorphic image of V{1, ..., z,], where (V,pV, K)
is a uniquely-determined (up to isomorphism) mixed characteristic complete Noether-
ian DVR.

Lemma 3.4. Suppose that (R, m, K) is a complete local ring of mized characteristic
p >0, and let V' and W' be coefficient rings for R. Let (V,pV, K) and (W,pW, K) be
complete Noetherian DVRs. Fiz n = dimg(m/m?), and let Sy = V[xy,...,2,] and
So =WT{y1,...,yn]. Then there exist surjections

p1:S1—~> R and py:Sy—» R
and an isomorphism ¢ : S1 — Sa such that p1(V) = V', po(W) = W', and py = p2oé.

Proof. Let A and A be p-bases for K corresponding to V' and W', respectively, and
note that there are natural surjections V' — V'’ and W — W’. There exists a map
p1 : V — V' given by choosing preimages ¢ty € V of A € A under the composition
V - V' - K; similarly, take ps : W — W' given by preimages ss € W of § € A
under the composition W — W’ — K. Pick elements u1,...,u, € m such that the
u; form a basis for m/m?, and extend p; to a map S; — R by p1(x;) = u;. Similarly,
extend po to a map So — R by p1(y;) = u;. By construction, p; and ps are surjective.

For each A € A, take o) € Sy be such that pa(oy) = p1(tx). Then there exists a
unique coefficient ring V for Sy such that o € V for every A € A (see Remark 3.3);
moreover, ty — o) defines an isomorphism ¢ : V — V. Extend this map to ¢ : S; —
Sy by ¢(x;) = y;. The induced map K = S1/(p,x1,...,25) — So/d(p,x1,-..,T,)S2 is
well defined, char (S2/¢(p, 21, . ..,2,)S2) = p, and p must be in the image of ¢. Thus,
¢ is surjective. As S and Sy have the same dimension, ¢ is, in fact, an isomorphism.
Since (p2 0 ¢)(z;) = p2(y;) = uj = pi(x;) for each 1 < i < n, and (p2 0 @)(t\) =
p2(ax) = p1(tx) by construction, p; = pa o ¢. d

We now prove that the Lyubeznik numbers in mixed characteristic are well de-
fined. Our proof is inspired by Lyubeznik’s in equal characteristic [15], but we employ
the Cohen Structure Theorems in mixed characteristic, as we did in the proof of
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Lemma 3.4. The proof also relies on our extension of the study of the direct image
functor G (see Section 2.1) to rings that do not contain a field.

Theorem 3.5. Let (R,m,K) be a local ring such that K has characteristic p >
0, which admits a surjection ™ : S — R, where S is an n-dimensional unramified
reqular local ring of mized characteristic. Let I = Ker(n), and take i,5 > 0. Then
dimg Exts (K, H;L_j(S)) is finite and depends only on R, i, and j.

Proof. Since each dimy Exty(K, H; "7 (S)) is finite (cf. [17, 20]), it remains to prove
that these numbers are well defined. As the Bass numbers with respect to the maximal
ideal are not affected by completion, we may assume that the rings are complete.

Fix a coefficient ring W for R, and take (V,pV, K) a complete Noetherian DVR
such that W =V or W = V/p*V for some £ > 0. First, take surjections 7 : T — R
and 7’ : T" — R, where T = V][z1,...,2,—1] and T" = V]y1,...,yn—1] for some
n,n’ > 0, such that 7(V) = W, and 7|y = 7'|y. Let I = Ker(w) and I’ = Ker(7').

Let T = V[z1,...,%n-1,Y1,---,Yn'—1], and let " : T” — R be the surjection
defined by 7”|y = 7|y = 7'|v, 7'(z;) = 7w(z;), and 7"(y;) = 7'(y;). Let 1" =
ker(n”"), and let o : T — T" denote the natural injection, so that 7" o v = 7.

As 7 is surjective, there exist fi,..., fnr—1 € T such that ©”(y;) = =(f;) for
each 1 < j < n/ —1. Then y; — f; € Ker(n”). Note that 5 : 7" — T, defined by
B(z;) = xj, B(y;) = fj, and S|y = idy, is a splitting of o. Then I” = Im(a)®ker(3) =
(Ivyl - fl; ceesYni—1 — fn’—l)TU' Since

ViZ1ye- 3 Tn—-1,Y1 _f17°"7yn’71 _fn’fl
form a regular system of parameters for 7", Lemma 3.1 implies that
dim g Extly (K, H'™(T)) = dimg Extl,, (K, H%™ 9(T")).
By an analogous argument, we also have that
dim g Exté, (K, HY ~(T")) = dimg Extl, (K, Hp™ ~(T")).

Now we proceed to the general case. Take complete Noetherian DVRs (V, pV, K)
and (W, pW, K), let S =V]x1,...,xn-1] and S = W[y1, ..., yn—1] for some n,n’ >
0, and take surjections 7w : S - R and 7’ : S — R, where V' and W’ are coeffi-
cient rings for R, 7|y is a surjection of V onto a V', and 7|y is a surjection of W
onto a W’.

Let N = dimg(m/m?) + 1. Let S = V[z1,...,2n] and Sy = W(y,...,yn],
and let p; : S1 = R, and py : S5 — R, and ¢ : S; — S be the maps ensured
by Lemma 3.4; i.e., p1(V) = V' and po(W) = W', and ¢ is an isomorphism, and
p1 = p2 © ¢. By our initial case,

dimg Extls, (K, Hy 7 (S1)) = dimg Exts (K, Hy 77 (S)) and

dimy Extl, (K, H;V(;)j (Sy)) = dimg Ext, (K, H} ~7(S")).

