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COMBINATORIAL DICHOTOMIES AND CARDINAL
INVARIANTS

DiLiP RAGHAVAN AND STEVO TODORCEVIC

ABSTRACT. Assuming the P-ideal dichotomy, we attempt to isolate those cardinal char-
acteristics of the continuum that are correlated with two well-known consequences of
the proper forcing axiom. We find a cardinal invariant r such that the statement that
r > wi is equivalent to the statement that 1, w, wi, w X wi, and [w1}<‘” are the only
cofinal types of directed sets of size at most ;. We investigate the corresponding prob-
lem for the partition relation w1 — (w1, oz)2 for all @ < wy. To this effect, we investigate
partition relations for pairs of comparable elements of a coherent Suslin tree S. We show
that a positive partition relation for such pairs follows from the maximal amount of the
proper forcing axiom compatible with the existence of S. As a consequence, we conclude
that after forcing with the coherent Suslin tree S over a ground model satisfying this
relativization of the proper forcing axiom, w; — (wl,a)2 for all @ < wi. We prove
that this positive partition relation for S cannot be improved by showing in ZFC that
S A (Ry,w+2)2.

1. Introduction

An interesting, though lesser known, phenomenon in set theory is that cardinal invari-
ants of the continuum can be used to calibrate the strength of various mathematical
propositions (that do not unnecessarily involve sets of reals) in the presence of certain
kinds of combinatorial dichotomies. These mathematical statements are invariably
consequences of forcing axioms such as Proper Forcing Axiom (PFA) or Martin’s
Maximum (MM), and they are negated by Continuum Hypothesis (CH). The com-
binatorial dichotomies we are interested in are compatible with CH, but they do
keep a considerable amount of the strength of PFA or MM by, for example, negating
square-principles or reflecting stationary sets. In fact, they have a tendency of push-
ing several mathematical statements down to concrete questions about combinatorial
properties of sets of reals that seem to be expressible in terms of cardinal invariants
of the continuum. A typical theorem of the sort we have in mind looks as follows.

Prototypical theorem. Assume CD. Then the following are equivalent:

(1) r>ws.
(2) ¢

Here ¢ is some mathematical statement, ¢ is a cardinal invariant, and CD is a
combinatorial dichotomy that is consistent with CH. As relations between cardinal
invariants have been well-investigated, theorems like this permit us to calibrate the
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relative strength of various mathematical propositions over the base theory ZFC+ CD
(ZFC is Zermelo-Fraenkel set theory with the axiom of choice). Examples of CD
include Rado’s Conjecture (RC) and the P-ideal dichotomy (PID). The statement
¢ can come from different areas of mathematics. We illustrate this with two recent
typical examples.

Theorem 1 (Todorcevi¢ and Torres Pérez [23]). Assume RC. Then the following are
equivalent:

(1) cC>wi.

(2) There are no special wo-Aronszajn trees.

Here c¢ is the size of the continuum, the most basic of cardinal invariants.

Theorem 2 (Brech and Todoréevié [3]). Assume PID. Then the following are equiv-
alent:
(1) b>w.
(2) Every non-separable Asplund space has an uncountable almost bi-orthogonal
system.

Here b is the bounding number; its precise definition is given in Section 2. For more
regarding the big picture surrounding such results, consult [21].

The purpose of this paper is to add to the analysis of PID from this point of view;
we do not have results about RC here. PID is a well-known consequence of PFA that is
consistent with CH. (See Section 2 below where we give a definition of PID.) Indeed, it
is strong enough to imply many of the consequences of PFA that do not contradict CH.
For example, PID implies that there are no Suslin trees (see [1]), it implies that [J(#)
fails for every ordinal € of cofinality > wq (see [19]), it implies the singular cardinals
hypothesis (see [25]), and it implies that [, ., fails for all uncountable cardinals s
(see [12]). For many consequences of PFA contradicting CH, PID tends to reduce
the amount of PFA involved to the hypothesis that some cardinal invariant of the
continuum is bigger than w;. The pseudo-intersection number p (see Section 2 for
definition), being smaller than most of the usual cardinals, almost always suffices. We
are interested in finding out the precise cardinal invariant which is needed for several
specific consequences of PFA. So our general project is twofold:

General Problem 1. Given a statement ¢ which is a consequence of PID + MAy,,
find a cardinal invariant ¢ such that ¢ is equivalent to t > wy over ZFC + PID.

For example, if ¢ is the statement that every non-separable Asplund space has an
uncountable almost bi-orthogonal system (see [6] for definitions), then it is a theorem
of Todoréevi¢ [20] that PID + MAy, implies ¢, while another result of Todoréevié
(see [18], Chapter 2) shows that ¢ implies b > w;. So the result of Theorem 2 above
came as an answer to this version of the general problem.

General Problem 1 asks if the influence of PFA on ¢ can be decomposed into a
part which is consistent with CH and into another CH violating part that is precisely
captured by the cardinal invariant r. This reveals the nature of the combinatorial
phenomenon on the reals needed for ¢. Another motivation is that one often has to
find a new and sharper proof of ¢ in order to accomplish this project. A slightly less
ambitious project is
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General Problem 2. Given a statement ¢ which is a consequence of PID +p > wq,
investigate whether ¢ is equivalent to p > wy over ZFC + PID.

A canonical model for investigating this can be obtained by forcing with a coherent
Suslin tree S over a model of PFA(S) (see Section 2 for the precise definition of a
coherent Suslin tree). Here PFA(S) is the maximal amount of PFA that is consistent
with the existence of S.

Definition 3. Let S be a coherent Suslin tree. PFA(S) is the following statement.
If P is a poset which is proper and preserves S and {D,, : @« < w1} is a collection of
dense subsets of P, then there is a filter G on P such that Vo < wy [G N D, # 0].

The consistency of PFA(S) can be proved assuming the existence of a supercompact
cardinal by iterating with countable support all proper posets which preserve S. One
obtains an interesting model where a large number of consequences of PFA hold by
forcing with S over a ground model satisfying PFA(S). In particular, PID holds in
this extension. Moreover, almost all of the cardinal invariants of the continuum are
equal to we. However, p = wy. Therefore, if a consequence of PFA is consistent with
PID 4 p = wq, then it is very likely to be true in this model. Thus this model is useful
for providing negative answers to the General Problem 2 above.

In this paper, we investigate two well-known consequences of PFA in view of these
two general problems. The first one concerns Tukey theory. Recall that a poset (D, <)
is directed if any two members of D have an upper bound in D. A set X C D is
unbounded in D if it does not have an upper bound in D. A set X C D is said to be
cofinal in D if Vy € D3z € X [y < z]. Given directed sets D and E, amap f: D — F
is called a Tukey map if the image of every unbounded subset of D is unbounded in E.
A map g: F — D is called a convergent map if the image of every cofinal subset of F
is cofinal in D. It is easy to see that there is a Tukey map f : D — FE iff there exists a
convergent g : F — D. When this situation obtains, we say that D is Tukey reducible
to E, and we write D < E. This induces an equivalence relation on directed posets
in the usual way: D =p E iff both D <7 F and E < D. If D =p FE, we say that
D and E are Tukey equivalent or have the same cofinal type, and this is intended to
capture the idea that D and E have “the same cofinal structure.” As support for this,
it can be shown that D =7 FE iff there is a directed set R into which both D and F
embed as cofinal subsets, so that D and E describe the same cofinal type, the one
of R.

These notions first arose in the Moore—Smith theory of convergence studied by
general topologists (see [8,24]). The following result of Todorcevic gives a classification
of the possible cofinal types of directed posets of size at most ¥; under PFA.

Theorem 4 (Todorcevi¢ [16]). Under PID + p > w1, there are only five Tukey types
of size at most Ry: 1, w, w1, w X wi, and [wi]~.

Here, the ordering on w x w; is the product ordering and [w1]* is ordered by
inclusion. In Section 4, we solve General Problem 1 for the statement that 1, w,
wy, w X wi, and [w1]<w are the only cofinal types of size at most N;. Interestingly,
the cardinal invariant that captures this statement turns out not to be one of the
commonly occurring ones; rather, it is the minimum of two mutually independent
cardinals. The result in this section answers both Questions 24.14 and 24.17 of [21],
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which ask whether the statement that 1, w, wi, w x wy, and [w]~* are the only
cofinal types of size at most ¥y is equivalent over ZFC+ PID to b = wy and to p = ws,
respectively. The answer to both questions turns out to be “no.”

In Section 3, we investigate a strong version of the ordinary partition relation on wy,
namely the relation wy — (wy, «)®. Recall that for an ordinal o, w; — (w1, @)® means
that for any ¢ : [wi]® — 2 either there exists X € [w;]*" such that ¢/[X]* = {0}
or there exists X C wy such that otp(X) = « and ¢’[X]* = {1}. The Dushnik—
Miller theorem says that w; — (wi,w)” (see [4]), and its strengthening proved by
Erdés and Rado states that w; — (wi,w +1)* (see [5]), while the classical coloring
of Sierpinski [13] shows that w; — (w1, w;)? is false. Thus the following theorem of
Todorcevié [15] gives the strongest possible version of the ordinary partition relation
on wi.

Theorem 5 (Todorcevic). PID+p > wy implies that w; — (wl,a)2, for every
a < wi.

