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EULERIAN GRADED 2-MODULES

LINQUAN MA AND WENLIANG ZHANG

ABSTRACT. Let R = K(z1,...,zn] with K a field of arbitrary characteristic and 2 be
the ring of differential operators over R. Inspired by Euler formula for homogeneous poly-
nomials, we introduce a class of graded Z-modules, called Fulerian graded Z-modules.
It is proved that a vast class of Z-modules, including all local cohomology modules
H}l1 e H‘ljz (R) where Ji,...,Js are homogeneous ideals of R, are Eulerian. As an ap-
plication of our theory of Eulerian graded Z-modules, we prove that all socle elements of
each local cohomology module Hi? H}ll e H}Z (R) must be in degree —n in all charac-
teristic. This answers a question raised in [12]. It is also proved that graded F-modules
are Eulerian and hence the main result in [12] is recovered. An application of our the-
ory of Eulerian graded Z-modules to the graded injective hull of R/P, where P is a
homogeneous prime ideal of R, is discussed as well.

1. Introduction

Let R = K|[x1,...,2,] be a polynomial ring in n indeterminates over a field K with
the standard grading, i.e., deg(z;) = 1 for each x; and deg(c) = 0 for each nonzero

ce€ K. Let Gi[j } denote the jth order differential operator ]1'882 with respect to x; for
: T
each 0 <i < n and j > 1. By [4, Théoreme 16.11.2], ¥ = R(@l[j]ﬂ <i<n,1<j)is
the ring of K-linear differential operators of R (note if K has characteristic 0, Z is the
same as the Weyl algebra R(0y,...,0,)). The ring of K-linear differential operators
2 has a natural Z-grading given by deg(z;) = 1, deg(ai[j]) = —j, and deg(c) = 0 for
each z;, 81[j I and each nonzero ¢ € K.
The classical Euler formula for homogeneous polynomials says that

> wi0if = deg(f)f

i=1
for each homogeneous polynomial f € R. Inspired by Euler formula, we introduce a
class of Z-modules called Eulerian graded Z-modules: the graded Z-modules whose
homogeneous elements satisfy a series of “higher order Euler formulas” (cf. Defi-
nition 2.1). One of our main results concerning Eulerian graded Z-modules is the
following (proved in Sections 2 and 5):

Theorem 1.1. Let R = Klz1,...,2,), m = (21,...,2,), and Ji,...,Js be homoge-
neous ideals of R. Then
(1) R(¥) is Eulerian if and only if £ = 0.
(2) Let *E be the graded injective hull of R/m. Then *E({) is Eulerian if and
only if £ = n.
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(3) Each local cohomology module Hf]ll (- (Hff; (R))) is Eulerian for alliq,. .., is.

As an application of our theory of Eulerian graded Z-modules, we have the follow-
ing result on local cohomology (proved in Section 5):

Theorem 1.2. Let notations be as in the previous theorem. Then all socle ele-
ments of each H(HY (--- (HY (R))) must have degree —n, and consequently each
Hfg’(Hff1 (- (Hljs (R))) is isomorphic (as a graded P-module) to a direct sum of copies
of *E(n).

This result is characteristic-free, in particular it gives a positive answer to a question
stated in [12] and recovers the main theorem in [12].

The paper is organized as follows. In Section 2, Eulerian graded Z-modules are
defined over an arbitrary field and some basic properties of these modules are dis-
cussed. In Sections 3 and 4, we consider Eulerian graded Z-modules in characteristic
0 and characteristic p, respectively; in particular, we show in Section 4 that each
graded F-module (introduced in [12]) is Eulerian. In Section 5, we apply our theory
of Eulerian graded Z-modules to local cohomology modules; Theorem 1.2 is proved
in this section. Finally, in Section 6, an application of our theory to graded injecitve
hull of R/P, where P is a homogeneous prime ideal, is considered.

We finish our introduction by fixing our notation throughout the paper as follows.

R = K|x1,...,z,] denotes the polynomial ring in n indeterminates over a field K.
1 O .
The jth order differential operator TR with respect to x; is denoted by Q[j I and
J: Oz
P = R(@Z[j]|1 < i < mn,1 < j) denotes the ring of differential operators over R. It
follows from [10, Corollary 2.2] that every element of 2 may be uniquely written as
a linear combinations of monomials in x’s and 9’s. The natural Z-grading on R and
9 is given by
deg(z;) =1, deg(f)i[]]) = —j, deg(c) =0

for each x;, Qlj I and nonzero c € K (it is evident that R is a graded Z-module).