In addition, the isomorphism ¢ allows us to finally deduce that

dimc Exts (K, H' ~7(81)) = dimg Extl, (K, Hy 7 (S5)).
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Definition 3.6 (Lyubeznik numbers in mixed characteristic). Let (R,m,K) be a
local ring such that K has characteristic p > 0. By the Cohen Structure Theorems,
the completion of R at m, fi, admits a surjection 7 : .S — }A%, where S is an unramified
regular local ring of mixed characteristic. Let I = Ker(m) and n = dim(S), and take
1,7 = 0. Then the Lyubeznik number in mized characteristic of R with respect to i
and j is defined as

Xij(R) = dimg Exth (K, Hy 77(9)).
By Theorem 3.5, the X,-,j(R) is well defined, finite, and depend only on R, 7, and j.

Remark 3.7. In Definition 3.6, we need to complete R for the Cohen Structure
Theorems to ensure the existence of a surjection from an unramified regular local
ring S of mixed characteristic. If, without completing, a surjection from such an S
onto R exists, and I denotes its kernel, then \; ;j(R) = dimg Ext% (X, H;g] (9)) =
dimg Ext (K, H}77(9)).

Remark 3.8. Fix a local ring (R, m, K) of equal characteristic p > 0. There exists
a surjection from an n-dimensional unramified regular local ring of mixed charac-
teristic, m : S — }A%, and the induced map 7’ : S/pS — R is also surjective. If
I = Ker(n) and I’ = Ker(n’), then I is the preimage of I’ under the canonical
surjection S — S/pS. In this case, both the Lyubeznik numbers of R, \; ;(R) =
dimg Extg/pS(K, H}771(8/pS)), and the Lyubeznik numbers in mixed characteris-

tic of R, \; j(R) = dimg Ext% (K, H}7(S)), are defined.
Remark 3.8 naturally incites the following question.

Question 3.9. For every local ring (R, m, K) of equal characteristic p > 0, and all
i,j > O, does )\Z’](R) = )\Z’J(R)(?
In Corollary 5.3, we prove an affirmative answer to Question 3.9 when R is Cohen—

Macaulay, or when dim(R) < 2. However, Remark 6.11 and Theorem 6.12 give an
example of a Stanley—Reisner ring over Fs for which the answer is negative.

Remark 3.10. If (S,m) is an unramified regular local ring of mixed characteristic
p >0, Iisanideal of S, and i,j > 0, then inj. dim H}, H}(S) < 1 and inj. dim H}(S) <
dim Supp H(S) + 1 [29, Theorem 5.1].

We will use the following several times in our investigation of the Lyubeznik num-
bers in mixed characteristic.

Remark 3.11. Given a regular local ring (R, m, K) of dimension d, H}(R) # 0 if and
only if v/J = m by the Hartshorne Lichtenbaum Vanishing Theorem [10, Theorem
3.1].

The Lyubeznik numbers in mixed characteristic satisfy some vanishing properties
similar to those that hold for the Lyubeznik numbers.

Proposition 3.12. For a local ring (R, m, K) of dimension d such that K has char-
acteristic p > 0, the following hold.

(i) Nij(R)=0ifj>dori>j+1.

(i) Aga(R) # 0.
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(iii) If R is a complete intersection, then X” (R)y=1ifi=j=d, and Xi,j (R)=0
otherwise.

Proof. Replace R by its completion at m, and fix a surjection = : S — R, where
(S,7n, K) is a complete unramified regular local ring of mixed characteristic and of
dimension n. Let I = Ker().

For (i), the first statement holds since H?fj(S) =0 for j > dim(S/I) = dim(R) =
d, and the second since by Remark 3.10, inj. dimg Hy 7(S) < dimg H} 7(S) +1 <
Jj+1

To prove (ii), first note that by an analogous argument to the proof of [15, Property
4.4(iii)], one can show that HgH?_d(S) # 0. We recall the proof’s strategy: Using the
Mayer—Vietoris sequence, we may reduce to the case that R is equidimensional. The
result then follows by applying Remark 3.11 and the spectral sequence H};H}I(S) ?

HP4(S) simultaneously [9).

We will prove that Xd,d(R) # 0 by contradicting the fact that HgH}L_d(S) =+
0. Suppose that Xdyd(R) = dimg Ext% (K, HP~%(S)) = 0. We claim that for every
S-module M of finite length, Ext% (M, H?~%(S)) = 0. We will prove this by induction
on h = lengthg(M). If h =1, then M = K, and the statement holds by assumption.
Suppose that the statement is true for all N with lengthg N < h, and take M with
lengthg M = h-+1. Then there exists a short exact sequence 0 - K — M — M’ — 0,

where M’ is an S-module of length h. We obtain the following long exact sequence in
Ext:

-+ — Ext§(M', Hp~(S)) — Ext§(M, Hp ~(S)) — Ext§(K, Hf~(S)) — -+~ .

Now, Ext&(K, H~4(S)) = Ext&(M', Hy~%(S)) = 0 by the inductive hypothesis,

so that Ext%(M, H?=%(S)) = 0, and the claim follows. Therefore, for all £ > 1,

Ext$(S/n, H}~(S)) = 0. Then HIH}~%(S) = lim Ext§(S/n‘, H}~%(5)) = 0, the
¢

sought contradiction.