This should be compared with the following result of Todorcevi¢ [18] (Chapter 2) that
is relevant to General Problem 1.
Theorem 6 (Todorcevic). b = w; implies wy 4 (w1, w + 2)°.

In Section 3, we solve General Problem 2 for the statement that w; — (wq, a)z, for
every a < wy by showing that it holds after forcing with the coherent Suslin tree S
over a ground model satisfying PFA(S). This shows that p > w; is not equivalent over
ZFC + PID to the statement that wq — (wi, a)2 for every o < wp so it remains to
look for another cardinal invariant of the continuum that would capture this partition
relation for wj.

2. Notation

We set up some basic notation that will be used throughout the paper. “a C b” means
Vo |r € a = x € b], so the symbol “C” does not denote proper subset. “¥>°” means
for all but finitely many and “3°°” stands for there exists infinitely many.

Definition 7. Let X be an uncountable set. An ideal Z C [X]SW is called a P-
ideal if for every countable collection {z, : n € w} C Z, there is x € Z such that
Vn € wlx, C* z].
All ideals are assumed to be non-principal, meaning that [X ]<w cZ.
Definition 8. The PID is the following statement: for any P-ideal Z on an uncount-
able set X either
(1) there is an uncountable set ¥ C X such that [Y]= c Z

or

(2) there exist {X,, : n € w} such that the X, are pairwise disjoint, X =
and Vn € w[[X,,]* NZ = 0].

XTL’

ncw

The following well-known cardinal invariants will occur throughout the paper. For
functions f,g € w¥, f <* g means Y>°n € w[f(n) < g(n)]. A set F' C w* is said to be
unbounded if there is no g € w* such that Vf € F [f <* g|. For sets a and b, a C* b iff



COMBINATORIAL DICHOTOMIES AND CARDINAL INVARIANTS 383

a\ b is finite. A family F C [w]” is said to have the finite intersection property (FIP)
if for any A € [F]=“, NA is infinite.

Definition 9. ¢ denotes 2¥. Additionally,
p=min{|F|: F C [w]” A F has the FIP A—3b€ [w]* Va e F[bC" a]}.
b = min{|F|: F C w* A F is unbounded} .

cov(M) is the least k such that R can be covered by x many meager sets.

It is easy to show wy < p < b < ¢. Moreover, p < cov(M) < ¢, while b and cov(M)
are independent.

We will frequently make use of elementary submodels. We will simply write “M <
H(0)” to mean “M is an elementary submodel of H(f), where 0 is a regular cardinal
that is large enough for the argument at hand.”

Recall that a Suslin tree is an uncountable tree with no uncountable chains or
antichains. We will use the following notation when dealing with a tree S. For t € S,
ht(t) is the height of t. For an ordinal «, let S, = {s € S : ht(s) = a} and S<, =
{s € S: ht(s) < a}. For t € S, pred(t) denotes the set of predecessors of t, that is
{s€S:s<t}. Foraset X andt € S, predy (t) = pred(t)NX. Dually, cone(t) denotes
the cone above t, for all ¢ € S. In other words, cone(t) = {u € S : t < u}. Similarly,
for a set X and t € S, conex (t) = cone(t) N X. Next, for t € S, succ(t) ={ue€S:u>
t and ht(u) = ht(¢) + 1}. Once again, for ¢t € S and a set X, succx (t) = succ(t) N X.
If S happens to be a normal tree, then for any non-empty F' C S, A F' denotes the
greatest lower bound in S of the elements of F.

Throughout the paper, we work with a fixed Suslin tree S. We assume that S is a
coherent strongly homogeneous Suslin tree. More precisely, this means that

(1) Sis a Suslin tree and is a subtree of w<**.

(2) For each s € S, 3°n € w[s™(n) € S| and {t € S: ¢t > s} is uncountable.

(3) Vs,t,€S[|€ € dom(s) Ndom(t) : s(&) # t(£)] < w] (coherence).

(4) For each £ < w; and s,t € S¢, there is an automorphism ¢ : S — S such that
¢(s) =t and Vo > gVu € S, [p(u) = dp(u [ §) Uu | [€, )] (strong homogene-
ity).

Thus fix once and for all a coherent strongly homogeneous Suslin tree S. Though we
remark that the coherence and strong homogeneity of S will not be needed until the
proof of Lemma 19.

We will be studying colorings of the pairs of comparable elements of S. We set
up some basic notation relevant to such colorings here. For any A,B C S, A® B =
{{a,b} :a € Aand b € B and a < b}. AP = A® A. The following variation of A%
will also be important in Section 3. Let ¥ C S and g : ¥ — S. Then ng denotes
{{a,b} :a,be Y and a < band g(a) < b}. If S € Sand c¢: S — 2 s a coloring, then
Ki.={{s .t} € S e({s,t}) = i}, for each i € 2. We will often omit the subscript
“c” when it is clear from the context.

We will use a C-sequence in the proof of Theorem 14. Recall that (¢, : o < wy) is
called a C'-sequence if for each a < wy,

(1) ¢co C a.

(2) If v is a limit ordinal, then otp(cy) = w and sup(c,) = a.

(3) If 3 =a+1, then cg = {a}.
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Given a C-sequence (¢, @ @ < wi), it is sometimes useful to think of each ¢, as a
function. For a fixed 0 < § < w; and n € w, we adopt the following conventions. If
B = a+ 1, then cz(n) is the unique element of cg, namely «. If 3 is a limit ordinal,
then cg(n) is the nth element of cg.

In the proof of Theorem 28, we will use the following notation for subtrees of w<<.
Given T' C w<¥ which is a subtree, [T] = {f ew* :Vn e w[f [ne€T]}. Foro € T,
succr (o) denotes {n € w: o~ (n) € T'}. Note that this departs from the definition of
succ(s) when s is a member of S. However, since it will be clear when we are talking
about members of S and when we are referring to elements of some subtree T' of w<%,
we hope that this will not cause any confusion.

3. Partition relations after forcing with a coherent Suslin tree

In this section, we investigate partition relations for the pairs of comparable elements
of S. Partition relations for the pairs of comparable elements of a Suslin tree were
studied by M&té [11], and for more general partial orders by Todoréevié [17]. We prove
a positive partition relation for S?! assuming PFA(S) (Theorem 14). This result in
an analog of Todorc¢evié’s theorem from [15] that PFA implies that w; — (w1, 04)2, for
every o < wy. However, it is not a perfect analog. This is explained by Theorem 28,
which establishes a negative partition relation for SI? in ZFC. This negative partition
relation may be seen as a ZFC analog of the relation w; /4 (w1,w+2)? for the pairs of
comparable elements of S. It is somewhat surprising that such a result can be proved
not going beyond ZFC. A corollary of the positive partition relation proved in this
section is that w; — (w1, a)2 for every a < w; after forcing with S over a model of
PFA(S).

In this section, all the trees we deal with will be subsets (though not subtrees)
of S. Of course, given T' € [S]**, (T, <) is an w; tree with no uncountable chains or
antichains. However to avoid some trivialities, we make the following definition:

Definition 10. T C S is called a Suslin tree if T is uncountable and
(1) 3min(T") € TVx € T [min(T') < z|.
(2) Ve e T[{y € T : y > z} is uncountable].

Note that we are not requiring 7' to be a normal tree. In general, T will not be a
subtree of S.

Obviously, VY € [S]**3T € [Y]“" [T is a Suslin tree]. As this fact will be used
frequently, we state it as a lemma.

Lemma 11. VY € [S]”'3T € [Y]|*" [T is a Suslin tree].

We will also use the following consequence of a well-known lemma of Todorcevic
called the pressing-down lemma for non-special trees. This more general lemma ap-
pears as Theorem 2.4 in [14]. The reader should also consult Theorems 13 and 14
of [17].

Lemma 12. Let R C S be a Suslin tree. Suppose f : R\ {min(R)} — R is a function
such that Vx € R\ {min(R)} [f(z) < x]. Then 3U € [R\ {min(R)}|*'Is € RVx €

Ulf(z) = s

Another useful fact about Suslin trees that is easy to verify is the following.
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Lemma 13. Let T C S be a Suslin tree. If X € [T|*", then there exists x € X such
that X is dense above x in T'.

We come to the main result that will be established in this section. Our claim
that w; — (wl,a)2 for all @ < wq after forcing with S will follow from this result.
Theorem 14 gives a positive partition relation for S2 under PFA(S).

Theorem 14. Assume PFA(S). Let S € [S|*" and ¢ : S — 2. Then either there
erist Y € [S]" and g : Y — 'S such that Vy € Y [g(y) > y] and ng] C Ky or for each

o < wy, there exist s € S and B C predg(s) such that otp(B) = a and BP C K.

Corollary 15. PFA(S) implies that the coherent Suslin tree S forces wi — (wy, )
to hold for every a < ws.