A graded Z-module is a left Z-module with a Z-grading that is compatible with the
natural Z-grading on 2. Given any graded Z-module M, the module M (¢) denotes
M with degree shifted by ¢, i.e., M(¢); = M, for each i.

a
For each integer a and a nonnegative integer b, we will use <b> to denote

a-(a=1)-+-(a—b+1)

(note that this number is still well-defined when char(K) =

b!
p>0).
The irrelevant maximal ideal (z1, ..., x,) of R is denoted by m. The graded injective
hull of R/m is denoted by *E. It may be identified with the K-vector space with a

e1,...,en, > 1} and it has a natural Z-module structure given by

8[‘]] ) 1 _ —e€; 1
2 xilx%" ,] x(lal...xei‘i’]...x%"

1
“E is graded to the effect that the element ———— has degree 0 (cf. [2, Example
Tl Ty
13.3.9]).

: 1
basis {W
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2. Eulerian graded Z-modules

In this section, we introduce Eulerian graded Z-modules and discuss some of their
basic properties. We begin with the following definition.

Definition 2.1. The rth Euler operator, denoted by FE,., is defined as

E, = 3 Zi i glin) L plin],

i1 tia Ay =r,41 20,5, >0

In particular, E; is the usual Euler operator Z?:l x;0;.

A graded Z-module M is called Eulerian, if each homogeneous element z € M
satisfies

(1) B, -z= (deg(z)) 2

r

for every r > 1.

We start with an easy lemma.
t
Lemma 2.2. For all positive integers s and t, we have 31[5] Gi[t] = <S + )81[‘9“].
s

Proof. Tt is easy to check that (in all characteristic)

a[s]a[t]:@rzf: s+t\ ot _ (st gt
v s! ! s ) (s+1)! s !

O

The following lemma is a special case of [10, Proposition 2.1] (with f = z!), which
will be needed in the sequel.

Lemma 2.3. For all positive integers s and t, we have

[s] .t s <t> t—3j ols—1l
0; w; = Z i 70 ’
=0 M

for each i.
The following proposition indicates a connection among Euler operators.

Proposition 2.4. For every r > 1, we have Ey - E,. = (r + 1)E, 11 + rE,.
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Proof. By Lemma 2.2 we know 81-0[ =(j+ 1)8[JJr ). Now we have

— 9. i1,.02 in gli] gliz] [in]
E,-E,. = E x;0; - g R R o Tts SRR 1
j i1Higtotin=r

- Z Z xil T ($jaj$;j) . 'x;na%ﬂagzl .. .37[:'11}

Jirtiatetin=r

=Y > AT ) ook ol
Jj ittt tin=r

by lemma 2.3

— > Sap %“ . gc;nagiﬂ...(ajayﬂ)...agn]

t1tiottin=r j
S SR S e e
i ot tin=r j
= Y NG+ vai ittt 4R,
i1+ia+ o Fin=r j
=(r+1)E,11 +7E,.

Some remarks are in order.

Remark 2.5. (1) If M is an Eulerian graded Z-module, then M (¢) is Eulerian if
and only if £ = 0 (consequently, for any graded Z-module M, M (¢) is Eulerian
graded for at most one ¢). This follows from the following claim.

Claim 2.5.1. (a) = <b> for all » € N if and only if a = 0.
r r

Proof. The claim is trivial in characteristic 0 (by simply setting » = 1). Next,
b

we consider the case in characteristic p > 0. Assume that ) = > for all
r r

r € N and we wish to show that a = b. If one of a,b is 0, the conclusion is
clear. Hence, there are three possibilities:
(i) a,b> 0;
(ii) a,b < 0;
(iii) ab < 0.
(i) If both @ and b are positive, then by a theorem of Lucas [6], we have

a - H a;
T N T ’
where a = Y a;p* and r = > r;p’ are the p-adic decompositions of a and r.

a b .
In particular, if we apply ) = < ) to r = p*, we get a; = b; for every i,
r r

hence a = b.

(i) When a and b are both negative, we look at the p-adic expansions of
—a—1and —b—1:

—a—lzZaipi, —b—lsz—ipi.
i i
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Setting r = p?, we get

e (7)) ()
_ <_b+pi - 1) = (—=1)" - (b; +1).

p’L

Hence we have a; = b; for every i. Therefore —a — 1 = —b — 1 whence a = b.
(iii). If @ > 0 and b < 0, we can pick r = p/ > a — b, then direct com-

b
putation (or using the theorem of Lucas [6]) gives <aj> = 0 while < j> =
b b

i(—b —1 i
(—=1)P +€j = (=1)P", which is a contradiction. Likewise, it is also
impossible to have a < 0,b > 0. This finishes the proof of our claim. O

(2) Definition 2.1 does not depend on the characteristic of K. However, we will
see in Section 3 that, in characteristic 0, we only need to consider E7, the
usual Euler operator. o

(3) R is Eulerian and a proof goes as follows. For each monomial 7' x3? - - - zdn |
where j,’s are arbitrary integers (we allow negative integers), we have (for
each r > 1)

E'r . .'Ejll x‘;Z e x{l” — ( E lel :I;? N .'L';L,Ln 8&21]832} . aT[Z’n]>
t1ti2+Fin=r