To prove (iii), take (V,pV, K) a complete Noetherian DVR, let S = V[z1,...,2,],
and consider a regular sequence fi,..., fo € S such that R = S/(f1,..., fi).

If £ = 1, since Ext(K, S¢) = 0 for i > 0, the long exact sequence in Ext in-
duced by the short exact sequence 0 — S — Sy, — H (1f1)(S ) — 0 implies that each

Ext (K, H(lfl)(S)) ~ Exty ! (K, S); the vanishing is clear, and the statement follows.
Suppose that the formula holds for all such rings, such that the regular sequence
has length ¢, for some ¢ > 1. The long exact sequence in Ext induced by the short

exact sequence

¢ ¢ 0+1
0— H(f1,»--7fe)(S) - H(fl,-»-yfe)(Sle) - H(flv---7fl+l)(S) —0
indicates that each Extk (K, H(EZ}._Wle)(S)) ~ Exti (K, H(th._"fl)(S)), and the
result follows. 0

4. Existence of the highest Lyubeznik number in mixed characteristic

The aim of this section is to prove that the Lyubeznik numbers in mixed characteristic
vanish if either index exceeds the ring’s dimension. A key step will be Theorem 4.9
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on the injective dimension of certain local cohomology modules of unramified regu-
lar local rings of mixed characteristic. We begin this section by investigating some
properties of injective modules in the mixed characteristic setting.

Lemma 4.1. Let (V,pV, K) be a complete (unramified) Noetherian DVR of mized
characteristic p > 0, and let S = V]z1...,2,]. Let M be an S-module such that
dimg Extg(K,M) is finite for all i > 0, and such that multiplication by p on M is
surjective. Then for all i > 0,

dimg Exts (K, M) = dimg Extfg/ps (K, Anny(p9)) .

Proof. Let R denote S/pS, and let N = Anny,(pS). Then the short exact sequence
0— N — M B M — 0 induces the long exact sequence

= Exti (K, M) — Extly (K, N) — Exti(K, M) 5 Exty(K, M) — --- .

Since multiplication by p is zero on Extfé(K , M) for all j > 0, we have short exact
sequences

0 — Extl (K, M) — Ext(K, N) — Exti(K, M) — 0
for all ¢ > 0, so that
(4.1.1) dimg Exty (K, N) = dimg Extly (K, M) + dimg Ext (K, M).

Let « denote the sequence 1, ..., z, in S. The Koszul complex ICq(p, ; N) satisfies

Ke(p,x; N) = Ke(p; N) @5 Ko(2; N), so that
Ki(p,x; N) = (Ko(p; N) ®s Ki(x; N)) & (K1 (p; N) ®s Ki—1(x; N))
> Ki(x; N) @ Ki—q1(x; N).

Moreover, since N is killed by p, the differentials are given, up to a sign, by the dif-
ferentials on the K4 (x; N). This complex is naturally a complex over R after replacing
T1,...,T, by their images in R. We can compute Extj (K, N) using this complex. On
the other hand, we can compute Exts (K, N) using the complex Ko (p, x; N). Thus,

dimg Ext’y ' (K, N) + dimg Ext’z (K, N) = dimg Ext (K, N),
so that, noting (4.1.1),
dimy Extly '(K, M) + dimg Ext’(K, M)
(4.1.2) = dimg Ext’y ' (K, N) + dimg Ext’z (K, N).
The statement now follows by an induction argument on i > 0: The basis case fol-

lows by taking ¢ = 0 in (4.1.2). Assuming the statement holds for i — 1, the conclusion
also follows by (4.1.2). O

Lemma 4.2. Let (V,pV,K) be a complete (unramified) Noetherian DVR of mized
characteristic p > 0, and let S = V]xy...,x,]. If m denotes the mazimal ideal of
S, let M be a D(S,V)-module supported only at m such that dimg Ext (K, M) is
finite for every ¢ > 0. Then M is injective if and only if multiplication by p on M is
surjective.
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Proof. If M is injective, then it is isomorphic to a finite direct sum of copies of
Es(K). By applying Matlis duality to the exact sequence 0 — S 5 § — §/pS — 0,
we conclude that multiplication by p is surjective on Eg(K), and so, on M.

Assume that multiplication by p on M is surjective. Since N is a D(S/pS, K)-
module supported only at the maximal ideal (z1,...,z,) of S/pS, N is an injective
S/pS-module by [18, Lemmal, and so, by Lemma 4.1,

dimg Extg(K, M) = dimg Extl),¢(K, N) =0

for every ¢ > 0. Since M is supported only at m, the only nonzero Bass number of M
is dimx Homg (K, M), and M is injective. O

Our next goal is to show, in Theorem 4.9, that for an unramified regular local ring
S of mixed characteristic and dimension n, if I is an ideal of S such that S/I has
dimension d, then inj. dimg H?~%(S) = d. We prove this statement by induction on
d; the following lemmas are devoted to proving the base cases, d =1 and d = 2.

Lemma 4.3. Let (V,pV,K) be a complete (unramified) Noetherian DVR of mized
characteristic p > 0, and let S = V[z1...,x,]. Let m denote the maximal ideal of
S, and let I be an ideal of S such that dim(S/I) = 1. Then H2 H?(S) = 0 and
H} H?(S) 2= Eg(K).