Proof (assuming Theorem 14). Let f € VS be such that IF § : [w1]2 — 2. Fix s €
S. Suppose that s |- =3A € [wq]" [fo”[A]2 = {0}} We will show that s IF Va <

wi13dA C wy [otp(A) =aA f”[A]2 = {1}} Fix @ < wy and t > s. Let 6 be a sufficiently
large regular cardinal and let (M : £ < wi) be an increasing continuous €-chain of
countable elementary submodels of H(6), with M, containing all the relevant objects.
For each ¢ < wyq, put d¢ = M¢ Nwy. It is clear that for any & < wq, 8 < v < &g,
and z € S, if ht(x) > J¢, then there exists i € 2 such that « IF fo({ﬁ,w}) = .
Put S = {z € coneg(t) : 3§ < wq [ht(x) = de41]}. For z € S, let {, < wy be such
that ht(z) = ¢, 1. Define ¢ : S — 2 as follows. Given z,y € S with = < y, let
c({z,y}) € 2 be such that y IF f({d¢,, d¢,}) = c({x,y}). First suppose that there are

Y e[S and g: Y — S with Vy € Y [g(y) > y] and ng] C Kjy. Choose xz € Y such
that Y is dense above z in S (by applying Lemma 13). If G is a (V, S)-generic filter
with z € G, then in V [G], it is possible to find an uncountable Z C GNY such that
Vy,z € Zly <z = g(y) < z]. Now, {d¢, : y € Z} is an uncountable 0-homogeneous

o

set for f[G]. As s € G, this contradicts the hypothesis on s. So by Theorem 14, there
is € S and B C predg(z) such that otp(B) = a and BI?l ¢ K;. Then letting
A = {0¢, : b € B}, otp(A) = a and z |- F"[A)® = {1}. As = > t, this completes the
proof. O

Definition 16. Let y be a sufficiently large regular cardinal. Let S € [S]** and c :
SBI — 2. Define a poset P(S, c) as follows. A condition in P(S, ¢) is a pair p = (F),, ;)
such that

(1) F, € [S]=* such that F,@ ¢ K.

(2) N, is a finite €-chain of countable elementary submodels of H(x) that contain

all the relevant objects.
(3) Vs,t € F,3M € N, [[M n{s,t}| =1].
(4) IM e N, [MNF, =0].

For p,q € P(S,¢), ¢ <piff F, D F, and N; D N,,.

Lemma 17. Let S € [S]*" and ¢ : S — 2. For each a < w1, put D, = {q € P(S,¢) :
3t € F, [ht(t) > al}. Dy is a dense subset of P(S, c).
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Proof. Fix a < wy and p € P(S,¢). Let {My, ..., M;} enumerate N, in €-increasing
order. By (4) of Definition 16, My N F, = 0. Put § = max{a, M; Nw;}. We will
find v € S such that ht(v) > ¢ and —3s € F,[s <v]. Suppose that this is not
possible. Fix T' € My N[S]*" such that Yu € T [{v € T': v > u} is uncountable], using
Lemma 11. Suppose u € T N My. There is a v € T so that ht(v) > § and v > wu.
By the assumption, there exists s € I}, such that s < v. It follows that u < s. Thus
Vu € T'N My3s € F, [u < s]. It follows that 7" is an uncountable subset of S with the
property that VA € [T]=“3F € [S]““Vu € A3s € F [u < s]. However, it is impossible
to have such an uncountable subset of a Suslin tree.

Now, fix v € S such that ht(v) > § and —3s € F, [s < v]. Put F, = F,, U {v}. Find
a countable M1 < H(x) with v,p € Myyq1. Put N = N, U{M;41}. Then ¢ < p and
q€ D,. ]

Lemma 18. Let x be the cardinal fized in Definition 16. Fix M < H(x) countable
with S € M. Let D C S with D € M. Let L C S be such that {ht(z) : x € LN M}
is unbounded in M Nwy. Suppose that Vo € LN M3y € D [z < y|. Then there exists
x € LN M such that D is dense above x in S. Moreover, if there exists s € S such
that L = predg(s), then {ht(z) : 2 € LN M N D} is unbounded in M Nw;.

Proof. Put § = M Nwy. Put E = {x € S: conep(z) = 0}. E € M. So there exists
A € M such that A C F, A is an antichain, and A is maximal with respect to these
two properties. As A is countable, find o < § such that A C S.,. Let x € LN M
be such that ht(z) > «. If D is not dense above x in S, then there is s € S such
that s > z and conep(s) = 0. Thus s € F and is comparable to some a € A. It
follows that a < x. However, by hypothesis, there is y € D with < y. y € conep(a),
contradicting a € E.

For the second statement assume that L = predg(s) for some s € S, and fix
a < M Nw;p. By the first statement, fix x € L N M such that D is dense above x
in S. Note that conep(z) € M and that it is an uncountable set. Put B = {y €
conep(x) : ht(y) > a} € M. Choose A € M such that A C B, A is an antichain, and
A is maximal with respect to these two properties. As A is countable, fix 3 < M Nw;
such that A C Scg. Fix t € LN M with ht(¢) > max{3, ht(x)}. Thus ¢t > x and there
isy € D with y > t. Since y € B, there is a € A such that a < y. It follows that
a <t <s. Therefore, a € LN DN M and ht(a) > . [

Lemma 19. Let T C S be a Suslin tree. Suppose ¢ : T?! — 2. FEither there exists
X € [T]** such that P (X,c [X[Q]) is proper and preserves S or for each X € [T]*"
there exist zo € X, Y € [X]|*', a sequence (Fy : o < w1), and a function g : Y — S
such that
(1) For each o < wy, Fy, is a non-empty finite subset of X such that ht (\ Fy) > «
(keep in mind that N\ F, may not be in T ).
(2) Y and {\ Fo : @ < w1} are both dense above xq in S.
(3) Vx € Y[g(z) > z] and for each @ < wy and s € predy (A\ Fa) N S<q, if
g(s) < N\ Fy, then 3t € F,, [c({s,t}) = 1].

Proof. Fix a sufficiently large regular § > y. Suppose X € [T]*". For ease of no-
tation, write Px for P(X,c | XP). If for any countable M < H(f) containing
all the relevant objects and any py € M N Py, there exists p < pg such that
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Vto € Swmnw, [(psto) is (M,Px x S) generic], then Py is proper and preserves S.
Assume that this fails and fix M < H(f) and py € M N Px witnessing this. Put
0 =MnNw. Put F, = Fy, and N, = N, U{M N H(x)}. Then p = (F,,N,) € Px
and extends pg. Let tg € S5 and let D € M be a dense open subset of Px x S such
that D N M is not predense below (p,to). Fix (gq,t) < (p,tp) which is incompatible
with every element of D N M. By extending it if necessary, we may assume that
(q,t) € D, that VN € N, [ht(t) > N Nwi], and that IN € M NN, [M N F, C N|. Put
F,, = F,N M and Ny, = N, N M. It is clear that gy = (F,,, Ny ) € Px and that
qo € M.

Let {Ng,..., N;} enumerate N, \ NV, in €-increasing order. Let F' = F, \ F,,. If
F =0, then consider D*, collection of all ¢t* € S for which there exists {No, ..., Ny}
such that

(4) {No,...,Ni} is an €-chain of countable elementary submodels of H(x) con-
taining the relevant objects, and containing qg.

(5) ((Fyy, Ngo U{No,...,Ni}),t*) € D.
D* € M and it follows from Lemma 18 (applied to M N H(x)) that there exists t* €
D*N M Npredg(t). If {No, ..., Ni} € M witnesses (4) and (5) for t*, then ((Fy,, Ny, U
{No,...,Ni}),t*) € DNM and is compatible with (g, ). As this contradicts the choice
of (¢, t), we may assume that F # 0. Let {zo, ..., z,, } enumerate F in increasing order
of their heights. For each 0 < ¢,5 < m, put G;; = {{ € dom(z;) Ndom(z;) : z;(§) #
zj(§)} and G; = {§ € dom(z;) Ndom(t) : t(€) # z(&)}. These sets are all finite.
Choose ¢ < ¢ such that for each 0 < 4,5 <m, G;; "M C ¢, G;NM C ¢, and for
each N € Ny [NNwye(]. For 0 < i < m, put y; = 2 | ¢, and put t* =¢ [ (.
For each 0 < i < m, choose an automorphism ¢; : S — S such that ¢;(t*) = y;
and for all @« > ¢ and all u € S, [¢;(u) = ¢i(u | () Uu | [(,a)]. We may assume that
¢; € M. It is easy to see that for any s € M with t* < s <t and any 0 < i < m,
yi < ¢i(s) < z;. Also, for any ( < a < 6,0 <i,7 <m, and s € S, N coneg(y;), if
s < zj, then s = ¢;(t [ ). There are two types of points in F' that we must deal with.
Put Ip ={0<i<m:G;\M=0}and [; = {0 <i<m:G;\ M # 0}. Observe that
if i € I, then ¢;(¢ | ht(z;)) # z;. On the other hand if i € Iy, then ¢; (¢ | ht(z;)) = 2.
For any s > t*, define a two-player game ¥(s) as follows. The game lasts m +2 moves.
In the first move, I chooses sg > s and II responds with a pair (zg,up) that satisfies
so < 29 < ug. In the next move, I chooses s; with ug < s1. At the end of m + 2 moves
the players have constructed a sequence

S50, <5L’0, u0>) cee s Sm4l, <Im+1) um+1>

such that s < sg <@g <ug <51 <21 <up <+ < Syt < Ty < U1 We say
that IT wins ¢(s) if there exist {Ny, ..., Ny} and {v; : i € I} such that

(6) {No,..., Nk} is an €-chain of countable elementary submodels of H(x) con-

taining the relevant objects, and containing qq.