(I g e — 3 R O (L N LB B
(xl xZ x’n:”) - <Zl Z xl .’I;2 xnn

i1ttt Fip=r

4+ S )
_ <Jl J >1,J11xj22x#
T

We explain the last equality: we use an induction argument. It is clear when
r = 1, now suppose we have the equality for » — 1. Then

)
=X () s ()

in=0 i1iatHin_1=r—in

_ Z Jn) (1 + -+t
in r—in

i, =0

_ (it
r Y
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where the second equality is by induction hypothesis for » — 1, and the last
equality is by the Chu-Vandermonde identity (see [3, page 44])

(-2

Since 9(:1 :Jc2 -+~ xin clearly has degree j; + - -+ + j, in R and the FE,’s clearly
preserve addition, we can see from the computation above that F, - z =
deg(2)
("3
(4) 2 is not Eulerian. It is clear that the identity 1 € 2 is homogeneous with
degree 0, but By -1 = (30 2;0;) -1 =>"" , 2;0; # 0.

> - z for every homogeneous z € R. Therefore, R is Eulerian.

One of the main results in this section is that, to check whether a graded Z-module
is Eulerian, it suffices to check whether each element of any set of homogeneous
generators satisfies (1).

Theorem 2.6. Let M be a graded Z-module. Assume that {g1,g2,...} is a set of
homogeneous Z-generators of M. Then, M is Eulerian if and only if each g; satisfies
Euler formula (1) for every r.

Proof. 1f M is Eulerian, then it is clear that each g; satisfies Euler formula (1) for every
r. Assume that each g, satisfies Euler formula (1) for every r and we wish to prove
that M is Eulerian. To this end, it suffices to show that, if a homogeneous element

z € M satisfies Euler formula (1) for every r, then so does x7* - - - x;na{j” ol
And it is clear that it suffices to consider xfaz[] I 2. Without loss of generality, we may

assume that ¢ = 1. We will prove this in two steps; first we consider 8¥ J'. 2 and then
x5 - z (once we finish our first step, we may replace dUl'. z by z and then our second
step will finish the proof).

First we will use induction on r to show that 8£j I 2 satisfies Euler formula (1) for
each r. When r = 1, we compute

(97)2) = Zx@ (0712)

= 1‘18%7]812’ + OF] Z x;0; - 2

i>2

= w1002 — 0F orz + 07 w0, -

1>2
= 8£]] le& R ]8][_312

= (deg(2) — 5) - 8Y).
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Now for general r, suppose we know that E,_y - (a{ﬂz) = (deg(z)k—j> 8[ 12 for
r —

every 1 <k <r — 1. Then we have

( > aialeapoiion -al:'ri> (9F2)
i1ig e din=r
- Z (@102 .. gin gt gl] .. glin) .,
t1tiat A+l =T
(1)
- Z (ag ]xl Jzg - 1"8[”]8[’2] Lol 4

i1t+i2+-tin=r

min{iy,j5} ; ' 4 ‘ A 4 4 ‘
> (zi)w?’“6¥’“]x;“z---x;ﬂaﬁ”aém---a,[:nl-z

t1tig+- - Fin=r =

_ deg(2) a[]’] el 1=k i i (11 a[il] a[iz]
= - (072) — Z Z Ty an(k 1)0;

i1+io+ - Fin=r k=1
(2)
. 07471] (8[] k] 2)

min{i1,5}
— (deg(Z)> ’ (agj]z) - Z Z Zl g Z2 T x%"@{“ik]agz] e 8’][’:71]

r i1+io+-Fin=r =
(@72

min{iy,j}

_ (deg(z)) .(agﬂz) _ Z Z gk gie .,,x;nagz‘l—klagz] .. olind

r o .
i1tiz++in=r k=1
(3)

(]) et

deg(2) , I /i & i i alil] afie i
:( r )'(agj]z)_z k Z x1$2~..$nna£ }aé].'alln]

k=1 i} Figt-Fin=r—Fk

(02)
)
= () ot - 3 () (5 Y b
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where (1) follows from Lemma 2.3:

min{ii,j} .
i1 qlJ ], i1 (3! 01— j—k].
ool = ol — Y <k>x1 kg,

k=1

(2) and (3) follow from Lemma 2.2;

(4) is obtained by setting i} = i; — k;

(5) is true by induction on 7;

(6) follows from the Chu-Vandermonde identity ([3, page 44])

a\ _ ZJ: i\ (a—i
r E)\r—%&)
k=0
Next we consider 7 - z and we have

(X sl o) o

i1+iodtin=r

( > x?wsz---xk(aﬁ“]xl)aﬁﬂ"'35”]> h

i1tia++in =T

This completes our first step.