Proof. Let f € m be an element not in any minimal prime of I, so that /I + fS = m.
We have the short exact sequence 0 — H}'(S) — H}(S¢) — H}‘jj}S(S) ~ Fg(K) — 0.
Since f € mand HY(Sy) = H?(S) s, H H?(Sy) = 0, which implies that HS H?(S) =
0. Moreover, H!, H?(S) = Eg(K). O

Lemma 4.4. Let (V,pV,K) be a complete (unramified) Noetherian DVR of mized
characteristic p > 0, and let S = V[xy...,z,]. Let I be an ideal of S of pure di-
mension two. Then H}(S) is an injective S-module supported only at the mazimal

ideal of S.

Proof. Let R denote S/pS. The short exact sequence 0 — S 2§ — R — 0 induces
the long exact sequence - -- — HP(S) % H}(S) — H(R) — 0, where H}(R) = 0 by
Remark 3.11, as /T + pS cannot be the maximal ideal. Thus, multiplication by p on
H7}(S) is surjective.

For every prime ideal P of S not containing I, Hg, (Sp) = 0: Indeed, if I C
P and dim(S/P) = 2, then H}g (Sp) = 0 because dim(Sp) < n. If I C P and
dim(S/P) = 2, then Hfg (Sp) = 0 by Remark 3.11 because I has pure dimension 2
and \/ISP 75 PSP.

Therefore, H}(S) is a D(S, V')-module supported only at the maximal ideal. Since
dimx Homg (K, H}(S)) is finite, H}'(S) is injective by Lemma 4.2. O

Lemma 4.5. Let (V,pV,K) be a complete (unramified) Noetherian DVR of mized
characteristic p > 0, let S = V]xy...,z,], and let m denote its mazimal ideal. For
an ideal I of S of pure dimension two, HO, Hy ' (S) = HL Hy~(S) = 0. Moreover,

«a a+1
HMS) =2 @ Es(K) for some a >0, and H2,H}(S) = @ Es(K). In particular,
i=1 i=1

H2 HY1(S) is an injective S-module.
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Proof. Take f € m not in any minimal prime of I, so that /I + fS C m. Applying
Remark 3.11, since H}'(S) is supported at m by Lemma 4.4, we obtain the exact
sequence

0 — Hy~'(S) — Hy 7 (Sy) — HYy4s(S) — HF(S) — 0.
If M denotes the kernel of the last nonzero map, splitting the sequence into two short
exact sequences, we obtain

0— H YS)— H '(Sf) =M —0 and 0— M — H}\ ;s(S) — HF(S) — 0.

These induce the long exact sequences

0 ——= Hy, H} () — Hy,H} ~(Sy) — Hy, (M) )

Q) Hy H7 = H(8) — Hyy Hp = (Sy) — Hy, (M) >

- H2,H}~N(S) —= HLHP ™\ (S7) —= HA(M) —0, and

0 —— HY,(M) — Hp H}, 1(S) — HY,H} (S) )

L> H: (M) —= HLH}

I+fS(S) — H}nH}l(S) >

L) HTQH(M) — H%H}erS(S) - H?,LH?(S) — (.

Since for all j > 0, HJ, Hy ' (S;) = 0, we know that H, Hy'(S) = H2,(M) = 0,
HS (M) = HLH}'(S), and H}, (M) = H2H}~(S). Since dim(S/(I + £9)) = 1,
H%H?+fs(5) = 0 by Lemma 4.3, which implies that H}, H7'(S) = HY (M) = 0. In
addition, H! H?(S) = H2 H?(S) = 0 by Lemma 4.4. Thus, we have a short exact
sequence

0 — Hp, H (S) — Hy, Hi =1 (S) — Hp HJ'\ 15(S) — 0.

By Lemma 4.4, H7(S) is an injective S-module supported only at m, and its

Bass numbers are finite by [17, 20], so HS, H?(S) = H?(S) = @ Es(K) for some
i=1
a > 0. Moreover, by Lemma 4.3, H,,H}, ;4(S) = Es(K). Therefore, the short

exact sequence 0 — @ Eg(K) — H2H? '(S) — Es(K) — 0 splits, so that
i=1
a+1
H2H''(8) = @ Es(K). O
i=1
Corollary 4.6. Let (V,pV, K) be a complete (unramified) Noetherian DVR of mized
characteristic p > 0, and let S = V[xy...,x,]. Let I be an ideal of S of pure dimen-

sion two. Then for all i,7 > 0 and every prime ideal Q of S, Hé?H}(SQ) is injective.
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Proof. This follows from Lemmas 4.3 and 4.5. (]

Lemma 4.7. Let (V,pV, K) be a complete (unramified) Noetherian DVR of mized
characteristic p > 0, let S = V]x1...,x,], and let m denote its maximal ideal. Let T
be an ideal of S such that dim(S/I) = 2. Then HO H}~Y(S) = H} H}(S) =0 and
H2 HP~Y(S) is an injective S-module.

Proof. Take J; and Js, ideals of pure dimensions one and two, respectively, such
that I = J; N Jo. By the Mayer—Vietoris sequence of local cohomology, H}™*(S) =
H7(S). Thus, for all j >0, Hj,H}~(S) = Hj,H},"(S5), and the result follows by
Lemma 4.5. (]

The following proposition will allow us to use an induction argument in the proof
of Theorem 4.9.

Proposition 4.8. Let (V,pV,K) be a complete (unramified) Noetherian DVR of
mized characteristic p > 0, let S = V[x1...,x,], and let m denote the maximal ideal
of S. For an ideal I of S with dim(S/I) = d, HL Hy~T1(S) is an injective S-module
and Hj, H}~H(S) =0 for j > d.