(7) Vi € I [v; € Shy(ay) N cones(y;) and v; # ¢;(x;)].

(8) <<Fq0 U {’UZ‘ NS Il} U {(JSZ(LL‘l) 11 € I()},Nqo U {]\/Y()7 e 7Nk}>;$m+1> eD.
Let D* = {s > t* : II has a winning strategy in ¢4(s)}. Then D* € M. Now we have
the following claim:

Claim 20. Vs* € M Npredg(t)ds € D* [s* < s].
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Proof. Suppose not. Fix s* € M N predg(t) with s* > ¢* such that for each s > s*, I
has a winning strategy in ¢(s). Fix ¥ € M such that

Vs > s*[X(s) is a winning strategy for I in ¢(s)].

Consider Dy = {sp € S : Is > s* [s¢ is the first move of I according to X(s)]}. Dy €
M and applying Lemma 18, fix sg € M Npredg(t) and s* < s < sq such that s¢ is the
first move of I according to X(s). Observe that ¥(s) € M and we can think of ¥(s) as
a subset of S<¥ x S. Hence X(s) € M N H(x) and hence X(s) € N for all 0 < i < k.
Now define a run of ¥(s) according to X(s) as follows. Fix 0 < ¢ < m and suppose
that for all j < i, s; and (z;,u;) have already been specified in such a way that s; is
according to X(s), x; =t | ht(z;), and if s; is the continuation of this play according
to X(s), then s; € predg(t) and ht(s;) < ht(z;) (when i = 0 this is satisfied because
so € M Npredg(t), and since zg ¢ M, ht(z9) > 6 > ht(sp)). Let 0 <[ < k be minimal
such that z; € Nj*. Note that (so, (zo,uo),...,s;) € N/, that ¢ [ ht(z) € N;, and
that s; <t [ ht(z;). Put x; =t | ht(z;) and define D; 11 as

{8i+1 € S: Ju; > x; [s;41 is according to X(s) at so, (o, uo), - - -, Si, (T, ;)] }-

D;11 € Nj. Applying Lemma 18 choose s;11 € N;"Npredg(t) and ; < u; < s;41 such
that s;41 is according to X(s) at so, (zo, uo), - - -, i, (Ti, u;). Note that if i + 1 < m,
then since z;41 ¢ NJ, ht(z;41) > N/ Nwy > ht(s;41), so that the construction can
be continued, while if ¢ + 1 = m + 1, then s;11 < ¢, so that z,,41 = Up1 =t is a
permissible last move for II. Now, it is clear that sg, (xo, w0), - - -, Sm+1s (Tm+1, Umt1)
is a run of ¥(s) according to ¥(s). However, if we let N; = N}, for each 0 <1 < k
and v; = z; for all ¢ € Iy, then it is clear that (6)—(8) are satisfied. So II wins this run
of 4(s), contradicting that X(s) is a winning strategy for I. O

Using Lemma 18 and Claim 20, fix s € M N predg(t) such that s > ¢* and I wins
9 (s). Let ¥(s) € M be a winning strategy for II. For a fixed i € Iy consider the
following statement:

if for each j < i,s;,x;,u; € M Npredg(t) are given such that they form
(¥;)  a partial run of ¢(s) according to 3(s), then there exists a continuation

iy Tiyu; € M N predg(t) according to X(s) of this partial run such that

there is no 0 <1 < m so that ¢({¢i(z;), z1}) is defined and is equal to 1.

Assume for a moment that (x;) holds for all ¢ € Iy. Then using Lemma 18, it is
possible to choose a run sg, (o, %0), - - - Sm+1s (Tm+1, Um+1) of F(s) according to
Y(s) such that for each 0 < i < m + 1, s;,x;,u; € M N predg(t) and for each
i€ Ipand 0 <1 < m, if c({¢i(zi),z}) is defined, then it is equal to 0. As this
run lies in M, choose {Ny,..., N} € M and {v; : i € I;} € M such that (6)—(8)
are satisfied. Put F, = F,, U{v; : i € [} U{¢i(x;) : i € Ip} and N, = N, U
{No,...,Ni}. Then r = (F,,N,) € M and (r,z,,+1) € M N D. Moreover, note that
Vi e VO <1 < mlv; £ 2], and that for any i € Iy and 0 < I < m, if ¢;(z;) < z,
then ¢({¢;(z;),z}) = 0. Therefore, ((F, U{z0,...,2m},N; U{NG,...,N;}),t) is a
common extension of (r,z,,+1) and (g, t). Since this contradicts the hypothesis that
no member of D N M is compatible with (g,t), there must exist some ¢ € [y for
which (x;) fails. Fix i € Iy and sj,x;,u; € M N predg(t) for j < i witnessing this.
Define v as follows. If ¢ = 0, then u = s, else u = wu;_1. In either case, u € M N
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predg(t) and t* < w. Write v = ¢;(u) and note that y; < v < z;. Let E = {z; :
3s;3u; [so, (xo, uo), - - -, Si, (Ti, u;) is & partial run of ¥(s) according to 3(s)]}. Define
Y to be {¢i(z;) : x; € E}. Note that E,Y € M. Since X(s) is winning for II,
Y C X. It is easy to see that Y is dense above v in S. Indeed, let w € S with
w > v. Then d)i_l(w) > u, and so is a legitimate ith move for I. Hence there exist
xi,u; such that sg, (xo,uo),. .., d; (w), (zi,u;) is a partial run of G(s) according
to X(s). Hence #; € E and z; > ¢, (w), whence ¢;(z;) € YV and é;(z;) > w.
There is a function g : Y — S in M such that for all z € Y, there exists s; such
that so, (20, u0), - - -, 81, () ' (x), ;' (g(x))) is a partial run of ¥(s) according to %(s).
Clearly, g(z) > x. Now we have:

Claim 21. For each a < wy, there exists Fy, satisfying (1) and (3) such that \ F, > v.

Proof. If not, then there is @ € M witnessing this. Fix such a € M. Let F, =
{z; € F :y; < z;}. It is easy to see that A\ F,, ¢ M, and hence ht(A F,,) > «a.
It is also easy to see that A\ F, > v. Now suppose that x € predy (A Fa) N S<q,
and assume that g(z) < A Fi,. As every element of Y is above y;, this implies that
o; ' (g(x)),d; () € M N predg(t) and that there is s; € M N predg(t) such that
50, (0, U0), - - -, 81y (&5 H(x), @5 ' (g(x))) is a partial run of ¥(s) according to ¥(s). By
the hypothesis that (x;) fails, there is z; € F' such that ¢({z, 2;}) = 1. In particular,
yi <x < z.80 7z € F,, and (3) is satisfied. O

To complete the proof of the lemma, choose F,, for each a < w; as in the claim.
Then Z = {\ Fs : @ < w1} is an uncountable subset of S. Find z € Z such that Z is
dense above z in S. Since z > v and Y is dense above v in S, it is possible to choose
xg €Y C X with 2o > z. Now both Z and Y are dense above zg in S. O

Definition 22. Let R be a Suslin tree and fix ¢ : R — 2. Fix a C-sequence
(ca : @ < wq) such that if § > 1, then Vn € w[cg(n) > 0]. For 0 < f < wy, t € R, and
n € w define L(3,t,n) to be the set of all A such that

(1) 3s€ R[s <t and A C predg(s)].
(2) otp(A) = wes),
(3) ARl c K.

(4) {u € coner(t) : A® {u} C K;} is uncountable.

Note that no member of L(3,t,n) is empty. Next, if B € L(3,t,n+1) and A C B
with otp(4) = w (™, then A € L(B,t,n). Moreover, if t < u, A € L(3,u,n), and
ds € R[s <tand A C predg(s)], then A € L(8,t,n). Also if t < wu, A € L(3,t,n),
and {v € coneg(u) : A® {v} C K1} is uncountable, then A € L(53,u,n).

Definition 23. Fix a well ordering of P(R), say €. For A,B C R and t € R, we
say that B follows A with respect to t if Ya € AVb € Bla <b], A® B C K;, and
{u € coneg(t) : (AUB) ® {u} C K} is uncountable. It is clear that if B follows
A with respect to t and C C B, then C follows A with respect to t. Also, if t < u
and B follows A with respect to u, then B follows A with respect to t. If t < u, B
follows A with respect to t, and {v € coner(u) : (AU B)®{v} C K;} is uncountable,
then B follows A with respect to u. For t € R and 0 < 3 < wi, define a function
ogt - w — P(R) as follows. Fix n € w and suppose that for all m < n, og(m) has
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been defined. Put Ag;, = U,,,08,¢(m) C R. Consider
{B € L(B,t,n) : B follows Ag, with respect to t}.

If this set is empty, then set o5 ,(n) = 0. Otherwise, set o3 (n) to be the «-least
element of this set. Define Ag; =, c,05.¢(n).

It is clear that for each n € w, either og+(n) = 0 or o3+(n) € L(B,t,n), but
not both. In either case, observe that og.(n) C predg(t), that Ya € Agy,Vb €
os+(n)la < b], and that (Agt, @ og(n)) U (057t(n))[2] C Kj. Therefore, if Vn €
wlogi(n) € L(B,t,n)], then Ag, is a subset of pred(t) of order type w” such that
Ag}t C K;. Furthermore, for all t € R\ {min(R)} and all n € w, there is s € R with
s < t such that Ag;, C predg(s).