Z 1-711:1:;2 e 'Ln (1- 811] + 8[11 1 )agﬂ e akn] + T

t1tigteFin=ri121

Z x;z"‘x;nagﬂ"’a%n]) -Z

ta+-Fin=r
=1 g aPal 1"8“]6” ol 4 E
i1tigt-tin =T i1+ia+Fin=r,i1 21

pi gl .x;na{“—”ag?] . '8,[1""]> -z
7))
_ egi Ny o)
_ (deg(;j1 .z)> (2 - 2).

This finishes our second step in the case when s = 1.
Now we consider zj - z when s > 2. By an easy induction we may assume that
25712 satisfies (1), now we have

Br(ais) = Br(anat ) = (CHOTD ) g ooy — (1901) o)

r
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where the second equality is the case when s = 1 (because we assume that x5 'z
satisfies (1)). This completes the proof of our theorem. O

An immediate consequence of Theorem 2.6 on cyclic Z-modules is the following.

9
Proposition 2.7. Let J be a homogeneous left ideal in 9. Then - 1s Fulerian if

and only if E, = Z g ... xﬁ{‘ﬁgmﬁgﬂ - 9linl e T for every .
iy gt in=r

9 -9
Proof. According to Theorem 2.6, 7 is Eulerian if and only if 1 € - satisfies Euler’s
formula (1). Since 1 has degree 0, 1 € ? satisfies Euler’s formula (1) if and only if
E . -1=E.=0¢ ?, which holds if and only if E, € J for every r. O

Proposition 2.8. If a graded Z-module M is Eulerian, so are each graded submodule
of M and each graded quotient of M.

Proof. Let N be a graded submodule of M. Since each homogeneous element is also
a homogeneous element in M, it is clear that N is also Eulerian. Given a %-linear
degree-preserving surjection ¢ : M — M’ and a homogeneous element 2z’ € M’, there
is a homogeneous z € M with the same degree such that 1)(z) = 2z’ and hence we have
(for every r)

B = B0 = oE, -2 = ((“5F) ) = (E)

T T

This proves that M’ is also Eulerian. O

We end this section with the following result which is one of the key ingredients
for our application to local cohomology.

Theorem 2.9. (1) The graded Z-module R({) is Eulerian if and only if ¢ = 0.
(2) The graded Z-module *E({) is Eulerian if and only £ = n.

Proof. By Remark 2.5 (1), it suffices to show that R(0) and *E(n) are Eulerian graded.
It is clear that R = R(0) is Eulerian by Remark 2.5 (3). Since *E(¢) is spanned over
K by a)'a} - - ajr with each j; < —1. By the computation in Remark 2.5 (3), it is
clear that *E(n) is Eulerian graded (because in *E(n), the element 27'x} - - - 2J» has
degree ji + -+ + jn). O

3. Eulerian graded Z-modules in characteristic 0

Throughout this section K will be a field of characteristic 0. In this section, we collect
some properties of Eulerian graded Z-modules when char(K) = 0. The main result
is that, if a graded Z-module M is Eulerian, then so is M; for each f € R. This is
one of the ingredients for our application to local cohomology in Section 5. First we
observe that, in characteristic 0, if each homogeneous element z in a graded Z-module
M satisfies (1) for » = 1 (instead of for all » > 1), then M is Eulerian.

Proposition 3.1. Let M be a graded P-module. If Ey - z = deg(z) - z for every
homogeneous element z € M. Then M is Fulerian.
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deg(2)
r
r = 1 this is exactly E; - z = deg(z) - z which is given. Now suppose we know

d 1
E, z= < eg(z)) - z. By Proposition 2.4, we know that E,11 = ?(El -E.—rE,.).
r r

Proof. We prove by induction that E, - z = - z for every r > 1. When

So we have

1

1(E1'ET—TE7-)'Z

. <E1 ' (dei(z)> L <dei(z)) z)

_ L (deg(z>> - (deg(2) - 2 —r2)

ﬁ
-+

r+1. r
1 deg(2)
r+1 r

_ (iei(i)> .

where the second equality uses the induction hypothesis. This finishes the proof. [

et =) -5

Remark 3.2. As we have seen, Lemma 2.4 is quite useful when char(K) = 0. Un-
fortunately, this is no longer the case once we are in characteristic p. For instance,
when r = —1(mod p), we cannot link E,; and F, via Lemma 2.4. This is one of the
reasons that we treat characteristic 0 and characteristic p separately in two different
sections.

Corollary 3.3. Let J be a homogeneous left ideal in &. Then % is Fulerian if and

only ifoi(()i eJ.

i=1

Proof. This is clear from Proposition 3.1 and (the proof of) Proposition 2.7. d

Remark 3.4. One particular case of Corollary 3.3 is when J = & - F1, the left ideal
generated by the Euler operator E;. It was pointed out to the authors by Professor
Mircea Mustata that, according to [1, VII, 9.2], the ring of differential operators

2(BE) on P2 can be identified with (2/2 - E1)° .