Proof. We proceed by induction on d. If d = 0, the statement is clear, and for d =
1 and d = 2, the result holds by Lemmas 4.3 and 4.7, respectively. Suppose that
d > 3 and the statement holds for d — 1. We fix an element r € m as follows:
if Asss H?~%(S) = {m}, fix r € m not in any minimal prime of I; otherwise, fix
r € m that is not in any minimal prime of I, nor in any minimal prime of H?_d(S),
which is possible because Assg Hy~%(S) is finite (cf. [17, 20]). Then H¢ Hy =1 (S) =
HIZVH}-%2(S) and HY, Hy =T (S) = Hi;7 Y HP %% (S) = 0 for j > d as in the proof
of [28, Proposition 2.1] because the conclusions of [28, Lemmas 2.3 and 2.4] hold in
our case. Hence, the result follows. O

Theorem 4.9. Let (S,m, K) be either an unramified regular local ring of mixzed char-
acteristic, or a regular local ring containing a field. Let n = dim(S), and let I be an
ideal of S such that diim(S/I) = d. Then inj.dim H}~%(S) = d.

Proof. Since the theorem is already true for regular local rings that contain a field
(cf. [12, 15, 18]), we will focus on the case where S is an unramified regular local ring
of mixed characteristic.

Our goal is to show that for every j > d and every prime ideal @) of S,

(4.9.1) Ext}, (Sq/QSq, His ) (Sq)) = 0

by the relation of the Bass numbers with minimal injective resolutions. We may as-
sume that Q = m because if Q C m, then dim (Sq/ISg) < d—1, and by Remark 3.10,
inj. dimg,, Hy's(Sq) < dims, Hj5(Sq) +1 < d.

We proceed by induction on n. If n = 0, then S is a field and the result follows.
Assume that for all such S of dimension less than n, and all d < n, if [ is an ideal of
S such that dim(S/I) = d, then (4.9.1) holds.

Let E* = (E° — E' — E? — ...) be a minimal injective resolution of H7~%(S).
By Remark 3.10, £ = 0 for j > d + 1. For every prime ideal @Q of S, Sq is either
an unramified regular local ring of mixed characteristic or a regular local ring con-
taining a field. Moreover, dim(Sq/1Sg) < d — 1 for every prime ideal @@ C m. Thus,
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(E%) g = (E4T1) g = 0 by the inductive hypothesis. Hence, E¢ and E4*! are supported
only at m.

Let M = Im(E*! — E9) = Ker(E? — E4*'). Now, HJ, Hy %(S) can be com-
puted from the complex HY (E®) = (HY,(E°) — HY(E') — HY (E?) — ...). Let
BJ = Im(HY,(E~') — HY,(E?)) and Z7 = Ker (HY (E7) — HY,(E*!)). Note that
Z% = M since E; and E4,, are supported only at m. Since inj.dim Z7 < 1 and
inj. dim HZ,LH}L_d(S) < 1 by Remark 3.10, as in its proof in [29, Theorem 5.1], we
obtain that B7 is injective from the short exact sequences

(4.92) 0— 29 — HY(F') - B/ -0 and 0— B'~! — 7/ — HI H4(S) — 0.

Since H%H}“d(S) injective by Proposition 4.8, we know that M = Z% is injec-
tive by the second exact sequence in (4.9.2) with j = d. Therefore, E411 = 0, so
inj. dim H}~4(S) = d. O

Theorem 4.9 and Proposition 3.12(i) imply that for a local ring R with prime
characteristic residue field, A; j(R) = 0 for ¢ > d or j > d, justifying the following
nomenclature.

Definition 4.10 (Highest Lyubeznik number in mixed characteristic). For a local
ring (R, m,K) of dimension d such that K has characteristic p > 0, the highest

Lyubeznik number of R in mized characteristic is Xd,d(R).

Note that the highest Lyubeznik number in mixed characteristic is nonzero by
Proposition 3.12(ii).

We can also create a table of all Lyubeznik numbers in mixed characteristic,
analogous to the Lyubeznik table defined for local rings containing a field.

Definition 4.11 (Lyubeznik table in mixed characteristic). For alocal ring (R, m, K)
such that K has characteristic p > 0 and d = dim(R), the Lyubeznik table of R in
mized characteristic is the (d+ 1) x (d+ 1) matrix A(R) defined by K(R)i,j = Xi’j (R)
for 0 <i,5 <d.

Remark 4.12. Recall that for a local ring R of dimension d containing a field,
the Lyubeznik table of R is defined as the (d + 1) x (d 4+ 1) matrix A(R) such that
A(R)i; = X\ij(R) for 0 < 4,5 < d. This matrix contains all nonzero Lyubeznik
numbers, and is also upper triangular, since A; j(R) = 0 if either ¢ > j or j > d [15,
Properties 4.4]. On the other hand, Proposition 3.12 and Theorem 4.9 imply that
the Lyubeznik table in mixed characteristic contains all nonzero Lyubeznik numbers
in mixed characteristic. However, Proposition 3.12 only implies that the Lyubeznik
table in mixed characteristic is zero below the subdiagonal; it is not known whether
all entries below the diagonal must vanish. This is related to a question of Lyubeznik,
which asks, assuming that (S, m) is a regular local ring and [ is an ideal of S, whether
local cohomology modules of the form H? H7(S) must be injective [15, Question 3.8].