Lemma 24. For anyt € R and 0 < 8 < wy, if there exists m € w such that
ogt(m) =0, then ¥Yn > m[og(n) = 0].

Proof. Prove by induction on n > m that og.(n) = 0. When n = m, this is the
hypothesis. Suppose this is true for n > m. Then Agt 11 = AgtnU0ogt(n) = Ag i n.
If og.(n+1)#0, then og(n+1) € L(B,t,n+1), and 05 4(n+1) follows Ag; , with
respect to t. In particular, otp(cg+(n + 1)) = w1, Choose B C 054(n + 1) with
otp(B) = w ™. Then B € L(B,t,n) and B follows Ag ., with respect to t. This
contradicts the fact that og.(n) = 0.

O

Definition 25. For t € R and 0 < < wy, if there is n € w such that og,.(n) = 0,
then let ng: be the least such n. Otherwise, put ng; = w. Define Xg; = {u €
conegr(t) : Ag: ® {u} C Ki}.

Note that Ag: = U,<,,,8:(n). Observe also that if ng; < w, then Xz, is
uncountable.

Lemma 26. Fizt,u € R witht <wu, and0 < 3 < wy. Suppose that Xz N coner(u) is
uncountable. Moreover assume that 3s € R[s <t and Ag, C predg(s)]. Then og; =
03,u-

Proof. First a preliminary observation: it follows from the hypotheses that for each
n € w, {v € coner(u) : og,(n) @ {v} C K1} and {v € coner(u) : Agsn ® {v} C K1}
are both uncountable. Now suppose for a contradiction that there exists n € w such
that og.(n) # o0pu(n), and choose the minimal n € w with this property. Then
Agtn = Agun. Assume that og¢(n) # 0. Thus og(n) € L(5,t,n) and o3+(n)
follows Ag+, with respect to t. Since {v € coner(u) : og(n) ® {v} C K;} is un-
countable, o3 +(n) € L(5,u,n). Also, since {v € coner(u) : (Agt.n Uos(n)) ®{v} C
K1} = {v € coneg(u) : Agtnit1 ® {v} C K1} is uncountable, oz .(n) follows Ag., »
with respect to u. It follows that o, (n) # 0 and og (1) € op(n).

Next suppose that o ,(n) # 0. Then og,(n) € L(B,u,n) and og,(n) follows
Agu,n with respect to u. Note that there is s € R such that s < ¢t and og,(n) C
A C predg(s). Therefore, og,(n) € L(B,t,n). Also, og,,(n) follows Ags, with
respect to t. Thus og.(n) # 0 and og.(n) € 0,,(n). However, these two implica-
tion that we have established imply that both og.(n) and og,(n) are equal to 0, a
contradiction. 0
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Next is a lemma that is of independent interest and can be considered as a part of
set theory folklore. It asserts the existence of certain types of ultrafilters on countable
indecomposable ordinals under the hypothesis p > w;. This lemma also plays a similar
role in Todorcevic’s proof that PID +p > wy implies wi — (w1, oz)2.

Lemma 27. Assume p > wi. For each 0 < § < wy and a well ordered set X =
(X, <x) of order type w”, there is an ultrafilter Us(X) on X such that
(1) For each A € Ug(X), otp(A) = wP.
(2) For any F C Up(X) of size at most wr, there is Y C X such that otp(Y) = w”
and VZ € F[Y \ Z is a bounded subset of X]. Moreover if |F| = wy, then
there exists G € [F|** such that otp (N G) = w”.

Proof. The proof is by induction on 5. If § = 1, then X has order type w, and we can
let Us(X) be any ultrafilter on X. It is clear that (1) is satisfied. For (2), fix F C Us(X)
with |F| < wi. As p > wy, there is Y € [X]* such that VZ € F[Y \ Z is finite]. It
is clear that otp(Y) = w and VZ € F[Y \ Z is bounded in X]|. Next, if |F| = w;
and Y C X is as above, then there is a finite F € [Y]™* and G € [F]** such that
VZeG[Y\F CZ]. Asotp(Y \ F) = w, it is clear that otp([)G) = w.

Next suppose # > 1. Fix (X, : n € w) such that X = J,. X, and Vn €
w [otp(X,) = w ™M A X, <x X,11]. Here X, <x X,41 means Vo € X,Vy €
Xny1 [z <x y|. Assume that Ue.,(,)(X,) has been constructed for all n € w. Put
Us(X) ={AC X :{n€cw:ANX, € Uyym)(Xn)} € Ur(w)}. This is clearly an
ultrafilter on X. It is also clear that (1) is satisfied by Us(X). For (2), fix F C Ug(X)
of size at most w;. For each n € w, put

Fon=1ZNXn: Z€FNZNXp €Upyn)(Xn)}-

Fn C Uey(ny(Xy) and |F,| < wi. So choose YV, C X, such that otp(Y,,) = w (™
and VA € F,[Y, \ Ais a bounded subset of X,,]. For each Z € F define a func-
tion Sz with domain w as follows. Given n € w, if ZN X,, € Ucﬁ(n)(Xn), then
Sz(n) =Y, \ (ZNX,). Otherwise Sz(n) = 0. In either case, Sz(n) is a bounded
subset of X,,. Use the fact that b < w; to choose (B, : n € w) such that for each
Vn € w|B, is a bounded subset of X,,| and VZ € FV>®n € w[Sz(n) C B,]. Note
that otp(Y, \ B,) = w (™, for all n € w. For each Z € F, put dom(Z) = {n € w :
ZN Xy € Uey(n)(Xn)}. {dom(Z) : Z € F} is a subset of U (w) of size at most wy.
Choose D € [w]” such that VZ € F[D \ dom(Z) is finite]. Put Y = J,,cp(¥Yn \ Bn)-
It is clear that Y € X and otp(Y) = w”. Fix Z € F and fix ny € w such that
D\ nz C dom(Z) and Vn > nz [Sz(n) C B,]. We claim that Y \ Z is bounded by
min(X,,). Indeed fix y € Y \ Z. Then y € Y,, \ B, for some n € D. If n > ny, then
n € dom(Z) and Sz(n) C B,,. So ZNX,, € Uey(n)(Xn), and so Sz(n) = Y, \(Z N X,,).
Asy €Y, and y ¢ Z, we have that y € Sz(n). However, since y ¢ B,,, this con-
tradicts Sz(n) C B,. Therefore, n < n, and since y € Y,, C X,,, we conclude that
y <x min(X,,,).

Now, if |F| = wj, then there exist n € w and G € [F|*" such that VZ €
G [nz = n]. Note that otp({y € Y :y <x min(X,)}) < w?. Therefore, Y* = Y \
{y €Y :y <x min(X,)} has order type w®. By what has been proved above, Y* C
NG, whence otp (N G) = w”. O

We can now finish the proof of Theorem 14.
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Proof of Theorem 14. We show by induction on < w; that for any Suslin tree T' C S
and any c : TPl — 2, either there exists Y € [T]“* and ¢ : Y — S such that Vy €
Y [9(y) > y] and Y;,m C Ko, or for each X € [T]*" there exist z € X, B C predy(z),
and Z € [conex(x)]*" such that otp(B) = w” and B! U (B® Z) C K .. This is
sufficient to imply Theorem 14, for given S € [S]* and ¢ : SPI — 2, let T € [S]** be
a Suslin tree (we are using Lemma 11). Suppose the first alternative of Theorem 14
fails and let o < wy be given. Choose 8 < w; such that o < w?. Applying the above
statement to 3, T, and ¢ | T?) with X = T, we can get € T and B C predg(z)
such that otp(B) = w? and B C K, .. Taking B* C B with otp(B*) = «, we get
what we want.

To prove the above statement, fix < w; and assume that the statement holds for
all smaller ordinals. Let T" and ¢ be given and suppose that the first alternative of
the statement fails. In particular, this implies that there is no X € [T]“", such that
P(X,c | X is proper and preserves S. For if not, let

Do ={qeP(X,c| X®:3t e F, [nt(t) > o]}

By Lemma 17, D, is dense in P(X,c | X[?). Applying PFA(S), let G be a filter on
P(X,c | XB) such that Voo < w1 [G N Dy #0]. Let Y = U, Fy. Then Y € [T]*".

If welet g : Y — S be defined by g(y) = y, for all y € Y, then ng =YP ¢ Koo,
contradicting the hypothesis that the first alternative of the statement fails.

Now, fix any X € [T]**. By Lemma 19 there exist 7o € X, Y € [X]*", a sequence
(Fy : @ < wq), and a function g : Y — S satisfying (1)—(3) of Lemma 19. If 5 = 0,
then fix y € Y with y > x9, and put z = y and B = {y}. Then for each a < wy, if
ht(y) < o and A F, > g(y), then there is t,, € F, such that c¢({y,tn}) = 1. Letting
Z ={tqs :a>ht(y) and A F, > g(y)}, we get what we want.

