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A REMARK ON THE MODIFIED ZAKHAROV–KUZNETSOV
EQUATION IN THREE SPACE DIMENSIONS

Axel Grünrock

Abstract. The Cauchy Problem for the modified Zakharov–Kuznetsov equation in
three space dimensions is shown to be locally well-posed in Hs(R3) for s > 1

2
. Combined

with the conservation of mass and energy this result implies global well-posedness for

small data in H1(R3).

1. Introduction and main result

The Cauchy Problem for the modified Zakharov–Kuznetsov (mZK) equation in two
space dimensions

(1.1) ut + ∂3
xu + ∂x∂2

yu + ∂x(u3) = 0, u(0, x, y) = u0(x, y), (x, y) ∈ R
2

has been studied extensively in recent years. Local well-posedness in H1(R2) was
obtained in 2003 by Biagioni and Linares; see [1]. Combined with the conservation
of mass and energy their local result implies global well-posedness, provided the data
are sufficiently small in L2(R2). The local result was generalized to data in Hs(R2),
s > 3

4 by Linares and Pastor in [6]; the same authors showed global well-posedness
in Hs(R2), s > 53

63 , under an additional smallness assumption on the L2-norm of the
data [7]. Further progress on the local problem was reached by Ribaud and Vento in
[10], who established well-posedness in Hs(R2) for s > 1

4 . The critical space obtained
by scaling considerations for mZK in two dimensions is L2(R2). So the local well-
posedness of (1.1) in Hs(R2) with 0 ≤ s ≤ 1

4 is still an open problem.

In contrast to the two-dimensional case, no results concerning the Cauchy Problem
for the mZK-equation in three space dimensions are known, yet. In this short note,
we shall apply mostly well-known linear and a new bilinear estimate for solutions of
the corresponding linear equation to establish the following result.

Theorem 1. The Cauchy Problem for the mZK equation

(1.2) ut + ∂xΔu + ∂x(u3) = 0, u(0, x, y) = u0(x, y)

with x ∈ R and y ∈ R
2 is locally well-posed for data u0 ∈ Hs(R3), provided that

s > 1
2 .
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We remark that from the scaling point of view this theorem covers the whole
subcritical range. Combining the above local result with the conservation of mass and
energy as in [2, p. 3], we obtain global well-posedness for small data in H1(R3).

Corollary 1. Let u0 ∈ Hs(R3) with s ≥ 1. Then there exists ε > 0, such that for
‖u0‖H1 < ε, the local solution of the Cauchy Problem (1.2) guaranteed by Theorem 1
extends globally in time.

2. Estimates for free solutions of the linear equation

Let Uφ(t)u0 denote the solution of the Cauchy Problem for the linear equation

(2.1) ut + ∂xΔu = 0, u(0, x, y) = u0(x, y),

where t ∈ R is the time variable, x ∈ R, y ∈ R
2 are the space variables and Δ =

∂2
x + Δy, Δy = ∂2

y1
+ ∂2

y2
. The dual variables of (t, x, y) ∈ R×R×R

2 are denoted by
(τ, ξ, η) ∈ R× R× R

2 and the phase function is given here by φ(ξ, η) = ξ(ξ2 + |η|2).
The Fourier transform in space and time is denoted by F , and fractional derivatives
with respect to x, y and t are specified by subscripts, e.g., Ds

x := F−1|ξ|sF , Db
t :=

F−1|τ |bF and |∇xy|s := F−1|(ξ, η)|sF . The corresponding Bessel potential operators
are denoted by Japanese brackets, e.g., 〈Dy〉s := F−1(1 + |η|2) s

2F .
Concerning the solutions of (2.1) Linares and Saut [8, Proposition 3.1] obtained

the Strichartz type estimate,

(2.2) ‖Dθε/2
x Uφu0‖Lp

t Lq
xy

� ‖u0‖L2
xy

,

provided 0 < ε < 1, 0 < θ < (1 + ε
3 )−1, 2

p = θ(1 + ε
3 ) and 1

q = 1−θ
2 . The L4-estimate

corresponding to θ = 1
2 and ε = 0 is excluded in [8], but nonetheless true. In fact,

modifying the proof of Theorem 2 in [4] appropriately we obtain the bilinear estimate

(2.3) ‖Uφu0Uφv0‖L2
txy

� ‖D− 1
2

x u0‖L2
xy
‖〈Dx〉sv0‖L2

xy
,

provided s > 1
2 . Especially for u0 = v0, we get with PΔk

= F−1χ{ξ∼2k}F that

‖PΔ1Uφu0‖L4
txy

� ‖PΔ1u0‖L2
xy

.