Question 4.13. What topological properties do the Lyubeznik numbers in mixed
characteristic capture? In particular, what information is encoded in the highest
Lyubeznik number?
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5. Examples for which the Lyubeznik numbers and the
Lyubeznik numbers in mixed characteristic agree

In this section, we show that for certain local rings of equal characteristic p > 0, the
Lyubeznik numbers in mixed characteristic agree with the Lyubeznik numbers. First
we deal with the case of Cohen—Macaulay rings, and then rings of small dimension.

Proposition 5.1. Let (V,pV,K) be a complete (unramified) Noetherian DVR of
mized characteristic p > 0, and let S = Vxy ..., x,]. Let I be an ideal of S such that
S/ is a Cohen—Macaulay ring of equal characteristic p. Then for all i,5 > 0,

dimg Extly,s (K, Hyg/h(S/pS)) = dimg Exts (K, H} 7 77(S)).

Proof. Let R = S/pS, so that the short exact sequence 0 — S 28§ — R — 0 induces
the long exact sequence

o= HY/(R) — HP P (S) B HPTI(S) — -

Let d = dim(S/I). Now, H;"7(R) # 0 if and only if j = d by [22, Theorem TIL.4.1],
so that multiplication by p on H}Hl*j (S) is injective except when j = d. Moreover,
since S/I is Cohen—Macaulay, H}L_d(S) = 0, so that multiplication by p on every
H?H_j(S) is surjective. The result then holds by Lemma 4.1. O

The following result implies that the Lyubeznik numbers in mixed characteristic
coincide with the original invariants for local rings of equal characteristic p > 0 with
separably closed residue field and dimension at most two.

Proposition 5.2. Let (V,pV,K) be a complete (unramified) Noetherian DVR of
mized characteristic p > 0 such that K is separably closed. If S = V|[xy,...,x,] and
I is an ideal of S containing p such that d := dim(S/I) < 2, then

dimg Ext§y,s (K, Hy'g /1 5(S/pS)) = dimg Ext§ (K, Hf ~(9)).

Proof. Let R = S/pS, and first assume that dim(S/I) = 0. We have that H} ! (S) =
Eg(K) and HYg,, o(S/pS) = Es)ps(K). In this case,

dimg Homgps(K, Hs/,5(S/pS)) = 1 = dimg Homg (K, Hy1(S5)).
Now assume that dim(S/I) = 1, so that the short exact sequence
(5.2.1) 0-S32S—>R—0

induces the exact sequence 0 — HP '(R) — H}S) % HpP(S) — 0, noting
Remark 3.11. The proposition then follows in this case from Lemma 4.1.

Now assume that dim(S/I) = 2. First consider I of pure dimension two. Let «
be the number of connected components of Spec(A) \ {m}, where A = R/I. In fact,
o = dimg Exth(K, H2(S/pS)) (cf. [25, Proposition 2.2]).

We prove the statement by induction on «. If &« = 1, the short exact sequence
(5.2.1) induces the short exact sequence 0 — HI' 2(R) — H*(S) & H}~1(S) — 0,
since Hy"*(R) = 0 by [11, Theorem 2.9]. The statement then follows from Lemma 4.1.
If @ > 1, we pick ideals Jy,...,J, such that I = J; N ---N J,, and each Jy defines a
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-~

connected component of Spec(A4)\{m}. Let J denote J1N---NJo—1. As /J + Jo, = m,
HYY(S)® H}L(:l(S) >~ H771(S) by the Mayer-Vietoris sequence, so that

dimg Ext3(K, H}~(S)) = dimg Ext$ (K, H}~'(S)) + dimg Extg (K, H}~'(9)),

which equals «. By Lemma 4.5, [15, Lemma 1.4], and [25, Proposition 2.2], the other
numbers are determined by «.

For the general case with dim(S/I) =2, let P;,..., P. and Q1,...,Qs denote the
minimal primes of I of dimensions one and two, respectively. Let J1 = Py N...N P,
and Jo = Q1 N...NQ,. We claim that Ext’ (K, Hy~*(S)) = Ext}(K, H571(9)). Let
f1s--+, fo € Jo\ I such that T+ (f1,..., fi)S = Jo. We proceed by induction on ¢; first
assume that ¢ = 1. Since H}(S) = H?Q_l(S), Hp71(Sy,) = 0. The exact sequence

0 — HY'\j,6(S) = Hy () = Hy ' (Sp) = Hy pys(S) = HF () = H} (Sp,) = 0
then implies both that H}Z:;IS(S) =~ H7~1(S), and that
0 — Hip5(5) = Hf (S) — Hf (Sp,) = 0

is exact. Hence, Ext’, (K, Hy~1(S)) = Ext} (K, HI'~} 4(S)). Moreover, I+ f15 C J is

I+f18
an ideal of dimension two, whose minimal primes of dimension two are Py, ..., P.. If
we assume that the claim is true for ¢, the proof for £+ 1 is analogous to the previous
part. O

Corollary 5.3. Let (R,m,K) be a local ring of equal characteristic p > 0. If R is
Cohen—Macaulay or if K is separably closed and dim(R) < 2, then for all i,57 > 0,

Xij(R) = Aij(R).