Assume now that 0 < 8 < wy. Let Y = ¢"Y. By Lemma 11, fix R C coney (z0), a
Suslin tree. For each s € R choose ys; € Y such that g(ys) = s. Observe that if s < ¢,
then y, and y; are comparable and different. Define d : RI?) — 2 by d({s,t}) = 1 iff
ys < y¢ and c({ys,y:}) = 1, for any s,t € R with s < t. We claim that it is enough
to find u € R and B C predg(u) with otp(B) = w” such that B? ¢ K 4. Indeed,
suppose this can be done. Choose any z € Y with z > u. Let B* = {y, : s € B}.
For any s,t € B with s < ¢, ys < y; because d({s,t}) = 1. So otp(B*) = w’. Also
it is clear that B* C predy(z). If @ < w;y is such that a > ht(x) and A\ F, > =z,
then for any y € B*, g(y) < A Fa, and so there is t € F, such that ¢({y,t}) = 1.
Therefore, letting Ug(B*) be as in Lemma 27 (note that PFA(S) implies p > w1; so
Lemma 27 may be applied) and letting I = {a < w1 : @ > ht(x) and A F, > z},
for each o € I, there is Y, € Ug(B*) and t, € F, such that Vy € Y, [c({y,to}) = 1].
There exists J € [I]** such that otp ((),c,Ya) = w”. It is clear that B = (), ;Ya,
Z ={to :a € J}, and z are as needed.

Thus we may concentrate on finding v € R and B C predg(u) as above. We will
apply the notation of Definitions 22, 23, and 25, and Lemmas 26 and 24 to R, d,
and (. If there exists v € R such that ng, = w, then letting B = Ag,, works. Thus
assume that for each u € R, ng, < w. Then for each v € R\ {min(R)}, there is
f(u) € R such that f(u) < w and Ag, C predp(f(u)). So by Lemma 12 and the
pigeonhole principle there exist U € [R\ {min(R)}]", s € R, and n € w such that
Vu € U [f(u) = s and ng, = n|. Fix € U such that U is dense above z in S. Since

acJ
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ng. < w, Xg, is uncountable. Choose u € Xg, such that Xz, is dense above
uw in S. Apply the inductive hypothesis to cg(n), R, and d. Suppose that the first
alternative holds. Let F' € [R]*" and ¢g* : F' — S be such that V¢ € F [¢g*(t) > t] and

Eﬁ] C Koq. Let Y* = {y; : t € F} and define h : Y* — S by h(y) = g*(9(v)),

for each y € Y*. Then Y* € [T|*", Vy € Y*[h(y) > y], and Y*E] C Kp,. This
contradicts the hypothesis that the first alternative fails for G, T, and c. So the
second alternative must hold for ¢z(n), R, and d. Since V' = conex, , (u) € [R]*", we
can find v € V, B C predy (v), and W € [coney (v)]“* such that otp(B) = w (™),
and BPlU (B® W) C K, 4. Fix w € W such that W is dense above w in S. Choose
y € U with y > w. Note that Xg , Nconeg(y) is uncountable. Furthermore, as y € U
fly) = s < x and Ag, C predg(s). Therefore, Lemma 26 applies and implies that
08,0 = 0g,. In particular, Ag , = Ag ,. Also, sincey € U, ng,, =n. So Agy = Agyn
and og(n) = 0. However, coney(y) is uncountable and coney (y) C {z € coneg(y) :
(AgynUB)® {2} C K14} C {z € coner(y) : B® {2z} C Kjq}. So it is easy to
check that B € L(3,y,n) and that B follows Ag , ,, with respect to y. However, this
contradicts og(n) = 0, finishing the proof. O

The reader may conjecture that the stronger form of Theorem 14 in which g is
always equal to the identity function holds. However, our next counterexample shows
that this is provably false in ZFC. This same negative partition relation for non-special
trees of cardinality ¢ with no uncountable chains and with the property that every
subset of size < ¢ is special was proved under the hypothesis that p = ¢ by Todorcevié
in [17]. However, our result below is the first such negative partition relation known
to be provable in ZFC.

Theorem 28. There is ¢ : S — 2 such that

(1) There is no X € [S]** such that X2 C K.
(2) There is no s €S and B C predg(s) such that otp(B) = w+2 and B c K.

Proof. Let w!“ denote {f € w¥ :¥n € w(f(n) < f(n+1)]}. For f,g € w*,if f # g, let
A(f, g) denote the least n € w such that f(n) # g(n). Choose a collection {fs : s € S}
of Nj-many pairwise distinct elements of w'*. For each s € S, let {s;}} : n € w} bea 1-1
enumeration of succs(s). Recall that for each s € S, 3%°n € w [s™(n) € S|. Now, define
¢ : SPl — 2 as follows. For any pair s,t € S, if s < t, then there is a unique n € w
such that s <. If fi(A(fs, ft)) = n, then set ¢({s,t}) = 1. Otherwise ¢({s,t}) = 0.
The first claim will establish (1).

Claim 29. There is no X € [S]** such that X'?) C K.

Proof. 1t is possible to deduce this claim from Lemma 5.3 of [18]. However, we will
give a self-contained proof below.

Suppose not. Fix a counterexample X. Let x be a sufficiently large regular cardinal
(x could be the cardinal fixed in Definition 16). Let M < H(x) be countable with
S, (fs :s€S),((s) :new):s€S),¢,X € M. Applying Lemma 13, let x € X N M
be such that X is dense above z in S. Fix t € X \ M with x < ¢, and fix v € X with
u > t. We will get a contradiction if we can show that f; = f,. To this end, fix m € w
and assume that f;(i) = f,(i), for all i < m. Let 0 = f; | m = f,, | m. Consider any
s € pred x (t) N M. Let n(s) denote the unique n € w such that s} <t¢. If o = fs | m
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and if n(s) = fi(m), then since c¢({s,t}) = 0, it follows that fs(m) = f;(m). Put
n = fi(m) and n* = f,(m). Let

D:{UGS:HSGX[fS[m:aandfs(m):n* ands+:1}]}.

n

It is easy to see that D € M. Let L = predg(t). Note that u,t € D. Therefore,
Yy e LN M3v € D[y <wv]. So by Lemma 18, we can find v € LN M N D. Let s € X
be such that fs | m = o, fs(m) =n* and s} =v. Then s < t and s € M N pred y (¢).
Since s;7 = v < ¢, n(s) = n = fiy(m). Thus f,(m) = n* = fs(m) = fi(m). So by
induction on m € w, ¥Ym € w|[f,(m) = f:(m)], which is a contradiction. O

We next work toward showing that (2) holds. We need a few preliminary claims.
Aiming for a contradiction, fix s € S and B C predg(s) such that otp(B) = w + 2
and B2l ¢ K. For each i < w+ 2, let (i) denote the ith element of B, and for each
i <w+ 1, let n(i) be the unique n € w such that (s(i)); € predg(s).

Claim 30. There are no infinite A C w and n € w such that Vi € A[n(i) = n].

Proof. Suppose not. Fix i, j € A such that s(i) < s(j). Then since ¢({s(7), s(7)})

fs) (A (fs(i), fs(j))) = n(i) = n. As f( is strictly increasing, A (fs(i),fs(j)
So it is possible to find i, 7,k € A and m < n such that s(i) < s(j) < s(k) and

A (fstiys fsy) = A (fstiys fory) = A (fsiys fsy) = me

However, we now have fy;) [ m = fy;) [ m = fsu) [ m, and also that fy;)(m) =
fs(ky(m) = n, which is impossible.

Let cl(B) denote the closure (with respect to the usual topology on w®) of the set
{ fs@y 11 € w}. As cl(B) is a non-empty closed subset of w*, fix a non-empty pruned
subtree T' C w<* such that [T'] = cl(B) (refer to Section 2 for our notation for subtrees
of w<¥). Let o € T. Suppose for a moment that 3°°n € w o™ (n) € T|. Let sucer(o)
denote {n € w: 07 (n) € T} and let [ denote |o|. For each n € succr(o), choose
in € w such that 0™ (n) C fy,)- As B is well ordered, by Ramsey’s theorem there is
N € [succr(o)]” such that Vm,n € N[m <n = s(imm) < $(in)]. Fix m,n € N such
that max {m, n(i,)} < n. However, A (fs(im),fs(in)) =land fy;,)(1) =n > n(in),
contradicting ¢({s(im ), s(in)}) = 1. So we conclude that T is finitely branching, and
that cl(B) is a compact subset of w®.

Now, {fs@i) :i €w} is an infinite subset of cl(B). Let f € cl(B) be a complete
accumulation point of { JRORKAS w}. By applying Claim 30 and Ramsey’s theorem,
it is possible to choose A € [w]* such that for each i € A, f # fs(i), and for each
1,j € A, if i < j, then A (f, fs(i)) <A (f, fs(j)) and n(i) < n(j).

Now, since fy(w41) # fs(w), there must be & € {w,w + 1} such that fy) # f.
Fix such a k € {w,w + 1}. Let | = fyy (A (fs(k),f)). Choose i € A such that
A (f, fs(i)) > A (fs(k), f) and 77,(7,) > [. Then A (fs(k:)7 fs(l)) =A (fs(k), f) However,
Fste) (A (Fseys Fs(iy)) =1 < n(i), contradicting ¢({s(i), s(k)}) = 1. This contradiction
finishes the proof. (]

Observe that properties of S such as coherence are not used in the proof of Theo-

rem 28; we only need that every element of S has infinitely many immediate successors
in S.