Now let uk be defined by Fuk(ξ, η) = Fu0(2kξ, 2kη). Then

PΔk
Uφ(t)u0(x, y) = 23kPΔ1Uφ(23kt)uk(2kx, 2ky)

and hence

‖PΔk
Uφu0‖L4

txy
= 23k‖PΔ1Uφ(23k·)uk(2k·, 2k·)‖L4

txy

= 2
3k
2 ‖PΔ1Uφuk‖L4

txy
� 2

3k
2 ‖PΔ1uk‖L2

xy
= ‖PΔk

u0‖L2
xy

.

Applying the Littlewood–Paley theorem we see that

(2.4) ‖Uφu0‖L4
txy

� ‖u0‖L2
xy

.

Apart from the Strichartz type estimates and their bilinear refinement, we can
rely on a local smoothing effect of Kato type in order to deal with the derivative in
the nonlinearity. As was shown by Ribaud and Vento, in the case of the linear ZK
equation (2.1) it reads

(2.5) ‖∇xyUφu0‖L∞x L2
yt

� ‖u0‖L2
xy

,
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see Proposition 3.1 of [9]. To complement the use of the local smoothing effect, we
combine a Sobolev embedding in the time variable with the L4-Strichartz estimate in
order to obtain the following maximal function inequality. The argument given below
was taken from [5, Proof of Theorem 2.4].

‖Uφu0‖L4
xyL∞t � ‖〈Dt〉 1

4+Uφu0‖L4
xyt

(2.6)

= ‖〈∂xΔ〉 1
4+Uφu0‖L4

xyt
� ‖u0‖Hs , s >

3
4
.

3. Proof of the local result for modified ZK

Now let Xs,b denote the Bourgain space associated with the phase function φ(ξ, η) =
ξ(ξ2 + |η|2), more precisely let

Xs,b = {u ∈ S ′(R4) : ‖u‖Xs,b
< ∞},

where, with (ξ, η, τ) ∈ R× R
2 × R,

‖u‖Xs,b
= ‖〈(ξ, η)〉s〈τ − φ(ξ, η)û〉b‖L2

ξητ
.

Then by the transfer principle the estimates for free solutions discussed in Section 2
imply corresponding estimates in Xs,b — norms for b > 1

2 . For example, we have

‖u‖L4
txy

� ‖u‖X0,b
,(3.1)

‖∇xyu‖L∞x L2
yt

� ‖u‖X0,b
,(3.2)

and, for s > 3
4 ,

(3.3) ‖u‖L4
xyL∞t � ‖u‖Xs,b

.

The bilinear estimate (2.3) is converted into

(3.4) ‖uv‖L2
xyt

� ‖D− 1
2

x u‖X0,b
‖〈Dx〉sv‖X0,b

,

where s > 1
2 and again b > 1

2 are assumed. In the sequel, we proceed similar as
in [3, Proof of Theorem 2] and combine these estimates with duality and interpolation
arguments to obtain the following Proposition, which in turn implies Theorem 1.

Proposition 1. For any s > 1
2 there exists a b′ > −1

2 , such that for all b > 1
2 the

estimate
‖∂x(uvw)‖Xs,b′ � ‖u‖Xs,b

‖v‖Xs,b
‖w‖Xs,b

holds true.

Proof. Dualizing the bilinear estimate (3.4), we obtain for s, b > 1
2

(3.5) ‖D 1
2
x (uv)‖X0,−b

� ‖u‖L2
xyt
‖〈Dx〉sv‖X0,b

.

Here and in (3.4), we may clearly replace the 〈Dx〉s on the right by 〈∇xy〉s. Now
pointwise estimates on Fourier side show that for u, v and w with nonnegative Fourier
transforms we have

FD
1
2
x (uvw) � F(D

1
2
x u)vw + Fu(D

1
2
x v)w + FuvD

1
2
x w,
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and that a similar inequality holds with 〈∇xy〉s instead of D
1
2
x . This gives

‖∂x(uvw)‖Xs,−b
� ‖D 1

2
x ((D

1
2
x 〈∇xy〉su)vw)‖X0,−b

+ ‖D 1
2
x ((D

1
2
x u)(〈∇xy〉sv)w)‖X0,−b

+ · · · ,
where the dots indicate those terms, which arise by permuting u, v and w. For the
first contribution we use first (3.5) and then (3.4) to obtain the upper bound

‖(D 1
2
x 〈∇xy〉su)v‖L2

xyt
‖〈Dx〉sw‖X0,b

� ‖u‖Xs,b
‖v‖Xs,b

‖w‖Xs,b
.