Proof. Since dimension, the Cohen—Macaulay property, and both types of Lyubeznik
numbers are preserved under completion, we may assume that R is complete. The
result then follows from Propositions 5.1 and 5.2. O

Question 5.4. Let R be a Cohen—Macaulay local ring of dimension d. Kawasaki
showed that Agq(R) = 1 if R contains a field [13, Theorem 1]. If R has mixed char-

acteristic, is Ag q(R) = 17

6. An example for which the Lyubeznik numbers and the
Lyubeznik numbers in mixed characteristic differ

Remark 6.1. For a field K, a certain minimal triangulation of the projective plane
P2 defines the Stanley—Reisner ideal of K[z1,...,xs] generated by the following ten
monomials:
(6 1 1) L1T2X3 T1X2T4 T1X3X5 T1T4T¢g L1T5T6

o ToX3Tg TolaXs XolsTg X3T4Ts T3T4Te-
The projective variety defined by this ideal is called Reisner’s variety [23, Remark 3].

Notation 6.2. Let R = Zy)[r1, ..., 2] and let I denote the ideal of R generated by
2 and the ten monomials listed in (6.1.1).
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Under Notation 6.2, our first goal is to compute the Lyubeznik numbers in mixed
characteristic of S/IS, where m = (2,z1,...,26)R and S = Ron. Using this, we will
be able to conclude that the Lyubeznik numbers in mixed characteristic need not
agree with the Lyubeznik numbers for rings of equal characteristic p > 0.

Remark 6.3. It is easily checked that for I C R from Notation 6.2, depth,;(R) =
dim(R) —dim(R/I) = 7 — 3 = 4 since R is Cohen-Macaulay. With p = 2, this means
that the short exact sequence 0 — R — R, — R,/R — 0 induces the long exact
sequence

(6.3.1) 0 — H}(R,/R) — H}(R) — H}(R,) — H}(R,/R) — --- .
Since p =2 € I, Hi(R,) = 0 for all i >0, so each Hi(R,/R) = Hi"*(R).

Remark 6.4. Given a polynomial ring A over Z, an ideal a of A, and a prime p € Z,
the short exact sequence 0 — A/pA 5 A/p?A — A/pA — 0 induces the Bock-
stein homomorphisms 0 : HI(A/pA)—HIT (A/pA) for each j > 0, the connecting
homomorphisms in the long exact sequence for local cohomology. For a C Z[z1, ..., x¢]
generated by the ten monomials listed in (6.1.1), Singh and Walter showed that the
Bockstein homomorphism 05 is nonzero if and only if p = 2 [24, Example 5.10].

Proposition 6.5. For I C R from Notation 6.2 and p = 2, multiplication by p on
H3(R,/R) is not surjective.

Proof. Since depth;(R) = 4 and each H}(R,/R) = H:"*(R), Hi(R,/R) =0 fori <3
by the long exact sequence in local cohomology (see Remark 6.3). For every ¢ > 0,

pv4
the exact sequence 0 — R/p‘'R — R,/R % R,/R — 0 induces a long exact sequence

(6.5.1) 0 — Hj(R/p'R) — Hj(R,/R) 2 H}(Ry/R) — Hj(R/p'R) — -~ .

In particular, H}(R/p‘R) = Anngs (g, /R (p°R).
As the direct limit functor is exact, the limit of the direct system of short exact
sequences

0 —> R/pR —2> R/p?R —> R/pR —> 0
= D D

m2
0 —> R/pR —> R/p>R — R/p*R —> 0
= D D

.3
0—> R/pR —> R/p*R —> R/p*R —> 0
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is the short exact sequence 0 — R/pR — R,/R % R,/R — 0. Moreover, H}(R,/R) =
lim Hy(R/p"R). We obtain the following isomorphism of sequences.
¢

s

0 —> H}(R/pR) —— H}(R/p*R) H?(R/pR)L---

- - j

0 —= Annys g, /gy (PR) —= Anngs g, /py (p?R) > Annys(g, /ry(PR) —> - -

By Remark 6.4, 03 is nonzero, so that 7 is not surjective, and thus,

Anngs g, r)(P*R) 5 Anngs (g, 5 (PR)

is not surjective either. We point out that Anngs g, /g (p>R) contains all the ele-
ments in H?(R,/R) that map to Ann m3(R,/r)(PR) under multiplication by p. Hence,
multiplication by p on H}(R,/R) is not surjective. d

Remark 6.6. Let A =TFa[y;,...,ys], and let J = (y1y2, Y2y3, Y3Y4, Ya¥s, Ysy1). Then

J = (y2,y3,y5) NV (Y1, Y3, y4) N (Y1, Y2, ¥a) N (Y1, Y3, y5) N (Y2, Y4, y5), and A/ J is a graded
Cohen—Macaulay ring of dimension 2, where the classes of y1 +y2 +y3 and y1 +y4+ys
form a homogeneous system of parameters. Then H%(A) # 0 if and only if i = 3 [22,
Proposition II1.4.1]. (See [1, Proposition 3.1] for an analog in characteristic zero.)

Lemma 6.7. For I C R from Notation 6.2, Hf (R/2R) is supported only at the
mazimal ideal (2,21, ...,%¢).

Proof. Let R = R/2R = Fy[xy,...,x6]. As IR is a square-free monomial ideal, by
[26, Proposition 2.5] and [27, Proposition 2.7], every prime in Assg H7(R) is of the

form (2,2;,,...,2;,)R for some j > 0 and 1 <4y < --- < i; <6. Thus, it suffices to
show that each H{(R),, = 0.
Consider H}(R),4; the other cases are analogous. Let A = Fa[z1,...,25] and J =

(122, 223, 324, 425, 2521) C A. By Remark 6.6, HL‘}(A) = 0. Since A[zg]zs = Raq
is a flat extension of A, H4(R) ., = H3(A)®4 Ryy = 0. As JR,, = IRy, HF (R)yy =
Hf}(ﬁ)we =0. 0

~

Corollary 6.8. Take I C R from Notation 6.2, and let S = R,,, where m is the
mazimal ideal (2,x1,...,26) of R. Then for p =2,

Coker (H (Sy/S) % H}(S,/S)) = H}(S/pS) = Esjps(Fa).