COMBINATORIAL DICHOTOMIES AND CARDINAL INVARIANTS 395

It is also worth pointing out the following corollary of the proof of Theorem 28 as
it shows that while in the model of PFA(S) the partition relation w; — (wi,w + 2)
fails, forcing with the coherent Suslin tree S recuperates it.

Theorem 31. If there is a Suslin tree then wy 4 (w1,w + 2)2.

Although Theorem 14 shows that the statement that w; — (w1, a)2 for all @ < wy
is not equivalent to p > wy over ZFC+PID, it does not give much further information.

Problem 32. Find a cardinal invariant ¢ so that the statement that wy — (wl,a)2
for all o < wy is equivalent to ¥ > wy over PID.

The following result that comes from Theorem 6 and the proof of Theorem 5 above
gives a partial answer to this problem.

Theorem 33 (Todorcevic). Assume PID. The following are equivalent:

(1) b>w;.
(2) w — (wl,w+2)2.

This leads us to the following version of Problem 32.

Problem 34. Is the statement that w; — (wy, a)2 for all o < wy equivalent to b > w
over PID ¢

Note that if, under PID, the cardinal invariant inequality b > w; does not correspond
towy — (wi, a)2, there must be a minimal o < w; with this property. The proof of
Theorem 5 actually shows that such « is quite large.

4. PID and five cofinal types

Recall that by Theorem 4 above, under PID +p > wy, 1, w, w1, w X wy, and [wi]*
are the only cofinal types of directed sets of size at most N;. In this section, we find
a cardinal invariant which captures, in the sense described in the introduction, this
statement. This cardinal invariant is not one of the naturally occurring ones. Rather
it is the minimum of two cardinal invariants, the well-known bounding number b
and another cardinal (see Definition 37 below) which has not been investigated as
throughly.

Definition 35. Let (D, <) be a directed set and suppose X C D. We say that
X is pseudobounded if VA € [X]“3B € [A]” [B is bounded in D]. D is said to be
o-pseudobounded if D =, .. X,,, where for each n € w, X,, is pseudobounded in D.

necw

If 7 is an ideal on a set X, then (Z, C) is a directed poset. Throughout this section,
we view ideals on w (or on any countable set) as directed posets ordered by inclusion.
Recall that an ideal Z on a countable set X is said to be tall if Z is a proper ideal on
X (which means X ¢ 7) and VY € [X]“3Z € [Y]¥ [Z € Z]. As always, an ideal on X
is required to contain [X]<*.

Lemma 36. Let Z be a tall ideal on w such that (Z,C) is o-pseudobounded. Then
[w1}<w£T<Iv C> and <I, C> ﬁT w X Wi.
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Proof. Tt is clear that [wi]~* %, (Z,C) because T is o-pseudobounded. Suppose for a
contradiction that (Z, C) <7 wxwj. Then there exists { X (n,a) : n < wAa <wi;} C T
such that for any A € [w]* and {X,, : n € A} C [w1]*", {X(n,a) :n€ ANa € X, }is
cofinal in Z. First of all since 7 is proper, for each n € w, there must be &k, € w and
X, € [w1]*" such that Va € X, [k, ¢ X (n,«)]. Since Z is tall there is A € [w]* such
that {k,, : n € A} € T (either {k, : n € w} is finite, in which case A = w works, or
else use tallness). Now {X(n,a):n € AANa € X,} is cofinal in Z. So there is n € A
and « € X,, such that {k,, : m € A} C X(n,«a). However, k,, ¢ X (n, ). O

For any directed set D, and X a directed cofinal subset of D, D =1 X. Therefore,
if 7 is a tall o-pseudobounded ideal on w and X C 7 is cofinal, directed, and has size
at most wy, then (X, C) is not Tukey equivalent to any of 1, w, wy, w X wy, and [w1]<w.

Definition 37. cof(F,) is the least x such that there exists a tall, o-pseudobounded
F, ideal 7 on w and a directed cofinal X C Z such that | X| = k.

It is clear that wy < cof(F,) < c. It is also easy to see that cov(M) < cof(F,). Later
in this section, we will prove that b and cof (F, ) are independent, even assuming PID.
We do not know whether the same cardinal invariant is obtained if the requirement
that Z be o-pseudobounded is dropped from the definition of cof(F, ). This is closely
related to the well-known question of whether every tall F, ideal on w is either o-
pseudobounded or Tukey equivalent to [c]<“.

Conjecture 38. Let cof™(F,) be the least k such that there exists a tall F, ideal T
on w and a directed cofinal X C T such that | X| = k. Then cof (F,) = cof " (F,).

There is another way to think about the cardinals cof(F,) and cof*(F,). For any
ideal Z on w, let cof(Z) denote

min{|X|: X C Z A X is directed and cofinal in (Z, C)}.

Then cof*(F,) is the minimal value taken by cof(Z) as Z runs over all the tall F,
ideals, and cof (F,) is the minimal value as Z runs over all the tall, o-pseudobounded
F, ideals.

The possible values of cof(Z) for various definable ideals Z on w have been investi-
gated by several people. For instance, Louveau and Velickovic [10] proved that if Z is
any tall Borel non-F}, ideal, then cof(Z) > 0. Other notable results include the obser-
vations that cof (Z) = cof (N) and cof (ED) = ¢, where Z is the ideal of subsets of w of
asymptotic density 0 and €D is the ideal on w x w generated by the vertical columns
and graphs of functions. The cardinal cof”(F,) was investigated in a recent paper by
Hrusék et al. [7]. They proved that cof”(F,) < b is consistent with ZFC. One part
of the proof of Theorem 46 is based on their work. We refer the reader to [7] and the
references there for more on the possible values of cof(Z) for definable ideals Z. An
argument similar to the proof in Case II of Theorem 39 was independently given by
Borodulin-Nadzieja and Chodounsky in a recent paper [2] to prove that under PID
every wi-tower is Hausdorff iff b > w;.

Theorem 39. Assume PID. The following are equivalent:
(1) min{b, cof(F,)} > ws.
(2) 1, w, wi, wxwi, and [w1]~* are the only cofinal types of directed sets of size
at most Ny.
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Proof. By the results of Todorcevié¢ in [18] it follows that if b = wy, then there is a
directed set of size wy; whose cofinal type is different from any of 1, w, w1, w X wy,
and [w;]<¥.

Next, suppose that cof(F,) = wi. Let Z and X C Z witness this. Then |X| = wy,
and by Lemma 36, the cofinal type of (X, C) is not one of 1, w, w1, w X wy, and [w] .
This proves =(1) = —(2).

For the other direction, we assume (1) and prove (2). It is easy to see (for example,
see [8]) that if D is a directed set of size at most X; and D 2, w; X w, then D =¢ 1,
or D =p w, or D =7 wy. Therefore, fixing a directed set D with |D| < 8y, it is
sufficient to show that either D contains an uncountable set X all of whose infinite
subsets are unbounded (in which case [wi]~* =7 D) or else that D = UnewXn where
for each n € w and each A € [X,,]”, A is bounded in D (in which case D <7 wy X w).
The proof of this proceeds in two cases. We first make some preliminary remarks. For
x € D, pred(z) denotes {y € D : y < x}. Let A C D. Define the trace of D on A,
tr(D,A) = {B C A: 3z € D[B C pred(x)]}. Note that since D is directed, tr(D, A)
is an ideal on A.

Case I: For each A € [D]=, tr(D, A) is not tall. Let T = {A € [D]=¥ : Va €
D [|ANnpred(x)| < wl}. It is easy to see that Z is an ideal. To see that it is a P-ideal,
fix {A, : n € w} C Z. Without loss of generality, the A,, are pairwise disjoint and
infinite. For each € D and n € w, put pred(z,n) = pred(xz) N A,,; this is a finite
subset of A,. As |D| < w; < b, it is possible to find finite sets F,, C A,, such that

Vz € DV*n € wpred(z,n) C F,].

Putting A = [, c,,(An \ Fr), it is clear that A € Z and that Vn € w[A, C* A].

Now, if there is an uncountable X C D such that [X]Sw C Z, then it is clear that
every infinite subset of X is unbounded in D, and therefore D = [w1]<w. So suppose
that there exist {X,, : n € w} which are pairwise disjoint such that D = (J, ¢, Xn,
and Vn € w|[X,]” NZ =0]. We claim that for each n € w, and each A € [X,]”,
A is bounded in D. This is sufficient to show that D <p w; X w. Fix n € w and
A € [X,]”. The hypothesis of Case I implies that either tr(D, A) is not a proper
ideal on A or that there exists C' € [A]” such that VB € tr(D,A)[|C N B| < w).
Suppose for a moment that 3C € [A]*VB € tr(D,A)[|C N B| < w]. Then for any
x € D, pred(z) N C is finite, whence C' € Z. However, this means that C € ZN[X,,]*,
contradicting Z N [X,,]* = 0. Therefore, it must be the case that tr(D, A) is not a
proper ideal on A. So A € tr(D, A), whence A is bounded. This completes Case I.
Case II: There exists A € [D]” for which J = tr(D, A) is a tall ideal on A. In
particular, 7 is a proper ideal on A. Identifying A with a copy of w, it makes sense to
talk about the descriptive complexity of J. Put X = {pred(z)NA:z € D} C J, and
note that X is a cofinal subset of (J, C) of size at most w;. Moreover, X is directed.
To see this if ,y € D, then choosing z € D such that x,y < z, it is clear that
pred(z) N A € X, and that pred(z) N A C pred(z) N A and pred(y) N A C pred(z) N A.
Define Z = {F € [J]=* : VB € J[|FNP(B)| < w]}. Using the fact that J has a
cofinal subset of size at most w; and the hypothesis that b > wq, it is easy to check
that 7 is a P-ideal. First suppose there is an uncountable G C J such that [Q]Sw cZ.
For each B € G choose xp € D such that B C pred(zp). Let H C G be infinite (not
necessarily countable). We claim that {xp : B € H} is unbounded in D. For if not,
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then fix z € D such that x > xp, for all B € H, and note that pred(z) N A € J.
Now for any B € H, B C pred(zp) C pred(z), and so B € P(pred(x) N A). Thus if
L € [H]”, then £LNP(pred(z) N A) is infinite, whence £ ¢ Z, contradicting [G]=* C Z.
It follows that {xp : B € G} is an uncountable subset of D, and that no infinite subset
of it is bounded in D.