For the second contribution we start again with (3.5) and continue with Hölder’s
inequality and two applications of (3.1) to see that it is bounded by

‖(D 1
2
x u)(〈∇xy〉sv)‖L2

xyt
‖〈Dx〉sw‖X0,b

� ‖u‖Xs,b
‖v‖Xs,b

‖w‖Xs,b
.

Thus we have achieved

(3.6) ‖∂x(uvw)‖Xs,−b
� ‖u‖Xs,b

‖v‖Xs,b
‖w‖Xs,b

,

where s, b > 1
2 . It remains to replace the −b < −1

2 on the left by a b′ > −1
2 . For that

purpose we estimate for σ > 5
4

‖〈∇xy〉σ∂x(uvw)‖L2
xyt

� ‖(〈∇xy〉σ∂xu)vw‖L2
xyt

+ ‖(∂xu)(〈∇xy〉σv)w‖L2
xyt

+ · · ·
� ‖〈∇xy〉σ∂xu‖L∞x L2

yt
‖v‖L4

xL∞yt
‖w‖L4

xL∞yt

+ ‖(∂xu)(〈∇xy〉σv)‖L4
xL2

yt
‖w‖L4

xL∞yt
+ · · ·

For the first contribution we get the upper bound ‖u‖Xσ,b
‖v‖Xσ,b

‖w‖Xσ,b
by Kato

smoothing for the first and by the maximal function estimate for the second and third
factor. The second contribution is estimated by

‖∂xu‖L∞x L4
yt
‖〈∇xy〉σv‖L4

xyt
‖w‖L4

xL∞yt
� ‖u‖Xσ,b

‖v‖Xσ,b
‖w‖Xσ,b

,

where we have used a Sobolev embedding in x and the L4-Strichartz estimate for the
first, the same Strichartz estimate for the second and the maximal function estimate
for the third factor. This shows that for b > 1

2 and σ > 5
4

(3.7) ‖〈∇xy〉σ∂x(uvw)‖L2
xyt

� ‖u‖Xσ,b
‖v‖Xσ,b

‖w‖Xσ,b
.

Finally interpolation among (3.6) and (3.7) gives the claimed estimate. �
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Basel, Progr. Nonlinear Differ. Equ. Appl., 54 (2003), 181–189.

[2] L. Farah, F. Linares and A. Pastor, A note on the 2D generalized Zakharov–Kuznetsov equa-

tion: local, global, and scattering results, J. Differ. Equ. 253(8) (2012), 2558–2571.
[3] A. Grünrock, On the Cauchy-Problem for generalized Kadomtsev-Petviashvili-II equations,

Electron. J. Differ. Equ., 2009(82) (2009), 1–9.

[4] A. Grünrock, M. Panthee and J. Silva, On KP-II type equations on cylinders, Ann. Inst. H.
Poincare Anal. Non Lineaire 26(6) (2009), 2335–2358.

[5] C.E. Kenig, G. Ponce and L. Vega, Oscillatory integrals and regularity of dispersive equations,
Indiana Univ. Math. J. 40 (1991), 33–69.

[6] F. Linares and A. Pastor, Well-posedness for the two-dimensional modified Zakharov–
Kuznetsov equation, SIAM J. Math. Anal. 41(4) (2009), 1323–1339.



MODIFIED ZAKHAROV-KUZNETSOV EQUATION IN 3D 131

[7] F. Linares and A. Pastor, Local and global well-posedness for the 2D generalized Zakharov–
Kuznetsov equation, J. Funct. Anal. 260(4) (2011), 060–1085.

[8] F. Linares and J.-C. Saut, The Cauchy Problem for the 3D Zakharov–Kuznetsov equation,

Discrete Contin. Dyn. Syst. 24(2) (2009), 547–565.
[9] F. Ribaud and S. Vento, Well-posedness results for the 3D Zakharov–Kuznetsov equation,

SIAM J. Math. Anal. 44(4) (2012), 2289–2304.

[10] F. Ribaud and S. Vento, A note on the Cauchy Problem for the 2D generalized Zakharov–
Kuznetsov equations, C. R. Math. Acad. Sci. Paris 350(9–10) (2012), 499–503.

Mathematisches Institut, Heinrich-Heine-Universität Düsseldorf, Universitätsstraße

1, 40225 Düsseldorf, Germany
E-mail address: gruenroc@math.uni-duesseldorf.de





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType true
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