Proposition 3.5. If M is an Eulerian graded 2-module, so is S™'M for each
homogeneous multiplicative system S C R. In particular, My is Eulerian for each
homogeneous polynomial f € R.
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we have Ej - - deg(

z
It o

z z
ElF—ZmﬁZF
_ixi_ fr0iz) —0i(f) - 2

2t
= /

= f12t <ft ;xzaz(z) - ;xzaz(ft) . z)

= -deg(2) -2 = 77 - deg(f) - /'

= (des(z) — dea(f")) - 5

Proof. By Proposition 3.1, it suffices to show for each homogeneous f € S and z € M,
z
)+ —;- Now we compute
n

This finishes the proof. O

Remark 3.6. (1) It turns out that Eulerian graded Z-modules are not stable un-
der extension because of the following short exact sequence of graded Z-
modules:

9 Do w05 9 9
n n - n
(2 iz1 i) (im i0:)?) iz i)
7 > iy 0 9

(O iz i) (i i0h)?)

by Z?:l l’z‘ai, i.e., avr— a- (Z?:l xzaz)
(2) Since dim(i) =2n—1 and 7
(> iy i) (> iy widi)
erated (even cyclic) Eulerian graded Z-modules may not be holonomic when
n> 2.

(3) When n = 1, it is rather straightforward to check that each finitely generated
Eulerian graded Z-module is holonomic.

(4) Aswe will see in Section 5, in characteristic 0, a vast class of graded Z-modules
(namely local cohomology modules of R) are both Eulerian and holonomic.

— 0,

where the map is the multiplication

is Eulerian, finitely gen-

4. Eulerian graded Z-module in characteristic p > 0

Throughout this section K will be a field of characteristic p > 0. In this section, we
prove that being Eulerian is preserved under localization. The proof is quite different
from that in characteristic 0. We also show that each graded F-module is always an
Eulerian graded Z-module, which will enable us to recover the main result in [12] in
Section 5.

Proposition 4.1. If M is an Eulerian graded 2-module, so is ST'M for each ho-
mogeneous multiplicative system S C R. In particular, My is Eulerian for each ho-
mogeneous polynomial f € R.
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Proof. First notice that, 8Z[j] is RP -linear if p® > j + 1. So we have

0y _ ol (e 2\ _ ot Al
W =ob (7 5 ) = - (f)

Z>:

This tells us that, if p¢ > r+1 and f € S, then 8z[j]( (9z[j] (z) for every j <r

e
in $~'M. In particular, we have
z 1
ET‘ . F = FET - Z.
For any homogeneous F € S7'M, we can multiply both the numerator and denom-
z fP -ty
inator by a large power of f and write — ft = for some p° > max{r + 1,t}. So
we have
pe—t 1 .
Er.i:Er.fif:iEr.fp —t,
It fr fr
_ i deg(fP" 1) + deg(z) ety
fr r
_ (p° - deg(f) — deg(f') + deg(2)) 'z
r fre

()

where the last equality is because p® > r 4+ 1 and we are in characteristic p > 0. This
finishes the proof. O

Recall the definition of a graded F-module as follows.

Definition 4.2 (cf. Definitions 2.1 and 2.2 in [12]). For each integer e > 1, let °R
denote the R-bimodule that is the same as R as a left R-module and whose right R-
module structure is given by v’ -+ = rPr/ for all ¥’ € *R and r € R. An F-module is an
R-module M equipped with an R-module isomorphism 6 : M — F(M) ='R®r M.
An F-module (M, 0) is called a graded F-module if M is graded and 6 is degree-
preserving.

Remark 4.3. Tt is clear from the definition that, if (M, #) is an F-module, the map

F(0) F2(0)
N — .

ae: M L F(M) F2(M) — F°(M)

induced by 6 is also an isomorphism.
This induces a Z-module structure on M. To specify the induced Z-module struc-

ture, it suffices to specify how 8?1] . -8%”'] acts on M. Choose e such that p¢ >
(i1 + -+ + i) + 1. Given each element z, we consider a.(z) and we will write it as
> y; @ z; with y; € °R and z; € M. And we define

agﬁ] . 'ar[Lin]Z — ae—l (Z 8?1] .. .87[:”]3/]- &® Zj) .

See [5, Section 1] for more details.
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When an F-module (M, 0) is graded, the induced map «. is also degree-preserving.
And hence M is naturally a graded Z-module. It turns out that each graded F-module
is Eulerian as a graded Z-module.