Next, suppose that there exist {G, : n € w} which are pairwise disjoint such
that 7 = U,,c,On and Vn € w|[[G,]* NZ = 0]. We first claim that each G, is pseu-
dobounded in J, so that J is o-pseudobounded. Fix n € w and let F € [G,]“. Since
F ¢ Tand F e [J]=*, there exists B € J such that F N P(B) is infinite. It is clear
that £ = FNP(B) € [F]” and that for all C € £, C C B, whence L is bounded
in J. It now follows from the assumption that cof(F,) > w; that J is not an F,
ideal (with respect to the natural topology on P(A)). For each n € w, let H,, be the
closure of G,, with respect to the usual topology on P(A). So there is n € w such that
H, ¢ J. Fix such n and fix C € H,, \ J. Let {a; : i € w} enumerate A. Choose
{Bn : m € w} C G, such that for each m € w, B, N{a; :i <m} =CnN{a;:i <m}
and moreover Vi < m [B; # B,,]. Thus {B,, : m € w} € [G,]”, and so there exists
B € J for which 3°m € w[B,, C B]. We claim that this implies that C' C B. Indeed
if a; € C for some i € w, then choose m > ¢ such that B,, C B. Then it is clear
that a; € B,, C B. Thus it follows that C' € J, a contradiction. Since we have a
contradiction from the second alternative of PID, it must be that in Case II the first
alternative always occurs. This finishes the proof. O

A noteworthy feature of this result is that the cardinal cof(F,) speaks about the
cofinal structure of definable ideals of size continuum while (2) of Theorem 39 is part
of the general theory of cofinal types.

Corollary 40. PFA(S) implies that the coherent Suslin tree S forces that 1, w, wy,
w X wi, and [w1]= are the only cofinal types of directed sets of size at most N.

Proof. Tt is a theorem of Todorcevi¢ [22] that if V satisfies PFA(S) and if G is (V,S)-
generic, then in V [G], both PID and b > w; hold. So in view of Theorem 39, it
suffices to check that in V [G], cof(J) > w; for any tall F, ideal J. As S does not
add any reals, all F, ideals in V [G] are coded in V. So fix J € V a code for an F,
ideal, and suppose |- “J is tall.” Let {Z#, : a < w1} C V° with I “2, € J,” for
each o < wy. We claim that IF {Z, : @« < w1} is not cofinal in J. Fix p € S. For each
g <pand o < w find z(a,q) € J and r(«,q) < ¢ such that r(a,q) F 24 = z(a, q).
Since p > w; holds in V and since J is a proper ideal, find z € [w]” such that
Va < wiVg<pler C* (w\ x(a,q))]. Since I+ “7 is tall,” there is y € J N [z]”. Now it
is clear that foreach a <wi p IF y ¢ z,. (]

Corollary 41. PID + add(M) > w; implies that 1, w, w1, w X wy, and [w1]~* are

the only cofinal types of directed sets of size at most Wy.

Next, we work toward showing that b and cof(F,) are mutually independent even
in the presence of PID

Definition 42. A sequence of natural numbers I = (k,, : n € w) is called an interval
partition if kg = 0 and Vn € wlk, < k,41]. For an interval partition I and n € w,
let I,, = [kn, knt1). Let I be an interval partition such that Vn € w[|I,,| > 2"]. In the
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rest of this section, polynomial means a polynomial with integer co-efficients. Define
Thoty (1) to be

{A C w : there is a polynomial p(n) such that Vn € wl|I, N A| < p(n)]}.

It is clear that this is an F, ideal on w.

Definition 43. A poset P is said to have the Laver property if for each sequence
of finite sets (H(n) : n € w) in the ground model V, for each (V,P)-generic G,
and for each f € V|G| N][],c,H(n), there is a K € VN ][], ., P(H(n)) such that
Vnewl[Kn)|<n+1A f(n) € K(n).

new

The following is a special case of a result of Hrusék et al. [7].

Lemma 44 (Hrusdk, Rojas-Rebolledo, and Zapletal). Fiz I € V. Let P be any poset
with the Laver property. Then IF“V NZ,ay (1) is a cofinal subset of oy (I).”

Proof. In the ground model V, define for each polynomial p and n € w, the set
H(p,n) ={s C I, :|s| <p(n)}. Let G be (V,PP) generic and let A € V [G]NZy01y(]).
Let p be a polynomial witnessing this. Define Fy € [], . H(p,n) by Fa(n) =
AN I,. By the Laver property, find K € VN [J[ . P(H(p,n)) such that Vn €

w[|K(n)| <n+1AFa(n) € K(n)]. Working in V define s, = |JK(n), for each
n € w. Clearly, s, C I, and |s,,| < (n+1)p(n). Therefore, B = J,,c,,5n € VNIpory (1)
and A C B. O

Lemma 45. For any I there exist {X,, : n € w} such that Zyoly (1) = U, e, Xn and
for each n € w, every infinite subset of X,, has a further infinite subset that is bounded
in ooty (I). In other words, T,oiy(I) is o-pseudobounded.

Proof. Let {p, : n € w} enumerate all polynomials. Define X,, = {4 € Z,q, (1) :
Vm € w (|, N A| < pn(m)]}. Tt is clear that Zyo1y (1) = U, c,, Xn and that each X, is
a closed subset of P(w). Now fix n and an infinite Y C X,,. Let A € X,, be a complete

accumulation point of Y. For each m € w choose B,,, € Y such that B,, N (Ui<mI’i> =

AN (Uigmlz’) and moreover Vi < m [B,, # B;]. Thus {B,, : m € w} € [Y]”. For each

i € w, put i = Uppew(Bm NI). It is clear that s; = (U,,;(BmN1)) U(ANT).
Therefore |s;| < (i + 1)p, (i) and ,,c, Bm € Zpoly (1), as needed. O

Theorem 46. Assume that there is a supercompact cardinal . Then PID 4+ b > w;
does not imply cof(F,) > wy. Also there is a model of PID + cof(F,) > wi, where
0 =w; (a fortiori b = wq).

Proof. By results of [1,19], if Z is any P-ideal, then there is a proper poset not adding
reals, call it Pz, that forces PID with respect to Z. Using a Laver diamond in a
ground model satisfying CH, do a Countable Support (CS) iteration (P,, (@a a < K)
as follows. Given P,, if the Laver dlamond picks a P, name for a P-ideal I then let
Qa be a full P, name such that H—a(@a = IP;. Else let @a be a full P, name such that
lh,é(@CY is Laver forcing. Note that cofinally often we will have IFQQQ is Laver forcing.
Also, note that each iterand is forced to have the Laver property, which is preserved in
CS iterations. So if G is (V,P) generic, then in V [G], PID+b > w; holds. Moreover,
if I € V, then by Lemma 44 V N7, (1) is cofinal in V[G]NZye1y (). By Lemma 45,
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in V[G], Z,o1y(I) is a tall, o-pseudobounded, Fy, ideal, and V N7, (]) is a directed
cofinal subset of V[G]NZ,01y (1) of size wy. So it witnesses cof (F,) = wi. This finishes
the proof of the first statement.

For the second statement, we use the well-known result of Laflamme [9] that for
any ground model V and any F, ideal Z on w belonging to V, there is a proper
w®“-bounding poset Q7 € V such that Q7 adds an infinite subset of w that is almost
disjoint from every member of V. NZ. Once again, fix a ground model satisfying CH
and a Laver diamond in that ground model. Do a CS iteration (Pa,(@a ta < k) as
follows. Given P, if the Laver diamond picks a P, name for a P-ideal 7 , then let @a
be a full P, name such that I+, (@a = IP;. If the Laver diamond picks a pair of P,

names <I,X> such that |-, “T is a tall F, ideal” and I, “X c 7 and ‘X’ < k,” then

let @a be a full P, name for Q4. If neither of these happens, then @a is a full P,
name for the trivial poset. Note that since each iterand is proper and w“-bounding,
P, is w*-bounding. Therefore, if G is (V,P,) generic, then PID + 0 = w; holds in
VI[G]. Also in V[G], if T is a tall F,, ideal and X C 7 is of size at most wy, then there
exists a € [w]* such that Vz € X [|x Na| < w]. This implies that X is not cofinal in
Z. Therefore, cof(F,) > wy holds in V[G]. O
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