Proof. Note that S = Z(g) [z1,...,z¢], where 2(2) denotes the 2-adic integers; more-
over, S/pS = Fs[z1,...,z6]. By Lemma 6.7, H#(S/pS) is supported only at m, so
H}(S/pS) = HP H}(S/pS), and, thus, is injective by [15, Corollary 3.6]; as its Bass

(0%

numbers are finite [12, Theorem 2.1], H}(S/pS) = @ Esg)ps(F2) for some a > 0.
i=1

By a calculation in [2, Example 4.8] (see Remark 6.11), dimp, Homp, (Fs, HF(S)) =
X0,2(5/pS) =1, so that o = 1 and H}(S/pS) = Eg)s5(F2).
By the long exact sequence

0 — H}(S/pS) — H}(S,/8) 5 H}(Sy/S) — H}(S/pS) — -+
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induced by 0 — S/pS — S,/S % S,/S — 0, Coker (H}f(sp /8) 5 H3(S, /S)) injects

into H}(S/pS) = Esjps(F2). Thus, this cokernel is a D(S/pS,Fs)-submodule of
Es/ps(F2), itself a simple D(S/pS, Fz)-module. Since it is nonzero by Proposition 6.5,
we are done. O

Corollary 6.9. There exists an unramified reqular local ring S of mized characteristic
p =2, and an ideal I of S containing p, such that multiplication by p on H7(S) is
not surjective.

Proof. Take I C R from Notation 6.2, let m = (2, x1,...,26)R, and let S = R,,. Then
by Corollary 6.8, noting Remark 6.3, Coker (H}L(S) 2 H?(S)) & Eg/ps(Fo) #0. O

Proposition 6.10. Take I C R from Notation 6.2, and let S = ﬁm, where m =
(2,21,...,26). Then \; ;(S/IS) =1 if i = j =3, and vanishes otherwise.

Proof. For brevity, let I denote I.S, and let p = 2. In [14, Theorem 1 and Example 1],
it is shown that H?(S/pS) = 0 (relying on the fact that S/pS has characteristic two).
By Corollary 6.8 and Remark 6.3, the short exact sequence 0 — § S S/pS — 0
then gives rise to the long exact sequence

. — HYS) B HYS) — HX(S/pS) > HI(S) B H3(S) — 0— HS(S) ...
Thus, multiplication by p on H?(S) and on HY(S) are injective maps, which implies
that H?(S) = H$(S) = 0 since p € I. Moreover, H:(S) = 0 for i > 6 as well, so by

again noting Corollary 6.8, Hi(S) # 0 if and only if i = 4.

This means that the spectral sequence E5? = HP HI(S) = HPYI(S) = ER4
converges at the second stage. Thus, H3 H7(S) = H! (S) = Eg(F3), and all other
H? H{(S) vanish. Since all H?, H](S) are injective S-modules, [15, Lemma 1.4] implies
that the Bass number dimg, Ext%(Fo, H(S)) equals dimg, Homg, (Fo, H?, H{(S)) for
all p, ¢ > 0. Since dim(R) = 7, A; ;(R) = dimg Homg (Fy, H: HI 7(S)) = 1if i = j =
3, and vanishes otherwise. O

Remark 6.11. Finally, we conclude that the two notions of Lyubeznik numbers do
not always agree when both are defined. Take I C R as defined in Notation 6.2.
Let S1 = Fofxy,...,z6] and So = 2(2) [x1,...,x6]. Alvarez Montaner and Vahidi
found A(S;/IS;) [2, Example 4.8], and we have have calculated A(S3/IS,), relying
on Remark 6.4. The tables are as follows:

0010 0 0 00
0 0 0 0 = 0 0 00
A(Sl/ISl) = 00 0 1 and A(SQ/ISQ) = 00 0 0
0 0 01 0 0 01

This means that if A is the completion of the Stanley Reisner ring of the ideal in
Remark 6.1 with K = ]FQ, then )\072(14) = )\273(14) = ]., while XOVQ(A) = X2,3<A) = 0.
In particular, this gives a negative answer to Question 3.9.

We note that when K has characteristic zero, the Lyubeznik table of the mono-
mial ideal in Remark 6.1 that inspired this calculation coincides with A(S3/IS5)
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[2, Example 4.8]. We also note that the computations in this remark are related to
work in [1].

Theorem 6.12. There exists an unramified regular local ring (S,m,K) of mized
characteristic p = 2, and an ideal I of S, such that for some i,j7 > 0,

dimp Ext (K, Hj(S)) # dimg Ext), 1o G Hig )6 (S/pS)).

~

Proof. Take I C R from Notation 6.2, and let S = R,,, where m = (2,x1,...,%¢).
Then dimy Hompg (K, H}(S)) = 0 # 1 = dimg Homg),s(K, Hjg,,s(S/pS)) by Propo-
sition 6.10 and Remark 6.11. O

Question 6.13. Suppose that R is local ring of equal characteristic p > 0 and of
dimension d. Is )\d,d(R> = )\d,d(R)?
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