Theorem 4.4. If M is a graded F-module, then M is Eulerian graded as a Z-module.

r
for each r > 1. Pick e such that p¢ > r + 1. Since M is a graded F-module, we have a

degree-preserving isomorphism M % Fg(M). Assume that a.(2) = 3, y; ® z; where
y; € R and z; € M are homogeneous and deg(z) = deg(y; ® z;) = p° deg(z;) + deg(y;)

d i d .
for each i. In particular, we have ( cg(y )> = ( eg(z)) for every i (because we are
r r

d
Proof. Pick any homogeneous element z € M, we want to show E,. -z = g )> -z

in characteristic p > 0). So we know

This finishes the proof. O

5. An application to local cohomology

Let R be an arbitrary commutative Noetherian ring and I be an ideal of R. We recall
that if I is generated by fi,...,fi € R and M is any R-module, we have the Cech
complex:

0—M— @ij - @ijfk — o= M5, =0
J Jik
whose ith cohomology module is Hj(M). Here the map My, ..p, — My, fryy,
induced by the corresponding differential is the natural localization (up to sign) if
{j1,---,Ji} is a subset of {k1,...,k;+1} and is 0 otherwise.

When R is graded and I is a homogeneous ideal (i.e., f1,..., f; are homogeneous
elements in R) and M is a graded R-module, each differential in the Cech complex is
degree-preserving because natural localization is so. It follows that each cohomology
module HY (--- (HY (R))) is a graded R-module.

When R = K[x1,...,2z,] with K a field of characteristic p > 0 and m = (21, ...,
Zp), 1t is proven in [12] (using the theory of graded F-modules) that



162 LINQUAN MA AND WENLIANG ZHANG

Theorem 5.1 (Theorem 3.4 in [12]). Let R = Klx1,...,x,] be a polynomial ring over
a field K of characteristic p > 0 and J, ..., Js be homogeneous ideals of R. Each local
cohomology module H (Hf]l1 e (H}S(R))) is isomorphic to a direct sum of copies of
*E(n)!  (ie., all socle elements of HE (Hf,l1 e (H}SS(R))) must  have
degree —n).

It is a natural question (and is asked in [12]) whether the same result holds
in characteristic 0. Using our theory of Eulerian graded Z-module, we can give a
characteristic-free proof of the same result. In particular, we answer the question in
characteristic 0 in the affirmative.

We begin with the following easy observation.

Proposition 5.2. Let Ji,...,Js be homogeneous ideals of R, then each local coho-
mology module HY. (--- (H (R))) is a graded Z-module.

Proof. Since natural localization map is Z-linear (and so is each differential in the
Cech complex), our proposition follows immediately from the Cech complex charac-
terization of local cohomology. O

Theorem 5.3. Let Ji, ..., Js be homogeneous ideals of R, then each local cohomology
module H3. (--- (HY (R))) (considered as a graded P-module) is Eulerian.

Proof. This follows immediately from Propositions 3.5, 4.1 and 2.8, and the Cech
complex characterization of local cohomology. O

Proposition 5.4 (cf. Proposition 2.3 in [7] in characteristic 0 and Lemma (b) on
page 208 in [9] in characteristic p > 0). Let R = K[z1,...,2,] and m = (z1,...,2,).
There is a degree-preserving isomorphism

P/9m — “E.

Proof. 1t is proven in Proposition 2.3 in [7] in characteristic 0 and Lemma (b) on page
208 in [9] in characteristic p > 0 that the map 2/%2m — *E given by

(5.4.1) ayll N L TR et

is an isomorphism. The grading on 2/%m is induced by the one on 2 and hence
deg(ﬁyl] . -&Ei”]) = —(iy + -+~ +1i,). Since in *E, the socle element z'-- -z has
degree 0, it follows that deg(z;“ " ---z,;"»~1) = —(iy +- - - +1,). Therefore it follows
that (5.4.1) defines a degree-preserving isomorphism 2/%m — *E. O

Proposition 5.5 (cf. Theorem 2.4(a) in [7] in characteristic 0 and Lemma (c¢) on page
208 in [9] in characteristic p > 0). Let M be a graded Z-module. If Suppr(M) = {m},

then as a graded Z-module M = P, @—%(nj) =@, "E(n;).

Proof. M is a graded Z-module hence also graded as an R-module. We first claim
that the socle of M can be generated by homogeneous elements and we reason as
follows. Pick a generator g of the socle, we can write it as a sum of homogeneous
elements g = Z:f:l gi; where each g; has a different degree. For every z; € m, we
have 2221 xj-g; =x;-g =0 (since g is killed by m), hence z; - g; = 0 for every ¢

Lwhen s = 1, this is also proved in [11, page 615].
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(because each z; - g; has a different degree). Therefore g; is killed by every z;, hence
is killed by m, so g; is in the socle for each i. This proves our claim. We also note that
since the socle is killed by m, a minimal homogeneous set of generators is actually a
homogeneous K-basis.

Let {e;} be a homogeneous K-basis of the socle of M with deg(e;) = —n;. There is
a degree-preserving homomorphism of Z-modules €P; Z(nj) — M which sends 1 of
the jth Copy to e;. This map is injective because it induces an 1som0rphlsm on socles
and EB] %m (15) is supported only at m (as an R—module) By 5.4, @J om(n5) =
@, "E(n;) is an injective R-module. So M = 69] Zm () @ N where N is some
graded R-module supported only at m. Since the map on the socles is an isomorphism,

N =0, SOM:@]-%(TL]')%@]- “E(n;). O

Theorem 5.6. Let M be an Eulerian graded P-module. If Suppr (M) = {m}, then
M s isomorphic (as a graded P-module) to a direct sum of copies of “E(n).

Proof. Since M is supported only at m, we know it is isomorphic to €5 ; “E(n;) as
a graded Z-module by Proposition 5.5. By our assumption, M is Eulerian, so is
@, "E(n;). It follows from Theorem 2.9 that n; = n for each j, i.e., M is isomorphic
(as a graded Z-module) to a direct sum of copies of *E(n). This finishes the proof. [

Corollary 5.7. Let Jy,...,Js be homogeneous ideals of R, then H“’HZ1 - HY ' (R) is
isomorphic (as a graded 9 module) to a direct sum of copies of E( ) (07“ equwalently,
all socle elements of each Hi HY. --- H (R) must have degree —n ).

Proof. This follows immediately from Theorems 5.3 and 5.6. (]

Remark 5.8. It is proven in [7] (resp, [8]) that every H}ll (- (HSS(R))) is holonomic
(resp, F-finite) as a Z-module (resp, F-module) in characteristic 0 (resp, characteristic
p > 0). Therefore in any case we know szl (- (H}SS (R))) has finite Bass numbers (cf.
Theorem 3.4(d) in [7] and Theorem 2.11 in [8]). It follows from this and Corollary 5.7
that H@H}l . st (R) = "E(n)° for some integer ¢ < 0o.

6. Remarks on the graded injective hull of R/P when P is a
homogeneous prime ideal

We have seen in Theorem 2.9 that *E(¢) = "E(R/m)(¢) is Eulerian graded if and
only if £ = n. In this section, we wish to extend this result to *E(R/P) where P is a
non-maximal homogeneous prime ideal (here *E(R/P) denotes the graded injective
hull of R/P, see cf. [2, Chapter 13.2]). To this end, we will discuss in detail the
graded structures of *E(R/P) as an R-module and as a Z-module. The underlying
idea is that, there does not exist a canonical choice of grading on *E(R/P) when it
is considered as a graded R-module; however, there is a canonical grading when it is
considered as a graded Z-module.

Remark 6.1. ["E(R/P) as a graded R-module| Since P # m, there is at least one z;
that is not contained in P. Hence the multiplication by z; induces an automorphism
on “E(R/P), and consequently we have a degree-preserving isomorphism

E(R/P)(-1) X% *E(R/P).
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It follows immediately that
"E(R/P) = "E(R/P)(m)

for each integer m in the category of graded R-modules. In other words, we have
"E(R/P)(1) = "E(R/P)(j)

for all integers ¢ and j.
In some sense, this tells us that *E(R/P) does not have a canonical grading when
considered merely as a graded R-module.

However, as we will see, "E(R/P) is equipped with a natural Eulerian graded
Z2-module structure, and from this point of view there is indeed a unique natural
grading on "E(R/P). The Z-module structure on “E(R/P) is obtained via consid-
ering HE' ¥ (R)(p) where (-)(py denotes homogeneous localization with respect to P
(i.e., inverting all homogeneous elements not in P), which has a natural grading as
follows.

Remark 6.2 (Grading on Hp (R)(p)). Choose a set of homogeneous generators
fi,..., f+ of P and consider the Cech complex
C*(P): 0—>R—>€BRfi—>--~—> @ Rp, iy == Rppg, — 0.
7 11 <ip<--<ij
Then, since each module has a natural grading and each differential is degree-

preserving, H"(C*(P)) also has a natural grading (b = ht P), hence so is H"(C®
(P))(p)- We will identify HE' ¥ (R)py with H"(C®(P))(p) with its natural grading.

Proposition 6.3. “E(R/P) = HY P (R)(p) in the category of graded R-modules.

Proof. We have a graded injective resolution of R (or a *-injective resolution of R, cf.
[2, Chapter 13])
(5.4.1)

0= R— "B(R)(dy) =+ — P "BR/Q)(dg) = — "E(R/m)(dm) — 0,

ht Q=s
where each dg is an integer depending on ). Notice that when @ # m, *E(R/Q)(7) =
*E(R/Q)(j) for all integers i and j by Remark 6.1. So the above resolution can be
written as
(542) 0—R— "E(R)—--— P "E(R/Q)— - — "E(R/m)(dn) — 0
ht Q=s
Let h = ht P. Then H I@(R)( p) is the homogeneous localization of the hth homology

of (5.4.2) when we apply I'p(+). But when we apply I'p(-), (5.4.2) becomes
(5.4.3)

0-0—-— "B[R/P)=Tp( P "BR/Q) - —Tp(*ER/m)(dn)) — 0
ht Q=h+1

and when we do homogeneous localization at P to (5.4.3), we get
0—--—0— "E(R/P)—0—---—0.

So the hth homology is exactly *E(R/P) (and when P = m, we get H}(R)
*E(R/m)(dw), so actually dy, = n). This finishes the proof.

O IR
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Remark 6.4 (Z-module structure on *E(R/P)). Since H}\(R)(p) has a natural graded
Z-module structure, it follows from Proposition 6.3 that *E(R/P) also has a natural
graded Z-module structure.

Since "E(R/P) is a graded Z-module, it is natural to ask the following question.

Question 6.5. Let P be a homogeneous prime ideal in R. Is there a natural grading
on *E(R/P) making it Eulerian graded?

Remark 6.6. H ]}ét P (R)( p) is always Eulerian graded by Theorem 5.3, Propositions 3.5,
and 4.1. From Remark 2.5(1), we know that, in the category of graded Z-modules,
*E(R/P)({) is Eulerian graded for exactly one ¢, we will identify this “canonical” £.

Contrary to the case when we consider *E(R/P) as a graded R-module, we can
see that in the category of graded Z-modules we have

*E(R/P)(i) = "E(R/P)(j) if and only if i = j.
(Otherwise we would have *E(R/P)({) = "E(R/P)({+ j — i) for every ¢, and hence
there would be more than one choice of ¢ such that *E(R/P)(¢) is Eulerian.)

We wish to find the natural grading on *E(R/P) that makes it Eulerian, and we
need the following lemma (which may be well-known to experts).

Lemma 6.7. We have a canonical degree-preserving isomorphism (h =ht P)
Ezthy(R/P,R) = Homg(R/P, Hb(R)).

Proof. H%(R) is the hth homology of (5.4.2) when we apply I'p(+), which is the hth
homology of (5.4.3), which is the kernel of "E(R/P) — T'p(®nt g=h+1 E(R/Q)).
Since Hompg(R/P,) is left exact, we know that Homg(R/P, H%(R)) is isomorphic to
the kernel of
"E(R/P) — Homg(R/P,I'p(&n g=nt1 "E(R/Q)))
= Hompg(R/P, (®nt Q=h+1 E(R/Q)))-

But this is exactly the hth homology of (5.4.2) when we apply Hompg(R/P,-), which
by definition is Ext’}%(R /P, R). And we want to emphasize here that the isomorphism
obtained does not depend on the grading on “E(R/P) as long as *E(R/P) is equipped
with the same grading when we calculate Ext’(R/P, R) and Homg(R/P, H(R)) as
above. O

Definition 6.8. For a d-dimensional graded K-algebra S with irrelevant maximal
ideal m, the a-invariant of S is defined to be
a(S) = max{t € Z|HL(S); # 0}.
Proposition 6.9. We have min{t|(Anngu r gy P): # 0} = —a(R/P) —n. Hence we
have a degree-preserving inclusion
R/P < HY P(R)(~a(R/P) - n) = H P(R)(p)(a(R/P) — n).
Proof. Let h = ht P and let s = min{t[(Anngw (g P); # 0}. By lemma 6.7, we

know
Ext}(R/P, R) = Homp(R/P, Hj5(R)) = Aun g ) P,
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so we know
s = min{t|(Ext’s(R/P, R); # 0} = min{t|(Ext’s(R/P, R(—n)); # 0} —n
by graded local duality
min{t|(Ext’(R/P, R(—n)); # 0} = —max{t € Z|H'""(R/P), # 0} = —a(R/P).

Hence we get s = —a(R/P) — n. The second statement follows from the first one by
sending 1 in R/P to any element in Anngwe p(g) P of degree —a(R/P) — n. O

Remark 6.10. From what we have discussed so far, we can see that HB P(R)(p) is
a graded injective module (or *-injective module) and there is a degree-preserving
inclusion R/P — H® P(R)(p)(—a(R/P)—n), always sending 1 in R/P to the lowest
degree element in Annngc p(g)P. Therefore we propose a “canonical” grading on
“E(R/P) to the effect that *E(R/P) can be identified with H} ©(R)(py(—a(R/P) —
n) (where the grading on HY ”(R)p) is obtained via Cech complex).

We end with the following proposition.

Proposition 6.11 (Compare with Theorem 13.2.10 and Lemma 13.3.3 in [2]). Given
the grading on *E(R/P) as proposed in Remark 6.10, we have that
(1) *E(R/P)({) is Eulerian if and only if ¢ = a(R/P) + n;
(2) the minimal graded injective resolution (or *-injective resolution) of R can be
written as

0—R— "E(R)—--— @ *E(R/P)(a(R/P)+n)— - — *E(R/m)(n) — 0.
ht P=j

Proof. (1). This is clear by our grading on *E(R/P) and the fact that there is a
unique grading on H ©(R)p) that makes it Eulerian.

(2). This follows immediately from the calculation of Hp ¥ (R)p) using the mini-
mal *-injective resolution of R (note that a(R) = —n and a(R/m) = 0). O
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